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NOMENCLATURE
Time dependent magnetic field

Specific heat capacity of the fluid.

Rosseland mean absorption coefficient
Stefan-Boltzmann constant

Electric field

Induced magnetic field

Induced current density

Thermal conductivity of the fluid

Hall parameter

Magnetic parameter

Time variable

Momentum of the fluid

Volume flow rate
Dimensionless velocity in x and z direction

Dimensionless temperature of the fluid

Dimensionless similarity variable
Dimensionless induced magnetic field
Velocity components in x, y and z directions
Time dependent velocity vector
Casson fluid parameter

Coefficient of viscosity of the fluid
Liquid density

Kinematic coefficient of viscosity
Magnetic permeability

Electrical conductivity of the fluid
Temperature of fluid at infinity
Temperature of fluid at surface

Unsteadiness parameter



tr Temperature ratio parameter

Nr Radiation parameter

Pr Prandtl number

Pr., Magnetic Prandtl number
Re, Local Reynolds number

Abbreviations

MHD Magnetohydrodynamics
ODE Ordinary differential equation
PDE Partial differential equations

3-D Three dimensional
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ABSTRACT
In this study, 3-D stagnation flow of an MHD viscous electrically conducting Casson fluid

including effects of induced magnetic field, Hall current and radiative heat is analyzed. The
unsteady state model governing the flow is analyzed by first coming up with non-linear partial
differential equations. Secondly, similarity transformation is done to change the nonlinear partial
differential equations which are non-linear to ordinary differential equations, in order to account
for the boundary layer and ease the computation. The ordinary differential equations obtained
are then solved numerically using the collocation method via the MATLAB software. Analysis is
then done to investigate effects of flow parameters like Hall current, magnetic parameters,

temperature field, the Casson parameter and unsteadiness parameter.
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CHAPTER ONE

INTRODUCTION.
In this chapter, the key terminologies used are defined. The statement of the problem, the

objective of the study and the significance are also stated.

1.10 Casson fluid.
A Casson fluid is a type of a non-Newtonian fluid. A non-Newtonian fluid is fluid that does not

obey Newton’s law of viscosity; 7., = na—u where 7, is the viscosity co-efficient and U the
Xy ay Xy

velocity in the x-direction. Casson fluid is a shear-thinning liquid which is assumed to have an
infinite viscosity at zero rate of shear, a yield stress below which no flow occurs and a zero
viscosity at infinite rate of shear. Simply put, a casson fluid acts as solid when yield stresses are
more than shear stresses and starts flowing when shear stress is more significant than yield stress.

Such fluids include, honey, ketchup, jelly and condensed milk. Blood is also a casson fluid.

1.12 Induced magnetic field.
Induced magnetic field arises due to strong magnetic field in a fluid flow. In order to know or

predict the velocity distribution of the fluid, it is important to investigate the behavior of the
generated electro-motive force (E.M.F). Cooling rate and stretching rate of a material are two of
the most important things in manufacturing process. To regulate these two factors, magnetic field
is subjected to the flow field externally, perpendicular to the flow. The magnetic field however
generates a force that inhibits flow field. This creates a problem of management by acting as
stabilizing agent making boundary layer separation take a longer time. Cooling also needs to be
controlled. To control this cooling rate, applied magnetic field is subjected to the flow field

externally with induced magnetic field in the transverse direction. Induced field will help in



processing by aligning the elementary crystals of a material. Most studies have been conducted

however considering a small magnetic Reynolds number thereby neglecting magnetic induction.

1.13 Hall current.
Hall current arises from interaction of additional potential difference between the opposite

surfaces of the fluid where current is flowing perpendicular to magnetic field and electric field.
It was first put forward in 1879 by Edwin Hall. Hall is characterized by current since the effect
is produced by movement of small charge carriers, for example, electrons. In the figure 1.1 the
direction of current is the conventional current direction implying electrons are moving in the

opposite direction. In the presence of magnetic field (B), the charge carriers experience a force

known as the Lorentz force l.e. F,, and F,. This force acts non-uniformly causing curved paths

due to the magnetic force. This implies in most cases, there is accumulation of Hall element on

the face of the material. In fluid flow, Hall parameter can take any value. In this study, Hall

parameter m = 2Where is the e =electric charge, B is the magnetic field, m, is the mass of
m,Vv

an electron and v the electron frequency.

Magnetic
E L4

m = magnetic field B
-+—— force on

negative charge
carriars.

= glectric force
from charge
Direction of conventional buildup.
electric current

|

Figure 1.1Generation of Hall element. Image source.(hyperphysics)



1.14 Thermal Radiation
Thermal radiation is the transfer of heat energy from a heated surface in form of electromagnetic

radiation. The rate at which a body emits or absorbs heat energy depends on the nature of the
object. Dull objects are considered good absorbers and emitters of radiant heat while polished
surfaces are poor emitters and poor absorbers of radiant heat. The emitted energy depends on the
temperature of the emitted surface and is proportional to the fourth power of its absolute
temperature (Stefan-Boltzmann law). In the assumption that the fluid is optically thick, the

4" .8T4
3a" oy

radiative heat flux vector is given by the Roseland approximation as g, =—

Due to high need to process materials in engineering at high temperature such as high
temperature plasmas, Casson fluids and even nuclear reactors, radiative heat transfer has been an
area that has attracted research of late. In some cases where radiative heat goes through a fluid,
the fluid can be ionized and electrically conduct due to high temperatures. However, little is

known about radiation effects on boundary layer.

Radiation

https/www. buzzle. com/images/diagrams./example-of-
radiation jps

Figure 1:1 radiative heat transfer



1.15 Magnetohydrodynamics (MHD)
Also known as magneto-fluid dynamics or hydromagnetics is the physical-mathematical

phenomenon that deals with magnetic properties and behavior of electrically conducting fluids.
Such fluids are known as magneto-fluids. They include liquid metals, electrolytes and plasmas.
The word magnetohydrodynamics is derived from 3 words; magneto-meaning magnetic, hydro-

meaning liquid and dynamic-meaning movement of a body due to application of force.

The concept of Magnetohydrodynamics was first put forward by Hannes Alfven after studying
behavior of moving conducting fluids. He found that in presence of magnetic field, a moving

electrically conducting fluid induces a current which in turn creates a force (Lorentz force) on
the fluid and changes the magnetic field itself. The set of equations that describe MHD are the

Navier-Stokes equation of fluid dynamics and the Maxwell’s equation of electro-magnetism.

1.16 Boundary layer or shear layer.
A boundary layer is considered as the immediate layer of fluid next to a solid boundary where

viscosity of a fluid only plays a role. Outside of that region for most part the fluid can be treated
as being inviscid. This was brought forward in 1904 by Ludwig Prandtl. There are two types of
boundary layer flow: laminar and turbulent flow. Most studies involve flow whose velocity is

low and therefore a laminar boundary layer. In fluid dynamics, the flow of a fluid particle along

the main stream is a case of transfer of mass and heat. In laminar layer the dimensionless
C , Ux . .
characteristic is the Reynolds’s number Re, = — . The upward distance from the plate at which
14

the velocity is 99% of the free stream velocity is the boundary layer thickness. There are two
types: displacement thickness and momentum thickness. The velocity boundary layer is the
vertical distance from the plate underlying the fluid where the viscous flow is 99% of free stream

velocity. The thermal boundary layer is the vertical distance from the plate underlying the fluid



where the temperature is 99% of the free stream temperature. The dimensionless characteristic

describing both velocity boundary layer and thermal boundary layer is the Prandtl number.

1.17 Prandtl number
Prandtl number is a non dimensionless number that shows the ratio of kinematic viscosity and

thermal diffusivity. It was first put forward by Ludwig Prandtl. p, = Yo p, <<1,then
(04

m
thermal diffusivity is dominant over kinematic viscosity. If p, >>1 then kinematic viscosity
dominates over thermal diffusivity. Normally the Prandtl number controls the thickness of the
thermal and momentum boundary layers and therefore if p, is small then heat diffuses faster

than the rate at which the fluid is moving.

1.18 Local Reynolds number (Rey)
This is a dimensionless parameter expressed as a ratio of inertia forces to viscous forces.

Ux . . . . L . . -
Re, = — Where, U is the flow velocity, v is the kinematic viscosity and X is the characteristic
14

linear dimension. This parameter is used to determine whether a flow is laminar or turbulent. If

Re, is small, then the flow is laminar since the fluid particles are in line. A large Re, shows that
the flow is turbulent and fluid velocity is high. Normally if Re, <200 then the flow is lamina

and if Re > 400then the flow is turbulent.

1.19 Magnetic Reynolds number (Rm)
This is a non-dimensionless quantity that indicates dynamic behavior of a magneto fluid. Usually

represented as R, = Ux where 7 is the magnetic diffusivity, U is the flow velocity and X is the
n

length scale. Magnetic Reynolds number gives an estimate of the effect of ratio of magnetic

induction of flux by motion of the magneto fluid to the magnetic diffusion.



There are two types of behavior of the magnetic field of a moving fluid depending on magnetic

Reynolds number. If R, >>1, then the magnetic field lines tend to be ‘frozen’ into the plasma
and moves along with the flow of the plasma. IfR,, <<1, then the magnetic field will diffuse

away and non-uniformity of the fluid is smoothened.

1.2.0 Magnetic Prandtl number
This is the magnetic analogous of the Prandtl number. It is a ratio of magnetic Reynolds number

to local Reynolds number. It shows the ratio of momentum diffusivity ( kinematic viscosity) to

magnetic viscosity

1.3 Problem statement
We consider a 3-Dimensional non-Newtonian MHD Casson fluid flow over a stretching sheet

including effects of induced magnetic field, radiative heat and Hall current. The flow is along

x —axis with a velocity vector U =U W(X,t) .The stretching of the sheet is in the x-direction

-1/2 -

only. The magnetic field B(t)= B,(1— )™ *is perpendicular to the stretching sheet. This field is

able to produce Hall effects due to its strength.

Below are the coordinate system and a sketch of the graphical model



Magnetic field B(t)

Figure 1.2 three-Dimensional physical model of the problem

1.4 Objectives

1.4.1 General objective
To determine effects of induced magnetic field, Hall current and heat transfer on an unsteady

hydro-magnetic Casson fluid flow along a linearly stretching sheet.

1.4.2 Specific objectives
1. To create a mathematical model regulating the flow of unsteady hydro magnetic strongly

conducting Casson fluid along a stretching surface.

2. To analyse the effects of Hall current parameter, magnetic strength parameter, Casson
parameter and radiation parameter on profiles of fluid velocity.

3. To determine the effects of induced magnetic field on the velocity for a Casson fluid flow

along a stretching sheet.



1.5 Significance of the study
The rate at which a surface is stretched and the rate of cooling of a liquid are two of the most

important considerations in manufacturing. A Casson fluid is basically a fluid which acts as solid
when yield stresses are more than shear stresses and starts flowing when shear stress is more
significant than yield stress. Such fluids include, honey, blood, ketchup, jelly and condensed
milk. For fast transport of such fluids we need to limit the yield stress. In this case, the viscosity
of the fluid is low and therefore velocity is relatively high. Hall current effect helps in increasing
the velocity profile and reduces the temperature within the region of the boundary layer. Induced
magnetic field for an electrically conducting fluid has an effect on the fluid velocity. For a MHD,
if induced magnetic field is high, the fluid velocity increases. It is these combined effects of Hall
and induced magnetic field that are considered in this study with an aim of reducing production

time and increasing the final product of the manufacturing process in Engineering and industry.



CHAPTER TWO

2.0 LITERATURE REVIEW
The flow of an electrically conducting fluid along a stretched sheet is considered important in the

printing industry, silicon suspension, polymer engineering and blood flow. Denno[1967]was the
first to look into the effects of induced magnetic field on the inviscid MHD channel flow. He
concluded that with magnetic Reynolds number of the order of 0.1 then induced magnetic field
must be in cooperated during treatment of inviscid magneto-hydrodynamic flow. Takhar et
al[2003] discussed the boundary layer flow and heat transfer on a stretching surface in rotational
fluid with magnetic field. They reported that magnetic field increases skin friction along the x-
direction while the Nusselt number decreased. Basant et al [2017], investigated the effects of
induced magnetic field on MHD natural convection flow in a vertical annular micro-channel in
the presence of radial magnetic field. They inferred that skin friction numerical value at the
micro-channel surfaces decreased with increase in Hartman number. Reddy et al [2016]
discussed a MHD flow of a Casson fluid over an inclined permeable stretching sheet with heat
radiation and chemical reaction and inferred that increasing in the Casson parameter led to a
decrease in the thickness of the boundary layer. Vasundhara et al [2016] investigated effects of
hall current, thermal radiation and heat generation due to exponentially stretching sheet with
sanction and convective boundary conditions. They found that temperature increased with
increase in magnetic field parameter and decreased with Hall parameter. Afikuzzaman et al
[2015] analyzed the unsteady MHD casson fluid flow through a parallel plate with Hall current.
He observed that increasing the Hall current increased the time taken for two velocity
components to reach the steady state. Aziz and Nabil [2012] presented the effect of thermal
radiation on steady MHD mixed convection flow past an exponentially stretching sheet with Hall

currents assigning wall temperature and stretching velocity to vary according to specific
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exponential form. A three-dimensional problem of MHD casson fluid flow along an unsteady
stretching surface embedded into a porous media was studied by Butt et al [2016]. Hassan, et al
[2017] investigated the unsteady MHD flow of Casson fluid through porous media over a
permeable shrinking sheet. They reported that an increase in the radiation parameter caused an
increase in temperature distribution. Pushpalatha et al.[2016] studied Heat and mass transfer in
unsteady MHD Casson fluid flow with convective boundary conditions . They found that rise in
Casson parameter reduces the velocity profiles of the flow. Mukopadhyay et al[2014] analyzed
the boundary layer flow of a Casson fluid over an exponentially stretching sheet under the
influence of a magnetic field, thermal radiation and sanction/injection. Bhattacharyya[2014]
studied MHD stagnation-point flow of Casson fluid and heat transfer over a stretching sheet with
thermal radiation. In their study they concluded that the boundary layer thickens with magnetic
parameter and velocity ratio parameter. Also, due to thermal radiation , they found that the
temperature inside the boundary layer decreases. Shah, et al [2019] analyzed effects of Hall
current and thermal radiation and mass transfer of Casson fluid between two rotating parallel
plates. They found that Hall current decreases the rate of conduction of the fluid and
subsequently increased the velocity field. Prashu[2018] analysed the effects of Hall current and
heat radiation on a 3-D Casson fluid flowing along a stretching surface. He found that Hall
current decreases with skin friction coefficient in x -direction and increased the skin friction
coefficient in the z - direction. In view of these previous studies, there exists a research gap
especially on effect of induced magnetic field on flow variables of a Casson fluid. This research
aims at bridging this gap by extensively analyzing effects of induced magnetic field, Hall current

and radiative heat on hydro-magnetic flow of a Casson fluid along a stretching surface.
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CHAPTER 3

In this chapter, we will come up with a mathematical model of the problem by forming highly

non-linear partial differential equations. The equations will be subject to some assumptions

however.

3.1 Assumptions

The assumptions made for the research problem are as follows

o g &M w0 NP

The fluid is incompressible

The flow is unsteady

The fluid is electrically conducting with a magnetic field perpendicular to the x-axis
The flow is along the plane x — axis

The applied magnetic field intensity is so strong to produce Hall current.
The wall temperature T, is maintained constant and is higher than ambient temperature

T

[ee]

3.1 Flow field equations
The equations governing the flow considering the assumptions outlined earlier are the

continuity equation, the momentum equation, the energy equation and induced magnetic

field equation

3.1.0 .The mass continuity equation
In fluid flow, continuity equation states that mass influx (rate of flow of mass entering a

system) in a system is equal to mass efflux (rate of flow of mass leaving a system) plus
the accumulated mass in the system after flow.

The mathematical equation for conservation of mass is
%pwo(pm:o 3.01

Where § = Ui +Vj +wk

Equation 3.01 can also be expressed as
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%+p€oq’+q-6p:0 3.02

For an incompressible fluid, GeVp =0

Also since density is not changing with time, %0 =0

Hence equation 3.02 becomes
Vei=0 3.03

G=u(xy,zt)=Ui+Vj+Wk) 4 o_;0 ,;0
x oy 3.04

4‘6 ’-‘a 8 o ~ ~
Veqd=|1—+]—+k— [elul +Vv]+wWkK
*d (ax oy az}( i+ o

Vefj=—+—+—=0 3.05
3.1.2Momentum equation or Equation of motion
Momentum equation is a dynamic equation analogous to Newton’s second law, F =ma.
In any MHD system, there are two types of forces that act on a fluid.

i) External force:  Acts on all directions from outside of the fluid. They are the

pressure and viscous effect. Most considered forces is the gravitational force pg.

i) Internal forces:  They form the tenser forces which are net force of all forces acting

from within due to interaction with other elements.
In static equilibrium, these forces must balance each other and the net force should be zero.

For an incompressible flow where vV e G =0, we have the incompressible Navier-Stoke equation.

p(%qw-vqj:—vmpg + uV2g 3.06
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where

g Is the mass force or the body force

VP is the surface force

7 qu is the viscous force

The body force or the Lorentz force F can be expressed as

F=JxB
o4 o) N
Therefore, p E+quq =-VP+uV°G+J xB
From equation 3.05, we have

(GeV)= (UI+Vj+Wk)o |£+]E+I2a u£+v2+wﬁ
oXx "oy oz oXx oy 0z

_ o o0 0\
eV)=|U—+V—+W—
(GeV)q (ax 3 ZJq

Along the x — direction,

(qu)q_ua—u+va—u+wa—u
OX oy oz
8—qza—uand
dt ot
Equat|0n307becomespa—u+ua—u+ a Wau =—VP+ uV? q+J><B
ot ox oy 0z

+ +
ox* oy* or°
0%u ou o’w oW

But since — =0,— =0, =0and—=0
ox? 0z OX 0z

3.08

3.09

3.10

3.11

3.12
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2 2

Then V2§ = y(;y—l; in the x-direction and £V?§ = ”Zy_\:v in the z-direction

. 1 . : .
Considering E_ (1+—Ju and since L IS a constant. Equation 3.11 becomes
P p

ou ou ou ou 1\0%u 1/- -\ iInthex-directionand
—+U—+V—+W— [=V|1+— —2+—(J><B)
o x oy o Bloy* p

2
(8—W+u@+v—+wa—W]:v[l+lj6 +£(j>< E§) in the z-direction 3.13
0 0 B)oy. p

The general Ohm’s law with Hall current is

J‘:a(aqxé—ijx&ivaj 3.14
en, en

e

wherer(J J,J )

x¥yvYz

Since no applied electric field and V-3 =0 (conservation of charge) then it implies

: m - = =
J, =constant. Equation 3.14 can be expressed as J +E(J x B) = o(G x B) 3.15

if we consider the electron pressure gradient VP, to be negligible.

Where B = (b, B(t),0)

Therefore,



15

I
GxB=|u 0 wl|=—B(t)wi +bwj+B(t)uk 3.16
b B(t) 0
]k
IxB=|J, 3, J,|=-Bt)J,i+bJ,j+(B(®)J, —bI, K 3.17
b B(t) 0
inserting equations 3.16 and 3.17 in 3.15 we have
J.-mJ, =o(Bt)w) 3.18
3,4+ b3 = obw 3.19
* B
m
J, +——(B(t)J, —bJ, )= oB(t)u 3.20
+ g BOI b, )=cBW

To find J, we make J, subject of the formula in equation 3.18 and J,in 3.19 and substitute it in

3.20
mb mb
J,+m(m, —aB(t)w)- ——| cbw———1J, | = oB(t)u 3.21
B(t) B(t)
2 2l 2
3, +m2d, —oB(Emw— MW M s 3.2
B(t)  B(t)
Making J, the subject gives
3.23

oB(t){u + mw + m\QIbT
B (t)

J: = B2 (t)L+ m? [+ m?b?

To find J, we substitute equation 3.23 in 3.18
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oB(t) u+mw+%
B~ (t)
J, = —oB(t)w
B2(t)L+m? [+ m?b? 324

_ oB®(t)mu + 6B (t)m*w+ oB(t)m*wb® — owB® (t) — om*wB* (t) — owm?b?B(t)

J 3.25

' B2(t)[L+m? [+ m?b?
this simplifies to

oB*(t)(mu—w
= (X 5 Z > 3.26
B2(t)[L+m? [+ m?b
To get J, we substitute equation 3.23 in 3.19
2
. oB3(t)(u +mw+ T;Z\th[j
3, = cow—— g 50 3.27
B(t)| B2(t)1+m?)+m?b

j - obwB(t)* + obwB(t)*m? + ob*wm? — ombB(t)*u — om*bwB(t)* — om*wb* 398

Y B(t)?(1+m?) + m?b? '

oB(t)? (bw— mbu
y = 2() ( 2 2)2 329
B(t)°(L+m°)+m°b
Inserting equations 3.23, 3.26 and 3.29 into equation 3.17 we get
, , , oB(t)3b{u+mw+me§} . " ,
S B —oBW [B(t)2 (u+ mw) + mwb ]f+ BO* |, [ oBO'(mu-w) _ BW (b>w—mb?u) c
B(t)*(1+m?) + m?b? B(t)*(1+ m?) + m?b? B(t)’(A+m?)+m?%?  B(t)*’(1+m?)+m?b?

3.30



17

Momentum equation 3.13 becomes

2
oBt)|u+mw+— mwb
ou ou ou  ou [ 1jazu B2(t)
AU AV — W= =11

+U +— — 3.31
ot ox oy oz Loy pB*(t)(1+m?) + m*b?

ow  ow  ow  ow 1\o°w o B*(t)(mu-—w) B?(t)(b*w — mb®u
A U— AV —+W— =V 1+ = |+ = —~ 32
ot ox oy 0z p)oy:  p| BXt)A+m*)+m’b*  B*(t)(L+m?)+m’b’

Where m = (@,t,) is the Hall parameter, @, is the electron frequency and t, the electron collision

time.

3.1.3 The energy equation
From the thermodynamics law,

&0 = dE + oW 3.33

Where &Q is the rate of heat influx, sw is of doing work and dE is energy change of the

system.

For an optically thick incompressible fluid, the governing equation is

( +(g .v)rjz—va +@ 3.34

p

The radiative flux ¢ = _La .
C, oy

Equation 3.34 therefore becomes

or K .. 1 &
— oV = V7T -—" 3.35
(af(q ﬁj L, C, oy
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: T 0T 0T _
Taking e VT = ungvngwﬂ and V°T = 0 o+ 0 >+ 0 >~ équation 3.34 becomes
OX oy 0z ox- oy- oz
or o1t ar oT k (0°T o°T o°T 1 oq,
—4+U—+V—+W—= st—t— |- 3.36
ot ox oy oz pC,\ox™ oy° oz pC, oy
Considering the radiation is in the y-direction, equation 3.36 becomes
2
ﬂ+uﬂ+vﬂ+w£:ama-r_ 1 aqr 3.37
.  ox oy oz oy>  pC, oy
This is the energy equation for a Casson fluid with Hall current.
3.1.4. Induction equation for MHD
Considering the Maxwell’s equations
i V-B=0 (Gauss’ law for magnetism) 3.38
. v.E =9 (Gauss’ law for electricity) 3.39
&g
_ .1 6E
i, VxB= — A ’s 1 3.40
X e ] o7 (Ampere’s law)
: - 0B ,
Iv. VxE= Ty (Faraday’s law) 3.41
and Ohm’s law;
j=0o(E+qxB) 3.42

We can derive the induction equation as follows
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T - 1 cE). : :
For non-relativistic limit, we will ignore the 2" term (F%J in Maxwell’s third equation and

combining it with equation 3.42 we get
VxB= j=0o(E+qxB)
Taking the curl of equation 3.43 we have

VxVxI?;:G(VxE+V><(qX|§))

From the left hand side of the above equation, we find

3.43

3.44

VxVxB=-V?B —V(V- I§): ~V?B Since V-B =0 , from equation 3.38

then equation 3.44 becomes
~V?B = 0(—?+Vx(qx |§))

Rewriting equation 3.45 gives

B _ V x(qxB)+7nVZ2B Is the induction equation

Where B = (b, B(t),0) , q:(u7+v]+WIZ) and o =
n

Now we convert equation 3.46 to first order pde as follows

A

I ]k
GxB=|u 0 w|_—B(t)wi+bwj+B(t)uk
b Bt) 0
P K
- 0 0 0
Vx(@GxB)=| — = =
*(@xB) dx oy oz oy

-B()w bw B(t)u

3.45

3.46

3.47

3.48

obw) , gy W

_l ey _9OW) e ey gy W |5 | Aow) A
_{B(t) pe }l {B(t)aerB(t) 82}14{ pe ay}k

3.49



20

2 2 2 2 2 2
vigo [, (bI+B('[)j+0k) 6t2)+8t2)+8b I+ aBz(t)+8Bz(t)+6BZ(t) j+0K
oXx oy oz ox*  oy® oz’ OX oy 0z

3.50
Substituting 3.49 and 3.50 in equation 3.46 we get the following equations.
2 2 2
In the x-direction we have o = B(t)a—u— a(bw)H? 0 E + 0 E + 0 E 3.51
ot oy oz ox: oy® oz

B _ B(t) U B, (828(0 0°B() | aB(t)] 352

In the y-direction we have
y a 2 ayZ aZZ

In the z-direction we have 0 = M + B(t)@ 3.53
OX oy

We can simplify the above equations using the following arguments

Since b is a function of y only and the fluid on x-y plate then equation 3.51 becomes,

b _ |3(t)@—77a—b 3.54

ot oy oy’

Also applied magnetic field B(t) is a function of time only and therefore equation 3.52 becomes

BO _ g 3.55

ot

Equation 3.53 can be simplified as follows using Gauss’s law of magnetism (equation 3.38)

albw) g 20, oW

aW— ¢(Bw)= ° =
0= +B(t)5:b&+8(t)g=v (Bw)=w(VeB)=0
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In summary the equations governing the 3-D flow are the continuity equation, the momentum

equation, the energy equation and the induction equation

ﬁoq:a_u+av+aw:

—+—=0
ox oy oz

oB“(t){u +mw+ m\gvbz}
B2(t)

ou ou du  éu ( 1jazu
—+U—+V—+w—=y|1

ot ox z Bloy: pB(M)(L+m?)+mb?

oW oW oW ow ( 1jazw a{ B*(t)(mu —w) B2 (t)(b?w — mb?u
—+U—+V—+W—=v|1+— +— —

ot ox oy oz By p| BXt)A+m?)+m??  BA(t)(L+m?)+m2b?

oT oT oT ot 0T 1 aq,
—+tU—+V—+W—=¢,
ot ox oy oz oy? pC, oy

2
B _ g, 0%

ot o oy’
The associated boundary conditions of the flow problem are

Aty=0:u=u,,v=0w=0T=T,b=0 3.56a

Asy—>owo:u—->0w—->0T-—>T,b=0 3.56b
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CHAPTER FOUR

4.1 Non-dimensionalization.
The partial differential equations governing the flow derived in chapter three are highly

nonlinear. In this chapter we will form ordinary differential equations by using suitable similarity

functions.

We employ the following set of transformation equations to transform the partial differential

equations.
ax av ax
u=-—-—f' V=-— f W=— 4.10
il el i ﬂ)g(n)
b= B, h'(n) 4.11
vl-rt 7 '
a T-T
= 0(n) = - 4.12
T T

4.2 satisfaction of conservation of mass equation
We show that condition for conservation of mass equation (continuity equation 3.05) is satisfied

using equations 4.10 and 4.12 we show

ou oV ow
—t—t+—=
ox oy oz

ou o ax ., , 0 ax ax of’
S =
ox ox\1l-rt ox\1-¢) 1-n oOx

0
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= 4.13

:_\/ av f,.\/ a
1-n v(d-)

= | va’ i 4.14
v(d-n) 1)

W _9f 3 4o |=0 4.15
oz oz\1-pn
Therefore a + il + w__a f’ a '+ 0 =0 hence condition for continuity is

= - f
ox oy o (-4  (A-nA)

satisfied
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4.3 momentum equations

1st momentum equation (i-direction)
2
, oB'®)u +mW+mzLb
ou ou  au  éu ( 1]8u B2(t)
+V—+w—=v|1

B)oy? pBE()(L+m?)+mPb?

u__
ot x oy o

L.H.S

ou o ax , ,0 ax ax of' o
( f(n)}f —’7

1 ) (- oy o

- 1 |y

—3(1—74)_23)-—7}

2

_p @y ax L f A g gty
=f (l—]/t)2 (1—ﬂ)f y\/:(l 7t) (1 7t) ZJ

__ay fry ax [y a 7 Jf,,
Q-2 - Vve-n 20-n)

axy 1 a'X?/ 14
f'+ f 4.16
ey 20—

ug—u can be solved using equation 4.13
X

2
X X
M__ & ¢ 8 g X 4o 4.17

Tx A e apy

au 8( ax ,j ax of'
d_9 frl-—2 9
oy oyl(d-n) (L-21) oy
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__ax_of" on
@-n) on oy

ax a )

T - \va-n)

ThUSVa—u:— av f[ ax a f”}:_ azxszn
o Ni-p (1-a\va-p) (1-)

u_of ax
oz ozl (1-n)

f '(U)J =0

Thus Wa—u =0
0z

R.H.S

In the 1%t term, we will find the second derivative of equation 4.18

@:i[ ax / a f”j: ax a if,,
oy’ oyl @-m) \v@-n) @-n) Vv(@-n) oy

_ o ax a af"a_n
L-n)Vv@-n) on oy

_ ax\/ a ,,,\/ a
Q- \v@-n) \v@-n)

a’x

T v(- )y

"

4.18

4.19

4.20

4.21

4.22
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U(l—i)a—zl::v(l—iJ X 4.23
B)oy Boll-1)

For the second term, we substitute the normal time dependent magnetic field B(t) with

BZ 2
B?(t)=—— and induced magnetic field b® = &h’z(n)
(1-) (1-)

084(t)[u+mw+mwb2} , B% B% B%(l—;zc)h'z}

B(t) | (L-7) (1-1) B (1)

PB2(t)(L+m?) +m?b? B% 2\, B%
Pt

|:U + Mw+ mw

h!2

oB% B% [axf' om0 +maxgh’2}
_ - - @-) @-p)

PB [1+ m? + mzh’z]
-7

2
0

(L—pt)

p(1+m2+m2h’2) 404

ax(f "+ mg + mgh'z)

Combining equations 4.23 and 4.24 gives the R.H.S equation as follows

2 i 12
RHS - ax)2 [(1+£Jaf’”—08 o(f +mg +mgh )]

-t B pli+m? +m*h'?) 4.25

Combining equations 4.16, 4.17, 4.19, 4.21 and 4.25 gives us the 1% momentum equation

axy ., = axy , a’x ., ax ., ax ( 1) i oBzo(f’+mg +mgh’2)
'+ f"+ fre— ff"= 1+—jaf " -
@-)? 20— ) 7 (1—p) @x-ny (1) ( pll+m? +m?h'2)
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Factoring out the common term we get

ax , " , ax o(f "+mg + mgh'z)
—aff"|= 1+ = |af 4.26
1- 2(7f 2 a j 1- +ﬂ pll+m? +m?nh'?
(1) ny
' 12
2 ﬂ p(1+m +m?h'2)

Dividing through by a and Re-arranging 4.27 yields,

’ 12
ERTE T A[f’ ”fj w[ Lmg +mahT g
p 2 1+m* +mh’

4.28

2

Where A=Zis the unsteadiness parameter, M = %is the magnetic parameter

a

2" momentum equation
oW oW oW ow (1 1jazw+g[ B(M)(mu-w)  B2(t)(b*w-—mb’u)

—4+U—+V—F+W— =
o o ey e o2 p|BXO)A+m2)+m2?  B2(t)(L+m?) + m’b’

+
B

L.H.S

ow_ o ax o[ ax ax ag on

Al odl S e
B axy ax [ Jjaf 1 -3
I A ﬂg{y\f( a7 ) - }

-9 (1"% (1“7[) (f -1y (1—74)_21-%]
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:ax;/g+ ax(y a _ y]g,
@-?°°  @a-) " \Vv@a-n) 20-n)

axy axy
Ty

+ ng'
2(1-p)° 4.29

%gzggiﬂ?;ﬂzafﬂﬁ

ow axf’ ag _ a’xfy

T ) ) Aoy 430

ow 8( ax j ax og
—=— g|= —+0
oy oy\(@-n) (1-1) oy

ax 09 on _  ax a ,

“w-mon y a-m\va—p°

__ax a g
@) \va-)
Therefore
oW av ( ax a J a’x '
Vo =— f N 9 |=—7—+= T
oy Vi-pt (1-gt\v(-n) (1) 431

w_a
07 01

( o g(ﬂ)] = 0. and therefore Wa—W =0
(1= oz 430

Combining equations 4.29, 4.30 4.31 and 4.32 gives
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axy axy . a’xfy  a’xfg’
LH.S = >0+ -9 >~ 5
-~ 20-) @-n) @-n)

= (1_"’1;)2 [;g +g779 +afg—afng

4,33
R.H.S
15t term
62W:£( ax / a g,Jz ax a ig,
oy’ oyl @-)\v(@d-n) @-7) Vv@-n) oy
__a [a wa
A-n)\v@-n) on oy
_ o ax \/ a g”\/ a
A=) \Vv@-n)" Vv(@-2n)
a’x .,
=——0
vd-n) 4.34
therefore v(l—iJa—sz:v[l—iJ ax =q"
B oy BIv(L-1) 4.35
2 term

o B*(t)(mu—-w)  B*(t)(b*w—mb*u)
p| BM)A+m?)+m?b*> B*(t)1+m?*)+m°b?



o =, ) ] (18—2;{(18—2;)“'2}((1&—%‘”‘ )

d (15_20 )(1+ m 4 (18_2;)h'2m2J (18_2;)(1+m2 +(B_2;t)h’2m2j
AT L ) Cale [ )
= e e e
o e ‘<1a—X3t>j_(<1B—2;>“'2j(<1a—xit>‘mﬁiﬂ

ol emErhm) i m? & hem?)

;

j’

_ “{(18—2;)] (’“ i) "(1a—xit>]_(“'2(<1a—xit>‘m<f$>
D (1+ m? +h’2m2) (1+ m? +h'2m2)

_ ((E;M”‘afxﬂ) "<1a—xit>]_(“'2(<1a—xi>‘m<f$>
D (1+ m? +h’2m2) (1+ m? +h'2m2)

820 J 2 2
ol —— l[aximf'—g—-h""g + mh’* '
((—ﬂf ( )

p(l+m? +m?h’?)

Combining 4.35 with 4.36 gives

2

1 ax

"

oB%ax

mf’'—g—h'g+mh?f’

4.36

R+LS=»{1——-
B

ju@—ﬂfg

pll-1t)

|

1+ m?+mh?

|
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Which simplifies to

2 "' _a_h' 12 §1
(1-) B P 1+m? +m?h .

Combining equation4.33 and 4.37 we have the 2" momentum equation

ax yng' , ax 1) ., oB%(mf'—g-h'g+mh?f’
+ +afg—afg’ |= 1-—|ag"+
(@-n) (7@ 2 g -afg j (@—n) [( ,Bj J ye [ 1+m? +m?h’?

P 1+m? + m?h'?

! 2 4 ' 12 1
(79 +@+afg—afg’J z((l_l)agu B (mf —g—h'g+mh’*f B
2 B
Dividing through by a and Re-arranging yields

1), , n ., mf'—g—gh'+mh'*f’
1+—=|19g"-fg+ fg'— +=09' |+ M =0 4.38
( ﬂ}g o+ o A(g 29 j [ 1+m? + m?h'?

4.4 energy equation
We now transform the energy equation 3.37 using the set of transformations defined in equation

4.10and 4.12

orT  oT  oT  oT o°T 1 oq,
—+tU—+V—+W—=0« -

ot ox oy e "oyt pC, oy

L.H.S

0

T
First we make T the subject from 0(77) = - and find its first derivative with respect to time

w 00

T=6(T,-T,)+T,



ox  on ox X

al —a—T-a—U:O since 8—77:0

a_T:a«TW—Tw)eﬂw),gH a H 2 ¢ 1y
oy on oy\"\Vv@-n) ) Vv@-n) " 7
oT av a a

V—=— i T,-T, )0 =- T,-T,)f0’
oy \/(1—7t) \/V(l—ﬂ)( ) (1—;4)( )
ﬂ=£-8—77=Osincea—77:0

0z 0n oz 0z

Combining equations 4.39, 4.40,4.41 and 4.42 gives the similarity form on the L.H.S

LHS= (7. _Tw)(’mg' —afe’
@-n) \ 2

)

4.39

4.40

4.41

4.42

4.43

To transform the R.H.S we first change the second term by expressing the radiative heat flux

vector ¢, interms of T
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Ao* OT*

3a" oy

Using Rosseland approximation, ¢, = — , Where T* ~ 4T3, T —3T“..is the Taylor series

expansion ignoring higher order terms.

Following Pantokratoras and Fang (2014),Blasius flow with non-linear Roseland thermal

166" _; 0T
radiation, ¢, can further be simplified as q, = =20 3l 4.44

3a” oy

R.H.S of Equation 3.37 therefore can be expressed as

0T 1 aq, 8T 1 o (160-* 36T]
Ay —5 — =a, —+ — —T°—
oy* pC, oy oy* pC, oy\ 3 oy

_ 9 am+16‘f*T3 o 4.45
T DL

Since T =(T, —T,)0+T, we can divide both sides with T_ to get

3
T3 :(1+G—W—1]9J oT? 4.46

From equation 4.45, we get % = 2((TW -T,)0(7)+T,)

oy
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LI/ 4.47
on v(l-n)
160°T°
Equation 4.45 now becomes -9 a, + 6? o, -T.) :
oy 3a pC, v(l-n)
w13
:g am¢9'+16O;T9 (TW—TOO) a
oy 3a’pC, v(l-n)
*1=3 )
:((TW—TOO) 2 ]3 0,0 + 27 1Y 4.48
V1) )oy 3a'/C,
*==3 ! *
Of g g W T, 00000 160" 0 (s
oy 3a"pC, on oy 3a ' pC, oy
4.49
a  160°T 0 T i
=, 0" 4220 —(1+{—W—1JQJ 0 4.50
v(l-n) 3a’pC, oy T,

3
Using product rule, we differentiate %[H [I—W —1}9] 0’ to get

o0

%{1{%-1}0}2':(1%%—1}9}39". ﬁ+9'.3[(%—1}9’(1{%—1}9}2} v(lziyt)

451
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sl sl G (o)) o=

Equation 4.48 now becomes

3 3 2
T, -T.)a o, 0" + 60T o[ Tu_alo| oreser T 114 Tu 1o 4.53
v(l-) 3a"pC, T, T, T,

Equating equations 4.43 and equation 4.53 gives the similarity form of the energy equation

Which simplifies to

’ ) 3 2
(ﬁ—aa‘r}ﬂ ame"+16j‘—T°° 14| Tu _alo] lorsaed Do —afae [T 1)
2 v 3a"pC, T, T, T,

Multiplying both sides with Y we get
aa,

1 1 *1 3 3 *1 3 2
M—"f—‘g:eu% 1o Ju_qlp| o200 e[ Tu g )1 [T _1lgl g2 454
2aa, «, 3o’k T, 3ok \T, T,

m

Where o, = ——

prA% —prfg’ = 0" + 3;&(1+ (tr-1)9)y 6" + 3;ltlr(tr ~1)1+(tr-1)9)°0'* =0

Grouping equal terms together 4.54 becomes

r r

(1+ 3%(“ (tr —1)9)3]9" - prAgH' + prfg’ + 3%(tr ~1)1+(tr-1)9)’60"* =0 4.55
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T
Where pr = Y_is the Prandtl number, N, = k%sis the radiation parameter tr = —is the
a, 40T T

0 0

temperature ratio parameter.

4.5 transforming induced magnetic equation

The equation to be transformed is equation 3.54 given as%b = B(t)a—u - 8_b

o oy

Where the transformation equation 4.11 is used

g a( B, h'(n)} By By ah' oy
(

at( J1-n 21—p): VI-n on ot 4.56

ot ot
_ B BN Ay
- VIt i) 20-n)

B, B,h" Y
3 + .77.
2-p) NIt 20-n)

Boh' | Boh'ny
20-pt)z  2(1-n)2

B 7/ ! 14
=—2 —(h'+7h")
2(1-st)2 4.56

ou 0%b
R.H.S = Bl(t —
()ay Uayz
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ou B, axf’ a
S g B0V

_ Baxt” / a
L) VY- 2) 4.57
Q@:Q{ﬂqzﬁ_ B |_0] B ys0m|_0| B ., | 2
" ) ¥ a_py) Ya-pp ¥ ¥la-p: V- 4.58
_ B [a_ av
(1—p)e VVA-7) O

) <1_B;>é R

v(l-)2 4.59

_ Beaxt” / a B,ah”
RH.S = e v(l—}/t)+77 e
(@-n)e v(L-n)e

Equating equations 4.56 and equation 4.60 yields

4.60

80}/ (h! + nh”) — BOa (Xf " a + ﬂj

20 ) (- ) vl-n) v
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2 (' + ph") [xf” L J
2

7/ ) XZ hm
~—(h"+ h f

L)< 2 J

+77h

R
fr

hlﬂ

y
h + 7h
261( +1h") =

+ h " f VV nh

"

Since

A 1
_hf h” :R 2f"
2( +1h") = Re? o

m

Equation 4.61 can also be written as

m " ' 1
h"  Anh —Ah+Re§f”:0
pr, 2
Where, pr, = Y isthe magnetic Prandtl number, Re, =

4.61

4.62

local Reynolds number
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In summary the four ordinary differential equations are as follows

" ' 12
141 f’”+ff”-f'2—A{f'+iJ—|v| frmgrmgh™)_,
S 2 1+m* +mh’

1), , n ., mf'—g—gh'+mh'*f’
1+—=|19g"-fg+ fg'— +-09' |+ M =0
( ﬁjg o+ o A(g 2 gj [ 1+m? +m?h’?

r r

(1+ 3%(“ (tr —1)9)3]9" - prAgH' + prfg’ + 3%(tr ~1)1+(tr-1)9)’60"* =0

m " ’ 1
h A AN ot g
pr 2 2

m

The boundary conditions on using the transformation equations 4.10,4.11 and 4.12 reduces to
At 7=0:f'=1,f=0,g=0,0=1,h"=0 4.63a

Asnp—>owo f'"—>049g—>06—>0h—0 4.63b
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4.6 Reducing the equations to first order

The above equations will now be reduced to 10 equivalent first order differential equations as

follows.
We let
f=x,f"=X,,f"=x;,0=X,,9"=%,h=x,,h"=x,,h"=%3,0=x,,0" =X,

And use the above equations to obtain the following system of equations

X3 = —(LJxlxs +(LJX22 + A(Lj[xz +2X3)+ M( B j{xz TmX, + mX4X72j
Lf+1 Lf+1 p+1 2 B+1) 1+m? +mx?

Xg = —(ijxlxs J{LJXZX“ + A{L](X‘l +Qx5j— M( B ](mxz — X4~ XXy +szX72]
p+1 p+1 B+1 2 B+1 1+m* + m?x

1

1 1
Xg = pl’mA% Xg +E pI’mAX7 - Pry Re5 X3
Xs; =Xy

, 3N, prAn 3N, pr Atr =11+ (tr =1)x,)*
X = 3 X0~ 3 X1 Xy — 3 X10
2(3N, +4(L+(tr —1)x,)°) 3N, +4(1+(tr—1)x,) 3N, +4(1+(tr —1)x,)
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CHAPTER 5

5.0 Results and discussion
In this chapter, we analyse the effects of important parameters under study on velocity profiles in

X —direction and in z — direction, on temperature and on induced magnetic field. These results
are presented graphically in figures 5.11 to 5.42 . First, numerical results are presented and a
detailed discussion done on impact of flow parameters such as magnetic parameter M ,

unsteadiness parameter A, Hall current parameter m Casson fluid parameter g ,radiation
parameter Nr, Prandtl number Pr,temperature ratio parameter tr ,magnetic parameter number
Pr_and local Reynolds number Re, . The results are obtained using the following parameter

values;
A=1,M =6, m=01, p=0.3 N, =2, Pr=10,tr=1,Pr, =05, Re, =3

5.1 Effects of variation of magnetic parameter M on velocity, temperature and
induced magnetic field profiles.
The effect of magnetic parameter on fluid velocity in X —direction is presented in figure 5.11.

As evident from the graph, an increase in the magnetic parameter leads to a decrease in the fluid
flow in the X —direction within the boundary layer region. This is because applied magnetic field

generates resistance inside the flow field hence the higher the value of M the less the velocity

f'().

Figure 5.12 shows the effects of magnetic parameter M on profile of the fluid in z — direction.
Two distinct behaviors are observed on increasing the magnetic parameter M . Initially, near the
surface inside the boundary layer region, the secondary velocity profile first increases with
increase in magnetic parameter. This is because the fluid flow is induced by the stretching of the

sheet and the fluid being viscous, it will move with the stretching sheet until the Lorentz force
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sufficiently increases to cause a decline in the fluid velocity. Further away from the boundary
layer, the secondary velocity profile decelerates as magnetic parameter M increases. As

magnetic parameter increases, Lorentz force also increases. This shows that eventually,

resistance is generated leading to decreased in velocity g(n) as magnetic parameter increases.

The effects of magnetic parameter M on temperature profile 8 is presented on figure 5.13. It
shows that increasing the magnetic parameter M leads to corresponding increase in fluid
temperature profile 8. An increase of magnetic parameter leads to decrease in fluid velocity
which in turn compromises heat transfer, hence the temperature rises in the boundary layer as

magnetic parameter increases.

Figure 5.14 shows the effect of magnetic parameter M on induced magnetic field profile h’(n). It

is evident that near the surface inside the boundary layer region, induced magnetic profile does
not change with increase in magnetic parameter M . Further away from the surface induced
magnetic field profile increased with magnetic parameter M . As the primary and secondary
velocity profiles decelerates, for an electrically conducting fluid then as the field stretches more

magnetic field was induced as magnetic parameter M increased.
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Ll

Figure5.11: Effect of magnetic parameter M on velocity profile in x —direction.
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Figure 5.12 Effect of magnetic parameter M on velocity profile in Z — direction.
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t (n)

Figure 5.14 effect of magnetic parameter M on induced magnetic field profile

M =14,7 A=012 Nr=124 B=0.10.2,04 m=124

pr=071  tr=012 pr. =0.1,0.204  Re=1510
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5.2 Effects of variation of Casson parameter g on velocity, temperature 6 and

induced magnetic field profiles.
Effects of Casson parameter on profile of fluid primary velocity are shown in figure 5.15. It is

evident from the graph that increasing the value of the Casson parameter g inthe X-direction

decelerates primary velocity within the boundary layer region. In turn, the boundary layer
thickness decreases. This shows an increase in the Casson parameter (decreasing yield stress).

makes the fluid behave as a Newtonian fluid since B measures the yield stress. This behavior

causes stabilization effect.

Figure 5.16 shows how variation of Casson parameter g3 affects the secondary velocity profile

of the fluid. Initially, inside the boundary layer region near the stretching surface, increasing the
Casson parameter causes an increase in the profile of the secondary velocity. Away from the

stretching surface, increasing the Casson parameter 4 causes a decrease in secondary velocity.

This shows that the boundary layer thickness decreases. Decrease in secondary velocity therefore

causes stabilization effect in the flow of the fluid due to the resistance generated.

Figure 5.17 shows the effects of Casson parameter 4 on the fluid temperature &. The
temperature of the fluid increases with increase in casson parameter 3. Due to decrease in

primary and secondary velocity, then the fluid temperature increases as the casson parameter

increases.

The variation of Casson parameter £ on induced magnetic field h'is shown in figure 5.18. It

shows that increase in Casson parameter accelerates induced magnetic field.
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Figure 5.15 Effects of Casson parameter g on fluid velocity profile in X -direction.
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Figure 5.16: effects of casson parameter g on fluid velocity profile in z — direction.
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n

Figure 5.17 effects of casson parameter s on fluid temperature 6

N

Figure 5.18: effects of casson parameter g on induced magnetic field h’

M =14,7 A=012 Nr=124 B=0.10.2,04 m=124

pr=0.71 tr=012 pr, =0.1,0.2,0.4 Re =1510
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5.3 Effects of Hall current parameter m on fluid velocity profile in x-and z -
directions, fluid temperature 6 and induced magnetic field h’
The figure 5.19 shows effects of variation of Hall current parameter m on fluid velocity profile

in X -direction. Evidently, changes in the Hall current parameter have little effect on fluid
primary velocity. Increase in the Hall current parameter m leads to increase in primary velocity.

Notably, Hall current is caused by presence of magnetic field B, for electrically conducting

Casson fluid.

Effects of variation of Hall current parameter m on secondary velocity is shown in figure 5.20.
Increase in Hall current parameter m causes a significant increase in fluid velocity in z —
direction. Since in this case Hall current arises due to MHD casson fluid flowing normally in a

magnetic field, then increase in magnetic field leads to increase in Hall effect.

Figure 5.21 shows effect of variation of Hall current parameter m on the fluid temperature 6.

From the graph, the fluid temperature 6 decreases with increase in Hall current.

Figure 5.22 shows effects of hall current m on induced magnetic fieldh’.

For a fixed, increase in Hall current causes a decrease in induced magnetic field.



49

Figure 5.19: Effects of Hall current parameter m on fluid velocity profile in X -direction.
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Figure 5.20: effects of Hall current parameter on fluid velocity in z — direction.
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Figure 5.22: Effects of variation of Hall current parameter m on induced magnetic field h’

M =14,7 A=012 Nr=124 B=0.1,0.2,04 m=124

pr=0.71 tr=012 pr, =0.1,0.2,0.4 Re =1510
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5.4 Effects of unsteadiness parameter A on fluid velocity profile in x-and z -
directions, fluid temperature 6 and induced magnetic field h’
Effects of variation of the unsteadiness parameter A on velocity profile in the X —direction is

shown in figure 5.23. As seen in the figure, the unsteadiness parameter A has very marginal
effect on velocity profile in the X —direction. This marginal effect is an initial decrease in
velocity as steadiness parameter increases implying reduction of thickness of the momentum

boundary layer near the wall in the X —direction. At » = 3, away from the wall, increase in

unsteadiness parameter causes increase in primary velocity. This shows steady flow is eventually

achieved at A=0.

Figure 5.24 shows effect of the unsteadiness parameter in the z — direction. Like in the X —
direction, the unsteadiness parameter A has very marginal effect on secondary velocity. The
secondary velocity decrease marginally with increase in unsteadiness parameter A. This shows
there is also decrease in momentum boundary layer thickness in this direction near the wall. At
around 7 = 5 away from the wall, secondary velocity increases with increase in unsteadiness
parameter implying both secondary field and corresponding boundary layer also increases with

increase in unsteadiness parameter.

The effect of unsteadiness parameter A on fluid temperature @ is depicted in figure 5.25. As
seen in the figure, temperature & increases with increase in unsteadiness parameter A. As the
unsteadiness parameter increases, more heat is transferred from the sheet to the plate. This causes

increase in thermal boundary layer thickness.

Figure 5.26 shows the effect of the unsteadiness parameter A on induced magnetic fieldh'.

It shows that the induced magnetic field h'increases with the unsteadiness parameter A.
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Figure 5.23: Effect of unsteadiness parameter A on fluid velocity profile in X —direction
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Figure 5.24: Effect of unsteadiness parameter Aon the fluid velocity profile in z —

direction
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Figure 5.25: Effect of unsteadiness parameter Aon the fluid temperatured.

Figure 5.26: Effect of unsteadiness parameter Aon the induced magnetic field h’

M =14,7 A=012 Nr=124 B=0.1,0.2,04 m=124

pr=0.71 tr =012 pr, =0.1,0.2,0.4 Re =1510
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5.5 Effects of radiation parameter N, fluid on velocity profiles f’and g, fluid
temperature 8 and induced magnetic fieldh'.
Figures 5.27 and 5.28 shows the radiation parameter N, has no effect on both primary and

secondary velocity profiles and therefore is negligible.
The effect of radiation parameter on fluid temperature € is captured in figure 5.29.

Notably, as the radiation parameter N, is increased, the temperature of the fluid is found to

*

decrease within the boundary layer region. This agrees by its definition, Nr = 4;'%3 such that
O

there will be increase in radiation parameter when ambient temperature decreases. Furthermore
Since impact of radiation is inversely proportional to radiation parameter N, , then we can

conclude that increase in thermal radiation causes increase in temperature of the fluid given that

decrease in radiation parameter N, corresponds to increase in radiation and vice versa.

Figure 5.30 shows that radiation parameter has no effect on induced magnetic field h'and

therefore is negligible.
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Figure.5.27 effects of radiation parameter N, on velocity profile in the X —direction.
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Figure.5.28 effects of radiation parameter N, on velocity profile in the z — direction.
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n

5.29 effects of radiation parameter N, on fluid temperature 6.

5.30 Effects of radiation parameter N, on induced magnetic field h’'

M =147 A=012 Nr=2124 B=0.1,0.2,0.4 m=124

pr=0.71 tr =012 pr, =0.1,0.2,0.4 Re =1,510
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5.6 Effects of temperature ratio parameter tr on velocity profiles ' and g, fluid

temperature 6 and induced magnetic field h'
Figures 5.31 and 5.32 show that the temperature ratio parameter tr has no effect on both

primary and secondary velocity and are negligible.

From figure 5.33, it is evident that increase in the temperature parameter tr causes the fluid

temperature to increase. By definition, Temperature ratio parameter tr is the ratio of fluid

T
temperature at the surface to fluid temperature beyond boundary layer region; that is tr = T_W

[24

This shows that temperature of the fluid becomes less as you move from the surface into the

fluid beyond boundary layer region.

Figure 5.34 shows that the temperature ratio parameter tr has no effect on induced magnetic

field and can be considered negligible.

Figure 5.31.Effects of temperature ratio parameter tr on velocity profile in the X —

direction
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Figure 5.32 Effects of temperature ratio parameter tr on velocity profile in the z —

direction.

n

Figure 5.33: Effects of temperature ratio tr parameter on fluid temperature 6.



59

Ui

Figure 5.34. Effects of temperature ratio tr parameter on induced magnetic field h’

M =14,7 A=012 Nr=124 B=0.10.2,04 m=124

pr=071  tr=012 pr. =0.1,0.204  Re=1510



60

5.7 Effects of magnetic Prandtl number pr, on velocity profiles f'and g, fluid

temperature 6 and induced magnetic field h'.
Magnetic Prandtl number pr, has no effect on primary velocity profile as shown in figure 5.35.

It is however seen to reduce the secondary velocity of the fluid in near boundary layer region as
depicted in figure 5.36. This is attributed to the limited magnetic diffusion rate which in turn

causes the viscous effects to dominate the flow.

As shown in figure 5.37, magnetic Prandtl number pr,, is found to have no effect on the fluid

temperature & and is therefore considered negligible.

Figure 5.38 shows there is decrease in induced magnetic field as magnetic Prandtl number pr,

increases. This may indicate that induced magnetic flux arises in the z — direction into the

boundary layer and traverses into the plate. Notably, the values picked for magnetic Prandtl

number pr,, are less than unity and since by definition, pr,, = Y thenit implies that the
n

magnetic diffusion rate is higher than viscous diffusion rate.
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Figure 5.35. Effects of magnetic Prandtl number pr, on velocity profiles in X —direction
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Figure 5.36. Effects of magnetic Prandtl number pr,, on velocity profiles in z — direction
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n

Figure 5.37. Effects of magnetic Prandtl number pr, on fluid temperature 6

Pr =0.1
m

5.38: Effects of magnetic Prandtl number pr, on induced magnetic field h’

M =14,7 A=012 Nr=12,4 B=0.10.2,04 m=124

pr=0.71 tr=012 pr, =0.1,0.2,0.4 Re=1510
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5.8 Effects of local Reynolds number Re, on fluid velocity profiles f’and g, fluid
temperature @, and induced magnetic field h'.
From figure 5.39, Reynolds number Re, has no effect on primary velocity but is found to have a

decreasing effect on the secondary velocity. An increase in Reynolds number causes the

secondary velocity to decrease as seen in figure 5.40. Due to the transverse magnetic field B,

applied to the fluid, there is generation of resistive Lorentz force than reduces the secondary
momentum boundary layer thickness. This therefore reduces the secondary velocity of the fluid

near the wall.

The local Reynolds number is found to have no effect on the fluid temperature profile &as seen

in figure 5.41.

From figure 5.42, increasing local Reynolds number Re, leads to decrease in induced magnetic

field h'.

0.8t

0.6

f'(n)

04 ¢t

0.2}

Figure 5.39. Effects of local Reynolds number Re, fluid on velocity profiles in X — direction
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Re=1
Re=5
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Figure 5.40 Effects of local Reynolds number Re, on fluid velocity profiles in z — direction

N

Figure 5.41 Effects of Reynolds number Re, on fluid temperature 6
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n

Figure 5.42 Effects of local Reynolds number Re, on induced magnetic field h’'
M =147 A=012 Nr=124 B =0.1,0.2,0.4 m=12,4

pr=0.71 tr =012 pr, =0.1,0.2,0.4 Re =1510

5.90. Conclusion
Combined effects of induced magnetic field, Hall current, and radiative heat on a 3-D time

dependent unsteady hydro-magnetic Casson fluid flow along a stretching sheet are investigated.



66

The flow model is comprised of highly non-linear PDEs. Similarity transformation is done to
convert the PDEs to ODEs in order to adequately represent the boundary layer. Lastly, a
numerical approach known as collocation method is used to solve these ODEs. Analysis of
effects of parameters such as Hall current parameter, Magnetic parameter, Casson parameter,
Unsteadiness parameter, Radiation parameter, Magnetic parameter, Reynolds number and
magnetic Prandtl number on velocity fluid profiles, temperature and induced magnetic field is
done and presented graphically. The following conclusions are therefore drawn from the

numerical investigation done.

1) The momentum boundary layer thickness increases with increase in Hall current
parameter but decreased with increase in Casson parameter and magnetic parameter.

i) Magnetic Prandtl number and Reynolds number are decreasing functions of
secondary velocity but have no impact on primary velocity

iii) Increase in magnetic parameter and Casson parameter increases induced magnetic
field whereas Prandtl number and Reynolds number decreases induced magnetic
field.

iv) Thermal boundary layer thickness is enhanced by Casson parameter and magnetic

parameter but is reduced by Hall current parameter.
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5.91 recommendations for further research
1. In future, a study on effects of Hall current, thermal radiation and induced

magnetic field on MHD flow of a Casson fluid along a stretching/shrinking wedge
can be studied.

2. In this study, fluid of interest is non-Newtonian Casson fluid. In future, effects of
Hall current, thermal radiation and induced magnetic field on unsteady micropolar

fluid can be studied.
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