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Abstract

The concept of the cycle index formulas of a permutation group was discovered in
the year 1937. Since then cycle index formulas of several groups have been studied
by different scholars. For instance the cycle index of the dihedral group D,, acting on
the set of vertices of a regular n—gon is known and has been applied in enumeration
of different mathematical structures. In this study the relationship between the cycle
index formula of a semidirect product group and the cycle index formulas of the two
subgroups which the group is a semidirect product of was established. In particular
the cycle index formula of the dihedral group D,, of order 2n is expressed in terms
of the cycle index formula of a cyclic group of order two Cy and the cycle index
formula of the cyclic group of order n, C,; the cycle index formula of the symmetric
group S, is expressed in terms of the cycle index formula of the alternating group
A,, and the cycle index formula of a group generated by a cycle of length two, ((ab)).
The cycle index formula of an affine(p) group has been derived by considering the
different cycle types of elements of the group and expressed in terms of the cycle
index formula of C, = {x + b, where b € Z,} and the cycle index formula of
Cp_1 = {ax, where 0 # a € Z,}. We further extend this to affine(q) where ¢ is a
power of a prime p and to the affine square(p) and affine square(q) groups. Finally,
the cycle index formula of a Frobenius group is expressed in terms of the cycle index
formula of the Frobenius complement H and the cycle index formula of the Frobenius
kernel M. The cycle index formulas which are known such as that of the dihedral
group and the symmetric group were used and the groups whose cycle index formulas
are not known such as the affine(p), affine square(p), affine(q) and affine square(q)
group were first derived as part of the research. It was noted that for semidirect
groups which are Frobenius such as the dihedral group D,, with an odd value of n,
the affine groups and the affine square groups, we can fully express the cycle index
of the group in terms of the cycle index formulas of the subgroups which the group
is a semidirect of. However, for semidirect product groups which are not Frobenius
such as the dihedral group D,, with an even value of n and the symmetric group S,,
the cycle index formula of the group cannot be expressed fully in terms of the cycle
index formulas of the subgroups the group is a semidirect product of.



CHAPTER 1

INTRODUCTION
This chapter has six sections. Section 1.1 gives some background information of cycle
index formulas and their applications. Section 1.2 provides the problem statement
and its justification. In Section 1.3, we give the objectives of the study while in
Section 1.4, we give the significance of the study. Definition of terms used throughout
the thesis is done in Section 1.5 and preliminary results which are used in the thesis
are given in Section 1.6.
1.1 Background information

Many problems in enumerative combinatorics reduce via Podlya’s enumeration
Theorem, (Pélya, 1937), to the determination of the cycle index of a certain group.
The cycle index is therefore a very useful tool in enumeration. The concept of cycle
index lies in a branch of mathematics called Enumeration Combinatorics which deals
with questions of the form “how many elements are there in a given set?” These may
include questions like: How many different isomers are there of a certain compound?
How many in-equivalent mathematical structures are there with specified properties?
It is essential to specify carefully what is meant by “different” or “equivalent” before
attempting to find the number. Typically this is done by starting with an easily
formed finite set X and then putting an equivalence relation on that set in such a
way that two elements are regarded as different if and only if they belong to different

equivalence classes. The number of different structures is equal to the number of



equivalence classes. In many practical examples, the equivalence is defined in terms
of the action of a finite group G on a set X.

In recent years, enumerative combinatorics, group theory and graph theory have
given rise to a branch of Mathematics called Combinatorics, which in one of its
branches deals with generation of cycle indices of different groups. These cycle
indices are applied in enumeration of different objects such as different mathematical
structures and chemical compounds. In general, the cycle index formula of any

permutation group G acting on a set X with |X| = n is a polynomial of the form;

ai(g) a2(9) (9)

Pex) (w1, 22, .. ., 2,) = ﬁ dogeq i ey ap™? where ay(g) is the
number of cycles of length [ in the permutation g.
1.2 Problem statement and justification

In combinatorial mathematics a cycle index formula is a polynomial in several
variables from which information on how a group G of permutations acting on a
set say X can be simply read from its coefficients and exponents. Cycle index
formulas have been studied for many years and the cycle index formulas of many
permutation groups are known. If G = N % H, where * is some binary operation on
permutation groups, determination of the cycle index formula of G in terms of the
cycle index of N and the cycle index of H has been done for many operations. For
instance, the cycle index formulas of wreath product groups was studied and applied
in chemical enumeration by Krishnamurthy (1985) and the cycle index formulas of
internal direct product groups was studied by Kamuti (2012). By expressing the

cycle index of a group in terms of the cycle index formulas of a binary operation of

permutation groups, the resulting cycle index can be applied in counting of different



objects which the original cycle index of the group can not count. For example, the
cycle index formula of C), cannot count isomers of organic compound but we can use
the cycle index generated by the wreath product of C), by C,,.1 to count different
isomers as demonstrated by Krishnamurthy (1985). For a large group, expressing
its cycle index in terms of the cycle indices of simpler permutation groups makes its
application easy. If G = N x H, a semidirect product; this study tries to find an
expression of the cycle index of GG in terms of the cycle index of N and H.

1.3 Objectives

1.3.1 General objective
To study the relationship between the cycle index formulas of semidirect product
groups and the individual groups which the group is a semidirect product of.
1.3.2 Specific objectives
i. To express the cycle index formula of the dihedral group D,,, in terms of cycle
index formula of a cyclic group of order two (5, and the cyclic group C, of

order n.

ii. To express the cycle index formula of the symmetric group S, of degree n in
terms of cycle index formula of the alternating group A,, and a group generated

by a cycle of length two ((ab)).

iii. To express the cycle index formula of a Frobenius group in terms of cycle index

formula of the Frobenius complement H and the Frobenius kernel M.

iv. To derive the cycle index formula of an affine(p) group and express it in terms

of the cycle index formula of C, = {x + b, where b € Z,} and the cycle index



formula of C,_; = {ax, where 0 # a € Z,} and extend the same to an

affine(q) group where ¢ = p” for some prime number p.

v. To derive the cycle index formula of an affine square(p) group and express it in
terms of the cycle index formula of C}, = {z 4+ b, where b € Z,} and the cycle
index formula of C’pT-1 = {az, where 0 # a is a square in Z,} and extend

the same to an affine square(q) group where ¢ = p” for some prime p.

1.4 Significance
Combinatorics is a field that has generated a lot of interest from mathematicians,
chemists and physicists across the world. Apart from its numerous applications in
purely mathematical problems, there are many real life problems that have been
solved by a combinatorial approach. Specific applications have been in enumerating
chemical compounds, labelled and unlabelled graphs and self-complementing graphs;
in addition to studying of crystal structure of nuclear magnetic resonance spectrography.
For instance, cycle index formulas can be used to count the number of different graphs
with a given number of vertices. In Chemistry, cycle index formulas can be used to
count the number of isomers of a given organic compound. In real life applications,
cycle index formulas can be used to get the number of different arrangements or
permutations that a given number of objects can be arranged. For example, the
number of ways in which a given number of beads can be arranged to form non

identical necklaces can be evaluated using cycle indices.



This study extends some of the existing results in the area of combinatorial

enumeration. By so doing, new results and concepts have been realized. In addition,

the results of this study will provide valuable information to the combinatorists.
1.5 Definitions

Definition 1.5.1.

A permutation group is a group G whose elements are permutations of a given set X

and whose group operation is the composition of permutations in G.

Definition 1.5.2.
A permutation of the form (ajay . . . ax) is called a cycle of length k or a k-cycle.

A 2-cycle is called a transposition.

Definition 1.5.3.

Clycles in a permutation are said to be disjoint if they have no elements in common.

Definition 1.5.4.

Let X be a set and G be a group. We say that G acts on a set X on the left if
Vg € G and v € X there exists a unique gr € X such that Ve € X and ¢1, g, € G,
9192 () = g1(g2x) and ex = x, where e denotes the identity in G.

Remark: The action of G from the right can be defined in a similar way.

Definition 1.5.5.
Let g be an element of a group G. The conjugacy class of g in G is given by

{zgz~z € G}.



Definition 1.5.6.

If a finite group G acts on a set X with n elements, each g € G corresponds to a
permutation o of X, which can be written uniquely as a product of disjoint cycles.
If 0 has ay cycles of length 1, ag cycles of length 2, . . . | au, cycles of length n, we

say that g corresponds to o and hence g has cycle type (a1, oy, .. ., ap).

Definition 1.5.7.
If a finite group G acts on a set X, |X| =mn, and g € G has cycle type (o, ag, ...,

ay,), we define the monomial of g to be mon (g) = t{'t5% . . . %, where ty, to, ...,

n 7’ n

are distinct commuting indeterminates.

Definition 1.5.8.
The cycle index of the action of G on X is the polynomial (say over the rational field

Q) inty, to, ..., t, given by;

1 m
2(C) = Zax(hte 1) = 17 > {mon(g)}
geG
Note that if G has conjugacy classes Ky, Ks, . . ., K,, with g; € K; then

2(G) = ,& > 1Kl mong).

Definition 1.5.9.
Let G act on a set X, then X 1is partitioned into disjoint equivalence classes called
orbits or transitivity classes of the action. For each x € X, the orbit containing x is

denoted by orbg(z).



Definition 1.5.10.
If the action of a group G on a set X has only one orbit, then we say that G acts
transitively on X. In other words, G acts transitively on X if for every pair of

points x,y € X, there exists g € G such that gr = y.

Definition 1.5.11.
Let G act on a set X and let x € X. The stabilizer of x in G, denoted by Stabg(z),

is given by Stabg(x) = {g € G|gzr = z}.

Definition 1.5.12.
Let G act on a set X. The set of elements of X fized by g is called the fized point

set of g, denoted by Fix(g) and is given by Fiz(g) = {x € X|gx = z}.

Definition 1.5.13.
Given any two sets X and Y which are not necessarily equal, we can form another
set of ordered pairs X xY = {(z,y) |r € X and y € Y} called the Cartesian product

of X and Y.

Definition 1.5.14.
Let H and K be any two groups and let G = H x K be such that (hy, k) (he, ky) =
(hyha, kiks) for all hy,hy € H and ki, ky € K, then G is an external direct product

group of H and K.

Definition 1.5.15.
Let H and K be normal subgroups of a group G = H X K and further let HNK = {e},

then G is an internal direct product group of H and K.



Definition 1.5.16.

A group G is said to be a semidirect product group of N by H if;

. NG and H < G

it. NN H = {e}

wi. NH = G.

We symbolically express this as G = N x H.

Definition 1.5.17.

Consider the array of objects given by;

(1‘1, yl)(zlv y2)(x17 yS)' te (1'1, yq}

(T Y1) (Tp, Y2 ) (T1,Y3) -+ (Tp,Yq)

Consider the set of all the permutations of these pq objects obtained by permuting
within each row according to some h € H (not necessarily the same for each row)
and then permuting the rows according to some g € G. This set of permutation is the

wreath product group of G by H denoted by G[H]|. An element in G[H] is denoted

by (ga h17h27 o 7hp)'

Definition 1.5.18.
The group of symmetries of a regular n—gon (n rotational symmetries and n
reflectional symmetries) is called the dihedral group and is denoted by D,. This

group s of degree n and order 2n.



In general if G = D,, then, G = {(a,bla™ = b* = 1,ab=ba™'). If G acts on the set X

of vertices of a reqular n-gon then N = C, = (a) and H = Cy = (b) , and G = NxH.

Definition 1.5.19.
Let X ={1,2,3, ..., n} be a finite set. Then the group of all permutations of X
is called the symmetric group on n elements and is denoted by S,. This group is of

order n!.

Definition 1.5.20.
A Frobenius group is a group G acting on a set X transitively in such a way that the

stabilizer H of a point is non-trivial, but only the identity fixes two or more points.

This means that H N (xHx™ ') = {e}, if z € G\H.

Definition 1.5.21.

A geometrical substructure of the Euclidean space which generalizes some of the
properties of the Euclidean space such that it is independent of the concepts of
distance and measure of angles but maintains the properties related to parallelism
and ratio of lengths for parallel line segments is referred to as an affine space.

An affine transformation is a function from an affine space to another affine space
which preserves points, straight lines and planes.

The set of all invertible affine transformations from an affine space onto itself form a
group G over an affine space called the affine(p) group. The elements of the affine(p)
group are all transformations of the form ax +b where a is a non zero element in Z,
and b € Z, and thus the group is of order p(p—1). The set C, = {x+b, where b € Z,}

(translations) forms a normal cyclic subgroup of the affine group isomorphic to Z,.
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The set C,—1 = {ax, where 0# a € Z,} forms a cyclic group under multiplication
and the affine group is a semidirect product of the two. An affine(q) group can be
defined similarly for any q = p".

The semidirect product of the cyclic subgroups C, = {x + b, where b € Z,} and
C% = {ax, where ais a nonzero square in Z,} of the affine group form another
group known as the affine square group denoted as Aff(p). An Aff(q) can be

defined similarly for any q = p".

Definition 1.5.22.
A group G is metacyclic if it has a normal subgroup N such that the quotient group

G/N is cyclic.

Definition 1.5.23.
An integer n is said to be a square free integer if its prime factorization has exactly

one factor for each prime that appears in it.

Definition 1.5.24.
The Mébius function of any n € N is given by,
(

—1 if n is a square free with an odd number of prime factors
p(n) =<0 if n has a squared prime factor

1 if nis a square free with an even number of prime factors.
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1.6 Preliminary results
In this section we give cycle indices of some finite permutation groups.
The proofs of Theorems 1.6.1, 1.6.2, 1.6.3, 1.6.4 and 1.6.5 are covered in Harary

(1969).

Theorem 1.6.1.
Let S,, be the symmetric group of order n!. Then the cycle index of S, acting on the

set X of n elements is;

1 n! - ,
Z Sn X = — —n . tjltJQ o e . tgln,
Tl Z [Ty Bejel

where the sum is taken over all partitions j of n.

Theorem 1.6.2.
Let A, be the alternating group of order %' . Then the cycle index of A, acting on

the set X of n elements is;

Lo [1 F(m1)e ]

n! F HZ:l ]{?Jk]k'

Z(Anx) = a7 N VUL

where the sum s taken over all partitions j of n.

Theorem 1.6.3.
Let C,, be the cyclic group of permutations generated by g = (12 ... n), then for

each divisor d of n there are ¢(d) permutations in C,, which have % cycles of length d



12

and hence the cycle index of C,, acting on the set X of n elements is;

1 n
Ziew = 2 S otat].

din

Theorem 1.6.4.
Let D, be the dihedral group. Then the cycle index of D,, acting on the set X of the

vertices of a reqular n—gon is;

n n-2 n
o {Zd\nw (d)ti}+ 5tit,” + gt;] if n is even
Z(Dn.x) =

n n—1
% [Zd\n{ﬁb (d)tg} 4+ ntity? } if n is odd.
Theorem 1.6.5.

Let x be a permutation with cycle type (oq, o, a,. . ., ). Then;
i. the number w(z') of cycles of length one in x' is Zi“ (fo78
i. oy = %Zi\l T <x€>u(z) where p is the Mobius function.

Theorem 1.6.6.

The length of a conjugacy class in G containing g € G is given by |CY9] = |Cf(|g)|



CHAPTER 2

LITERATURE REVIEW

Profound influence on the future of combinatorics has been due to the contributions
by Howard Redfield, George Pélya, De Bruijn and Frank Harary. Harary (1960)
pointed out the work that was done by Redfield (1927) which showed the relationship
between the theory of finite groups and enumerative combinatorics. This forms a
basis of the study of cycle indices. However, Redfield’s paper was almost ignored.
The outstanding contributions to enumeration, which he had made, were not
recognized until his death in 1944. In his paper, Redfield introduced the concept
of group-reduced distributions (which we today call the cycle index of a permutation
group). He used the concept of group-reduced distributions to count the number of
in-equivalent configurations.

Pélya (1937), independently discovered the concept of the cycle index of a
permutation group and gave it its present name. The researcher presented to
the combinatorial world a powerful theorem which reduced to a matter of routine
solution of a wide range of problems. This theorem contained within it the potential
for growth and generalization in many directions. Pdlya’s Theorem relates to the
enumeration of mathematical objects called configurations, which in abstract sense
can be defined as mappings from a set D to a set R. The theorem states that the
configuration counting series F (1) = Az + Asx® + Azx® + . . . is obtained by
substituting the figure counting series f (z) = a;r + asx® + azz®> + . . . into
the cycle index where a; is the number of figures of weight ¢. This means that we

13
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replace every occurrence of indeterminate ¢; in the cycle index by f(z*). By Pélya’s
Theorem, cycle index became a very powerful enumeration tool and hence the need
for computing the cycle indices of permutation groups. The researcher used the cycle
index to count graphs and chemical compounds.

After Pdlya, several scholars have studied cycle indices of different permutation
groups. Bruijn and Klarner (1969) extended and generalized Pdlya’s Theorem.
This researchers’ generalization consisted the introduction of another group, say H,
which permutes the figures, in addition to the group G of permutations of boxes.
Two configurations were then regarded as equivalent if one could be obtained
from the other by permuting both boxes and figures by appropriate permutations.
Subsequently, Bruijn and Klarner (1969) enumerated generalized graphs.

The ties between Pdlya’s Theorem and De Bruijn’s Theorem were strengthened by
Harary and Palmer (1966) by publication of their power group enumeration Theorem.
Bruijn and Klarner (1969) answered the enumeration problem when two permutation
groups A and B are involved with A acting on X and B on Y. Pdlya’s formula can
be seen as a special case of the De Bruijn result with B being the identity group.
The Power Group Enumeration Theorem gives the same outcome with the power
group B4 as the permutation group acting on the set YX of functions. Like De
Bruijn’s Theorem, this relates to a set of mappings f : D — R, with a group G
acting on D and another group H acting on R. These mappings are treated in the
same way as boxes in Pélya’s Theorem and under the action of the two groups they
are permuted among themselves in a rather complicated manner. Thus, the two

groups G and H induce a group of permutations of the mappings, denoted by H¢
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and called the ‘power group’. The problem of enumerating mappings then reduces
to that of finding the cycle index of this group, followed by the application of Pélya’s
Theorem. Harary and Palmer (1966) gave formulas for computing some of the cycle
index in question, and hence solving of the De Bruijns type of problem, as well as
some more general problems along the same lines. Harary and Palmer (1973) also
gives more information on the power group enumeration Theorem.

Another theorem that can be used to solve problems similar to those which Pdlya’s
Theorem applies is the Superposition Theorem studied by Read (1959) where he
enumerated locally restricted graphs and the number of r-coloured graphs and
non-separable graphs. The scope of this theorem is most easily seen in a graph
theoretical setting, in which it relates to the number of non-isomorphic graphs that
can be formed by superposing two graphs (G; and G2 on one and the same set of
vertices. It turns out that the required number of superposition depends only on
the cycle indices of the automorphism groups of GG; and G5. In fact, if these cycle

indices are;
1 o ,
Nl > Aty
()

and

1 o .
iG] 2 Bott ety
()

then the required number of superpositions is

’GlG | ZA(j)B(j)lfjm“'jp'jl!j2!"'jp!.
192 R
(4)
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Thus the Superposition Theorem can be used, among many other things to find
individual coefficients in the counting series produced by Pdlya’s Theorem, De
Bruijn’s Theorem or the Power Group Enumeration Theorem, without having to
find the whole series.

Pélya’s Theorem has also been applied to the theory of music in determining the
number of chords. To define this, one takes the n-scale to be the integers from 0 to
n— 1 under addition modulo n. There are translations a — a + i, where 0 < i < n.
An equivalence class (that is, an orbit) is called a chord, and one wishes to determine
for each r < n, the number of r-chords; that is, the number of orbits consisting of r
elements. This is equivalent to colouring the n-vertices by two colours. We choose
the vertices in the chord by colouring them by one colour and those which are not
in it by other colour. The group is simply the cyclic group of order n whose cycle
index is given in Theorem 1.6.3. In this case, we substitute 1 + z? for S; and obtain
the generating function whose coefficient of " is the number of r-chords. We obtain

the number of r-chords to be

1 n/d
- Z o(d)
dln r/d
Sometimes, one allows for bigger group of transformations of the scale by allowing
inversion @ — —a also. Then, the group becomes the dihedral group D,, of order
2n formed by the rotations and reflection of a regular n—gon whose cycle index is

given in Theorem 1.6.4.
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It can be determined that the number of r-chords in this dihedral case is;

1 wa\ | (wa)
2n Zd\(n,r) o(d) +5 , if n is odd
r/d [r/2]
n/d n/2
ﬁ Ed\(m) o(d) —i—% , if n and r are even
r/d r/2
1 n/d 1 nTﬂ . . i
on Zd\(m) o(d) +5 , if n is even and r is odd.
r/d [r/2]

For more information on this, one can refer to Pélya and Read (1987).

Harary (1959) computed the cycle index of exponentiation of permutation groups.
Harrison and High (1968) computed the cycle index of a product of permutation
groups. Joseph (1981) studied the vector space cycle index. Several other cycle index
formulas can be found in Krishnamurthy (1985). The cycle index formulas derived
by Krishnamurthy were used while deriving the cycle index of the symmetric group,
and the dihedral group.

Kamuti (1992) determined the cycle structure of elements of PGL(2,q) and
PSL(2,q) acting on the cosets of their maximal subgroups. The method used to
derive these cycle structures was used to derive the cycle indices of the affine group.
The study devised general formulas for computation of cycle index formulas of the
action of these groups. Harald (1997) derived the cycle indices of linear, affine,
and projective groups. Jason (1999) derived the cycle indices for the finite classical

groups.
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Kamuti and Obong’o (2002) computed the cycle index of the reduced ordered triples
group S¥ which was further extended by Kamuti and Njuguna (2004)) to cycle
index of the reduced ordered r—group SLT]. Kamuti (2004) expressed the cycle index
formula of G = H x K in terms of the cycle index of H and the cycle index of K.
This study considered semidirect products of Frobenius groups only. Cameron (2007)
studied the cycle index of the direct product permutation groups. Munywoki et al.
(2010) studied the cycle indices of Frobenius groups. In their study, they considered
a Frobenius group G = M x H acting on a set X and expressed the cycle index
of G in terms of the cycle indices of M and H and the resulting cycle was given as;
ZG.x) = ﬁZ(M,X) +Zx) — ﬁz(l,X% This cycle will be used in deriving the cycle
index of Frobenius group.

Jason et al. (2012) derived the cycle indices for finite orthogonal groups of even
characteristic. Kamuti (2012) expressed the cycle index of the internal direct product
of a group G = M x H in terms of the cycle index of M and cycle index of H.
In his paper, he showed that if G = M x H (internal direct product), M <G, H <G
MH = G and M () H = {e} then G acts on S = G/H, set of left cosets of H in G
by left multiplication, that is if z € G, yH € S, then x(yH) = zyH € S. There is a
natural bijection between M and S, given by u — uH for each u € M, however that
does not determine equivalent actions of G on S and M. A more complicated action
of G on M, which is equivalent to its action on S can be defined as follows. For each
x € G then x can be written uniquely as x = uh and each s € S can be written as

s = uH, with u € M hence we have zs = z(uH) = vhuH = vhuh™'H = v."uH,

where "u = huh™' € M. Thus, we get an action of G on M that is a combination
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of conjugation and multiplication: x = vh acts on u by u =y, Since z can
be written uniquely as « = uh with uw € M, h € H, also each s € S = G/H
can be written uniquely as s = uH with v € M. Then the action of x = uh on

h

v € M becomes v — u."v = uv (since elements of M and H commute). Thus,

mon(uh) = mon(u) for all u and h. So

Zisy =I|GI™"Y {mon(uh)ju € M,h € H}
= |G| H| Z{mon Yue M}
= [M[7"> "{mon(u)|u € M}
= Z(m,5)
Vladimir and Kovijanic (2017) derived the cycle index of the automorphism group
of Z, which was given as;
Z(Un, Tn) = Z(UP?D Z,a1) X Z(Up§2’ Z,as) X oo X Z(U a5 2,,05) Where Uy = Aut( Zy,)

Muthoka et al. (2015) derived the cycle index formulas for the dihedral group D,

acting on unordered 2—element subsets from X = {1,2,...,n}. The formulas were
found to be;
1 n(n—1) (n—1) (n—1)2
Z(DTL,X@)) = o ;d)(d) t, 2 +ntp? ty !

for an odd value of n and

n n(n-—2) n(n 2) n n(n—2)

Z(p, x@) = Z O(d)tit, ™ + > d(d)ty, T +ntit,

dn,2|d d|n,2td

for even n.
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Later Muthoka et al. (2016) extended this work to D, acting on the ordered

2—element subsets from X = {1, 2,...,n}. The formulas were found to be;
n(n 1) n(n—1)
Z(p, x21) = 2n d o(d)t, T +nt, *
din

for an odd value of n and,

n(n 1) n(n 1) (n—=1)(n—2) n n(n—1)

d d _
T4 Y ¢(d) +2tt2 St

Z(D,LX - Z ¢ (d

djn,2|d d|n,2fd
for an even value of n.
Rotich (2016) worked on cycle indices, subdegrees and suborbital graphs of PGL(2, q) acting
on the cosets of its subgroups.
More recently Peter and Jason (2017) studied some properties of the cycle polynomial
of a permutation group. Muthoka (2017) derived the cycle index formulas for D,

acting on unordered triples and the resulting formulas were given as;

1 n?(n—3) n(n 1)(n—2) n (n2—4)(n—3)
_ = d d d Tyn—2
L) = g | 3 0@l 5 3 ot 4 dapen,
dn,3|d d|n,3td
n n(n—1)(n—2)
§b2 12 :|
for an even value of n and
1 (n 3) n(n 1)(n—2) n—1 (77’271)(“73)
—_ 6d 6d 2 12
Z(p,x) = - > o(d) b by + > ¢ +nb,? b,
d|n,3|d d|n,3td

for an odd value of n.
Rotich (2018) derived the cycle indices of PGL(2,q) acting on the cosets of its

subgroups by computing the disjoint cycle structures of elements G acting on the
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cosets of H = Dy(,_1). The resulting cycle index was given to be;

1 & Fo1 q(g+1) (a=1)(g+2)
Z(G) = @[t{ R e A D DI VUL
1#£d|q—1
q(q_l) q(q;l)
PO S ]

1#d|q+1

Kimani et al. (2019) derived the cycle index formula of PSL(2,q) acting on the
cosets of PSL(2,e), where ¢ is an even power of e. The resulting formulas were

given to be;

q(qul) q(queQ)

1 T 4 (2 - 1) it

Z(6) = q(¢*> — 1)

alg+1) L ()
+T Z ¢ (d) tl”e*l) td de(e 71)

1#d|q—1
ul=j#q—1=v

q(q+1) P e i)
= Y ey

1#d|q—1
uh=v#q—1=j

o (q—l)(q2+q—2e2>

1 N sy g v SRR (= S
+q <q2+ ) Z ¢ (d) tll<671)t2(e+l)td de( 2 1)



22

when ¢ is even and;
q(q2,1> 5 q q2—262+1) q(q271)
(7= —1) 2 ey 2= 1) et

e ce N (q 2 )tlftppm v, (g )t;;(? )

2

7

(q—l)(q2+q—62—e)

=1 — 7
HUED S o,
1£d| 45+
w1 j# 0 =y
a1 (qfl)(q2+q762+6)
+Q(q2‘|’ 1) Z gb(d) t;;(eﬂ)td de(e2-1)
1£d| 5
w1 int =)

(qfl)(q2+q7262

1 ey s S Y v s wa
+q (¢+1) Z ¢ (d) t;(e—nt}};(eﬂ)td de(e2-1)

2
1£d| G =j=v
4(4271)
q (q - 1) de(eQ—l)
S X Al
1£d| 4L

when ¢ is odd.

Several scholars have used the cycle index in enumeration of different objects and
structures. Harary (1955) counted the number of linear, rooted and connected
graphs. Read (1960) also enumerated locally restricted graphs and the number
of r-coloured graphs on labeled vertices. Harary (1967) studied the applications
of Pélya’s Theorem to permutation groups. Robinson (1970) enumerated coloured
graphs and non-separable graphs. Bruijn and Klarner (1969) enumerated generalized
graphs. Enumeration of stable stereo, position isomers and poly-substituted alcohols

was done by Balasubramanian (1979).



CHAPTER 3

THE CYCLE INDEX OF THE DIHEDRAL GROUP AS A
SEMIDIRECT PRODUCT OF THE CYCLIC GROUP OF ORDER n
BY A CYCLIC GROUP OF ORDER TWO

3.1 Introduction
Let G = N x H, then G is a semidirect product group if N<G, H < G,NH = G
and NN H = {e}. The aim of this chapter is to express the cycle index of the
dihedral group D,, in terms of the cycle index of the cyclic group C), and that of
a cyclic group of order two C'5. In this case the dihedral group can be written as
D,, = C,, x (5 since the dihedral group is a semidirect product of the two subgroups.
This chapter has three sections. In Section 3.1, we give the introduction while in
Section 3.2, we show that the dihedral group is a semidirect product of the cyclic
group C,, and a cyclic group C5. In Section 3.3, we express the cycle index formula of
the dihedral group in terms of the cycle index formulas of C,, and Cs. In subsection

3.2.1 we consider an odd value of n and an even value of n is considered in subsection

3.2.2.
3.2 The dihedral group as a semidirect product group

Theorem 3.2.1.

The dihedral group is a semidirect product group of C, and Cs.

Proof.
Let N=C, <D, and H=C5 < D,,.
Clearly, N N H = {e}, where e is the identity element in D,,.

23
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Since [INH| = \‘J]\\fw\flll = @ =2n = |D,|,
we deduce that, D, = NH =N x H = (), x Cy O

3.3 Expressing the cycle index of D,, in terms of cycle index of C,, and
Cs

We now use the above information to establish the relationship between the cycle
index formulas of the dihedral group and that of a cyclic group of order two Cy acting
on n elements and the cyclic group of order n, C,.

3.3.1 Ifn is even

Suppose that n is even. Then from Theorem 1.6.4 the cycle index is given by;

1 n n.,n=2 n
Z20nx) = o Z¢(d)tj+§t§t22 t3

dln

n
2
t2

1 Lo 2

Since H = (b) is equal to the stabilizer of a point, we have

n—2
mon (b) = t3t,°
Since H is a reflection and |H| = 2 we have;
n—2
Zx) =3 <t7f + ity )
Therefore;
Zipax) = 320vx) + 3 Z0x) + 5t5 = 3 Z0.x)
Thus;
1 1» 1

1 o
Ze.x) = 54t 54+ gty = 140x) (3.1)



25

We note that the extra term itQ% is a result of the fact that there are 7 elements of
G that are neither in N nor in a conjugate of H. We also note that mon(ab) = tQ%
or the extra term could be defined in terms of Zx x) where K = ((a b)) of order 2.
Example 3.3.1

Let n =6 and X ={1,2,3,4,5,6}, then by Theorem 1.6.4 we have;

1
Z(Ce.x) T §Z(Cz,X) — Zax) + 3.

1
Zipex) = o (£9 + 5 + 2t5 + 2t6 + 3t3t5 + 3t3)
1 6 3 2 1 242 1 3
=3 (89 + 65 + 265 + 2t5) + St + 76
1 6 3 2 1 6 2,42 1 3 1 6
11 11 1 1
=35 (89 + 5 + 215 + 2t6) + 33 (1S +t73) + Ztg — Zt?
1 1
2

4
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3.3.2 Ifn is odd
Suppose that n is odd.

Then from Theorem 1.6.4 the cycle index D,, is given by

1 n n—1
Zo.x) =g > o(d)td + ntity?
dln

1 n n—1
= o | Do)t} +ntt,?

dln

1.1 n 1 =
= 5{5 Z Ad)tg} + Shity”

:§Z(NX+ {t"+t1t2 }— tr

1 1
=52wx) t Zux) — 520.%)

1 1
= 5%t Zicax) — 5205

Example 3.3.2

Let n =5 and X ={1,2,3,4,5} then by Theorem 1.6.4 we have;

1
Zipsx)y = o (] + 45 + 5t1t3)
1 1
= — (1] +4t5) + §t1t§

10

1 1 1

E (] + 4t5) + 3 (8] +t1t3) — 5#?
1

Zcs.x) t 2o x) — §Z(1 X)

er—t [\Dlr—k



CHAPTER 4

THE CYCLE INDEX OF THE SYMMETRIC GROUP AS A
SEMIDIRECT PRODUCT GROUP OF THE ALTERNATING
GROUP BY A CYCLIC GROUP OF ORDER TWO

4.1 Introduction
The aim of this chapter is to express the cycle index of the symmetric group .S, in
terms of the cycle index of the alternating group A, and that of a cyclic group
of order two Cy = ((ab)). In this case, the symmetric group can be written
as S, = A, x (5 since it is a semidirect product of the two subgroups. This
chapter has four sections. In Section 4.1 we give the introduction while in Section
4.2 we show that the symmetric group is a semidirect product of the alternating
group and a cyclic group C5. In Section 4.3 we give some examples of cycle index
formulas of the symmetric group for n = 3,4,5,6,7 and 8 which are used in Section
4.4 to come up with a general expression of the cycle index of symmetric group in

terms of the alternating group and a cyclic group of order two.

4.2 The symmetric group as a semidirect product group

Theorem 4.2.1.

The symmetric group is a semidirect product group of A, and Cq = ((ab)).

Proof.
Let N=A,<S, and H = Cqy = ((ab)) < S,.
Clearly, N N H = {e}, where e is the identity element in S,.

27
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|
INIH| _ (52 oy
NrH] — 1 = Sl

Since [INH| =

we deduce that, S, = NH =N x H = A, x (y

4.3 Some examples
4.3.1 Cycle index of Sj
Suppose X = {1,2,3} so that n = 3,
G =53 ={1,(123),(132),(12),(13),(23)},
N = A3 ={1,(123),(132)} and
H=0Cy={1,(12)}.
Then;
ZG,x) = ${t} + 2t3 + 3t1to},
Zinx) = 3{ t} + 2t3} and
Zimx) = 3{t} + tita}.

Thus;

1
Zex) = é{t?{ + 2t3 + 3tity}
11 1 1
= §§{t? + 2t3} + 5{15? +tity} — 515:{’

1 1
= 5Zwx) t dwx) — 520.%)
1 1 1

2Z(N,X) + mZ(N,X) - mzu,x)
1 1 1
= §Z(N,X) + (n _ 2>‘Z(N,X) — MZ(LX)’ wheren = 3.
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4.3.2 Cycle index of S,

Suppose X = {1,2,3,4} so that n = 4. Then;

G = Sy ={1,(123),(132), (124), (142), (134), (143), (234), (243), (13),(14),(23),

(12) ) (24) , (34) , (12) (34) , (13) (24) , (14) (23) ) (1234) ) (1243) , (1324) ) (1342) )
(1432) , (1423)},

N = Ay ={1,(123),(132), (124), (142) , (134), (143), (234) , (243) , (12) (34) ,

(13)(24), (14)(23) }

and H = Cy={1, (12)}.

Thus, Zg,x) can be written as;
Z(G,x)y=5; {t1+ 8tits + 3t3 + 6t3ts + 6t4},
Zinx) = $5{t} + 8tits + 3t3}

and Ziy x) = 3{t1+t5t2}.
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Thus;

1
Za.x) :§ZU%+SQQ+%%§+&ﬁ2+6Q}

1 1
= ﬂ{t‘f + 8tyts + 35} + ﬂ{&ﬁtg + 64}

11 11 1 1
= ——{tt 4+ 8ty + 32V + ——{t] + 2t} — —tT + —{6t
212{1+ 1t3 + 2}+22{1+ 1t} 41+24{ 1}
1 1 1 1
-7 -7 _ 7 -
g4wx)+54wmx) — 74000 F gl
1 1 1 1
=-Z — Tiyx)— — 7 — {6t
3 Zwvn T Ty Aex) T gy, (a.x) + 516t}
1Z + ! Z _ Zax)+ 1{61&} h 4
—— — — wheren = 4.
9 TN g ) T gy ) TR T A

In this case, the extra term 5{6ts} is the contribution to Z,x) of the six odd
permutations of X that are not transpositions. They are not in a conjugate of H

and all of them form a single conjugacy class.



4.3.3 Cycle index of S5

Suppose X = {1,
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2,3,4,5}, so that n =5, G = S5, N=A5 and H=((12))

Table 4.1: Cycle Types of Elements of S5

Permutation Cycle Corresponding Corresponding No.

Type Type Monomial of Elements in Sj
(a)(b)(c)(d)(e) | (5,0,0,0,0) £y 1
(a)(bc)(de) (1,2,0,0,0) tyt2 15
(a)(b)(cde) | (2,0,1,0,0) t3ts 20
(abcde) (0,0,0,0,1) ts 24
(a)(b)(c)(de) | (3,1,0,0,0) 3ty 10
(ab)(cde) (0,1,1,0,0) tots 20
(a)(bcde) (1,0,0,1,0) t1ty 30

TOTAL 120 = | S5

Thus;
2, x)=
Z(Nx) =

Zx) = 2{755

+ 35}

{8} + 15613 + 20¢3t + 24t5} and

Thus, Z (g x) can be rewritten as;

Zex) = 120

260

{t5 + 15t1t5 + 20tits + 24t5} + —

{t5 + 15t1t5 + 20t3ts + 24t5} +

+m{20t2t3 + 30t1t4}

1
= 34wx) t gLy

1
6

1

120

T AL 15t t5+20t3t5+24t5+ 10850 4+-20t 513430t 14},

{1015%2 + 20tat3 + 30t1t4}

{t5 + 3y} —

— —Z(l X) + = {20t2t3+30t1t4}

12
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1 1 1
VA -
X T (5= 2)!

1 1 1 )
(n— 2)!Z (HX) ™ mzmm + —1{2002t3+30t1 4}

1
Z(LX) + 5 {20t2t3+30t1t4}

In this case é{20t2t3+30t1t4} is the contribution to Z g x) of the 50 odd permutations
of X that are not transpositions. These permutations are not in a conjugate of H
and form two conjugacy classes; one consisting of 20 elements and the other 30.
4.3.4 Cycle index of Sg

Suppose X ={1,2,3,4,5,6} so that G = S5, N =4 and H = ((12)).

Table 4.2: Cycle Types of Elements of Sg

Permutation Cycle Corresponding Corresponding No.

Type Type Monomial of Elements in Sg
(a)(b)(c)(d)(e)(F) | (6,0,0,0,0,0) 9 1
(a)(b)(cd)(ef)) | (2,2,0,0,0,0) 13t2 45
(a)(b)(c)(def) (3,0,1,0,0,0) 3t3 40
(abc)(def) (0,0,2,0,0,0) t2 40
(a)(bcedef) (1,0,0,0,1,0) tits 144
(ab)(cdef) (0,1,0,1,0,0) oty 90
(a)(b)(c)(d)(ef) | (4,1,0,0,0,0) tity 15
(a)(be)(def) | (1,1,1,0,0,0) trtots 120
(ab)(cd)(ef) (0,3,0,0,0,0) t3 15
(a)(b)(cdef) (2,0,0,1,0,0) 2ty 90
(abedef) (0,0,0,0,0,1) te 120

TOTAL 720 = | S|
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Thus;
Ziax) = =5 {t6 + 45115 + 4085t + 4085 + 144t .85 + 90taty + 1581,
+120t1tyts + 15t5 + 90ty + 120t6},
Zinx) = 35 {t6 + 457t + 408ty + 4085 + 144t1t5 + 90tats} and
Zx) = 5{15? + it}

Thus, Z x) can be rewritten as;

Zax)y = %{tﬁ + 45t7t5 + 4085ty + 4085 + 144¢1t5 + 90tats}

+—{15t;*t2 + 120t tyts + 15t3 + 90t3t4 + 120t}

1 11
— 5%{tﬁ + 45tTt5 + 4083t + 40t5 + 144t 1t5 + 90taty} + — 51 2{756 + t1ts}
1
—@tﬁ 720{120t1t2t3 + 15t + 90t3t, + 120t}
1 1 1 5 )
= S4(NX) T 5,4(HX) (1,X) 1lal3 4 6
22 + 242 482 )+ = {120t tots + 15t5 + 90t7t, + 120t6}
1 1 1 3 2
+120t6 }
1 1 1
= —Z —7 -7
5 Z.x) T (n— )1 2HX) T g ) A

1
+E{120t1t2t3 + 155 + 90t3t, + 120t }, where n = 6.

In this case, the extra £{120t1t,t5 + 15t3 4 90tits + 1206} is the contribution,
to  Zg,x) of the 345 odd permutations of X that are not transpositions. These

permutations are not in a conjugate of H and form four conjugacy classes.
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4.3.5 Cycle index of S
Suppose X = {1,2,3,4,5,6,7} sothat n =7, G = S;, N = A; and H = ((12)).

Table 4.3: Cycle Types of Elements of Sy

Permutation Cycle Corresponding Corresponding No.
Type Type Monomial of Elements in S7
(a)(b)(e)(d)(e)(F)(e) | (7,0,0,0,0,0,0) t 1

(a)(b)(c)(de)(fg) (3,2,0,0,0,0,0) t3t3 105
(a)(b)(c)(d)(efg) | (4,0,1,0,0,0,0) tits 70
(ab)(cd)(efg) (0,2,1,0,0,0,0) t3ts 210
(a)(bed)(efg) (1,0,2,0,0,0,0) ty3 280
(a)(bc)(defg) (1,1,0,1,0,0,0) titaty 630
(a)(b)(cdefg) (2,0,0,0,1,0,0) 25 504
(abcdefg) (0,0,0,0,0,0,1) tr 720
(2)(b)(©) (@) (e)(f) | (5.1.0,0,0,0,0) ot 21
(a)(bc)(de)(fg) (1,3,0,0,0,0,0) tt3 105
(a)(b)(cd)(efg) (2,1,1,0,0,0,0) t2tot3 420
(a)(b)(c)(defg) (3,0,0,1,0,0,0) 3ty 210
(abc)(defg) (0,0,1,1,0,0,0) tsty 420
(ab)(cdefg) (0,1,0,0,1,0,0) tots 504
(a)(bcdefg) (1,0,0,0,0,1,0) t1ts 840

TOTAL 5040 = |5




Thus;

ZG, X)

Z(N.X)

and

Z(H,X)

35

5040 —{#] + 1056545 + T0t{ts + 210t5t5 + 280t,113 + 630ttty + 504835

720t + 210t + 105613 + 4208345t + 21063, + 420t5t 4 + 504t
+840t £},

m{ﬂ + 105632 + T0t 5 + 210625 + 280112 + 630t toty + 50435
720t}

1
5{ﬂ + 195}

Thus, Z x) can be written as;

Z(G,x)

5040 ——{t] 4+ 105t3t3 + 70t ts + 210t5t5 + 280t1t2 4+ 630t taty + 504t3ts

+720t7} + —— {2185ty + 105t 15 + 42085 tats + 21085t + 4203t

5040
+504tats + 840t}

1
5—25 5 {7 + 105153152 + TOt{ts + 210t2ts + 280t 12 + 630t tot, + 50413t

1
{t7 + 9t} — —t!

20t
+707}+ 240

120 2

+25 40{105151753 + 42083t ,t5 + 21063t4 + 420t5t, + 504t4t5 + 840t 1t}

1
—Z(N,X) +

— 7, —7
2 120 7 HX) — 240 (1,X)

1
+ﬁ{105t1t§ + 42083ty ts + 210t 7ty + 420tsty + 504tqts + 840t ts}



36

1 1

1 4x) — 2

1
A _ -
X T T ) 2(7-2

2
1
+ﬁ{105t1t§ + 42083ty ts + 210t 7ty + 420tsty + 504tots + 840t ts}

1 1

1
B R R sy U Ry AR

2

1
+—{105t1t5 + 420ttty + 2104 + 420tats + 5048215 + 840t}
n.

wheren = 7.

In this case, the extra term  £{105t1t3 4 42083 (ot + 210653ty + 42083ty + 504tat5 +
840t,tg} is the contribution to Za,x) of the 2,499 odd permutations of X that are
not transpositions. These permutations are not in a conjugate of H and form some

six conjugacy classes.
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4.3.6 Cycle index of Sg

Suppose X = {1,

Table 4.4: Cycle Types of Elements of Sg

2,3,4,5,6,7,8} so that n =8, G = Sg, N = Ag and H =

((12)).

Permutation Cycle Corresponding Corresponding No.
Type Type Monomaal of Elements in Sy
(a)(b)(c)(d)(e)(F)(2)(h) | (8,0,0,0,0,0,0,0) £y 1
(a)(b)(c)(d)(e)(f)(hg) | (6,1,0,0,0,0,0,0) 9t 28
(a)(b)(c)(d)(e)(fgh) (5,0,1,0,0,0,0,0) 53 112
(a)(b)(c)(d)(efgh) (4,0,0,1,0,0,0,0) tity 420
(a)(b)(c)(d)(ef)(gh) (1,2,0,0,0,0,0,0) tits 210
(a)(b)(c)(defgh) (3,0,0,0,1,0,0,0) 35 1344
(a)(b)(c)(de)(fgh) (3,1,1,0,0,0,0,0) t3tot3 1120
(a)(b)(cdefgh) (2,0,0,0,0,1,0,0) t2tg 3360
(a)(b)(cd)(efgh) (2,1,0,1,0,0,0,0) 2oty 2520
(a)(b)(cd)(ef)(gh) (2,3,0,0,0,0,0,0) 23 420
(a)(b)(cde)(fgh) (2,0,2,0,0,0,0,0) 32 1120
(a)(bcdefgh) (1,0,0,0,0,0,1,0) tity 5760
(a)(bc)(de)(fgh) (1,2,1,0,0,0,0,0) tyt3ts 1680
(a)(bed)(efgh) (1,0,1,1,0,0,0,0) t1tsta 3360
(a)(bc)(defgh) (1,1,0,0,1,0,0,0) t1tats 4032
(ab)(cd)(ef)(gh) (0,4,0,0,0,0,0,0) ta 105
(ab)(cd)(efgh) (0,2,0,1,0,0,0,0) t3t, 1260
(ab)(cde)(fgh) (0,1,2,0,0,0,0,0) tot3 1120
(ab)(cdefgh) (0,1,0,0,0,1,0,0) tote 3360
(abc)(defgh) (0,0,1,0,1,0,0,0) tsts 2688
(abed)(efgh) (0,0,0,2,0,0,0,0) t2 1260
(abcdefgh) (0,0,0,0,0,0,0,1) tg 5040
TOTAL 40320 = | Sg|




Thus;

Z@Gx) =

Zinx)y =

Znx)y =

38

ﬁ{tf + 28¢5ty + 112t0t5 + 420t1t, + 21015 + 1344¢7ts + 1120t3tats
+3360t7ts + 2520t taty + 420¢7t5 + 1120¢7t5 + 5760t 1t7 + 1680t t5ts
+3360t1t5t, + 4032t tots + 1055 + 1260t5t, + 1120t5t3 + 3360tats
+2688t3t5 + 1260t2 4 5040ts},

ﬁ{tf + 112t5t5 + 210t7t5 + 1344t3t5 + 2520t oty + 11208515
+5760t,t7 + 1680t 155 + 105t5 + 3360tats + 2688tsts + 1260t5} and

1
§{t§ + 195}

Thus, Z(g x) can be written as;

ZiGx) =

1

Toaan U 112600 + 2106185 + 1344815 + 25206tats + 11206315 + 5760017

+1680t,t5t3 + 1055 + 3360tyts + 2688tsts + 1260t3 }

1 -
+ 0390 {2811t + 42061ts + 112081t5t5 + 3360t + 4204115 + 3360ttt

+4032t1tots + 1260t5t, + 1120t5t2 + 5040tg}

11
330160 {3 + 11265t + 210642 + 13446315 + 25206315t + 11206262 + 5760t ¢

2 4 2 11 8 6
+1680¢,t5t3 + 105t5 + 3360tats + 2688tsts + 1260t5} + ﬁé{tl + 28t7ts }

1

1110 {420t + 1120t3tat5 + 3360t3ts + 420¢2¢5 + 3360t 1514

5+

40320
4032t tots + 1260638, + 1120¢2 4 50405}

1 1 1 1
§Z(N,X) + %Z(H,X) - @Z(Lx) T §{420t‘1‘t4 + 11208353 + 3360t3t

+42083t5 + 3360ttty + 4032t 1tots + 1260tat, + 1120t5t2 + 5040ts }
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1 1 1
= Z4wx)t g duHx) —

2 (8—2)! )!ZM)

2(8 =2

1
+§{420t§t4 + 112085t ot 3 + 3360t5ts + 420t5t5 + 3360t tsty + 4032t tots

+1260t3t, + 1120t,t2 + 5040ts}
1 1 1

1
= -7 — 7 -7 —{420t1t, + 1120835t
5 4(N.X) + (n —2)! (H,X) 2(n —2)! 1,x) + n!{ 1ta + 1lals

+3360t3ts + 42062t + 33601 L5ty + 4032t tots + 1260t5t,

+1120t5t3 + 5040ts}, where n = 8.

In this case, the extra term g {420¢1t, + 112083 t5t5 + 3360t3 t6 4 420t3¢5 4 3360t 1t3t4 +
4032ty tots 4 1260t5t, + 1120t9t5 + 5040ts } is the contribution, to Zg x) of the 20,132
odd permutations of X that are not transpositions. These permutations are not in
a conjugate of H and form some nine conjugacy classes.

4.4 Cycle index of S,
In this section we generalize the formulas obtained in Section 4.3 to obtain the cycle

index formula of S,, in terms of the cycle index formulas of A,, and Cs.

Theorem 4.4.1.

Let X ={1,2,...,n} so that G= S,, N = A, and H = ((12)). Then,

1 1

1 1
ZG.x) = 54w.x) + mZ(H,X) - MZ(LX) + ik}

where k is the sum of monomials of the odd permutations that are not transpositions.

Proof.

The cycle type of the identity permutation, which is even, is (n,0,0...,0) while
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that of a transposition (ab), which is odd, is (n — 2,1,0,0,...,0). So mon (e) = t}
and mon(ab) = t}"%t,. Now, if p is the sum of monomials of the non-trivial even
permutations of X, then by definition, Z(y x) n,{t” + p}.

Also, Zgx) = 2{75”—1—15" ?ty}. The conjugacy class of (ab) has = 2)!’1“}1_21!21 = Q(H@Z)!

elements. Finally, suppose k is the sum of the monomials of odd permutations of X
that are not transpositions.

Then,

Zax) = ] Z {mon (g

geG
= 'Z{mon )+ 'Z{mon
gEN 9¢N
1 n! 9
= —{ gttt

= ; n ﬁt” %ty + — {k:}

= {t" + p} {7 + 772t} _ﬁﬁ%%{k}
() () 7

1 1 1
Z(I,X) + = k.
n:

= —Z - -
WX )] 2t x) 2(n —2)!

In this case note that the cycle index of S, cannot be expressed fully in terms of
the cycle index of N = A,, and H = ((12)) since we have some odd permutation of

X that are not transpositions which do not belong to either of the subgroups. [



CHAPTER 5

THE CYCLE INDEX OF THE AFFINE(q) GROUP AS A
SEMIDIRECT PRODUCT OF THE ELEMENTARY ABELIAN
GROUP P, BY THE CYCLIC GROUP C,_,

5.1 Introduction

In this chapter we derive the cycle index formula of the affine(p) group and express
it in terms of the cycle index formulas of the cyclic groups C, and C,_;. Similarly, if
q = p" the affine(q) group can be written as Af f(q) = P, x C,_1 since the affine(q)
group is a semidirect product of the two subgroups. We also derive the cycle index
of the affine(q) group and express it in terms of the cycle index of the elementary
abelian group F, and the cyclic subgroup C\_;.

This chapter has four sections. In Section 5.1 we give an introduction while in Section
5.2 we show that the affine(q) group is a semidirect product of the elementary abelian
group P, and the cyclic subgroup C,_;. In Section 5.3 we derive the cycle index of
the affine(p) group and express it in terms of the cycle indices of the cyclic groups
C, and C,_; while in Section 5.4 we derive the cycle index of the affine(q) group and
express it in terms of the cycle indices of the elementary abelian group P, and the

q

cyclic group Cy_;.

41
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5.2 The affine(q) group as a semidirect product group
Theorem 5.2.1.
The affine(q) group is a semidirect product group of the elementary abelian group P,

and the cyclic group Cy_;.

Proof.
Let N=P,<Aff(q) and H=C,_1 < Aff(q).

Clearly, N N H = {e}, where e is the identity element in Af f(q).

Since [NH| = JHL = 40D — ¢(q — 1) = |Af f(q)],

|INNH| 1

we deduce that, Aff(¢q) = NH =N x H= P, x C,_. O

5.3 The cycle index of the affine(p) group
Lemma 5.3.1.

Let g € Af f(q) be such that g fizes only one element in GF(q), then Cg(g) = Cy_1.

Proof.
Since the Affine(q) group acts transitively on G'F(q) (Kangogo, 2015), then the
stabilizers of each of the elements in GF(q) are conjugate and only intersect at the

identity so it is enough to find the centralizer of any one element. The elements of

Af f(q) which fix 0 € GF(q) are of the form oz + 0 where a € GF(q). This can be

a 0
written as; M =
0 1
a b
A general element of Aff(q) is of the form such that a # 0 and



43

a b i 2
0 1 0 1
a b a 0 % —% a —ab+b
Now =
0 1 0 1 0 1 0 1
a b a 0
For the element to centralize then, —ab + b = 0, implying
0 1 0 1

b(l—a)=0=b=0or a=1.

a 0
If @ = 1, then is the identity which is centralized by every element of
0 1
a 0 a 0
the group and so the centralizers of are of the form where
0 1 0 1

0 # a € GF(q) thus the centralizer has order ¢ — 1 which is a cyclic multiplicative

group C,_; of order ¢ — 1. n

Lemma 5.3.2.

Let g € Af f(q) be such that g does not fix any element in GF(q), then Cg(g) = P,.

Proof.

Since the Affine(q) group acts transitively on GF(q) (Kangogo, 2015), then the
stabilizers of each of the elements in GF(q) are conjugate and only intersect at the
identity so it is enough to find the centralizer of any one element. The elements

of Aff(q) which do not fix any element of GF(q) are of the form x + « where

1l «
a € GF(q). This can be written as; M =
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a b
A general element of Aff(q) is of the form such that a # 0 and
0 1
—1
a b i 2
0 1 0 1
a b 1 « % —2 1 aa
Now =
0 1 0 1 0 1 0 1
a b Q@
For the element to centralize then, aa = «, implying
0 1 0 1
ala—1)=0=a=0o0ra=1.
1 «
If a = 0, then is the identity which is centralized by every element of
0 1
1 « 1 b
the group and so the centralizers of are of the form where
0 1 0 1

b € GF(q) thus the centralizer has order ¢ which is the elementary abelian group

P

q-

]

Theorem 5.3.1.
Let p be a prime, the cycle index formula of the affine(p) group G acting on the p

elements of Z, is given by;

1
ZGx) = Gl t+@—-1t,+p Z

p—1
P(d)tat,"
17d|(p—1)

where |G| =p(p—1), ¢(d) is the Euler’s phi function and X the p elements of the

field Z,, .
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Proof.

The elements of the Af f(p) group are partitioned into I (the identity element), 7
(the set of elements that fix one element on the field Z,) and 7y (the set of elements
that do not fix any element of Z,). To derive the cycle index formula we need to
find the number of 7y and 7 elements and the respective cycle types.

Let g € 7, then by Lemma 5.3.1 C¢(g) = Cp—1 and by Theorem 1.6.6;

g Plp—1)

where (Y is the conjugacy class in G containing g.

Let g € 7y, then by Lemma 5.3.2 C;(g) = C,, and by Theorem 1.6.6;

:|Cg|:T_:p—1. (5.2)

p(p—1)
(»—1)

N¢ (Cp—1) = Cp_1, implying there are = p conjugate cyclic groups Cp_; in G.

These cyclic groups intersect only at the identity thus,

7| = (p—2)p. (5.3)

We find the number of elements in 79 by subtracting the number of elements 71 and
the identity from the order of G.

We have,

ol =[p(p—1)— (p—2)p— 1] = p— 1=|CY| by Equation 5.2 implying that all the

elements in 7y are conjugate in G and are of order p.
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Therefore;
Zax)y = @(t’f + (p — 1) .monomial of an element in 7y
+p(sumation of all monomials of the nontrivial elements in cyclic
subgroups Cy_1))
That is,
1
Zx) = € '+ (p—1).mon(x) +p Z mon(g) |, (5.4)

9€Cp1\{1}
where x € 7.

Let o € 79. Then 7 (z) = 0.

It follows from Theorem 1.6.5 that, 7 (2?) = p and if [ < p, 7 (xl) = 0.

Now if 0 < [ < p then,

1 2
a, = > 7T<acz),u(2)
! P) —m(x
213[7?(95) ()]
ZEW—N=2=1
p p

The resulting monomial is;
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If g € 7 and | <d where d is the order of g, then
m(9)=1,7(¢") =pand 7 (¢') =1

o =%Zﬂ<gﬁ)u(2)

il

= %Z(l)u i

it

d ild
S ECONORSD SE PR P
I 1£i|d
:é m(g%) + D uli) — 7 (g)
i ild
1 p—1
—gro =g

Thus the resulting monomial is;
p1
tt,* (5.6)
Substituting for mon(z) (in 5.5) and mon(g) (in 5.6) in Equation 5.4 we get;

1
Z(G,X):l—G| +p—Dt,+p >, ¢ d)trt, "
1#£d|(p—1)

Example 5.3.1
Let p =17, |G| = 272
Therefore, possible values of d are; 2, 4, 8 and 16.

¢(2)=1,0(4) =2, ¢(8) =4, and ¢ (16) = 8
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By Theorem 5.3.1, we have;

t17 + 16817 + 17115 + 34¢1t4 + 68t113 + 136t1t16) -

1
ZGx) = 72 (

5.3.1 Expressing the cycle index of the Affine(p) group in terms of the
cycle indices of the cyclic groups C), and C,_;

The equation in Theorem 5.3.1 can be simplified as;

_ 1 P 1 P L
Z(G,X) - D (p _ 1) (tl + (p 1) tp) + D (]9 — 1) Pty +p1¢% ) tltd (p — 1)t1
! 1 » S 1,
= Gpopdentpoy | 2 et |-y
= et ey -t
(p—1) (Cp,X) (Cp-1,X) (p—1) 1
R __t (5.7)
[o (Cp,X) (Cp-1,X) [ (1,x

Example 5.3.2

Let p =11, then G is Aff(11) and X = {0,1,2,3,4,5,6,7,8,9,10}.
Then the cycle index of G acting on X is;

ZG,x) = 115 <t%1 + 1081 + 1137 g0 gb(d)tlt;#) (from Theorem 5.3.1),

which can be simplified as;

Do) = —— (14 10t0) + —— (1181411 3 o)ty | — =t
(&%) 11(10) \? "oy | et thd 10
1
— TOZ(Cll,X) —+ Z(Clo,X) 1_0-&1
1 1 .
= 1—02(011,)() + Z(C10,x) — 1_OZ(1’X) (from Equation 5.7).
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5.4 The cycle index of the affine(q) group
Theorem 5.4.1.
Let p be a prime and ¢ = p". The cycle index formula of the affine(q) group G acting

on the q elements of GF(q) is given by;

1 q
Zex =g |+ @- Dt +a >

g—1
p(d)tsty” |,
1) (1)

where |G| = q(q—1), ¢(d) is the Euler’s phi function and X the q elements of the

GF(q).

Proof.

The elements of the Af f(q) group are partitioned into I, 7y (the set of elements that
fix one element in the field GF(q) and 7y (the set of elements that do not fix any
element of GF(q)). To derive the cycle index formula we need to find the number of
To and 7y elements and the respective cycle types.

Let g € 7y, then from Lemma 5.3.1 Cg(g) = Cy—1 and by Theorem 1.6.6;

= |CY] = q(qq__ D (5.8)

where (Y is the conjugacy class in G containing g.

Let g € 79, then from Lemma 5.3.2 C¢(g) = P, and by Theorem 1.6.6;

= |C9| = Q(qq_l) —g—1 (5.9)
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q(g—1)
(g—1)

N¢ (Cy-1) = Cy—1, implying there are = ¢ conjugate cyclic groups C,_; in G.

These cyclic groups intersect only at the identity thus;

1| =(q—-2)q. (5.10)

We find the number of 7y elements by subtracting the number of 7; elements and the
identity from the order of G.

We have,

|70l = [¢g(¢—1)—(¢—2)g—1] = g —1 = |CY by 5.9. Implying all elements in
To are conjugate in G and are of order p.

Therefore;

Zax)y = =t + (¢ —1).monomial of an element in

|G

+q(sumation of all monomials of the nontrivial elements in cyclic

subgroups Cy_1))

1
ZGx) = €] t9+ (¢ —1).mon(z) +q Z mon(g) | , (5.11)
9€Cq1\{I}

where x € 7
Let x € 19, then 7 (z) = 0.
It follows from Theorem 1.6.5 that 7(z?) = ¢ and

ifl<p,7r(:vl):O.



51

Now if 0 < [ < p then,

1
@ =g m (x%>,u (1)
il
1
=7 Z Op (i) =0
il
1 )
a, =52 7r<a:i>u(z)
ilp
~fr (a?) — 7 (x)]
=—[r(2?) —7(x
p
1 q
[q — 0] )
Therefore the resulting monomial is;
th.

If gemn, thenw(g)=1,7 (gd) = q andm (gl) =1

when | < d
o = 33w (o )l
ill
= )

(5.12)



Thus the resulting monomial is;

q—1
tyt,* (5.13)

Substituting for mon(z) (in 5.12) and mon(g) (in 5.13) in Equation 5.11 we get;

1 4 q—1
Za.x) = il U=ty +q > d(d)ht,
1dl(q-1)

Example 5.4.1

Let p=3, r=3 = ¢q=3% X =GF(27) and |G| = 702.
Possible values of d are; 2, 13 and 26. Therefore;
»(2)=1, ¢(13) =12 and ¢ (26) = 12.

By Theorem 5.4.1, we have;

1
Ziax) = o3 (437 + 2685 + 27Tt1t5” + 3248175 + 324t 1t56) -
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5.4.1 Expressing the cycle index formula of the affine(q) group in terms
of the cycle indices of the elementary abelian group P, and the
cyclic group C,_4

The equation in Theorem 5.4.1 can be simplified as;

1 -1
Zax) = Gl t(f+(q—1tp+q Z p(d)tat,*
1£d|(g—1)
1 ( 4 1
- - t‘{+(q—1)t,§)+— gti+q Y ¢ dtitoT
q(g—1) ¢(g—=1) 1#£d|(g—1)
1
T 49
(-1
1 1 -1 1
= Zpyx) + tf + Z (d)tyt,* | — ——=ti
— ’ — —1
(¢—1) (¢—1) Wiy (¢—1)
1 1
= ——Zpx) T Z4cx) — =t
(¢—1) (¢—1)
1 1
= |C 1| + Z( q 17X) - mZ(Lx) (514)
q— q—

Example 5.4.2
Let p=2,r=3 = ¢=2% X =GF(8) and |G| = 56 . Then the cycle index of G

acting on X is;

7
Z,x) = 35 (tff + Tty + 82 1zai7 P(d)ty 5) (from Theorem 5.4.1,)
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which can be simplified as;

Zox) = —= (B+T) + —— (863483 snt] | — 68
(@.X) O TN o N
= ez 1
- 7 (PS,X) (077X) 7 1
1 1 .
= ?Z(PS’X) + Zicn x) — ?Z(LX) (from Equation 5.14).



CHAPTER 6

THE CYCLE INDEX OF THE AFFINE SQUARE(q) GROUP AS A
SEMIDIRECT PRODUCT OF THE ELEMENTARY ABELIAN
GROUP P, AND THE CYCLIC GROUP Cq-:

6.1 Introduction

The set P, = {z + b, where b € GF(q)} forms a normal subgroup of the affine(q)
group and the set Cq;Ql = {ax, where a is a non zero square in GF(q)} forms
a cyclic subgroup of the affine(q) under multiplication. The semidirect product of
the two groups P, and C’q% forms a group known as the affine square(q) group
denoted by Af fa(q). The elements of Af fo(q) are of the form {ax + b such that b €
GF(q) and a is a non zero square in GF(q)}. In this case, the affine square(q)
group can be written as Af fo(q) = P, x C a1 since it is a semidirect product of the
two subgroups.

This chapter has four sections. In Section 6.1 we give an introduction while in Section
6.2 we show that the affine square(q) group is a semidirect product of the elementary
abelian group P, and the cyclic subgroup Oq;Ql . In Section 6.3 we derive the cycle
index of the affine square(p) group and express it in terms of the cycle indices of
the cyclic groups C, and C% while in Section 6.4 we derive the cycle index of the
affine square(q) group and express it in terms of the cycle indices of the elementary
abelian group F;, and the cyclic group C’% . The proofs of these cycle indices will

be similar to the proofs in chapter five.

95
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6.2 The affine square(q) group as a semidirect product group

Theorem 6.2.1.
The affine square(q) group is a semidirect product group of the elementary abelian

group P, and the cyclic group Cq-1.
2

Proof.
Let N =P, <Affn(q) and H = C%.
Clearly, N N H = {e}, where e is the identity element in Af f(q).

a1 _
Since |[NH| = % =4 £ ) Q(qu) = |Af fa(q)l,

we deduce that, Af fo(q) = NH =N x H = P, x 0112;1 ]

6.3 The cycle index of the affine square(p) group
Lemma 6.3.1.

Let g € Af fa(q) be such that g fizes only one element in GF(q), then Cg(g) = Oq%l.

Proof.
Since the Affine square(q) group acts transitively on GF(q) (Kangogo, 2015), then
the stabilizers of each of the elements in GF(q) are conjugate and only intersect at

the identity so it is enough to find the centralizer of any one element. The elements

of Af fo(q) which fix 0 € GF(q) are of the form ax + 0 where o € GF(q). This can

a 0
be written as; M =
0 1
a b
A general element of Aff(q) is of the form such that a is a non zero
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a b 1 _2
square element of GF'(q) and - * °
0 1 0 1
a b a 0 % —% a —ab+b
Now =
01 0 1 0 1 0 1
a b a 0
For the element to centralize then, —ab + b = 0, implying
0 1 0 1
b(l—a)=0=b=0or a=1.
a 0
If @ = 1, then is the identity which is centralized by every element of
0 1
a 0 a 0
the group and so the centralizers of are of the form where a
0 1 0 1
is a non zero square element in GF(q) thus the centralizer has order (q;) which is
a cyclic multiplicative group C'y-1) of order @. m
2

Lemma 6.3.2.

Let g € Af fo(q) be such that g does not fix any element in GF(q), then Cg(g) = P,.

Proof.

Since the Affine square(q) group acts transitively on GF(q), then the stabilizers of
all elements in GF'(q) are conjugate and only intersect at the identity so it is enough
to find the centralizers of any one element. The elements of Af fi(g) which do not

fix any element of GF(q) are of the form = + o where o € GF(q). This can be

1 «
written as; M =



58

a b
A general element of Aff(q) is of the form such that a is a non zero
0 1
—1
a b R
square element in GF(q) and = ° °
0 1 0 1
a b 1 « % —2 1 aa
Now =
0 1 0 1 0 1 0 1
a b 1 «
For the element to centralize then, aa = «, implying
0 1 0 1
ala—1)=0=a=0o0ra=1.
1 «
If a = 0, then is the identity which is centralized by every element of
0 1
1 « 1 b
the group and so the centralizers of are of the form where
0 1 0 1

b € GF(q) thus the centralizer has order ¢ which is the elementary abelian group

P

q-

]

Theorem 6.3.1.
Let p > 2 be a prime, the cycle index formula of the affine square(p) group G acting

on the p elements of Z, is given by,

1 p=1
Zx = g7 | B+ (P =Dty tp > ddtt,” |,
1£d| 25+

where |G| = 3p(p — 1), ¢(d) is the Buler’s phi function and X the p elements of the

filed Z,,.
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Proof.

The elements of the Af fo(q) group are partitioned into I (the identity element), 7
(the set of elements that fix one element on the field Z,) and 7y (the set of elements
that do not fix any element of Z,). To derive the cycle index formula we need to

find the number of 7y and 7 elements and the respective cycle types.

Let g € 7y. Then from Lemma 6.3.1 Cg(g) = C% and by Theorem 1.6.6;

pp;l
= |Og‘ = p_21 =D, (61)

where (9 is the conjugacy class in G containing g.

Let g € 7p. Then from Lemma 6.3.2 C;(g) = C,, and by Theorem 1.6.6;

oo =tz P2 (6.2)

1p(p-1)
1(p-1)

The subgroup Ng (Oprl > = C% , implying there are = p conjugate cyclic
groups CLgl in G.
These cyclic groups intersect only at the identity.

Thus;

= (25 1) (6.9

We find the number of elements in 79 by subtracting the number of elements 7; and

the identity from the order of G.
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ITOIZ[p(p%l)—(p%l—Qp—l}:p—l (6.4)

Therefore, since the length of a conjugacy class of g € 7 is ’%1 from Equation 6.2
and the number of 7y elements is p—1 from 6.4, then there are two conjugacy classes
of elements in 7y and each element in 7 is of order p.

Therefore;

1 -1 -1
Zax) = @[t? + pT-mon(xl) + pT.mon(xQ)

+p(summation of all monomials of the nontrivial elements in cyclic

subgroups Cp%l)],

where x; and x5 are representatives of elements in the first and the second conjugacy
classes respectively. Since all 7y elements are of order p then they will have the same

monomial and thus Z x) can be written as;

1
Ziax) = €] &+ (p—1).mon(z) +p Z mon(g) (6.5)
g€Cp—1\{I}

where x € 7.
Let z € 19. Then 7 (z) = 0.
It follows by Theorem 1.6.5 that 7 (27) = p and

ifl<p,7r(:vl):O.



Now if 0 < [ < p then,

and

The resulting monomial is;
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p ilp
L Py — 7 (x
2;[7T(33) ()]
1 _pP_
—m—m—p 1
ty (6.6)

Ifger,thenm(g)=1,7 (gd) = p where d is the order of g and
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SN
3
—~
Q
=%
SN—
=
Nt
+
3
Q
~la
N—
=
|
3
S

Ql— -

Thus the resulting monomial is;

p—1

tity " (6.7)
Substituting for mon(z) (in 6.6) and mon(g) (in 6.7) in Equation 6.5 we get;

1 p-1
Zex =g |+ @-Dtp+p > ety
1£d|25E

Example 6.3.1
Let p =13, |G| = 78 where G = Af f(13).
Possible values of d are; 2, 3 and 6.

$(2) =1, ¢(3) =2 and ¢ (6) = 2.

Substituting in Theorem 6.3.1 we have;

1
Zasio(9)%) = = (t1% + 1213 + 13t185 + 26t1t5 + 26t,17)
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6.3.1 Expressing the cycle index of the Affine square(p) group in terms
of the cycle index of the cyclic groups C), and Cp-1
2

The equation in Theorem 6.3.1 can be simplified as;

L[ e
Zax) = g |t @-Dhtp > e(d)nt,
1£d| 252
1 1 p=1 1
= —[tp+(p—1)t]+— Pty +p dtity” | — 5=t
Ipp—1) " " gl —1) IZP:I d p1
+d
1 p 1 p
= ZZ(C .X) + — |+ Z tlt — Etl
2 1£d| 251 2
1 1
- EZ( + Z(Cp 1 X) _tl
2 2
1 1
= 7 72Cx) T 20y x) T Z1,x)- (6.8)
o
2 2

Example 6.3.2

Let p =11, then G is Aff5(11) and X ={0,1,2,3,4,5,6,7,8,9,10} and
10

ZG,x) = = (t%l + 10t + 1130, g5 ()t ] > (from Theorem 6.3.1)

This can be simplified as;

1 1 10 1
A = — (t" + 10t — [ 11t + 11 At d | — =t
(G.X) 11(5) (i +106) + 11(5) v 1;75(1)( it 51
1 1
= 52(011,X)+Z(C57) lotn
1

= 1OZ(C“ Xy + Z(cho,x) — EZ(IX y (from Equation 6.8).
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6.4 The cycle index of the affine square(q) group
Theorem 6.4.1.
Let p > 2 be a prime and q = p", the cycle index formula of the affine square(q)

group G acting on the q elements of GF(q) is given by;

1 q g1
Zex =g | 1+ @- Dt +a > dldtt,” |,
1£d| 45+

where |G| = %q(q — 1), ¢(d) is the Euler’s phi function and X the q elements of the

GF (q) .

Proof.

The elements of the Af f(¢q) group are partitioned into I (the identity element), 7
(the set of elements that fix one element on the field GF(q)) and 7y (the set of
elements that do not fix any element of GF(q)). To derive the cycle index formula

we need to find the number of 7y and 71 elements and the respective cycle types.

Let g € 7y. Then from Lemma 6.3.1 Cg(g) = 0(12;1 and by Theorem 1.6.6;

= |0 =5 ——= =4 (6.9)

where (Y is the conjugacy class in G containing g.
Let g € 79, then from Lemma 6.3.2 C¢(g) = P, and by Theorem 1.6.6;
3a(a—1) _g—1

:>,Cg|:§ - =5 (6.10)
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The subgroup Ng <Cq;21 ) = C’% , implying there are = ¢ conjugate cyclic

3(4-1)
groups C’% in G.
These cyclic groups intersect only at the identity.

Thus;

| = (% _ 1) " (6.11)

We find the number of 7y elements by subtracting the number of 7; elements and the
identity from the order of G.

It follows that;

|TO|:qu;l_(q;_1>q_1}:q_1, (6.12)

Since the length of a conjugacy class of g € 7 is Q;zl from Equation 6.10 and the

number of 7y elements are ¢ — 1 from 6.12, then there are two conjugacy classes of
elements in 79 but each element in 7y is of order g.

Therefore;

1 qg—1 q—1
Zax)y = @(t? + T.mon(zl) + T.mon(xg)

+q(summation of all monomials of the nontrivial elements in cyclic

subgroups C%)),

where x; and x5 are representatives of elements in the first and the second conjugacy

classes respectively but since all 7y are of order p then they will have the same
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monomial and thus Z(g x) can be written as;

1
Zax) = @(t({ + (¢ — 1).monomial of an element in T
+q(summation of all monomials of the nontrivial elements in cyclic

subgroups 0%1))

That is,

1
Ziex) = g | 11+ (a— 1) mon(z) +q > mon(g) |, (6.13)
9eCo\(1}

where x € 7.

Let « € 79, then 7 (x) =0

It follows from Theorem 1.6.5 that,
7 (2P) = q and

ifl<p,7r(xl) =0

Now if 0 < I < p then,



and

Therefore the resulting monomial is;

If g € 7, then 7 (g) =1,
s (gd) = q where d is the order of g,

W(gl)zlwhenl<d
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1 N
]—?ilp 7r<xz),u(z)
! P) —m (2
];[7?(50) ()]
1 _ 4
Sla— ="
£ (6.14)



I
QU+
3
—~
S
[SH
SN—
=
=
_|_
3
K
~la
~—
=
|
3
S

Ql— -

Thus the resulting monomial is;

qg—1

tt, " . (6.15)

Substituting for mon(z) (in 6.14) and mon(g) (in 6.15) in Equation 6.13 we get;

Ziax) = i (K4 (0 = Dt + 4o (d0t," ) O

Example 6.4.1

Let p=5, r=2 = q=5% X = GF(25) and |G| = 300.
Possible values of d are; 2, 3,4, 6 and 12.

Then

¢(2)=1,603)=2¢(4) =2, 6(6) =2and ¢ (12) = 4.

Substituting in Theorem 6.4.1, we have;

1
Zasso09),X) = 300 (£3° + 2483 + 25t 15 + 50t1t5 + 50t1t5 + 50t1tg + 100t,17,) .



69

6.4.1 Expressing the cycle index of the Affine square(q) group in terms
of the cycle indices of the elementary abelian group P, and the
cyclic group Cg-1

2

The equation in Theorem 6.4.1 can be simplified as;

1 a g—1
Zex = gr|\titla-Dtita > sld)tt,
1£d| 45+
1 1 1 =1 1
= q—1 <t(f + (q - 1) t;) + a1 qtlf + q Z ¢(d>t1tdd — ﬁt({
q (T) q (T) -1 N
14d) 52
1 1 a-1 1
= et o [+ D) et | - =t
2 2 1£d] 452 2
1 1
= wxZex tZeax0 ~ =it
2 2
1 1
= 74X T 4y x) — T 20X (6.16)
Cez e

Example 6.4.2
Let p=3,7r=2 =¢=3% X =GF(9) and |G| = 36 and
8
2(G,x) = 35 (t? + 85+ 9> gb(d)tlt;;) (from Theorem 6.4.1)

which can be simplified as;

Z = L(t9+8t3)+— 9] +9 ) d)t i)~ Ly
(G.X) (4) 1 3 9(4) 1 1%q 4 1
1£d|7
1 9
= ~Zprx)t Zcix) — 1h

1 )
Z(py,x) + Z(Cy,x) — ZZ(LX) (from Equation 6.16).

N N V)



CHAPTER 7

THE CYCLE INDEX OF THE FROBENIUS GROUP AS A
SEMIDIRECT PRODUCT OF THE FROBENIUS COMPLEMENT H
BY THE FROBENIUS KERNEL M

7.1 Introduction
A Frobenius group G is a group that acts on a set X transitively such that the
stabilizer H of a point is nontrivial but only the identity element fixes two or more
points. This collection of elements H of a Frobenius group G form a subgroup of
G known as the Frobenius complement. This implies that H N (zHz™') = {e}.
Given z € G\H, we define the set of all elements of G having no fixed points as
M* = G\U{zHz Y 2eG}. The set M = M* U {e} is a normal subgroup of G called
the Frobenius kernel. The group G is a semidirect product of M by H written
as G = M x H. The aim of this chapter is to express the cycle index formula of the
Frobenius group in terms of cycle index of the Frobenius complement H and that of
the Frobenius kernel M. This chapter has two sections. In Section 7.1 we give an
introduction of the Frobenius group as a semidirect group. In Section 7.2 we express
the cycle index of the Frobenius group in terms of the cycle indices of the Frobenius
complement and the Frobenius kernel.
7.2 The cycle index of the Frobenius group

Let the cycle indices of the permutation groups H and M acting on the set X
be Zyx) and Z(u, x) respectively. We need to express the cycle index of the

Frobenius group G acting on X in terms of Z (g x) and Z x).
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Theorem 7.2.1.
The cycle index formula of a Frobenius group G in terms of the cycle indices of the

Frobenius kernel M and the Frobenius complement H is;

Z.x) = Zanx) + Zux) — anZax)-

Proof.

Let x € G, be such that = # e, then x € M or is a member of some conjugate of H.
Since G acts on the set X transitively, then its action on X is equivalent to its action
on the cosets of H in G.

From Theorem 1.6.5, the number of cycles of length [ in a permutation x is given by
o =1 dn ™ (ﬁ)u(z) where p is the Mobius function.

It is enough to find the cycle of x € M and x € H.

(i) If x € M then |Fiz (z)| = 0 since x fixes no element by definition of M. Thus,
7 (2') = 0 unless | = |z|.

In the case when [ = |z| then,

o = % 7T<x%>,u(z)
il
= r () p()
_ 1 &
ol 1H]

1M
Thus mon x = t|g'f|' )
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Thus, the contribution to the cycle index of G' by the elements of M is;

[M]

> (7.1)

xeM

(i) Let weH such that x # e, then from the definition, = fixes an element in . If
we first consider z' such that [ # |z, then; 7 (2!) =1 for 1 <[ < |z].

Now,

o = ! 7T<a:%>u(i)

If [ = |x|, then;

il|x|
1 la|
= e X () u
1<i|||
1 .
SR LS WICES:
I illa
1 . .
= m[|M|—1] smceZu(z)zO

ill|

L l1a]-1]

So mon x = tltm

In this case we have excluded the identity element since it is contained in both
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H and M and was considered in M. Since there are |M| = m conjugates of

H in G, the contribution to the cycle index of G by the non-identity elements

of H and its conjugates is;

) S e (7.2)

1#zeH

Therefore by summing Equations 7.1 and 7.2 we get the cycle index of G as;

wlM|=1]
Zax) = \G] Zt\xl +[M] Z tity;) (7.3)
zeM 1#zeH
1 e ||
Z = t ——t
- |H||M|§w o |H| Z ol H|

Thus, the cycle index of G in terms of the cycle index of M and H is;

1 1
Z(G,x) = EZW,X) + Zn,x) — mz(m- (7.4)



CHAPTER 8

CONCLUSION AND RECOMMENDATIONS FOR FURTHER
RESEARCH

8.1 Introduction
This chapter has three sections. In Section 8.1 we give an introduction while the
conclusion is given in Section 8.2. Finally, in Section 8.3 we suggest some areas for
further research.

8.2 Conclusion
The purpose of this study was to express the cycle index formulas of different
semidirect product groups in terms of the cycle index formulas of the subgroups
the groups are semidirect product of.
In Chapter three we expressed the cycle index formula of the dihedral group D,, in
terms of the cycle index formulas of the cyclic group C), and a cyclic group of order
two Uy, where the resulting cycle indices were given as; Z,x) = % Z(Cp X)F2(Co,x) —
L Zqu.x) for an odd value of n and Z(gx) = $Zc, x) + §Z,0, 4, + 3 — 1 Z0.x) for
an even value of n.
In Chapter four we expressed the cycle index formula of the symmetric group 5, in
terms of the cycle index formulas of the alternating group A, and a cyclic group of
order two (s, where the resulting cycle index was given as;

1

Za,x) = %Z(MX) +MZ(H7X) — mZ(LX) —l—% k, where k is the set of monomials

of the odd permutation of X that are not transpositions.
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In Chapter five we expressed the cycle index formula of the affine(p) group in terms
of the cycle index formulas of the cyclic group C, and a cyclic group C,_; and
extended the same to a general ¢ = p”, where the resulting cycle indices were given

as; Z(Aff(p),X) = WI—HZ(CP’X) + Z(Cpfl,X) - WI—HZ(LX)’ for the afﬁne(p) group and

Z(Aff(q),X) = |Cq+1\Z(quX) + Z(Cq_1,X) — |C(1+1\Z(17X) for the afﬁne(q) group.

In Chapter six we expressed the cycle index formula of the affine square(p) group in
terms of the cycle index formulas of the cyclic group C, and a cyclic group C%

and extended the same to a general ¢ = p” where the resulting cycles were given as;

Z(Af o), X) = . 1 Zp,x) + Z(Cp%hx) e L Z(1,x), for the affine square(p) and
p—1 p—1
2 2
Z(Affu(lILX) = - 1 Z(pq,X) + Z(C%,X) — Cl Z(I,X) for the affine square(q).
q—1 q—1
2 2

Lastly in Chapter seven we expressed the cycle index formula of a Frobenius group G
in terms of the cycle index formulas of the Frobenius complement and the Frobenius
kernel and the resulting cycle was given as Z(q x) = ‘—é'Z(M,X) + Zn,x) — ﬁZ(LX)'
It was noted that for semidirect groups which are Frobenius such as the dihedral
group D,, with an odd value of n, the affine group and the affine square groups, we
can fully express the cycle index of the groups in terms of the cycle index formulas of
the subgroups it is a semidirect product of. However, for semidirect product groups
which are not Frobenius such as the dihedral group D,, with an even value of n and

the symmetric group, the cycle index formula of the group cannot be expressed fully

in terms of the cycle index formulas of the subgroups it is a semidirect product of.
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8.3 Recommendations for further research

Now that a general expression for the cycle indices of semidirect product groups
which are Frobenius in terms of the cycle indices of their kernels and complements
has been found in this study, further study can be done to find applications of the
resulting expressions.

A similar research can also be done for other semidirect product groups which have
not been considered such as the split metacyclic groups, in the hope of getting an
expression of cycle indices for another family of semidirect product or an expression

of the cycle indices of all the semidirect product groups.
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