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ABBREVIATIONS AND ACRONYMS

A — Area

B — Magnetic flux

Bf - Base fluid

Cp is the specific heat at constant pressure
D— Electric Displacement

E— Electric field

g — force due to gravity

H — magnetic field strength
J — Electric current density
K - Consistency index

k - Thermal conductivity

L — Length

lam - Laminar

M -Torque

m -Mean

nf -Nanofluid

P-fluid pressure

g - Heat flux
r - Radius
T -Fluid local temperature

t-Time



V - Discharged volume
v — nanofluid velocity

W — Weight

NOMENCLATURE

p — Fluid density

o -Thermal diffusivity

B -Thermal expansion coefficient
n -Similarity variable

0 -Dimensionless temperature

p -Dynamic viscosity

v -Kinematic viscosity

p. — Electric charge density
pC, — Heat capacitance

¢ - Porosity

Pp -nanoparticle mass density
T - stress tensor parameter

¢- nanoparticle volume fraction

Vi



Non-dimensional Numbers

Gr - Grashof number

Gz- Graetz number

Nu - Nusselt number

Pr - Prandtl number

Vil
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ABSTRACT

This study investigates the effect of heat and mass transfer on Magnetohydrodynamics
(MHD) nanofluid with thermal radiation and brownian motion over a heated vertical plate. The
Magnetohydrodynamics (MHD) nanofluid flow have different electrical conductivities and behave
differently in presence of thermal radiation, magnetic field, thermophoresis and brownian motion.
The rate of heat and mass transfer on nanofluid along the vertical plate under the influence of a
magnetic field with thermal radiation and Brownian motion leads to change in the fluid motion.
The diverse applications of nanofluids in engineering and industries it is of this great importance
hence the need to investigate the effects of thermal radiation, thermophoresis and Brownian
motion on nanofluids and magneto hydrodynamics. Nanofluids are considered as potential
working fluids to be used in high heat flux systems such as electronic cooling systems, solar
applications, heat pipes, and nuclear reactors. As secondary fluids, they can be applied in
commercial refrigeration, chiller and solar panels in absorption systems. They provide much more
energy for a given weight of fuel than any technology in use , at the same time reducing thermal
pollution. The governing non-linear boundary layer equations are formulated and transformed
into ordinary differential equations using the similarity transformation. The resulting ordinary
differential equations are solved numerically using the fourth order Runge-Kutta method. The
numerical results for dimensionless parameters as well as the skin-friction coefficient and nusselt
number, are presented graphically and analysed quantitatively. We note that increasing magnetic
field, radiation, thermophoresis and Brownian motion parameters leads to an increase in the fluid
temperature resulting in a reduction in the Nusselt number and Sherwood number.
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CHAPTER ONE

1.0 INTRODUCTION

1.1 MAGNETOHYDRODYNAMICS (MHD)

Magneto hydrodynamics (MHD) is concerned with the dynamics of electrically conducting
fluids in a magnetic field. These fluids include salt water, liquid metals (such as Mercury,
gallium, molten Iron) and ionized gases or plasmas (such as solar atmosphere). The term MHD is
comprised of the words magneto — meaning magnetic, hydro — meaning fluids, and dynamics —
meaning movement. An extraordinary enhancement of thermal conductivity is determined once
linear chain-like structures square measure generated and uniformly spread within the base fluid,
whereas negligible improvement is obtained for well-dispersed particles. The effective thermal
physical phenomenon of nano fluids are often adjusted by correct management of the external

force field to get totally different nano particle structures.

Fig.1 Earth’s magnetic field



Earth’s outer core contains liquid iron, too hot to be a permanent magnet. The Earth’s magnetic
field is generated by flows and currents in the fluid outer core. The field of MHD was initiated
by the Swedish Physicist Hannes Alfvén (1908-1995), who predicted induced currents in the
ocean due to earth’s magnetic field. The set of equations which describe MHD flows are a
combination of Navier-Stokes equation of fluid dynamics and Maxwell’s equation of
electromagnetism. These differential equations are solved simultaneously either analytically or
numerically.

1.2 Nanofluids

The word nanofluids have been derived from two words; nano meaning nanometer sized
particles such as nano flakes, graphenes or ceramic particles and the word fluid meaning a liquid
or a gas, fluid is a substance that deforms continuously under application of shear stress. The
term nanofluid describes a solid liquid mixture which consists of base liquid with low volume
fraction of high conductivity solid nanoparticles. Nanofluid is a composite, formed by the
nanoparticles, a core and surrounded by a Nano layer as a shell, which in turn is immersed in the
base fluid. Due to very small sizes and large specific surface areas of the nanoparticles,
nanofluids have superior properties like high thermal conductivity, minimal clogging in flow
passages, long-term stability, and homogeneity. The particles are usually of nanometer-size (10—
50nm) and are made by a high-energy-pulsed process from a conductive material. They include
particles of metals such aluminum, copper. Significant energy saving Nanofluids are a new class
of heat transfer fluids which are engineered by dispersing nanometer-sized solid particles in
conventional fluids particles, rods or tubes unconventional heat transfer fluids such as water and

engine oil. The smaller nanoparticles are able to accumulate at the heated wall and enhance the



heat transfer rate. For larger nanoparticles, however, nanoparticle depletion at the heated walls
prevents considerable enhancement in the heat transfer rate. Furthermore, inclusion of alumina
nanoparticles signifies a better cooling performance compared to titanic nanoparticles.
Nanofluids have enhanced thermo physical properties such as thermal conductivity, thermal
diffusivity, viscosity, and convective heat transfer coefficients compared with those of base
fluids like oil or water. Owing to their enhanced properties as thermal transfer fluids for instance
nanofluids can be used in a plethora of engineering applications ranging from use in the
automotive industry to the medical arena to use in power plant cooling systems as well as
computers, micro channel cooling without clogging, miniaturized systems, and reduction in
pumping power. The Importance of nano-sized particles and their benefits compared to micro
particles has been investigated and it could be stated that nanoparticles possess:

e Longer suspension time (More stable)

e Much higher surface area

e Larger surface area/volume ratio (1000 times larger) Lower erosion and clogging

e Lower demand for pumping power

Fig. 2 Schematic cross section of nano fluid structure consisting of Nano

particles, bulk liquid, and manslayers at solid/liquid interface



1.3 Heat Transfer

Heat transfer describes exchange of thermal energy between physical systems betting on the
temperature and pressure by dissipating heat. Heat transfer can also be defined as the exchange
of kinetic energy of particles through the boundary between two systems which are at different
temperature from each other or from surroundings. On a microscopic scale, the kinetic energy of
molecules has direct relation to thermal energy. As temperature rises, the molecules increase in
thermal agitation manifested in linear motion and vibration. Regions that contain higher Kinetic
energy transfer the energy to regions with lower Kinetic energy. Heat transfer always occurs from
a region of higher temperature to another region of lower temperature. The fundamental modes

of heat transfer are conduction, convection and radiation.

convectio
Convection

Conduction

cool air

Radiation

Fig.3 Modes of heat transfer
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1.4 Thermal conductivity

Thermal conductivity of nanofluids depends on a number of parameters which include,

(i) Thermal conductivity of the base fluid and the nanoparticles,

(ii) Particle surface area and volume fraction,

(iii) Particle size, shape and material

(iv) Base fluid material of the nanoparticles and temperature.
Amount and types of additives and the acidity of the nanofluid are effective in the thermal
conductivity enhancement. The transport properties of nanofluid: dynamic thermal conductivity
and viscosity are not only dependent on volume fraction of nanoparticle, also highly dependent
on other parameters such as particle shape, size, mixture combinations and slip mechanisms,
surfactant, etc. Studies showed that the thermal conductivity as well as viscosity both increases
by use of nanofluid compared to base fluid. Various theoretical and experimental studies have
been conducted and various correlations have been proposed for thermal conductivity and

dynamic viscosity of nano fluids.

1.5 Radiation

The transfer of energy by the emission of electromagnetic is radiation. When electromagnetic
waves travel through space, it is called radiation. Radiation occurs through a vacuum or any
transparent medium (either solid or fluid). When these waves (from the sun) hit an object, they
transfer their heat to that object. All bodies radiate electromagnetic energy as heat, a body emits
radiation at all wavelength and all materials radiate thermal energy based on their temperature,
the hotter an object, the more it will radiate. The sun is a clear example of heat radiation that
transfers heat across the solar system, at normal room temperatures, objects radiate as infrared

waves. The temperature of the object affects the wavelength and frequency of the radiated


https://en.wikipedia.org/wiki/Electromagnetic_radiation

waves. As temperature increases, the wave lengths within the spectra of the emitted radiation
decrease and emit shorter wavelengths, the energy radiated at different wave length depends on
the temperature of the body, the hotter the body, the shorter the wavelength . Examples of

transfer of energy by radiation are;

I.  Heating of the earth surface by sun rays.

ii.  Heating of a room by an open-hearth fireplace.

Incident
radiation

Absorbed
, radiation

Transmitted
radiation

Fig. 4 Types of Radiation

Thermal radiation is energy transfer by the emission of electromagnetic waves which carry
energy away from the emitting object; energy is emitted from a heated surface in all directions in
the form of electromagnetic radiation. Movement of the charged protons and electrons results in
the emission of electromagnetic radiation .The radiation emitted by an object is typically as a
result of the random movements of atoms and thermal agitation of its composite molecules. The

emitted radiation travels directly to its point of absorption at the speed of light with no



intervening medium or mass required for it to take place. All objects take in and give out thermal
radiation, which is sometimes referred to as infrared radiation. Thermal radiation ranges in
wavelength from the longest infrared rays through the visible-light spectrum to the shortest
ultraviolet rays. The intensity and distribution of radiant energy within this range is governed by
the temperature of the emitting surface. The total radiant heat energy emitted by a surface is
proportional to the fourth power of its absolute temperature. The rate at which a body radiates (or
absorbs) thermal radiation depends upon the nature of the surface as well. Objects that are good
emitters are also good absorbers (Kirchhoff’s radiation law). A blackened surface is an excellent
emitter as well as an excellent absorber. If the same surface is silvered, it becomes a poor emitter
and a poor absorber. A blackbody absorbs all the radiant energy that falls on it, such a perfect
absorber is also being a perfect emitter. Solar panels harness the thermal radiation from the sun

to create usable and renewable energy.

Fig. 5 Solar panels



Emissivity is the effectiveness of an object in emitting energy as thermal radiation. It is the ratio,
at a given temperature, of the thermal radiation from a surface to the radiation from an ideal
black surface as determined by the Stefan-Boltzmann law. Emissivity for an ideal radiator has a
value of 1; common materials have lower emissivity values. Anodized aluminum has an
emissivity value of 0.9 while copper’s is 0.04. The exact mechanism of how radiant heat is
transferred is not completely understood. Energy can be radiated from a body over a wide range

of wavelengths and at shorter wavelength the energy is more energetic.
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1.6 Mass Transfer

Mass transfer is that the web movement of mass from one location, typically which means
stream, phase, fraction or element, to another. Mass transfer occurs in many processes, such as
absorption, evaporation, adsorption, drying, precipitation, membrane filtration, and distillation.
Mass transfer describes the transport of mass from one point to another and is one of the main
pillars in the subject of transport phenomena. Mass transfer may take place in a single phase or
over phase boundaries in multiphase systems, it is used by different scientific disciplines for
different processes and mechanisms. Some common examples of mass transfer processes are as
follows; evaporation of water from a pool to the atmosphere, the purification of blood within the
kidneys and liver and distillation of alcohol. In industrial processes, mass transfer operations
embrace separation of chemical parts in distillation columns, absorbers appreciate scrubbers;
absorbers appreciate atomic number 6 beds, and liquid-liquid extraction. Mass transfer is usually
coupled to further transport processes illustrated in industrial cooling towers. These towers
couple heat transfer to mass transfer by permitting quandary to flow to bear with hotter air and

evaporate as it absorbs heat from the air.

1.7 Brownian motion

Brownian motion is the random movement of particles in both liquids and gases, it is a zigzag,
irregular motion exhibited by minute particles of matter when suspended in a fluid. The effect
has been observed in all types of colloidal suspensions of solid-in-liquid, liquid-in-liquid, gas-in-
liquid, solid-in-gas, and liquid-in-gas. It was named after the botanist Robert Brown, who first
observed this in 1827; he used a microscope to look at pollen grains moving randomly in water.

When Brownian motion takes place in nanofluid systems, due to the size of the nanoparticles it
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affects the heat transfer properties, its effect on the surrounding liquids play an important role in
heat transfer. Brownian motion is a stochastic (probilistic) processes and it is a limit of both
simpler and more complicated stochastic processes. Due to the Brownian motion, a nanoparticle
moves randomly in a space receiving a random displacement caused by other particles hitting it
or by an external force and the displacements are assumed to be independent. An important
feature of the Brownian motion is that, at equal temperature and viscosity, the small particles
move quickly, creating rapid changes in the intensity of scattering, while the big particles move
more slowly, by creating variations of intensity lens. Nanoparticles move under Brownian
motion while suspended in a fluid resulting from their collision with the quick atoms or
molecules in the gas or liquid. Due to Brownian motion, particles randomly move through liquid

resulting in better transport of heat therefore Brownian motion increases mode of heat transfer.
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Fig. 7 Random motion of particles
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1.8 Thermophoresis

Thermophoresis is particle transport driven by thermal gradients, it is a phenomenon observed in
mixtures of mobile particles where the different particle types exhibit different responses to the
force of a temperature gradient. Thermophoresis is also known as thermo migration, thermo
diffusion, the Soret effect, or the Ludwig-Soret effect; it applies to aerosol mixtures, but may
also commonly refer to the phenomenon in all phases of matter. Soret effect normally applies to
liquid mixtures, which behave according to different, less well-understood mechanisms than in
gaseous mixtures. Positive thermophoretic behavior is exhibited in heavier/larger species in a
mixture and when particles move from a hot to cold region, while the lighter/smaller species
exhibit negative behavior and when particles move from a cold to hot region. The sizes of the
various types of particles and the steepness of the temperature gradient, the heat conductivity and
heat absorption of the particles play a major role in thermophoresis. An example that may be
observed by the naked eye with good lighting is when a hot rod of an electric heater is
surrounded by tobacco smoke: the smoke goes away from the immediate vicinity of the hot rod.
As the small particles of air nearest the hot rod are heated, they create a fast flow away from the
rod, down the temperature gradient , they acquire higher kinetic energy with rise in temperature.
When they collide with the large, slower-moving particles of the tobacco smoke they push the
latter away from the rod. The force that has pushed the smoke particles away from the rod is an
example of a thermophoretic force. Thermophoresis is an additional particle transport

mechanism brought in, on top of Brownian diffusion by the presence of a thermal gradient.

1.9 Viscosity

Viscosity describes the internal resistance of a fluid to flow and it is an important property for all

thermal applications involving fluids, the constant of proportionality between viscous stress
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tensor and the velocity gradient is known as the viscosity. Pumping power is related with the
viscosity of a fluid. A viscous fluid, in the everyday sense of the term, is one that has a high level
of viscosity. These types of fluid may move slowly or not at all ,depending on how viscous they

are. Hence, viscosity is as important thermal conductivity in engineering systems involving fluid

flow.

Fig. 8 Molten Lava
1.10 Statement of the Problem
The Magnetohydrodynamics (MHD) nanofluid flow have different electrical conductivities and
behave differently in presence of thermal radiation, magnetic field, thermophoresis and brownian
motion. The nature and magnitude of influence by MHDs on nanofluids is dependent on thermal
radiation, magnetic field, thermophoresis and brownian motion. Referring to the diverse
applications of nanofluids in engineering and industries it is thus of great importance to
investigate the effects of heat and mass transfer on nanofluid along the vertical plate under the

influence of a magnetic field with thermal radiation and Brownian motion.
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1.11 General Objective

Analyze numerically the simultaneous effect of heat and mass transfer on
magnetohydrodynamics (mhd) nanofluids with thermal radiation and brownian motion over a

heated vertical plate.

1.12 Specific Objectives

1. To formulate the mathematical equations governing fluid flowing over a moving
vertical plate under the influence of a magnetic field and thermal radiation.
2. To analyze the effects of thermal radiation, magnetic field strength, brownian
motion and thermophoresis on the fluid velocity and temperature.
To investigate the effects of various non-dimensionalised parameter on the fluid velocity and

temperature

1.13 Significance of the study

Magnetic fields exist everywhere in the world , MHD phenomena must occur whenever
conducting fluids are available. MHD has a wide range of applications in Engineering, Geology,
Medicine, Astrophysics and Cosmology among many others. MHD is of great significance
because its principles are employed by engineers in the design of many industrial applications
such as MHD generators, pumps, flow meters, cooling of nuclear reactors, geothermal energy
extractors, nuclear waste disposal, heat exchangers, in solving space vehicle propulsion. MHD
devices have been used for stirring, levitating, and controlling flows of liquid metals for
metallurgical processing and other applications.

Heat and mass transferon magnetohydrodynamics (mhd) nanofluids will be a great tool in Solar
panels harness the thermal radiation from the sun to create usable and renewable energy.

Further importance of MHD is illustrated by the recent advancement of its application in plasma
confinement. This innovation which is partially a MHD problem which will free mankind of
energy shortage, by providing much more energy for given weight of fuel than any technology in
use and at the same time reducing thermal pollution. The high thermal conductivity of nanofluids

translates into higher energy efficiency, better performance and lower operating costs. They can
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reduce energy consumption for pumping heat transfer fluids. Miniaturized systems require
smaller inventories of fluids where nanofluids can be used; thermal systems can be smaller and

lighter.

Fig.9 Nuclear Closed Cycle MHD Space Power Plant System

In vehicles, smaller components result in better gasoline mileage, fuel savings, lower emissions,
and a cleaner environment. with these highly desired thermal properties and potential benefits,
nanofluids are thought to have a wide range of applications including transportation sector
(because of the higher thermal conductivity nanofluids would allow for smaller, lighter engines,
pumps ,radiators and other components) and micro electro mechanical systems Solar energy is
produced by fusion, two hydrogen atoms are fused together into Helium and energy, for it to
work very high temperature is used and potentially there is a virtually unlimited clean energy

supply.
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CHAPTER 2

2.0 LITERATURE REVIEW

The development of MHD in engineering was started by Hartmann (1918), he invented the
electromagnetic pump and undertook theoretical and experimental investigations of flow in
mercury in a homogenous magnetic field. In the early 40’s MHD gained full status, Astro
physicts Engineer Alfven (1942) realized that magnetic fields and plasmas are throughout the
universe and came up with the term MHD , he discovered the MHD wave known as Alfven W.
Sakiadis (1961) investigated the boundary layer flow induced by a moving plate in a quiescent
ambient fluid . By using Darcy model for the porous medium, Cheng and Minkowycz (1977)
discussed a problem of natural convection past a vertical plate, they found the impact of pedesis
and thermophoresis parameters on the rate and temperature profiles. Rossow (1985) investigated
flow of electrically conducting fluids over a flat plate in the presence of transverse magnetic
field.

Jang and Choi (1995) expressed that Brownian motion of particles can induce nanoscale
convection which enhances thermal conductivity of nanofluids. Raptis A. Massalas CV (1998)
investigated magneto hydrodynamic flow past a plate by the presence of radiation. Takhar et al.
(2001) have studied the radiation effects on the MHD free convection flow of a gas past a semi-
infinite vertical plate. Keblisnski et al. (2002) declared four possible microscopic mechanisms
for the increase in the thermal conductivity of nanofluids among which Brownian motion was the
reason of increasing , they explored particle-particle collision as the effect of Brownian motion

which causes heat transfer increment.
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Koo et al. (2004) discovered that osmophoretic motion which can be defined as motion in
concentration gradient and vary by concentration of particles as well as thermophoretic, one
cannot play as major role as Brownian motion in mechanism of thermal conduction increment of
nanofluids, and supported this, most of the focus is directed towards Brownian motion.

Jang and Choi(2004) conducted a study that takes into account the Brownian motion behavior of
nanoparticles. Their model consists of the four modes of energy transport in nanofluids the first
mode is collision of the base fluid molecules showing the heat conductivity at micro-scale, the
second mode is the thermal diffusion in nanoparticles inside the base fluids, the third one is the
collision between nanoparticles due to Brownian motion, and the last one is the thermal
interactions of dynamic or dancing nanoparticles with the base fluid molecules due to the
Brownian motion. Sajid and Hayat (2008) showed the influence of thermal radiation on the flow
over an exponentially stretching sheet and they solved the problem analytically using the
homotopy analysis method.

H.A.Minsta et al. (2009) tested two different sizes of nano Al 2 O 3 particles that were 36 and 47
nm, regarding the results of their experiments nanofluids with smaller nanoparticles showed
higher enhancement in thermal conductivity. Kuznetsov and Nield (2010) have studied the
natural convective boundary-layer flow of a nanofluid past a vertical plate analytically, they used
a model in which Brownian motion and thermophoresis effects were taken into account. Haddad
et al (2012)experimentally investigated natural convection in nanofluid by considering the role of
thermophoresis and Brownian motion in heat transfer enhancement. They indicated that
neglecting the role of Brownian motion and thermophoresis deteriorate the heat transfer and this
deterioration elevates when the volume fraction of a nanoparticles increases. Thermophoresis

effects on MHD combined heat and mass transfer in two-dimensional flow over an inclined
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radiative isothermal permeable surface was investigated by M. Gnaneswara Reddy (2012), he
also analyzed heat generation and thermal radiation effects over a stretching sheet in a
micropolar fluid.

Olanrewaju et al. (2012) studied the boundary layer flow of nanofluids over a moving surface in
a flowing fluid in the presence of radiation. Ibrahim and Shanker (2012) have studied the
boundary-layer flow and heat transfer of nanofluid over a vertical plate taking into account the
convective surface boundary condition. Mohan Krishna et al. (2013) extended this work by
considering heat source effect and different nanofluids.

Nadeem et al. (2013) studied the heat transfer analysis of water-based nanofluid over an
exponentially stretching sheet. Sandeep et al. (2014) discussed radiation effects on unsteady
natural convective flow of a nanofluid past associate infinite vertical plate. Mutuku-Njane and
Makinde (2014) investigated the hydro magnetic boundary layer flow of nanofluids over a
permeable moving surface with Newtonian heating, they also studied the combined effect of
buoyancy force and Navier slip on MHD flow of a nanofluid over a convectively heated vertical
porous plate, the effects of MHD, thermal radiation, viscous dissipation and Navier slip on
convectional fluid flow. In their analysis they incorporated the effects of Brownian motion and
thermophoresis.

K. Avinasha et al (2017) reported numerical investigation of gyrotactic microorganisms carried
MHD flow between the vertical plate bearing thermal radiation, thermophoresis, Brownian
motion, chemical reaction and inclined magnetic field effects. More recently Sugunamma
Vangala , Ramana Reddy J.V., K. Anantha Kumar and N. Sandeep et al(2018) studied the
impact of Brownian motion and thermophoresis on bioconvective flow of nano liquids past a

variable thickness surface with slip effects. The above studies examined combined effects on


https://www.researchgate.net/scientific-contributions/2132348373_K_Avinash
https://www.researchgate.net/profile/Sugunamma_Vangala2
https://www.researchgate.net/profile/Sugunamma_Vangala2
https://www.researchgate.net/scientific-contributions/2142974234_Ramana_Reddy_JV
https://www.researchgate.net/profile/K_Anantha_Kumar
https://www.researchgate.net/scientific-contributions/2076806508_N_Sandeep
https://www.researchgate.net/publication/327813263_Impact_of_Brownian_motion_and_thermophoresis_on_bioconvective_flow_of_nanoliquids_past_a_variable_thickness_surface_with_slip_effects
https://www.researchgate.net/publication/327813263_Impact_of_Brownian_motion_and_thermophoresis_on_bioconvective_flow_of_nanoliquids_past_a_variable_thickness_surface_with_slip_effects
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MHD boundary layer flow, viscous dissipation and thermal radiation on nanofluids and water
based fluids on different surfaces.

Nanofluids have received the interest of many researchers recently because of their greatly
enhanced thermal conductivity property. In the previous investigations, the effects of heat and
mass transfer on nanofluid with radiation , brownian motion and thermophoresis over a vertical

plate have not been studied.
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CHAPTER 3

3.0 GENERAL GOVERNING EQUATIONS

The basic equations in fluid dynamics are based on universal laws of conservation. They are
mathematical statements described by partial differential equations expressing the law of

conservation of mass, momentum and energy.

3.1 Continuity Equation

It is derived from the principal of conservation of mass which states that matter cannot be created
nor destroyed. The principal of conservation of mass postulates that the rate at which mass enters

a system is equal to the rate at which mass leaves the system.
Accumulation of flow in = flow out

This implies that the rate of change of particle mass is zero. This statement expressed in terms of

velocity and density of flow is the continuity equation.
Let p =p(x,y, z) be the fluid density and dv = dxdydz be the volume thus

pdv = pdxdydz is the mass within a system. In absence of sink and sources, matter is not created
or destroyed thus %‘f’ A(pv)=0 (3.1)

Where p -fluid density
t -time
v -fluid velocity

This is the general equation of continuity. For incompressible fluid the density is invariant with

time thus Z—‘: =0 (3.2)
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SinceV.(pv) = pV.v+v.Vp Dbutv.Vp =0 (3.3)

pv.v = p(%i+%j+%k )(3—;‘1+Z—;j+‘;—”:k)

Hence p (';—'; + g—; + Z—VZ") =0 (3.4)
Dividing (3.4) by p, the above equation then becomes g—’; + Z—’; + 3—‘;’ =0 (3.5)

Which is the equation of continuity for incompressible fluid in rectangular coordinates system in

3-dimension.

3.2 Navier Stoke’s Equation

This equation is derived from Newton’s second law of motion which states that the net force on

du

the fluid element =its mass x acceleration, summarized as ), F = ma = m o

Taking into account the force that act on the moving fluid element they include the body forces

and the surface force.

a) Body forces act on the volume of the body such as gravity.

b) Surface forces act across an internal or external surface element in a material body.

Thus, the general momentum equation may be written as;

v _ 2 .
P (E + (v. V)v)— Ppg —V.p+ pVev+jxB (3.6)
Simplifying (3.6) where v = ui+vj is fluid velocity.

Thus Z—’: = ';—‘t' considering only the x direction
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__0u v
(v.V)v=u Y 3y

v2y — 62u+62u
MYV =H{ax2 7 ay2

2
Since the flow is parallel to x-axis pV?v = p (272)

Thus (3.6) simplifies to

(@+u—+v—y)=';—‘t’+u';—’;+%u(227‘;)+i><3 (3.7)

Considering variable viscosity as per the model assumptions, equation (3.7) becomes

av du v du du 10 du .
Grrugrvs) =5 +us+iy(us) +ixB (39)

This is the equation of motion in two dimensions with variable viscosity.

3.3 The Energy Equation

The Energy equation is derived from the first law of thermodynamics which states that the total
internal change of energy in a system (dE) plus the total amount of heat lost due to work done on

the system (dW) is equal to the amount of heat added to the system (dQ) ;
Thus dQ = dE + dW (3.9)

Let g represent the amount of heat transferred per unit mass and k be the thermal conductivity.

The general equation governing the flow is given by

pI+ (V)T = V2T +¢ (3.10)
p
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The electrical term @ has been neglected and since the flow is unsteady equation (3.10) is

simplified as follows;

Let the local temperature gradients be
aT aT

Where T is the fluid temperature.

From the 15¢ law of thermodynamics

3 -
(pC,) (5 + @.V)T) = Iy V2T (3.12)
aT — _ L 2

Thus (34 (@.W)T) = o kvPT (3.13)

q.VT=(ui + vi) (%+Z—£)T = u%+vg—§ (3.14)

Also v2T = &1 4 T (3.15)
T ax2 | 9y? '

Substituting (3.13) and (3.14) into (3.12) we get

T, T . _dT_1 0 T

E+ua + va—ag(kf a) (316)

This is the equation of motion in two dimensions where thermal conductivity is treated as a

variable.
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3.4 Concentration Equation

It’s derived similar to energy equation

- ac _ ac

Let €y =—k_— and C, ——kg (3.17)
Where C is the concentration of the fluid
From the general equation
(5+@.v)c) = Dbvic (3.18)
Where D is the diffusivity of the species concentration
- . ~ (00 9j _..ac ac
q.VC=(ui + vi) (5 + 5) C=u_-+ v (3.19)
And v2C = 2€ 4 2¢ 3.20

T 9x2 ayZ ( ' )

Substituting (3.19) and (3.20) into (3.18) we get the concentration equation below

ac  ac ac a%c
—+ua+v——D—

Y 3y D ay2 (3.21)
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CHAPTER FOUR
4.0 Methodology
Considering the effects of heat and mass transfer on nanofluid with thermal radiation and
Brownian motion over a heated vertical plate, the basic steady governing equations of continuity,
momentum, thermal energy and nanoparticle concentration are expanded. Their effects on
governing parameters on fluid velocity, temperature and particle concentration have been
discussed, analyzed and shown through graphs and the results compared with the published and

found to be in agreement.

4.1 Mathematical Formulation

Consider a two-dimensional steady state free convection flow of an electrically conducting
nanofluid over a heated vertical plate moving at a constant velocity U,,.Coordinate system
chosen is such that x-axis is orthogonal with the flow over the plate along the y-axis. A
transverse magnetic field of strength B, is applied parallel to the x- axis. The scheme of physical
model and coordinate system is illustrated in the figure below.

1&

Y (axis) \ T

U == UW / Too(xl t)

V:Vw / Uoo (xl t)
{V e / g Coo (xa t)

C,(x,t v magnetic field B,

T,(x,t) u nanofluid X(axis)

Fig. 12 Schematic flow diagram

v
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Although there are three distinct boundary layers namely, hydrodynamic boundary layer
(velocity), thermal boundary layer (temperature) and nano particle concentration boundary layer
(concentration) over the plate, only one boundary layer is depicted in this figure to avoid
congestion. It is assumed that the plate temperature is constant, and it’s higher than the
temperature of ambient. The nanoparticles volume fraction (¢) at the wall surface (y=0) takes the
constant value of (¢,,). In the boundary layer, the heat is either generated or absorbed with the
rate of Q, where Q, is negative in the case of heat absorption and positive in case of heat
generation. The ambient values of T and ¢ are denoted by T, and ¢, respectively. The flow in
the porous medium with porosity of & and permeability of K is considered as Darcy flow. It is
also assumed that the nanofluid and porous medium are homogeneous and in local thermal
equilibrium. By employing the Oberbeck-Boussinesq approximation and applying the standard
boundary layer approximations, the basic steady conservation of total mass, momentum, thermal

energy and nanoparticles for nanofluids in the Cartesian coordinate system of x and y are as

follows;
du Ju
wtoy =0 (4.1)

9u _ _ 1 0p¢ _“ _oB’U

R oy = " ae T Vo TPBIT —To)— =2 (4.2)
aT aZT v [(ou\%  oByiu? 1 dar [ acar
= + Vo =%t = —~ *+7|D
' (pCp)f (ay) (PCp)y  (PCp)s By B ay

&(01)2] 43
To \0y ( . )

ac ac a*c r 0°T
UL +V5 =Dpys 755 (44)
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The boundary conditions are:
u=o0,v=0, C=C,(x,t),T=T,(x,t)aty =0
U=U,xt), V=V, (xt)C=C,.(x,t) ,T=T,(x,t) as y—» (4.5)

where u and v are the velocity components along the x and y axes respectively, t is time, T,, and
C,, are temperature and nanoparticle volume fraction at the plate surface respectively, T, and

C, are the free stream temperature and nanoparticle volume fraction respectively,

Using Roseland approximation, the radiation heat flux q,. is given by:

_ 40* 0T?

(4.6)

Where o* is the Stephan—Boltzmann constant and k* is the mean absorption coefficient.
Assuming the temperature differences within the flow to be sufficiently small such that T# is
expressed as a linear function of temperature T by expanding T# in Taylor series about the free
stream temperature T ,and neglecting higher-order terms it takes the form

T* = 4T3T — 3T} (4.7)

Using equation (4.6) and (4.7) in equation (4.3), we get:

0 16TS 0" 0°T
r - _ 2R 2o (4.8)
ay 3k* 0y
And equation (4.3) reduces to
oT oT ou oBo%u? 1 16T&a* °T ac aT
UL 4y —« —+ (5 ) — Lok =7 9T 4 r|Dg XX
0x ay (pCp)f ay (PCp)r  (PCp)y 3k* 0y* dy oy

%7; (Z—;)Z] (4.9)
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Using equations (4.1) to (4.4) subject to the boundary conditions (4.5) we seek for a similarity
solution. The governing partial differential forms can be solved by converting them to ordinary
differential equations; this is done by using similarity functions.

Taking the stream function ¥ = Y (x, y) the velocity components u and v can be defined as

_w = _ %
u=- and v = " (4.10)

Continuity equation 4.1 where second partial derivatives are calculated and substituted is
satisfied. In order to reduce the governing partial differential equations into a system of ordinary

differential equations, we introduce the following local similarity variables:

Y =(ave)2xf() , n=(a/vs)y , (4.11)

To determine the velocity, temperature distribution and rate of heat and mass transfer in the
above boundary layer (4.4), we solve the equations related to the heated vertical plate problem to
obtain the following similarity equations using (4.11). In deriving these equations, the external
electric field is assumed to be zero and the electric field due to polarization of charges is
negligible. The governing equations (4.1) — (4.8) together with the boundary conditions in

equation (4.5) are transformed to ordinary differential equation as follows:

_ W _0y o —_%_ 9 o
We have U= 3y — an 3y , V= = "y o (4.2a)
1

U =axf'm, V=—(avp)z f(m) (4.2b)
du ’ ou "

w = afm, o-=axf'(n) (4.2¢)
UL = a2x(f)? (4.2d)

ax

du _ du oy _ " 3
3y on oy axf"(a/vg)2 (4.2e)
V& = _a2xff" (4.2f)

ay
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VI gagen
dy?

(4.2g)

Using the Oberbeck —Boussinecq approximation the density is taken to be constant resulting

. 10
with - =P
pr Ox

Substituting in equation 4.2 we have

O'Boz‘u
pf

a’x(f)? — a®xff"=a’x f" + pBeg(T — Ty,) —
Diving through by a?x we get

(f/)z _ ffﬂzfm + PBrg(T-Te) _ 6Bo“u

a’x a’x ps

Substituting u=axf" in equation (4.2]) we get

’ " " PBrg(T—Towo) o/ By’ ¢/
()2 = ff7=f" + T Te) o _ 980’ g

apg

Where the Grashof Number Gr = pﬁfg[a#

Equation 4.2g can be written as;

fm +ff" _ (fI)Z + (Gr+M)f' =0

T-Teo C—Coo

Taking 9(,,) = T = en(Tf - T(O,OO)) +To , ¢(71) = C

Ty-T(0,00)

C = ¢y(Cw = Co)) + Coo

oT oT
ax ax

] and the Hartmann Number Ha =

w— C(0,00)

(4.2h)

(4.21)

(4.2))

(4.2K)

O'fBZO
apf

(4.21)

(4.3a)

(4.3b)
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1

a aT a
a_;: aTTy 5= 0n(T; - Tow) (5 ) (4.3¢)
Ve = —afe'n(T; —Tow) (4.3d)
az n
ﬁ = 0" (T~ To) (5) (4.3¢)

2
(3_1;) = a’xf" (§) (4.30)
ac ac 9 :

14 a

3= oy = (= Co0) () (43g)
aca
= 00Ty~ T (Cw — Com) (5) (4.3h)

Substituting the above in equation 4.3 we get

oBo’1?

—af0'n(Ty —Teoew) = @8 (T = Tromy) )+33x2 ol A

+ 136;3;:: 0" (T/ — To) ( ) * T{D 800 (T) — T(o0)(Cu — Clo) (S)) *

0" (T~ T(ow) ()} (4.30)

T(0,00)

Dividing through by a(Tf — T(O'oo)) and rearranging we get

/ " . a’x? n2 0By’ u? 16T§00* " 1
[t 9 W pc,(T-Tem)! " apCy (Ty—Tow) 3K pC, (")( )
PV 1 12 .
+T {DB(B ¢'(Cw — Cor) (G + T(o )e (T = Tiomm) (3) } 0 (4.3))

Pr, Ec, Le, M, Nb, Nt and R denote Prandtl Number, Eckert Number , Lewis number,

Magnetic Parameter, Brownian motion parameter , Thermophoresis parameter and
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Radiation parameter respectively and are defined as

v U2 oB% (Pcp)DB(Cf_Coo)
Pr=—,Ec=————= ,Le= L,M=—0,Nb=
a Cp(Tf—Too) Dg apy v (pcp)
_ (pcp)Dr(Tf—Teo) _4T3,0"
Nt = o and R= e (4.3k)

T is the ratio of the effective heat capacitance of the nanoparticle to that of the base, o is the

thermal diffusivity and k is the thermal conductivity

(Pcp)p knf
=—" (=—— 4.31
PCp)r (PCp)y ( )

By using equation (4.3k) and (4.3l) into (4.3)) we get

f0'+--0"(1+3R) + Ec[(f")? + M] + Nb8'¢' + Nt(8)% = 0 (4.3m)
Taking C = ¢,(C; — C(p0)) + Coo (4.4a)
ac_
—=0 (4.4b)
ac_
U =-=0 (4.4¢)
2T " a
a5z = (T = To=)E) (4.3¢)
a ac ad 3
C_oC on_ ,, a\2
ol 1(Cr = Co)) (;) (4.4d)
ac ,
Ve, =~ n(Cs — Co,)) (4.4e)
0 C
=" ) (Cr = Co)) ) (4.46)

Substituting the above in equation 4.4 we get

—af¢p'n(Cs — Ciow))=Dpd" 1y (Cs — Co)) ( ) + —9"(n) (Tf—Tow)C)  (44g)
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aDB(Cf_C(O,oo))
v

Dividing through by and rearranging we get

DT (Tf-T(ox))
BT 00 (Cf—C0.))

't dfo + 0 w3 =0 (4.4h)

: . _ v _(PC)pDB(Cf_Cu) _(Pc)pDT(Tf_Ta) . .
Substituting Le= Dy’ Nb——v 7N and Nt——v POuTa in equation (4.4h)
n ! Nt n .
We get (0] m T Le fo' + E(—) ap =0 (4.41)

The boundary conditions can be solved and written as follows
f,(o) = 0, f(O) =0, 9(0) =1, ¢(0) =1 at n= 0

Flwy =0 0y =0,  Pu)=0 as 17— (4-4)
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CHAPTER FIVE
5.0 RESULTS AND DISCUSSIONS

5.1 Effects of parameters variation on the velocity profiles

Figure 13 below show the velocity profile ' for different values of the magnetic field parameter
M, it shows that increasing the magnet field reduces the velocity .This is due to the generated
Lorentz force which impedes fluid flow. The presence of a transverse magnetic field in an
electrically conducting fluid give rise to the Lorentz force which has the tendency to slow down
the motion of the fluid and to increase its temperature profiles. As the values of magnetic
parameter M increase, the retarding force increases and consequently the velocity decreases. The
graph also reveals that the boundary layer thickness reduces as magnetic parameter M increases.
As the values of magnetic parameter M increase, the slow force increases and consequently the
motion of the fluid decreases and the momentum boundary layer increases. Figl4 display the
distinction of velocity profile with respect to the variation with the Grashof number, as the values
of Gr increase, the velocity profile graph decreases. Similarly, the velocity graph increases as the
values of Gr decrease, from the graph it can be seen that decrease in fluid velocity is due to

increase in Gr.

08

£

Fig. 13 Velocity profiles for different values of M
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Fig.14 Velocity profiles for different values of Gr

5.2 Effects of parameters variation on the temperature profiles

Fig. 15-17 shows increasing values of magnetic parameter M, radiation parameter R,
thermophoresis parameter Nt, Brownian motion parameter Nb and Eckert number Ec contribute
to both the temperature and the thermal boundary layer thickness increasing. This can be
attributed to internal heat generation within the nanofluid due resistance of fluid flow as a result
of the Lorentz force, the presence of the nanoparticle and additional heating as a result of the
viscous dissipation. This increase in temperature at the plate surface implied that, the local
Nusselt number —8" (0) which represents the heat transfer rate at the surface subsequently
decreases. This is due to the fact that the thermophoresis Parameter Nt is directly proportional to
the heat transfer coefficient associated with the nanofluid. In nanofluid systems, due to the size
of the nanoparticles Brownian motion takes place which can affect the heat transfer properties.
As the particle size scale approaches to the nanometer scale, the particle Brownian motion and its
effect on the surrounding liquids play an important role in heat transfer. The radiation parameter
R is the measure of the relative importance of the thermal radiation transfer to the conduction

heat transfer. Thus larger values of R show a dominance of the thermal radiation over
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conduction. Consequently larger values of R are indicative of larger amount of radiative heat
energy being poured into the system, causing a rise in the temperature of the flow field.

Nbh=MNt=0.1. Pr=0.71,
0.z, Le==5

o)

Fig.15 Temperature profile for different values for M and R

=lg)

Fig. 16 Temperature profile for different values for Nt and Nb
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0 2 4 & : 10
n
Fig. 17 Temperature profile for different values for Ec

5.3 Effects of parameter variation on nanoparticle concentration profiles

Fig.18 shows nanoparticle concentration increasing with increase in magnetic parameter M,
thermophoresis parameter Nt, and Prandtl Pr. This implies that the magnitude of concentration
gradient on the surface of a sheet decreases as well. The mass transfer rate at the surface is
represented by the local Sherwood number— ¢’ (0), it decreases with increase in M, Nt and Pr.
We know that, thermophoresis parameter Nt increases the mass transfer of a nanofluids,
consequently,decreasing the mass transfer rate at the surface. We note that positive Nt indicates a
cold surface, while negative Nt indicates a hot surface. At the hot surfaces, thermophoresis tends
to blow the nanoparticle volume fraction boundary layer away from the surface since a hot
surface repels the sub-micron sized particles from it, thereby forming a relatively particle-free
layer near the surface, while at the cold surfaces the reverse will occur. As a result

thermophoresis effect is among the important parameters constituting natural convection of
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nanofluids. Fig. 19 shows that increasing the Lewis number Le, the Brownian motion parameter
Nb and the radiation parameter R results in a decrease in both the concentration profile and the
concentration boundary layer thickness. The massive decrease in the nanoparticles concentration
at the surface with increasing values of Nb is obvious since the increasing values of Nb give rise
to the effective movement of nanoparticles from the sheet to the fluid, also observed is a
decrease in the mass fraction field with an increase in suction (f w>0), while injection (f w<0)
causes an increase in the nanoparticle volume fraction. This decrease in the concentration profile
can be attributed to the fact that increasing Le, Nb, and R increases the mass transfer rate,
consequently increasing the concentration gradient at surface. Moreover, the concentration at the
surface decreases as the values of Le, Nb, and R increase. Fig. 20 illustrates the variation of
Eckert number Ec on the concentration graph. At the boundary layer region, an increase is noted
with increasing values of Ec, while the reverse is observed as one moves towards the free strea

1

G(m)

Fig. 18 Nanoparticle concentration for different values for M, Nt and Pr
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Fig.20 Nanoparticle concentration for different values for Ec
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CHAPTER SIX

6.0 CONCLUSIONS AND RECOMMENDATIONS

This work has tried to show the effects of heat and mass transfer on MHD nanofluid with
thermal radiation and brownian motion over a heated vertical plate. To formulate the
mathematical equations governing fluid flowing over a moving vertical plate under the influence
of a magnetic field and thermal radiation, the governing linear partial differential equations are
dimensionalised into a set of ordinary differential equations, these equations subjected to the
associated boundary conditions are solved numerically using the fourth-order Runge—Kutta
method, numerical results are graphically presented and substantially analyzed.

To analyze the effects of thermal radiation, magnetic field strength, brownian motion and
thermophoresis on the fluid velocity and temperature, the fluid velocity is decreased by
increasing the magnetic field strength. Magnetic parameter slows down the fluid motion while at

the same time increases its temperature and skin friction coefficient.

To investigate the effects of various non-dimensionalised parameter on the fluid velocity and
temperature, the nanoparticle concentration is increased with increase in magnetic field strength,
thermophoresis parameter and Prandtl number, but decreased with increase in Brownian motion,
suction, radiation parameters, Lewis number and Eckert number. The increase in the temperature
profile with increase in magnetic field strength, thermophoresis, Brownian motion results with
increase in radiation parameters and Eckert number. Increase in fluid velocity is due to increase
in Gr, an increase in Sherwood number is observed with increasing values of radiation,
thermophoresis, suction parameters, Lewis number and Eckert number, there is an increase in
skin friction coefficient with increase in magnetic field strength and suction. The rate of heat
transfer is increased with increase in Prandtl number and suction parameter, but decreases with
increase in magnetic field strength, thermophoresis, Brownian motion, radiation parameters,
Eckert number and Lewis number. A decrease is noted with increasing values of magnetic field

strength, Brownian motion parameter and Prandtl number.
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6.1 Suggestions for further studies

Further investigations can be carried to investigate the effects of heat and mass transfer on MHD
nanofluid with thermal radiation and Brownian motion in a spherical or cylindrical plate which is

at any inclined angle to the direction of flow.
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