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ABSTRACT

The purpose of our study is to get a solution to the Cauchy problem of:
(1) The wave equation in n-dimension space R” which is effectively a good example of
regular Cauchy problems
(ii)  The Euler Poisson Darboux equation which we call singular Cauchy problem by
use of Riemann’s method.
The Riemann-Green function for each case is calculated, which enables us to evaluate any
solution at a point by the Cauchy data on a non-characteristic curve.

In case (1) the Riemann-Green function is in terms of Legendre polynomial and the solution
obtained is shown to solve the wave equation as well.

In case (ii) the Riemann-Green function written in terms of the Appell’s hyper geometric
function of two variables is arrived at, this is of interest and may be a good model for a more
general theory.

A discussion of the generalized singular Cauchy problem of Euler-Poisson-Darboux equation
is included and found to have solution that is continuous and analytic over the interval that
contains the singular point.
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CHAPTER ONE

§ 1.0 Introduction
The purpose of this chapter is to define and explain the terminologies that will be used

throughout the manuscript.

§ 1.1 Notations and definitions

Manifolds: curves, surfaces and hyper surfaces.

Any consideration of a partial deferential equation draws heavily upon geometrical concepts.
Thus we explain certain terms related to geometrical structures in a Euclidean n-space.

In the xy-plane a curve is replaced by a parametric equation x = x(¢), y = y(t);a <t <b where
x(t), y(¢) are continuous functions of a real parameters. In a special case the parameter may be
arc lengths. The parametric representations of a given curve are not unique.

InR’equations x = x(¢), y = y(t),z = z(t) denote a space curve. The basic idea of a space curve is
that of a twisted wire which can be unwounded into the shape of a linear interval.

In the three -dimensional space R’, a surface may be represented by two parameters u,v as

x=x(u,v),y=y(u,v),z=z(uv)

o(xy) .. o2,
d(u,v) 0: d(u,v) ¢

provided

Acurve x,=x/(1)(i=12,.,n),a<t<b inn-spaceis calleda c” curve if eachx, (t)ec”".
In general if m < n, then for real independent parameterss,, s,,..., s, , the equations

;=;(sl,s2,...,s") ie. x,=x(s,5,,..,5,) (i=12,.,n) (1.1.1)



represent a geometrical structure called an m-dimensional manifold or surface in the n-space.

If m=n-1, the manifold is called a hyper surface. A curve is a one-dimensional manifold.
If,} e R", then the equation

a(x,x)+2b(x)+c=0 (1.1.2)
is called a quadratic hyper surface, where a(;,}) is a quadratic form, b(;) is a linear form and ¢

is a constant. If the running coordinates of a point x are X, %,y,..., X, , then (1.1.2) can be written

in the form
> axx;+2> bx+c=0; i,j=1 (1.1.3)
ij i=1

In our work we shall designate a quadratic hyper surface simply as a surface.
The canonical form

i+ +xi=r"
is the equation of a sphere center origin and radius r . The equation

"’ i 2

x-d =(x-a) +.+(x,-a)=r

1s the sphere with radius r and center a= (al,az,...,a" )

An ordinary differential equation is supposed to be defined on interval I. On the same lines

solutions of partial differential equations are defined in a region T. For example, T is an n-
dimensional region in the n-space R" for the Lap lace’s equation and S = (x1 R . 4 ) . For the
wave and diffusion equation T is an (7+1) -dimensional region of n-space coordinates

X, X,,...,X, and one time coordinate t.

-



A pointP(Z) is said to be interior to a region T if it id possible to draw a sphere

Y. (x-q, )2 =r? such thatall pointsx=(x,x,,..,x,) for which > (x-q )2 <r? belongto T.
Pis called an exterior point of T if there exists a sphere centered at p none of whose interior
points belong to T. If every sphere about p contains both interior and exterior points, then P is
called a boundary point of T. The set of all boundary points of T is called the boundary of T and
is denoted by T . The set of all points in T andd7 , denoted by T =T LT is called the
closure of T. A region T is called open if all its points are interior points.

Aregion T is called bounded if it can be contained in the interior of a ball of finite radius. T is
said to be convex (or connected or arc wise connected) if any two points of T can be joined by an
arc of a curve all of whose points belong to T. An open connected region is called a domain.

A region is called simply connected if every closed curve lying in the region can be shrunk
continuously to a point without leaving the region. As an example, a ball of finite radius is a

bounded simply connected region.

§ 1.2 Measures and Integrals

The integral of a function f over a subset QQ of R” with respect to Lebesgue measure will be

denoted by I f (x)dx or simply byI /. If no subscript occurs on the integral sign, the region of
Q Q

integration is understood to be R” . If S is a smooth hyper surface the natural Euclidean surface

measure on S will be denoted by do ; thus the integral of / over S isj f(xMo(x).
S

§ 1.3 Multi-indices and Derivatives

Ann-tuple a = (al,...,an) of nonnegative integers will be called a multi-index. We define

-



n

_ = n a_ o L a

la|= E o,..a'=q'!a!. aandfor xeR", x*=x"x7". x".
1

We will generally use the short hand 0, = % " for derivatives onR"”. Higher-order derivatives
J

are then conveniently expressed by multi-indices

= 8 il
F=lll ==
H(axj }I’ ox...ox

In particular if a =0,0” is the identity operator. We denote by Vu the n-tuple of functions

( ou,...,0,u) when u is a differential function.

§ 1.4 Results from Advanced Calculus

Every x € R"\ {0} can be written uniquely as x=ry with >0 and ye S, (0)-namely,
r=|x| Andy=x/|x|. The formula x=ry is called the polar coordinate representation of x.
Lebesgue measure is given in polar coordinates by dx =r""drdo(y), where do is surface

measure on S, (0).

For example if O0<a<b<o and A€R , we have

bn+1 _ o ntA -
y hd, w"—_—n+/l , ifA#-n
I [xldx= .[Lr" dr= .
a<jxj<b 5,(0) o, ]og(-—) ifA=-n
a

where - @, is the area of S, (0) (which we shall compute shortly).



Proposition

| e ax=1.

Proof; Let I, = J‘ e . Since e"”42=n;’e"l’4’ :

s
Fubini’s theorem shows that 7, =(1;)" or equivalently that7, = (7, )'/2 . But in polar coordinates

2x

I, = J' ]ze""zrdrdé? 2= 27r]°re"zdr = ﬂ]oe""ds =1,
00 0 0

Proposition

The area of S,(0) in R” is

o, =277 / r(%)

Proof: We integrate ™ in polar coordinates and set s = 77?

1= J'e_"wdxz I I:e'"zr"'ldr

Si0)

«©
=, _[0 e " dr

= a)" ‘[w e‘ss(aé)_lds

n/

2”/2 0

= 7
27['}2

where

I'(s)= '[: e”'t*'dt (Gamma function); Res >0 and

[(s+1)=sT(s), T(1)=1 T(})=vz



§ 1.5 Basic Concepts on Partial Differential Equations of Order-k

A partial differential equation of order k is an equation of the form

F(x, u,0,u,...,0,u, afu,...,af,u) =0
Relating a function u of the variable x € R"and its derivatives of order< k. To write the
equation a more compact form, we order the set of multi-indices by saying that & comes before 8

if [a| <|B| or |a| =|p| and «, < B where i is the largest number withe, # f3,. Given complex
numbersa, (|x| < k) ; we denote by (a, )lal , the element of C*™ given by ordering the a's in
this fashion, where N (k) is the cardinality of {a |a| < k}. Similarly, if S ¢ {a e < k} , We

can consider the ordered (Cards)-tuple (a, )

Now let Q2 be an open set in R"”and let F be a function of the variables x € Q and

(ua )atsk e C™ . Then we can form the partial differential equation

F{x,(aau)isgsk}=0 (1.5.1)

A (complex-valued) function u=u(x) onQ is a classical solution of this equation if the

e|<k

derivatives 6w occurring in the F existon Q,and F {x,(a“u) }= 0 forall xeQ.

The equation (1.4) is called linear if F is a linear function of the vector variable (u, )lalsk ie. if

(1.5.1) can be re- written as

Y ay(x)eu=f(x) (1.5.2)

|a|<k



In this case we speak of the differential operator L = Z |a|skaa6" and write (1.5.2) simply

asLu = f . More general than the linear equations are the quasi-linear equations, those equations

(1.1.1) where F is a linear function of| (ua )ial= , - Such equations can be written as

Y a, {x,(a"’u)lﬁ'sk_1 }a“u =b {x,(aﬂu)wg_l} (15.3)

|aj=k
In the linear case a simple measure of the ‘strength’ of a differential operator in a certain

direction is provided by the notion of the characteristics. If L= Z a,0% 1is a linear differential
|alsk

operator of order K Q — R”, its characteristic form at x € Q is the homogeneous polynomials

of degree £ on R"defined by

zL[x,§]=|Z a,(x)¢ (¢er")

Bi=k

A nonzero vector ¢ is called characteristic for L at x if yZ(x,&)=0 and the set of all such &

is called the characteristic variety of L atx and is denoted by Char, (L):

Char,(L)={&#0: yL(x,&)=0}

A hyper surface S is called characteristic for L at x €S if the normal vector v(x) to S at

x isin  Char, (L) ,and S is called non-characteristic if it is not characteristic at any point.



CHAPTER TWO

§20 LITERATURE REVIEW

The solution of the Cauchy problem

Au= 6,2u+§6,u (2.0.1)

u(x,%,,...,%,,0) = f(x,%,,...x, ), u(x,%,,...,%,,0)=0 (2.0.2)

is partially motivated by problem in physics, geometry, applied mathematics etc.
Equation (2.0.1) for special values of £ and m, occurs in many important and classical

problems since the time of Euler (1770). He considered m =1 and a partial differential equation
{denoted by E(3,8’) by Darboux (1914-15) which is equivalent to (2.0.1) when S = ' = % .

The equation (2.0.1) with m =1 was later treated by Poisson (1823). An exposition of the theory

of Euler (1770) and Poison (1823) is given by Darboux (1914-15).These treatments were not
considered with the singular initial values (2.0.2). The important special case m=1, k =% of

(2.0.1) - (2.0.2) plays an important role in the work of Tricomi (1923).

Poisson (1823), in solving the equation of the propagation of sound waves in 3-dimensional
space considered the case m=3, k=2 in(2.0.1). Asgeirsson (1937) gave a solution of (2.0.1) -
(2.0.2) for all positive integers m and k = m—1. Related questions were treated by John (1934,
1935). Equation (2.0.1) form=1, k=-1,-2,-3,...,... appears in the work of Martin (1951) and
Diaz and Martin (1952).

Kapilevic (1952) has given solutions of (2.0.1) - (2.0.2) for m=1,2 and0 < k£ <1. The most
frequently discussed special case of (2.0.1) is, of course k = 0, the wave equation. All these

various cases were treated by special methods. A unified solution of (2.0.1) - (2.0.2) for all



values of k£ was given by Weinstein (1954), by a combination of generalized method of descent

with a recurrence formula. For the cases k =-1,-3,..., Weinstein assumed that u(x,t) satisfies

certain differentiability conditions; he found that a solution exists only if the initial value

function f(x) isa polyharmonic function of order(1-%)/2.

The paper of Diaz and Weinberger (1952) contains another solution of the problem of (2.0.1) -

(2.0.2), for all values of £ . They found a solution of arbitrary f (x) for the exceptional values
k=-1,-3,..,
The ¢ derivatives of order 1-£ of the solution is logarithmic at 7=0 when f(x) is not

polyharmonic of order(1-£)/2. Their attention was drawn to this behavior by the example

u=x"+t"logt Fork=-1,m=1.

Diaz and Weinberger (1953) employed Hadamard’s (1923) “methods of descent™ to obtain
solutions of

(2.0.1)-(2.0.2), for k=m,m+1,m+2,..., from the known solution for k = m—1. They directly
verified that the resulting formula gives a solution of the problem for any k& withRek>m—-1.
This part is in common with Weistein (1952). However the definite integral, in terms of which
the solution is expressed forRek > m—1, is divergent for £ <m—1. They analytically continued
the integral in & and verified that the resulting formula did indeed furnished a solution of (2.0.1)
-(2.0.2) for k <m-—1with the exception of & =-1,-3,....The results of the equations (2.0.1) -
(2.0.2) may be summarized as follows;

(1) If k=m-1, the solutions as given explicitly by Arsgeirsson(1936) is

-



u(x,t)=wi ji#:l... [f(x+at)do, (2.0.3)

where u(x,0)=u(x,%,,...%,.t), a=a+a,+.+a,
w,=27"?|T(m/2) is the case of the m-dimensional unit sphere.

(i) If k>m-1, the solution was obtained by Weinstein (1952) and is given as

k-m-1)/2

u(x,1) =%:1;11 g pa £ (s ar)(1-a? )\ da (2.0.4)

where a=o+a,+..+¢a, da=da,da,,....da,.
(i) For k<m-1but k=-1,-3,-5,... Weinstein (1954) improving on his results of 1952,

obtained the solution

u(x,t) = ( 0 j” [tk+2n-lu(k+2n) (.x,t):' (2.0.5)

1o

where n is a positive integer chosen such that k+2n>m-1 and #**" is given by (2.0.3)

or (2.0.4)with f replacedby f/(k+1)(k+3)...(k+2n-1).

The solution of the Cauchy problem is unique for k>0 where as for £ <0 it is not unique as
indicated by Weinstein (1952). In particular, the solution for the exceptional values is not
unique.

Blum (1954) obtained by essentially different methods another solution for the exceptional cases.
His solution differs from the solution of Weinstein (1954) in that it is given as an explicit

formula and has further advantage that the function £ is required to have fewer continuous

derivatives namely, it is sufficient for 7 to have derivatives of order at least(m—k +3)/2.

10
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Weinstein (1954) studied the mixed type partial differential equations in the theory of transonic
flow. The best known equation of this kind is the Tricomi equation which occurs in hodograph
method for plane flows of comprehensible fluids. In its normal form, Tricomi’s equation is

related to the generalized axially symmetrical potential theory (GASPT), and to the hyperbolic

(EPD) equation.

An exposition of GASPT has been given by Weinstein (1953) and Gilbert (1969) amongst

others.

Using Chaplygin’s notation, the Tricomi equation may be written in the form

o?,+¥,=0 (2.0.6)
where ¥ denote the stream function. For o > 0 the equation is elliptic. Foro <0, it is

hyperbolic.

A problem of great importance in connection with Tricomi’s equation is the determination of

a fundamental solution in the large , that is a solution defined in the entire" @, 0 -plane and
having a logarithmic singularity at one point in the elliptic half-plane (o >0),say 6=0,
o=5>0.

Weinstein (1955) determined such as solution by first obtaining a closed formula foro > 0. Then

he used the data given by the formula on o =0 as Cauchy data to determine the continuation of
his entire hyperbolic half-plane (o <0).

Weinstein (1955) introduced the variables
x=0, g=230'% ; 0>0

that reduces (2.0.6) to the normal form

-
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1
2
6iu+6yu+§—)—’6yu =0 (2.0.7)

whose generalization is the GASPT equation

62u+62u+£6 u=0 (2.0.8)
=i oy ?

For o <0 , introducing the variables

x=0, 1=%(-0)" (2.0.9)

he obtained the normal form
Olu- afu-la,u =1 (2.0.10)
3t
whose generalization is the EPD equation

Zaiu-afu-éa,wo ‘ (2.0.11)

i=l
for u(x,..,x,,y)and u(x,...,x,,t) respectively in (2.0.8) and (2.0.11).

Weinstein(1957) made an observation that mean value of a sufficiently smooth function 1is the
solution of a singular Cauchy problem for the hyperbolic EPD equation with a special

positive value of the index.

Motivated by this observation he solved the singular Cauchy problem for an EPD equation with
non-negative index. He investigated the properties of solution of the Cauchy problem under the
assumption that the initial data satisfies a differential equation of the Helmoholtz type.

To obtain the minimum and convexity properties of the solution he assumed the initial data to be
subharmonic. The main tool of investigation was the transformation of the EPD equation into a

generalized Tricomi equation in several variables. He noted that while the original Tricomi

12



equation had found its main applications in gas dynamics the same equation and its
generalizations to several variables can be used in the theory of subharmonic functions.

Fox (1959) studied a Singular Cauchy Problem for a hyperbolic partial differential equation in
m+1 variables. The classical problem in this domain is that for the EPD equation, which in its
full generality has been investigated extensively since the appearance of Weinstein (1952).

His equation

6?u+§6,u—2(aiu +ﬁ2u]s L(u)=0 (2.0.12)
i=1 X

where £ and A, are real or complex parameters restricted to two variables, goes back to the
Euler and Darboux. Stellmacher (1955), without connection with earlier studies, investigating
Huygens principle, found for (2.0.12) the fundamental solution and thus; in principle, solved the

regular Cauchy problem.

In (2.0.12) Fox (1959) excludes the exceptional values k& =-1,-3,-5,... thé Singular Cauchy

Problem in (2.0.12) corresponds to the initial data (2.0.2).

The differential equation in the form considered by Stellmacher (1955), is obtained from (2.0.12)

k
by putting, u=v¢ 2. For A =0 for every 7 (2.0.12)-(2.0.2) reduces to EPD equation. Assuming

that for each, i, |x,|> || > 0 ,the right hand sum is a regular analytic elliptic differential operator

X (u) ,and therefore (2.0.12) belongs to the class of singular hyperbolic equations considered by

Bureau (1955). Bureau (1955) developed a solution for the singular Cauchy problem that
generalizes Weinstein (1952) for the EPD equation, but it is valid only in the small and had the
character of an existence theorem rather than that of an explicit solution. He did not examine

features such as differentiability conditions, uniqueness, and Huygens’s principle.

-



Fox (1959) gives an explicit solution in the large of the Singular Cauchy Problem (2.0.12)-

(2.0.2) in the domain’x, > ez O\ . He determines the exact range of the parameter k£ for which

the solution is given by an integral operator. For all other non-exceptional values of & he
obtained the solution by means of a recursive procedure which gives the analytic continuation in
k of the integral. The question of uniqueness was extensively treated by means of techniques of
Zaremba (1915), Fredrichs’ and Lewy (1928), the generality achieved being the same as that
obtained by Walter (1957) for the EPD equation. Fox (1959) shows that the equation (2.0.12)
admits several useful transformations associated with Weinstein’s (1957) correspondence
principle.

Carroll (1961) proves the existence and uniqueness for some generalized EPD equations and
growth and convexity properties of the solutions were studied for multiply, subharmonic, initial
values. Solutions of EPD equatins due to Carroll case presented in a separa'fed locally convex
space E. :

Diaz and Kiwan (1966) remarked on the publication of Diaz and Ludford (1956), for obtaining a
solution for all values of the time, to the Singular Cauchy Problem for the EPD equation for

values of the parameter £ > m—1. They verified directly that a certain multiple integral involving
the initial value function f(x,,x,....,x,) provides a solution to the problem. Their treatment is a
modification of an argument due to Weinstein (1953). Weinstein’s proof requires that f be of

class C* while Diaz and Ludford (1955) discussion requires only that f be of class C*.
Carroll (1976) developed in the context of general harmonic analysis on certain symmetric
spaces that had a far reaching extension of the classical theory of EPD equations. Fusaro (1966)

obtained a series solution of the singular, mixed EPD problem (2.0.1)-(2.0.2)

-
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withu(x,r)=u(7,t)=0;0<1, by elementary means and series solution reduced to a closed
form. He showed that the solution obtained is unique. He expressed the solution as the mean
value of the initial datum £, taking the form of the known solution of the initial value problem

(2.0.1)-(2.0.2). He finally discussed the physical interpretation and a regular mixed problem.

Fujiie’ (1993a, 1993b, and 1997) discussed the equation of the type

afu—6§u+p7+q6,u—¥6xu = (2.0.14)

which referred to as Fuchsian equation (Baouendi, 1973, Tahara 1979) with respect to the

hypersurface {r =0} . This equation may be reduced to the EPD equation

&% u— fna§u+§f’naﬂu=o (2.0.15)

ifwelet x=¢&+n andr=¢-7. Wenote that u=(&—-a)”’ (n-a)” isa solution of (2.0.15),
where ‘a’ is a parameter. Fujiie’ (1993a, 1993b, 1997) studies were in the space of holomorphic

functions.

His aim was to determine the singularities of the solution obtained by the holomorphic data. The
problem has no analogy in the theory of ordinary differential equations and in the theory of
partial differential equations it plays a fundamental role because the singularities do not depend

on data.

Dernek (2002) determined the solution of the generalized and equation
[6f+(mt+?)a,)u—Axu=O (2.0.16)

subject to (2.0.2 by determining a series that is continuous and absolutely convergent over some

suitable interval.

15



Iyaya (2004) discussed the problem
(af+?a,—a§—faxju=o (2.0.17)
x

that is characteristic on the hyper planes =0 and x=0.

§2.1 STATEMENT OF THE PROBLEM

We wish to solve (i) a Cauchy Problem for wave equation (ii) Singular Cauchy Problem of EPD
equation by the Riemann’s method that has not featured in any of the literature cited. We shall as
well discuss the generalized singular Cauchy problem due to Dernek (2002) first by taking the
Fourier transform in the space coordinate where certain properties of the Fourier transform are
assumed. An integral differential equation is obtained on some suitable interval and a series

solution is obtained which is continuous and analytic over the interval that contains the

singularity.

§ 2.2 OBJECTIVES OF THE STUDY

(1) To solve Euler-Poisson-Darboux equations by Riemann’s Method.

(11) Get a generalized solution of EPD equation in the space of tempered distributions where
Trace Theorem has to be employed along the boundary. By using such a fine space, the model

represents almost an ideal state of the phenomena under study.

16



CHAPTER THREE

§ 3.0 THE GENERAL CAUCHY PROBLEM

§ 3.1 Introduction

In this section we discuss the general Cauchy problem, existence and uniqueness of solution. We
determine the solution of the general Cauchy problem which is the wave equation we obtain the
D'Alemberts solution for one-dimension homogeneous case which is unique and depends
continuously on the data prescribed. For dimension »n>1, we apply method of Spherical means
to get solution for » odd is got by reducing the n —dimensional wave equation to 1-dimensional
so that solution obtained is the D’ Alemberts and on unraveling the transformations used a
solution is written. Forn>1 and even, a "'method of descend” is deployed to solve Cauchy
problem.

We look at the general £ th order equation
F{x,(a “)1,,,“} =0 (3.1.1)

where F is always assumed to be (at least) C'.

Let S be a hypersurface of classC*. If u isa C*™ function defined near S, the quantities
u,0,u,...,0- 'uon S are called the Cauchy data of « on s; where 8, is the normal derivative on a
neighbourhood of S. The Cauchy problem is to solve (3.1) when the Cauchy data of »z on S are
pre-assigned.

We shall assume all our considerations to be restricted to a neighbourhood of a given point on S

.We thus assume that a change of coordinates has been made so that S contains the origin and,

near the origin, coincides with the hyperplane x, =0. We can then make a slight change in the
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notation. We shall consider R” as RH XIR and denote the coordinate by (x,t)
where x =(x,,...,x,_, ). Derivatives with respect to x variables will be denoted by a7, w
herea =(a,,...,a,_, ), and derivatives with respect to ¢ will be denoted by ;. We can then

restate Cauchy problem as follows: Given functionsg,,...,4, , of x, solve

F(x,t,(a:a{u)]al j< k): 0 (3.1.2)
8/u(x,0)=¢,(x) (0<j<k). (3.1.3)

We observe that if « is a function of class C” withr > k, then the Cauchy data {¢j}determine
all derivatives 028/u on S with j <k and|a|+ j<r; in fact

d;0/u(x,0)=0¢,(x)

Hence the only quantity in the differential equation (3.1.2-3.1.3) which is unknown on S is d'u
In order for the Cauchy problem to be well posed, we must assume that the equation
F =0 can be solved ford\u.

In the linear case,

F{x,t,(azafu)la|+jsk} = > a,,(x1)0%0u-f(x1),

|al+jsk
this assumption means that S is non-characteristic. Indeed, “S is non-characteristic” means that

ay; (x,0) % 0, hence by continuity a,, (x,¢)#0, for smallz, and we can solve for dfu:

18



6fu=(a0,‘)'l|: Z aajafafu—fj|

|a| <k, j<k
If this condition is not satisfied then the solution obtained fails to be unique as by the examples

mentioned below.

(i) The line #=0 is characteristic for the equation 8 0,u=0inR?. If u is a solution of this
equation with u(x,0)=¢,(x) and d,u(x,0)=4¢,(x), we must haved.¢, =0 ie. ¢ isa
constant. Thus the Cauchy problem is not solvable in general. On the other hand, if ¢, isa
constant, then there is no uniqueness! We can take u(x,)=¢,(x)+ f(r) where fis any
function with 17(0) =4,

(i) The line ¢ =0 is characteristic for the equation 0’x—d,u=0 in R? Here if we are given
that u is a solution with u(x,0)=4¢,(x), then &,u(x,0) isalready completely determined;
du(x,0)=4¢7(x)

In the quasi — linear case,

F {x,t,(aﬁafu)!ahjsk} =Y a, {x,t,(afa;'u)wﬂsk_l}a;aju

|+ =k

-b {x, {, (afa:u);p;qsk—l } ’

We say that the Cauchy problem (3.1.2-3.1.3) is non-characteristic if

Gok l:x, % {6f 2 (x)}[ﬂiﬂ‘sk—ljl #4

for all’x ; again, this allows us to solve for the derivative &*.
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In the general case, the equation
F |:x -0, {6z¢j (x)};a[+ jsk,jek, Ok ("‘)] =0,
will usually not determine u, uniquely as a function of x onS. Therefore, we phrase the

non-characteristic condition as follows: the quantity u,, can be determinedasC' a function of

x on S so that

F [x, 0, {6f¢j (x)}|a|+jsk,j<k, Uy, (x)] =0

oF

Ouy,

l:x’ 0, {a:¢1 (x)}(01+15kvf<k' Hox (X)} =5

for all x . In this case, we can solve the equation F =0 for u, asa C' function G of the

remaining variables near S, by the implicit function theorem, and write the differential equation

in the normal form!

u= G[x,z,{a:a{u} (3.1.4)

e+ j<k, j<k :]
The Cauchy data {¢j} together with (3.1.4) determine all derivatives of »# of order <k on S .
If G is sufficiently smooth, we can also determine higher derivatives of u. Namely,

differentiating (3.1.4) with respect to,

B, 5 &g,

k
a, +1u — ;
ot et i,
] +j<k, j<k aj

All the quantities on the right are known onS ,so 9*"'u is also; hence we know all derivatives
of u of order <k+1 on S. Applying 8, more times, we obtain higher derivatives .In particular,

and we have:
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Proposition 3.1.
Suppose that G, ¢,,...,4,_, are analytic functions. Then there is at most one analytic function u
satisfying (3.1.4) such thatdju(x,0)=¢,(x) for 0< j<k.

Proof; By Taylor’s formula, an analytic function is completely determined by the values of its

derivatives at one point.

Proposition 3.2.
Suppose G is continuous and there is a constant C >0 such that for all x,7 e R" and all

vectors (u,;).(v,, )(0<|a|+j <k, j<k),

{0t 2

a,j

If wand vare two solutions of (3.4) with the same Cauchy data on S, and the derivatives
028/uand 928)v existfor |a@|<g and j<r(g,r2k), then these derivatives agree on S.
Proof. Letw=u-v. It suffices to show that 6”@ =0o0n S for

m < r, as then the x -derivatives of these functions also vanish on S. We proceed by induction

onm , the case m < k , being true by assumption. Suppose then that m >k and 8@ =0 on S for

i <m. By Taylor’s theorem,

m-j

dlo(x,t)= i )a“a'" (x.0)+0(:")=0(r"*)— (t—0) ... (3.1.5)

and for j<k and | a|+j <k,

m_

0%/ (x,1) = = )'aza"'w(x,o)w(r"-f):o( ") (t-0)

Folland, (1979), John (1982), Lawrence (1998), Garabedian (1964) , et al). Thus by assumption

-

on G,
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o) =[ = oretu(xo}]- O xeforin(x.0)]
< cz

=CZ

020tu(x,1)—-028]v(x,1)

oz0im(x,t)=0(r"* )l (r—0)

Hence by (3.1.5)

(m—-k)!

which force 87w (x,0) to be 0.

7w (x,0)=0(r"*) (t—0),

Although the problem of Cauchy is good from the point of view of determining a unique
solution, existence is another matter, especially if we want a solution in a specified domain and
not just in some neighbourhood of the initial hyper surface S. The Cauchy problem tends to be
overdetermined except in certain special situations. The appropriate boundary conditions for a
differential equation depend strongly on the particular form of the equationt

The discussion on existence is summarized in the theorem:

Theorem 3.1. (The Cauchy — Kowaleskia theorem)

IfG, ¢,,....4,, are analytic near the origin, there is a neighbourhood of the origin on which the

Cauchy problem Fu=G {x, t,(8%80u)

|+ i<k, j<k } ?
dju(x,0)=¢,(x) (0<j<k)
has a unique analytic solution.

Now for the solution of a boundary or initial value problem to be meaningful, it must conform to

the physical situation. i.e. well-posed.

-
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Boundary value problem for the elliptic equation and Cauchy problems for a hyperbolic equation
are well posed. A Cauchy problem for the elliptic equation and boundary value problem for the
hyperbolic equation are not well posed.

Solution of the Cauchy Problems

In this section, we apply method of spherical means in solution of wave equation.

The wave operator is the prototype of the class hyperbolic operators. We shall construct the
solution of the Cauchy problem

0*u—Au=0 (3.1.6)

u(x,0)=1(x,) O,u(x,0)=g(x). (3.1.7)

For the one dimensional case the classical solution (D’Alembert’s) to (3.1.6-3.1.7) 1is

X

u(x,t)=%[ Fx+t)+ f(x—t)]+% [ g(s)ds (3.1.8)

If fisC? andgis c' onR”,then v onR"xR and satisfies (3.1.6-3.1.'7) in the classical

sense.
Forn>1, we construct the solution when 7 is odd, where we can reduce the problem to

one-dimensional case, and then obtain the even-dimensional solutions by modifying the
odd-dimensional ones.

We have to discuss some results that prepare us to solve the problem.

Theorem 3.2.

Suppose L is a partial differential operator on R”. Then L commutes with translations and

rotations if and only if L is a polynomial in A-that is, L = Za v a’ for some constants a s

Since the Laplaceian commutes with rotations, it preserves the class of radial functions, on which
it reduces to an ordinary differential operator called the radial part of the Laplacian. We compute

it explicitly.
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Proposition 3.3.

If f(x)=¢(r) where xeR" and r=|x

& ()= () + =4 (1) (3.19)

: or _ X /
Proof. Since, /3):1 = 5 5 twe have

v 0-50[200)] - S|Zete0Ze0)

=" (r)+ 29 (r)-=4 (7).

Theorem 3.3. The mean value theorem

Suppose# is harmonic on an open set Q. If x € Q and r>0 is small enough so that

B.(x)cQ, then

.u(x)zrn_llw [ u(y)do(y _wij u(x+ry)do(y) (3.1.10)
510)

Proof. The second equality follows from the change of variable y — x+ry and by composing
with a translation we may assume that x = 0. To prove the first equality, we use Green’s identity

I(lﬁﬂu—uaﬂv)dazI(vAu—uAv)dx (3.1.11)
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Where Q is a bounded domain with smooth boundary S and u,v are C' functions onQ. We
take u to be our harmonic function,v(y)=|y["" if n#2 or v(y)=log|y| ifn=2,and
Q=B (O)\B_E(O) where 0 < £ < r. With this specification of v, itis harmonic in Q and
d,v is the constant (2—7)r'™ ison S, (0) and the constant —(2-nr)&'™" on S, (0)(The
minus sign is there because of the orientation of. S_E(O) is the opposite of the usual one and the
factor (2— n) should be omitted when» =2 .) Thus by (3.11)

0= [ (Wu-udv)do- [ (,u-udy)do

5,(0) 5¢(0)

=r¥" I o, udo +¢£*" I d,do

5(0) 5.(0)

-(2-n)r"™ I udo +(2-n)e"™ I udo

5,(0) S:(0)

Now if u is harmonic on Q then Ianuda = 0. This comes as a result of the Green’s identity
S

withv =1. Hence the first two terms in the last sum vanish, so

1

n-1

—_— j udo =
7 @y s0)

J udo

n 5,(0)

"o
But u is continuous, so the right hand side, being the mean value of » on S, (O) converges to
u(0) as € >0

Definition:

If ¢ is a continuous function on R”, xeR” and r >0, we define the spherical mean M 4 (x,r)

to be the average value of ¢ on S, (x):

-
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1
M, (x,r):m_[lz_x{:r{t(z)da(z)
The substitution z = x+ry turns this into
1
M,(x,r)=5;jmsl¢(x+,y)da(y) (3.1.12)

for re R. Weregard M, as the function on R” xR defined by (3.1.12). Itisevenin r and
C* inboth x and r if ¢ isC*. Moreover M,(.,0)=4.
Now if T is any rotation on R”, by theorem (3.2) we have

A, |:¢(x+Ty)] =[Ag](x+Ty)=A, |:¢(x+Ty)]

where A, and A denote the Laplacian acting in the variables x and y . Since the average of

¢(x+Ty) over all relations is M, (x,]y ), we obtain

AM, (x]y]) = 8,M, (x]¥])

Therefore by (3.1.8),

r

AM, (x,r)=(63 +n—_18,)M¢(x,r) (3.1.13)

We explain what we mean by (3.1.13).
Proposition 3. 4.

If ¢ isa C* function onRR", then M, satisfies (3.1.13)on R"xR.

Proof. 1t suffices to consider r > 0, since both sides of (3.1.13) are even functions of r. Also if u
1s a differentiable function defined near S, we can define the normal derivatives of u on S by

o, u=nVu.
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We used the derivative on the sphere s, ( y). since lines through the centre of the sphere are

perpendicular to the sphere, we have

n

1
0, =:Z(xj—yj)6j " r=|x—y|.

n(x)="=2

Hence 2,0, (x7)= - [, 33, 4(+1)do ()

and by divergence theorem which states;

!F(y).n(y)da(y)=£_[V.F(x)dx (3.1.14)

where Q € R” is a bounded domain with C' boundary S=6Q andFa C' vector field on

Q ; we have
1
=— J- rAg(x+ry)dy
On a1
1
. T ‘.[[,A¢(x+:)dz'
n-i 1 ‘ n-
or r 5,M¢(x,r)=w—f J Ad(x+py)p"do(y)dp,
n 0 |y=1
n— 1 n- n—
S0 a,[r la’M“’(x’r)]=w_n-‘-1yi=1A¢(x+’y)r 'do(y)=r""a,M,(x,r)

Differentiating the left and dividing by "~ completes our proof.
Corollary 3.1.

Suppose u(x,t) isa ¢’ function onR” xR , and let M, (x,r,t) Denote the spherical mean of the

function x — u(x,r). Then u satisfies the wave equation if and only if M, satisfies

-
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[ag +n—_26,]Mu(x,r,t)= #M, (x7.1) (3.115)
:

for eachx e R".

The proof is immediate by proposition (3.4).

When 7 is odd the differential equation (3.1.15) can be reduced to the one-dimensional wave
equation by means of the following identities.

Lemma 3.1.

If k21 andg € C**' (R), then

ol (r"@, )H [r”'lfl’(r)] = (r"a, )k [r2k¢' (r)] (3.1.16)

The right side of (3.1.16) equals

(r"a, )k-1 |:r2k'l¢" (r) + 2kr2k’1¢'(r)J :

Thus if we define the differential operator 7, by
ne(r)=('2,)" [F9()].
(3.1.16) says that
Oné=T,[ (0} +2k"'or )g].
Thus if n=2k+1, 7, converts (3.1.15) into the one-dimensional wave equation.
Nowin 7,¢ there are 2k—1 powers of  in the numerator and 4 —1 in the denominator, and

k-1 derivatives. Expand 7;¢ by the product rule; if ; derivatives act ong, then k—1-;

derivatjves must act on the powers of r, leaving the factor of » to the power

28



(2k=1)=(k=1)=(k-1- /)= j +1.

Thus
T,4(r)= kicjrw(f) (r), (3.1.17)

where

Cr=(r"9,)" r* =13..(2k-1)r

o

We are now ready to solve the Cauchy problem (3.1.1-3.1.2) when the space dimension » is odd
and >1. Suppose that u satisfies (3.1.1-3.1.2), and suppose for the moment that », f/, and g

(n+3)/
are smooth — at least of classC "2 . By corollary (1), the spherical mean M, satisfies the

differential equation (3.1.15) with initial conditions.

M, (x,r,0)=M,(x,r),0,M,(x,r,0)= M, (x,r)
Thus if we set

u=TM,,f=TM,,g =TM,, where

T()=Tn ()= (-"0,) " [ ()]

The remark following lemma (3.1) show that

63;1(x,r,t) = afz:(x,r,t)

z:(x,r,O) = 7(x,r,),6,z~4(x,r,0) = g(x,r).

The solution to this problem is given by

-
-~ ~

i) =2 T+ F(sr-) o[ Fn)a,
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s0 it remains to recover  from u . M, is obtained from u by undoing the operator T,

i.e, by successive integrations, and then » is obtained from M, by settingr = 0. By using
(3.1.17) with ¢(r)=M,(x,7,t) andk = —;—(n—l):

z;(x, r,t)

C,r

u(.x,t) =M, (x,O,t) = li_r”r}

where C, =1.3...(n—2). Since M, and M, are even functions of 7, ? and é are odd, and

6,7 is even; hence by L Hospital’s rule,

u(x,t)= £213 2; - l:?(x,r+t)+ 7(x,r —t)+.[r’:‘§(x,s)ds]

=-2-]C—o[(6,7)(x,r)

0. F)xr)_ +2(x0)-2(x —t)}

- (0.7)(xr)

o

+ g(x,f)}

r=t

If we unravel the derivative of 7 é and C, we obtain the formula for » interns of / and g

as:

Theorem 3.3.

Suppose n isoddandn>3.IffeC"?/? (]R"), and g e C"? (R") the function

1 2, (t—la’)(n—ii)/z {tn—Z j‘ f(x+ty)d0'(y)}

13..(n-2)o b=t

n

u(x,t)=
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(9, e {"-2 [ (x+zy)da(y)H (3.1.18)

b=t

solves the Cauchy problem (3.1.1-3.1.2).

Proof: Up to a constant factor, the second term on the right of (3.1.18) is

v(x,r)=(", )("'3)/ g (M, (x.1)],

and by corollary (3.1) and lemma (3.1) we have

Av(xt)=(r"s, )("'3)/ X [r2AM, (x1)]
= (0" [rim, (1) + (n-1)1"0 M, (x.1)]
=(t“a )" 1/2[ "o,M, (x, t)]

=3 (r'a,) " [ M, (1) ] = 87v(x.1)

so this term satisfies the wave equation. Likewise, the function

_3/
o(x,1)=(1"d,) [t M, (x,t) ]
satisfies the wave equation, and hence so does = 0,0 (x,t), which is the first term on the right

of (3.18). As for the initial conditions, by (3.17) we have
u(x,t)=9, [th (x,t)+g(‘)—t26,Mf(x,t)+0(t3 )JHMg (x,2)+0(r*)

=M, (x,t)+ﬂt6,Mf (x.0)+M, (x,1)+0(¢)

0

-

Hence u(x,0)=M,(x,0)= f(x)
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and,

o,u(x,0)= 2M

d,M,(x,0)+M, (x,0)=g(x)

o

which completes the proof.

The solution of the Cauchy problem (3.1.1-3.1.2) for even 7 is readily derived from the solution
for odd

nby the “ method of descent”( See Carabedian, 1986; P.204). We observe that if # isa
solution of the wave equation in R™ xR that does not depend on x, +1, and then u satisfies the
wave equation in R”xR. Thus we state the result as a theorem:

Theorem 3.4

Suppose n iseven. If feC™¥?(R") and,geC"™??(R"), the function
b4

) 2 a2 ) g f(x+) a2 ) 8(x+Dy)
u(x,t)_1‘3.”(’1_1)0%l o,(r"a,) t fxytﬂ———dm yo+(179,) ¢ J‘Mg . dy
(3.1.19)

solves the Cauchy problem (3.1.1-3.1.2).

The next hurdle is to solve the n-dimension wave equation by Riemann’s method.
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CHAPTER FOUR

§ 4.0 Solution of n-dimension Wave equation by Riemann’s method
We shall construct the solution of the Cauchy problem (n-dimension wave equation)
*u—-Au=0 (4.0.1)
u(x,0)=1(x); 0u(x,0)=g(x) (4.0.2)
The method devised by Riemann to solve the problem of Cauchy applies to linear hyperbolic,
partial differential equations of second order for one unknown function u of the independent
variables. For homogeneous equation the essential points in the method are:
(1) The introduction of the characteristic as coordinate lines

(1))  The construction of the line integral

I= J' (Bdx— Ady) which vanishes around closed paths where A and B are certain bilinear

forms in w,u,,u, and v,u,,v, where v (Riemann’s) function is a properlty chosen two

parameter family of solution of a second order linear partial differential equations, called the
adjoint eciuation.

There is one advantage to be gained from solving for the Riemann’s function if this is possible.
Once this is determined the differential equation under question can be solved for Cauchy data
on any other non-characteristic curve.

Since the Laplacian commutes with rotations, it preserves the class of radial functions, on which

it reduces to an ordinary differential operator called the radial part of the Laplacian.

For xeR”andr=|x|, the radial part is written

A =0 i 79
r

Hence we write (4.0.1-4.0.2) as:
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im0 (4.0.3)
r

u(r,0)=r(r);  du(r.0)=g(r) (4.0.4)
The principal tool we shall use to derive an integral formula for the solution of the Cauchy

problem (4.0.1) is Green’s theorem

” (w, +v, ) dxdy = f (udy - vd) (4.0.5)

Here the line integral on the right is evaluated in the counter clockwise direction over the closed

contour C bounding the region of integration D. The integrand on the left is recognized to be

divergence of the vector (,v) . Our objective is to set up such a divergence of expression

(ux + vy) involving the linear differential operator

L(u)=otu-0tu-""15 4 (4.0.6)
r s

that appears in the partial differential equation (4.0.3).

For the purpose at hand we introduce an adjoint operator A (v) on a new unknown v . The
operator M (v) is defined so that the combination of terms

vL(u)—ub (v)=u,+v,. (4.0.7)
To find M (v) , we set ourselves the task of integrating the product vL(u) by parts so as to
remove differentiations from the function » . Examining the termsin L (u), we are lead to
write

volu =29, (vo,u—ud,v)+ud}v
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vo*u=0,(vo,u—ud,v)+udv

=) s {Mu—v}—ua,{(""l)v}

r r r

VL(u)—u[afv—afv+av{(nT—l)vH

=9,(vou-udyv)-9, {varu —ud,v +_(_n_—1)_uv}
r

VL(u)-uM (v)=2,(vdu-ud )-8, {va,u-ua,v+ ("’l)w} (4.0.8)
r

where

M(v)=8v-0v+0, {(f;ljv} (4.0.9)
r
The equation (4.0.8) is called the Lagrange’s Identity.

Solutions of the adjoint equation

M(v)=0 (4.0.10)
play an important role in the theory of linear partial differential equation (4.0.3).
Our efforts will now be directed towards expressing the general solution of (4.0.3) in terms of

particular solutions of the adjoint equation (4.0.10). Inserting (4.0.7) into Green’s theorem

(4.0.5) to establish the fundamental formula

D C r

[[{oL (u) - ud (v)}drde = | [(va,u —udy)dr +(v6ru - ua,v+(n—_1)uvj dt} . (4.0.11)
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Let R denote the point (&,7) .The characteristics through R play an important role in formula

(4.0.11) since they serve to define the limits of integration here. The triangular region D
bounded by the initial curve and a pair of characteristics through R, together with the Cauchy
data along the arc fro P to Q of the initial curve which is cut out by these characteristics are

sufficient to determine the solution « of the Cauchy problem at the point R.

t

A

> 7

\
’PE -n.0) 0 +n.,0)

Fig. 4.1 The Characteristic Initial Value Problem

We integrate the right-hand side of (4.0.11) with (4.0.10) in mind by parts along the
characteristic segments QR and RP to eliminate partial derivatives of
u there.

We explicitly discuss the derivation:

Since L(#)=0 (4.0.11) reduces to

r

0= '[l:(va,u —ud,v)dr +(v6,u -ud v+ e uv] dt] :
.k
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Along QR, dr =-dt

rhs = I: (vO,u—udv)(~dr)+ (va,u -ud,v +nT—1 uv)(-dr) ]

r

= I:[—vdu+udv—(n_l)uvdr:|

J’ [ d(uwv) +2udv—( l)uver

7

= —uUpVp + UV, +2Eu(dv—ﬂdrj

r

= —upvy +uyv,+0  provided

dv=&dr on r+t=£+7 (4.0.12)
r

where N =(n-1)/2

Along RP; dr =dt and so

rhs. =I: |:( vO,u—udy )dt+(v6ru—uarv+zzv—uv]er

r

= J.P vdu —udv + L dr]
oy r

- [ d(uv)—zu(dv—?drﬂ

.

r

UpVp — UpVy — 2J: (dv o dr)

= UpWp —UVp+0 provided
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dv=—adr on r-t=£(-n (4.0.13)
r
In addition we ask that
v(R) =] (4.0.14)

With the four restrictions (4.0.10), (4.0.12), (4.0.13), and (4.0.14), we have
0= —2up +uyv, +upvp + LQ (vou-udy)r at t=0

or

(E+n)vy+f(E-1)vp

u(em) =L

1 pe+
+'2'E_,,”[V(”0;f”7)g(r)-f(r)a, (r,0;¢,m)dr |(4.0.15)
By integration we find that

7=(7)

which satisfies the conditions (4.0.12-4.0.14) but not (4.0.10). Hence we try

v(r,f;f,n)=(7§)NF(/u) ;#z_(r—f)zr—f(t-ﬂ)

For simplicity we change notationsas 0, = u, and Z—F =F' etc.
U

We have

o= (74 o

av=(74) [P () +F (1)1 ]
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o= (2] F () Pl

() Py () Fm,

The adjoint equation (4.0.10) becomes;

(s s+ 22 ) -2 )0

Now urz—r—5—£
e
r-¢
ru, =—H-
2,
t-n t—-n
— r [ A
= h=0

+ —
2¢ 42

s lesa) lend) )
g 4 4

ﬂ—u+(r_§)2 -2(t—77)2
¢ 4¢

3 =4+
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ERGETE e
g o S,
Wi+
=y’ -p
Hence  F(u) satisfies
(12 - 1) F" () +(Qu-1)F'(u)-N(N+1)F (1) =0 (4.0.17)

On letting w=1-2u, then F(w) satisfies

(1-w?)F"(w)=2wF'(w)+ N (N +1) F (w) =0

which is the Legendre differential equation of order N.

Thus F(w).:PN (w)sz {1+(r—f)22;‘;t—7})2}

:ph,{’z*gz‘("”) } (4.0.18)
2ré

Hence the Riemann’s function for the equation (4.1.3) is

W(rsgn)=(%) )”PN{’2+52—(t—n)2}

2ré

Thus v(x,0,¢,7)= (%)N P, {%ﬁ}

ow=(3/ )p];{r%&zz;;t—n)’}{_ (’r—g”)}
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N 2 2 2
wwosn-—(E) m(=47)

where dashes denote differentiation with respect to argument.

Hence
()= L n)ou-u(n 0oyl G019
-~ vo (r,0:,7) = ; : I;)N P, [(f —272)(2;_5;)—772]
T Oy e e

and Py(1)=1 V N.
Similarly
vy (r,0,,m) =&Y [(£+u)"

Hence the solution

u(é,m)= e

In the variables (r,7) we have

u(r,t):rN[ f(r—t)(r+t)N+(r—t)Nf(r+t) ] +ﬂ-[:, - (r)PN(r2+r2_t2)dt

2(r2 —tz)N 2
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i ([ (2) By e A 0 (4.0.20)
2 2rt -
For N =0 = n=1, (4.0.3) reduces to one-dimension equation whose solution by (4.0.20) is

(e) = LRI (=0) Lje ()P( 2}1:

2

= : p2_ g2
_; Hz’ f( )P (T}f

_ f(r+t)+f(r—t)+lj-

r+t ) !
2 5 g(r)dr ;since F)(x)=0

r-t
This is D’ Alemberts formula.

Theorem 4.1.
If fis C*and g is C' on R” ,then u is C*on R” xR and satisfies (4.0.20) in the
classical sense. We can afford a partial check by taking

N=1, f(x)=r3, g(x)=r2.Then

u(r 1)_—. r[(r—t)(r+t)3 +(r+t)(r—t)3:]
| 2(r2—t2)

j’”(r +r2—t2)d1—§:+;rd1 (4.0.21)

1
=x’+x*t—-=¢
3
Hence the unique solution of the equation

O’u-0? - ga,u =0 (4.0.22)

2 r
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which satisfies the initial conditions ~ u(r,0)=r°, 0,u(r,0)=r? isgivenby (4.0.21).
Verification :

u(r,0)=r>
ou(r,t)=r’-r

B,u(r,O) =r?
Also

O.u=3r+2rt

O’u=6r+2t
du=r’-~
O’u=-2t

(d-@f-gaJu=6r+m+2p—3@#+Qn)
r r

=6r+4t—6r-4t=0 o
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CHAPTER FIVE

§ 5.0 SINGULAR CAUCHY PROBLEM OF EULER POISSON DARBOUX EQUATION

§ 5.1 Introduction

The singular Cauchy problem for Euler Poison Darboux (EPD) equation can be formulated as

follows: Let f(x)=f(x,....x,) bean arbitrary function is differentiable continuously. It is

required to find a function u(x) which satisfies the conditions;
.k
Au=8,u+76,u (5.1.1)

u(x,0)=f(x), 06,u(x,0)=0 (5.1.2)
where in the EPD equation (5.1.1) it is understood that A is n-dimensional Laplace operator,

x=(x,X,,....x,) isapointin R”, kis a real parameter andt is the time variable.

§ 5.2 CONSTRUCTION OF SOLUTION

Now for xeR” and r=|x|, then

ad(r)=2+""o 4.
r
Thus we write (5.1.1) as
6,2u+§6,u=6fu+n—_laru (5.2.1)
r

We solve this problem for £ =#n-1 which we rename as NV .

The characteristics of (5.2.1) being r ¢, we reduce (5.2.1) to canonical form:

. N N
46/\7-U+m( GXU+6,U )—m(axU—aYU)=0
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where X =r+t, Y =r—t. Further, the substitution »= X2 and s=-Y2 leads to

(r-s)o%u-N(6,u-8,u)=0

(5.2.2)

We next determine the adjoint equation of (5.2.2) whose solution is a two parameter function

denoted by

v(r,s;r,s) known as Riemann’s function.

Let
L(u)=(r-s)02u-N(8,u-0u)

Then

vL(u)=(r-s)0%u—Nv(d,u-0,u)

(r—s)voiu=0,{(r-s)vou}-0,{(r-s)v}ou

s

=0,{(r-s)vo

§-
=0 {(r s)vo u} 0 {uv+(r s)ud v}

s

ut-0o {ua (r-s) v}+ua2 {(r s)v }

+u {—6,v+ dv+(r- s)afsv}.

For geometry; we also have

(r—s)voiu=20, {(r - s)varu}- 2, {—uv +(r- S)uasv}

+u {—8rv+asv+(r —s)afs}.

~Nvd u=-0,(Nuv)+ud,(Nv)
Nvd u =0 (Nuv)-ud, (Nv)

Using (5.2.5-5.2.8); results
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1

vL(u)—uM(v):6,[r;S(va:u—uasv)—(N—E)uv}

+3, [’;S (va,u—ua,v)—(N—-l—)uv] (5.2.9)

where
M(v)=(r—s)afsv+(N—1)(6rv—asv) (5.2.10)

is the adjoint equation of (5.2.3).

We take recourse of the figure5.1 below to write the solution of (5.2.1)

pC.s) s

A 4

Fig. 5.1 Singular Cauchy Problem

Applying Green’s theorem to the identity (5.2.9);

g (VL () - uM (v)}drds =% J.C{[(r—s)(vasu—uasv)—(N—-;—)uv}ds

_[(r—s)(varu—uarv)—(N—%)uv}dr} (5:2.11)

We require that M (v) = 0; then, along ypwe have dr=0 and

46



0= % J’y” [(r —s)(vo,u- uasv)—(N—-;—)uvds}

= %I; {(r - s)[(vasu +udv)- 2uasv] —(N —%) uv}ds :
On integrating by parts we get
0= —%(r —s)[u(;)v(;)+(r —s)u(;)v(;)]+0 provided
v(r.sirs)=(r-s)

and along ;} :

0=-2(r=s)[u(x)v(z)-u(p)v(r) |+0
v(rsirs)=(r-5)
The required Riemann’s solution of (5.2.1) is given by
(5 )u(@)o(7) =3 {5 =) (@) (2)+ (7 -3)u () )}

‘fy {p(u,v)ds +Q(u,v)dr} (5.2.12)

where ;=(X_,—x_,) ;’=(y_r‘7s),

1

P(u,v)=%(r—s)(vasu—uasv)-(N—E)uv,

Q(u,v):%(r—s)(varu—uarv)-(N—%)uv.
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To this far what only remains to be determined is v, the Riemann’s function. It is a two

parameter family v= v(r,s;;,g) of solutions of adjoint equation (5.2.10); which satisfies the
conditions
v(rsrs)=(r-s) | v(r.s;r.s)=(r -E)"‘l (5.2.13)
A one parameter family of solutions of (5.2.10) was given by Darboux (1915) as
v(r,s)=(r-a)" " (a-s)" (5.2.14)

a being the parameter of the family. The one parameter (5.2.14) offers the starting point for our
construction of the Riemann function. The form of the Riemann function usually predicted by
what Copson (1958) calls an “inspired guess” rather than following a formal procedure which
requires no intuition. We may accordingly confine our attention to the half plane lying under the
liner=s.

We construct the Riemann function for (5.2.4) under the following restrictions:

r>r>0, s<s, N=-1, (0<i<l) (5.2.15)

By forming the solution (cf .Darboux, op. cit; pp-66-68);

V= !¢(a)(r - a)_/1 (a- s)_/1 da,

where ¢ (a) is an arbitrary function, we gain a solution of (5.2.10) containing an arbitrary

function. Taking ¢(a)=0 for s<a<r, we write a two parameter family of solutions

-
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v= j;'¢(a)(r - a)-'l (a- s)—l da+ I:¢ (a)(r- a)_/1 (a- s)-'1 da (5.2.16)
involving an arbitrary function.

We determine this arbitrary function ¢(a) such that the conditions (5.2.13) are met. We

consider the first of the integrals. We define

p()=G(t)=0,0<t<r,

p(0)=g(0)(e=5)" (r=s5)"(r-7),
G(t)=t-r; t>r

Then by use of the fact that the solution of Abel’s integral equation; Bucher (1929)

f(x)= j’u("’g)dg, 0<Rei<l

1S

1-4

smml dj
(x t

we have

[(p(t)(r=1)"dr=G(r)

The solution of this integral is

p(a): Sir;ﬂ'ﬂJ':G ( )( % ),z i Slr;ﬂijr (a_t),l—] ar,

from which we obtain

sin 74 ("‘;)/1 (“_E_)/1 (’_S))~ (5.2.17)
A F=¥
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Substituting ¢ (a) in (5.2.16), we obtain

= sm”l(a—;)l(a—}')’l(,_s)ida . j-; sm,,,l( ;)A(a E)l(r..s)‘

= 5.2.18
A (r—r)(r—a);' (a—s)'1 ( )(r a) (a- s) ( )

On introducing a new variable by setting
a=r+t(r-r); a=s+t(s-s) (5.2.19)

in the first and second integrals respectively, we obtain;

- sin;r/l _L: t’ (r __;r [; 5 ;:i(r - ;)]l (r_— s/l)/1 »
& (r—r) (l-t) |:r—s+t(r—~r)]

(G s>Tj<s-E>‘<r-s>‘d,}.
" {=9)=(s=3)] (55 -0

Hence the Riemann function v is obtained in the form

t;'[r—§+t(r—r

sin A il —)T
v=—-— (r—s) ) —= e
A { J‘(l—t)l[r—s+t(r—r)]

+(r—s |:r ) t(s E)]l .dt} 5.2.20
( )I e A (5.2.20)

This Riemann function can be expressed in terms of the Appell’s hypergoemetric functions of

two variables, A. Erdélyi (1950)

- _ < (am+n)(Bm)(B.n) , .
F(a.B.87:xy)= ZO Goms ) (Lm)(Ln) x™y", (5.2.21)
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(a,r)=a(a+1)..(a+r-1).

Now we have

[l (=) (=) (1-0) 7 e = r(a)rr((;)'a)ﬁ

where F, is given by (5.2.21). T(z) and S(1+ 4,1- 1) are Gamma and Beta functions

respectively.

Ifweputa=1+4, B=-4, p'=A, y=2 inthis formula we observe that

[(a)T(r-a) _T(1+A)C(1-4)
L(7) r()

=T(1+A)T(1-2).

Theorem 5.1.

A
sinzTA

r(1+4)r(1-1)=

dt
Proof. Let x=%1_1) : dx:mz—

Io(lT)—dx--J' (1-1)"ar

L(1+A4)r(1-2)_
Q) =T(1+2)F(1-2).......(a)

=B(1+4,1-2)=

On the other hand, consider
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Since z =0 is a branch point,
choose C as the contour of figure 5.2 where the positive
real axis is the branch line and where AB

and GH is coincident with the x-axis

The integrand has the pole

but are separated for visual purposes. -\
A 5 B

z =-1 of multiplicity two inside C.

Residueat z=-1=¢€" is

- . F
limi{(zﬂ)z. E 2}:1@”‘*"’

>-1dz z
(“ +]) Fig. 5.2 Contour Integration

By residue’s theorem we have

¥ :
(i) —dz = 27iAe™ Y or omitting the integrand,
C (l + .'.')

J.AB +-‘.EDEFG +J‘GH +IHJA =2”ilei”(i_l)

We thus have

4 (Re‘” )/TL iRe?do ., (xez‘i )1 0 (ge'v )/1 ice”do

R _xl
d
L(1+x)2 ‘A (1+Re”) +L‘(1+xe2")2+L” (1+e)

= 2xhie™ "

where we have used z=xe®™ for the integral along GH, since the argument of z is increased by

25 =
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in going around the circle BDEFG.
Taking the limitas £ —0 and R — o and noting that the second and fourth integrals approach

zero, we find

2xiA 1

'[0 (1+x)° dx+‘[°°(1+x)

dx = 2xAie™

or
2mid xi(A-1)
(1 )j W 2rAie
so that
Iw x* =i .2i . A —(b)
9 (1+x)2 e™ —e™  sinzd

From (a) and (b) the result follows o

We find on writing;

x=_——=, y: —
8= s 3

that the Riemann function may be expressed as follows:

~ |
|
”

—
e
|
~ |
N
¢S
~ |
|
“ |

A = =
]F[H,{ a7l f,"IJ
S=r S=r

r—s

e b - -
'SJ (1+,1 a2t E} (52.22)
i |

It will be recalled that the Riemann function was derived under the restrictions (5.2.15). These

restrictions we now proceed to remove. Availing ourselves of the formula: Bailey, (1935)

53



E(a;ﬂ,ﬂ';r;x,y)=(1—x)"’(1—y)”"Fn(r—a;ﬂ,ﬂ';nﬁ’ﬁ),

We find alternative expressions for the hypergeometric functions in (5.2.22), namely,

- - ek s ) = 3
E[I+A;—A,A;2;f—f,r_f)=(f'fJ ('_SJ F(l LA fl:_’}
S Sy = Pr=5 r=3 -8 Ir—=s

A = =
]F,(l P I U 15 i fs”]
S—r s—r

and thus we are let to consider three additional forms for v:
~x2 — —
v=(r—r)(r—s} F[] -A; /12,2 . r—r]
r—s -s r—=3Ss

R e - 3
—(s—s)(r—s] F(l A=A A= s'sj, (5.2.23)

r—s

=8

by |
|
t

I | = =
v=(r-?) il B of PO T 1Y AL A
r—=S S=pr S~

~(s-5) Lol ST RO T Tl et 8 O (5.2.24)
r—s s—r

S=r

i g ks =
v=(r-?)ﬂ 70 ) e O 1, S A s
& r—s r—s r—s
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o 2 = =
—(s-E){f-'—s-) F(l 1S & e ﬂj (5.2.25)
r—s s—r s-r
Appell (1925) has shown that the power series (5.2.21) converges for arbitrary real or complex
values of @, B,y Inside the unit square |x|<1, [y|<1, provided of course, y isnota

negative integer. The four forms (5.2.22-.5.225) obtained for v are analytic conditions of each

other and taken together suffice to define the Riemann’s function throughout the region

S<F, r>8, #%nE

for any real value of 4. Thus v is adequately determined.

The formula (Appell, 1925)
F(a;B.8.7.x,x)=F(a,B+pB;7;x),
reducing the Appell’s hypergeometric function to ordinary hypergeometric function affords a

partial check on our computation. Taking =7 and s=s in (5.2.22) yields

v(rsirs)=(r-s) " F(1+/1 0:2: ;_glz(?—s)“
el F[H,z,o;z;%j:(r_;)”"

which agrees with (5.2.13).

As an example we consider the simplest case N =1so that the partial differential equation (5.2.2)

becomes
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(r-s)oiu-(6,u-0,u)=0 (5.2.26)

Taking A =-1, the Riemann’s function of (5.2.26) is calculated with the aid of (5.2.21) as;

pe (r—_fxf——E)Fl (0;1,-1;2;i,i)

T20S, S=T ST

) 2 (0,m+n)(Lm)(-1,n) . ,

and a direct computation verifies that this function v is the solution of the adjoint equation to

(5.2.26) and fulfills the conditions (5.2.13)
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CHAPTER SIX

§ 6.0 A Generalized Singular Cauchy Problem of the Euler Poisson Darboux Equation

In this chapter, a solution is given for the following Singular Cauchy Problem:

Au=u, +(mt+$]u, (6.0.1)

u(x,0)=6,4,(x,0)=0 (6.0.2)

The solution is given as an integral equation that is continuous and analytic in the interval

containing the singular point. m and n are any real numbers while & is a Dirac delta function.

The value of 7 in the Cauchy data (6.0.2) must be understood in the limiting sense + — 0.

Dernek (2002) studied the generalized singular Cauchy problem for EPD:

Au=u, +(mt+7)uy,

(6.0.3)
u(x,0)= 1 (x),u,(x,0)=0 (6.0.4)
where he obtained a solution of the series form.
In this chapter, we determine the solution to the problem (6.0.3) subject to
u(x,0)=6, u,(x,0)=0 (6.0.5)

via integral equation that is solved iteratively into a series that is continuous and analytic on

some interval that contains the singular point.
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§ 6.1 A FORMAL SOLUTION:

On taking Fourier transform of (6.0.3) and (6.0.5); we obtain

;n+(mt+$);+A(§);=0

(6.0.6)
u(£,0)=1; u,(£,0)=0 (6.0.7)
where we have taken A as the Fourier transform of A.
= b n = tY m(t2 —bz)
Take n(t)—exp(—_[t (m§+ZDd§ _(—5) exp‘:——E—J
So that
n 2_ 2
2(e)n(0=[7) p{(—z)}l
for 0<r<r<b<ow and n(t)—>0 as t—0
With the n(t) so chosen (6.0.6) reduces to
z;“’;(n(r)z,)+17(1)A(§)Z=0 (6.0.8)

This leads to integral equation (r <& <o < t) equivalent to (6.0.6) with initial condition ¢t =7

as

u(&,t,7)=1-A( :)j )j n(&)u(&,¢,7)dedo

QI ( ) exp{%ﬂ}a(&é,f)dcda (6.0.9)
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We may write this integral in the form
e = n -m 0.2 u 52 =
A= [ (£ o G e 010

If we letu, (£,2,7)=1; (6.0 10) is an integral representation for solutions of (6.0.6)-(6.0.7). We

consider that the integral (6.0.10) are calculated on the domain which is defined as

[O <r<t< b]x k. If we transform the variables as follows:

p=ci-¢% r=*.
o
o(o,
The functional determinant of this transformation is (a 5) = 1 = r#l.
o(pr) 2(1-r%)
Under this transformation (6.0.10) takes the form;
_ 1 eR(-7) -mp |- ( ) drdp
t,r)=1-4 F A 6.0.11
u (£.1,7) (g)L;;L:f r exp[ = }un r A_;),J,T 2(1—r2) ( )

A solution to (6.0.11) is given formally by the series;
u=Y (-1 741
k=0
Where J* denotes the k" iterate of the operation J and J° is the identity. Writing
—— s P %
u,(&,t,7)=1and u, =1-Ju,_ =Y (-1)J* 1 (6.0.11%)
k=0

With n=1; (6.0.11) reduces to;

u (£.1,7)=1-A(£) IL/ | '2:(;"2)# exp[_mp J - ardp (6.0.12)

2 (l—rz)

If £ c K, with K compact then ]A(f)lc < ¢, and in particular

-
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0= —1| 1-[4(&)] I:_ i(:-r*),n exp[_';p] : Eilriifz) (6.1.13)

< Fy (1.7) S 6y (1,0) =,y (1);

Where F,(t)= f M—f "e [—mp]zzilriifz) (6.1.14)

To find an upper bound to the function F(r) we take (l - r2) =s(t,r)>0 and integrate

(6.0.14) with respect to p to obtain

2 -ap
Fo(t)s% 102r (1 € )dr
r=0as

;a_p
Since 1-e 2 <as for as>0 and from (6.0.14) it can be written

t2
F(t)s— r< : 1>0
(1)< Lo ane1) 7
Continuing we have, using (6.0.13)

e drd
0< uz—u1‘<ckjl,_/.“ r CXP[ r;p:]FQ((pl)—:z)p

<ijr-/F(’ I (: ) exp[—mp}zdrdp

2 (l—rz)
.02" 2%(b +t1)(b +3)
= F{t).

By iteration, we obtain

ERPPAC,

lup—u,,_l‘Scf————

(6.0.15)

where
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r+2 ( m)" 12r

F ()= (-1) (2r+2)(m+2r+1)

r=0

Hence the series (6.0.11%*) is the solution of (6.0.9) and converges absolutely and uniformly on

[0<7<r<b]xK and since the terms J”.1 are continuous in (£,7,7) and analytic in £ the

same is true of ;(f, t,r). Hence we state

Theorem 6.1

The series (6.0.11%) represents a solution of (6.0.9) with (&,4,7)=1 and

u,(£,t,7)=0 (os:s:g and n>—%]. The maps (&1,7)>u(é0,7)  and

(f,t,r)—)ﬂf(i,t,r) are continuous numerical functions while ;(.,t,r) and ﬁ(.,t,t) are

analytic.
Proof:

Everything has been proved for u, and the statements for (;n) follow immediately upon
t

differentiating (6.0.9) in 7.

Theorem 6.2.

For [0<7<t<b] the maps (5,t)—>;, (&,¢,7) and (5,t)—>(mt+?);, (£,¢,7) are continuous

while &> u, (¢,1,7) and (f,t)—-)(mt+—?—);, (£,1,7) are analytic. ;(f,t,r) Satisfies (6.0.6)

with u(£,4,7)=1and u, (&,1,7)=0
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Proof.

Differentiating (6.0.9) with respect to ¢ and multiplying both sides by(mt +§) -

T

HRES

TRARIR (_l)m(m)r[ ni2rdl ", nadrsl '"’/}
Gr E - 2 6.0.15
(mt ﬁkt)t'"+l = (n+2r+1) SRR ( )

(mt +1’.);, (&.1,7)= —A(f)(mt+?] j (g) exp["‘ﬁzﬂ] d¢ (6.0.14)

~

Welet h(t,7)= (mt2 +§)

We note that (t,r) - h(t,r) is not continuous as (t,r) — (0,0) , so there is no hope that

(&.1,7)> (mt +§JZ, (&,,7)will be continwous on [0<7<r<hl]xk. On writing
h(t,0)=h(t)=0,then from(6.0.14)—(6.0.15),(&,¢) > (mt +—’tz]u_,(§,t,0){_ is continuous on
[0,6]x & with limit as (£,7) - (fo ,0) equal to zero.

Again from (6.0.14) £ —> (mt+?j;, (f,t,r) 1s analytic for0 < 7 <t < b . These properties are

reflected in u, (£,7,7) after differentiating (6.0.9) twice in t and equation (6.0.1) s satisfied
for0<r<r<b o

On taking the inverse Fourier transform of (6.1.9) we obtain the solution of (6.0.1)-(6.0.2).
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CHAPTER SEVEN

§7.0 CONCLUDING REMARKS

The Singular Cauchy problem we have solved is

Au = 6,2u+%6,u (7.0.1)

u(x,0)= f(x); %,(x,0)=0 (7.0.2)
by Riemann’s method.
Our approach to singular Cauchy problem by use of Riemann’s method is: First we determine
the Riemann’s solution to the problem (7.0.1). Then determine the adjoint equation to (7.0.1).
The solution to the adjoint equation (7.0.1) is called the Riemann’s function and there is one
advantage to be gained from solving for the Riemann function if this is possible. Once this is
determined the differential equation (7.0.1) can be solved for Cauchy data on any other non-
characteristic curve.

We obtained the Riemann’s-Green function to (7.0.1) in the form of Appell’s hyper geometric

function

(@ B.8:7:%7) = Z(T;'"ingﬁ’ﬁiﬁf ,;;’)x'"y" (7.0.3)

where(a,r)=a(a+1)..(a+r-1).
Corresponding analytic continuations were considered. The power series (7.0.3) converges for
arbitrary real or complex value of @, B, inside the unit squire |x|<L|y/<1 provided y is not

negative.
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§7.1 Recommendations

These results imposed us to new interesting problems.
. g k. . -
a. First, suppose the operator L =A_ -0, —76, is given a perturbation, is the hyper

geometric equation of the Riemann-Green function still valid.
b. According to the theory of ordinary differential equations in the complex domain,

F(a,B,7;z) is characterized as the solution of Fuchsian equations which have three

regular singular points. Could we extend the Fuchs’ theory which permits to find the

solution of the Riemann’s equation (Fuchsian equation with three singular points) in the

form of Gauss Hypergeometric functions , 7 (e, 8,7,z) to the study of the Appell’s
hypergeometric functions £ (a; B, 87:x,y) ?

c. Can we have a class of equations whose general solution is in the férm
F(a:B.B:7:%.)

Being very elegant this approach has nevertheless the disadvantage that it only solves linear

hyperbolic equations with constant coefficients in two independent variables.
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