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ABSTRACT

With the help of matrix formalism of the method of moments

by Perlin and Tsukerblat [1], the Jahn-Teller electron-phonon
2+parameters of A~T absorption bands in CdF2:Co and

2+CaF2:Co crystals have been computed at 78K. These parameters

are the second moments (~), third moments (Gi) and the Jahn-

Teller stabilization energy (AEJ-T) associated with the optical

absorption bands for the 4A2Z-g-_~)o4TIg (P)

transitions in both systems. The third

4 4and A2g >- Tlg (F)

coefficient (~) of the

Edgeworth series which expresses the band shape function in

terms of moments has also been computed. ~ describes the

asymmetry deviation of the band sh.:lpefrom the Gaussian form.

In calculating these Jahn-Teller electron-phon~n parameters,

the electron-phonon interaction operator was expressed in

lattice-point approximation of first order. The wavefunctions

for theI4A2g>' 14Tlg(p»,and !4Tlg(F)electronic states of
2+Co were expressed in terms of Slater determinants taking into

consideration the electron-configuration mixing. The phonon

sums which appear. in the expressions for the moments and

Jahn-Teller stabilization energy were determined in "Extended

Brillouin Zone" scheme wi.th a cut off phonon wave vector

where Vo is the volume ofa primitive unit

cell. There is a close agreement between the theoretical and

experimental values available in the literature.
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values for second moment (6;) at 78K, third moment (~) and

Jahn-Teller stabilization energy GAEJ-T) for Co2+ in CdF2

and CaF2 are ~ (78K) = 8.9 x 10-3 eV2, (J3 = 1.51 x 10-4 eV3,

6.EJ-T = 0.196 eV and G: (78K) = 12.1 x 10-3 eV2,::l
J-T •bE = 0.181 ..eV respectively while

x 10-3 ev2,the corresponding experimental val~~s are U; (78K)= 9.6
~.

eV3, ,hEJ-T = o.h eV and o.:(78K) =
~

-3 210.2 xlO eV,~ = 3.12 x 10-4
:3

();= 2.86 x 10-4 eV3, 6EJ-T = 0.223 eV. For the absorption band
:3

arising from the 4A2g >4Tlg(F) the theoretical values are

~(78K) = 14.3 x 10-3 eV2, 63= 2.44 x 10-4 eV3, ~EJ-T = 0.3 eV
2+ 2+for CdF2:Co For CaF2:Co the theoretical values are

6; (78K) = 19.7 x 10-3 ev2, G: = 4,83 x 10-4 eV3 and:3
"EJ-T -- 0.292 eV. Th .' 1 1 f "EJ-T~ e experlmenta va ues or ~ are

2+ 2+0.248 eV for CaF2:Co and 0.26 eV for CdF2:Co

third coefficient (~) of Edgeworth series for the

4Azg )4Tlg(P) absorption band has been found to be 0.018 and

0.022 for CdF2:co2+ and caF2:co2+ respectivel~while the same is

found to be 0.014 and 0.017 for the 4A2~g------~4Tlg(F)
. 2+ 2+In CdF2:Co and CaF2:Co systems respectively. In all these

Further, the

transition

cases t3«1 which clearly indicates the presence of strong

Jahn-Teller lattice Interactdon.. The deviation in agreement

varies from 5% to 50% which may be due to the approximations

applied ~~ taking into consideration the first nearest neighbour

only and expressing the electron-phonon interaction operator in

lattice-point approximation of first order.

These findingsJhowever, clearly establish the validity 6f

the lattice-point model for electron phonon- interaction and the
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"Extended Brillouin Zone" scheme in calculating the phonon sums
2+ 2+to the CdF2:Co and CaF2:Co crystals and in general to the

systems having d-electron deep impurity centres in cubic r:

sYmmetry.
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INTRODUCTION

In crystals, several types of point defects are commonly

found including both positive and negative vacancies and

interstitial point defects. If trace amounts of a foreign

material are introduced into a crystal so as to occupy normal

lattice sites, the resulting point defects are te~ed

substitutional impurities which may have large and varied

effects on physical and optical properties of the crystQl. In

general, the optical properties of the impurity or activated

crystals which aLsorb light in the transparency region of

the host crystal are quite different from those of pure

crystals. The absorption band of impurity crystals consis~

of a broad band unlike the discrete line spectra in isolated

atoms or ions.

Lax[l], Huang Rhays [2] advanced the first theory of

light absorption in accivated crystals bas~d on adiabitic

approximation in the early fifties. In this approximation,

both the electrons of the host crystal and those of the

impurity centre play the role of fast sub-systems whose

take place:

invariant when the impurity optical
;{

I~is assumed in this approximation
~.

transitionsstates remain

that any

ftxed nucleus position corresponds to a stationary electronic

states and the nuclear states are determined by the averaged

field of the electrons [3]. Many of the optical transitions

in electronic systems of impurity crystals involve degeneracy

such that the electron - latcice coupling displays the Jahn-

Teller (J-T) problem. This is due to the high symmetry
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associated with the surroundings of the localized electronic

systems in impurity crystals [4].

In the original papers of Jahn and Teller [5], the

nuclear displacement is taken to be a quasi-static parameter for

the electronic potential energy. The adiabatic potential for the

nuclear system belonging to the originally degenerate states

exhibits minima away from the minimum of the original

sYmmetry (Jahn-Teller distortion). In this way, the static

nuclear configuration lowers its sYmmetry until the degeneracy

is removed. The first calculations of the electronic

absorption band shapes for the Jahn-Teller (J!f) systems in a

semi-classical approximation were conducted by O'Brien [6],

Moran [7] and Toyozawa and Inoue [8]. In these systems

having degenerate electronic states, besides the totally

sYmmetric coordinate, the non-totally sYmmetric Jahn-Teller

active coordinates are displaced due to electron - lattice

interaction. A computer evaluation of the band shapes of the

optical transition A~ E(e) in the above cited papers proved

Jahn-Teller interactions to result in a two humped band shape.

E(e) is a doubly degenerate electronic state (irreducible

representation -E) interacting with a two-fold lattice

vibrations (irreducible representation - e) and A is a non-

degenerate electronic state. Such a band shape is shown in

fig. lea). It was a sYmmetric shape with two humps and a dip

at -t1..=.!'lo where ...a. and .J'l,. are the frequency of the incident

light and the zero phonon line frequency respectively. F(~)
is the band shape function of the absorption band. If one
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se.

Fig. la. Band shape of A~E(e) in semiclassical approximation [8].
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takes into account that the totally symmetric contribution is

non-zero, then the dip of the band shape is smoothened as

shown in fig.l(b). Similar results were obtained for

transitions to orbitally triplet elecrrqnic states. The band

shape in this case depends primari~y o~ the relationship
~

between the strength of the couplin~.of ~lectronic state fT>
,L

with the lattice vibrations characterized by irreducible

representations A, E and T qepending on the symmetry of the

impurity centre. If the coupling to the E-vibrations is

predominant i.e (T-e problem), then no splitting of the A~ T

band occurs although the. adiabitic potential of the T state

is split. In general, it can be said that in case of the

absorption transitions from non-degenerate to degenerate stat~,

the band does not split if the point of degeneracy on the

adiabitic potential is a point of actual crossing of the

surfaces. If the coupling to T2 vibration predominates

(T-t problem) then the A~T absorption band has three humps,

the band is split into three components as shown in fig. 2,

but the interaction with the totally symmetric vibrations

smoothens the band. Cho [9], taking into account the linear

interpction of the centre with lattice modes of the Alg, Eg and

T2g symmetries made calculations for the triplet structure

of the C bands and the doublet structures of the A-bands of

S2_ type centres in alkali halides and deduced that these

are due to dynamical Jahn-Teller effect. Fakuda [10] did

similar calculations for Net CL and Cs Cl, type crystals and

found that the point symmetry of the impurity centre

is important in determining the shape of. the band.
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19. lb. Band shape of A~E(a + e) in semiclassical approximation [8J.

1



/

- 9 -

The semi-classical approximation allows the derivation

of the band shape in the strong coupling scheme and high

temperature limit when the phonon dispersion is taken into

account but it fails in the weak coupling and low temperature

region. Moreover, for the transition in the intersection

region of the adiabatic potential, the validity of this

approximation breaks down since some distinct details like

the central dip of the A~E(e) band and the central peak

of A~T(t2) cannot be explained reliably. Today there

exists some quantum mechanical calculations of absorption

band shape of impurity crystals. The earliest calculation

for the absorption band arising from the A---?E type

transition was done by Longuet Higgins et. al. [ll)..·He used

numerical computations of the energy levels for the E-e

problem. At low temperatures the optical band for the A---+E

and E~A transitions gave a two humped asymmetric curve

and a bell-shaped curve respectively. The asymmetry smoothed

out on increasing vibronic coupling parameter. Using

Frank-Condon approximation, Kamimura et al. [12] calculated

the line shape of Jahn-Teller induced transitions at high

temperature and found that transitions from a singlet ground

state to a nearly dege~erate excited state give rise to a

broad band. In the other case in which both ground state and

excited state are nearly degenerate it gives a very sharp

peak. On employing quantum mechanical methods to calculate

the intensity and peak position at low temperature in the

static limit of Jahn-Teller interaction, the transition proved

too weak for the first case to be observed while in the second
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case it appeared as a single line. Similar calculations of

optical absorption band shapes were done by Koswig et al.I13]

for silver halides doped with Cr2+, while Chlopin et al. [14]

carried out calculations of band shape in Renner-type systems

with strong vibronic coupling.

Canner and Englman [IS} applie4 numerical method to
'~i

compute the band shape of the transntion A~T(t2) and

obtained a three humped structural band, these being the

consequences of Jahn-Teller effect. The band was pr~sented

as a parisade of discrete non-broadened lines in the above

cited papers and these lines were replaced by Gaussian curve

to obtain the envelop. The continuous bands in the crystals

however,arise not only due to the broadening of the individua~

vibronic transitions but mainly from the dispersion of lattice

vibrations. Hence, the shape of the band: depends on the

distribution density of phonons and for this reason the

numerical results are more applicable to molecular systems

rather thantoimpurities in crystals. Since the numerical

methods take into account only a limited number of excited

vibrational levels, the accuracy of such calculations is lost

when the electron-phonon interaction is strong.

So far the theoretical computation of band shape function

has been possible in some approximations particularly where the

~hrodinger equation could be solved, but in fact, the Schrodinger

equation cannot be solved due to the coupling of electron and
1

nuclear motions, in particular, for degenerate electronic states.

However, with the help of group theoretical analysis, the
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Fig. 2. Absorption band shape of the A--~)T(t2) electronic

transition in semi-classical approximation [8].
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moments of the band shape function can be computed accurately,

which helps us to determine a few parameters of the theory.

The low order moments do not uniquely define the band shape or

even the details of its temperature dependence but they do

bring out clearly the way in which th~ Jahn-Teller effect

accounts for the gross feature of th~·band.
~
-1 '

Wagner [4] established the m~hod of moments of the

optical Jahn-Teller problem. Henry et al~[16] treated the

effects of polarization dichroism in conformity with

F-centres in alkali halide crystals. The .Jahn-Te.Llezeffect was

taken into account for fJnal elec~onic states, an important

advance of the theory. Honma [17] extended the method by

Henry et al.and using the perturbation theory, he calculated

the moments upto the third order in contrast to the

f i rst order in Henry's theory. Another important aspect in

Honma's formulation is that the spin-orbit interaction H~.
may be contained either in the unperturbed electronic

Hamiltonian H& or in the perturbing Hamiltonian ~ as opposed

to Henry's in which the spin-orbit interaction is regarded

as the perturbation.

The introduction of matrix formalism of the method of

moments bYPerlin and Tsukerblat [l8J has allowed the group

theoretical analysis of both dichroism phenomena and Jahn-

Teller effect for systems with impurity centres having

definite point symmetry.
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CHAPTER 1

THE BAND SHAPE FUNCTION

1: Hamiltonian of the impurity-phonon system

A pure crystal is composed of an ideal periodic

arrangement of atoms, ions or molecules, which possesses

a translational
->extending over the entire volume of the specimen where ai

are primitive vectors and nl the integers. Any deviation

from the ideal periodic arrangement of the constituents of the

crystal is a lattice imperfection or crysta] defects. They

are either vacancies at the crystal lattice points, atoms

at the interstitial positions or impurities at the lattice

sites. A crystal in which foreign material (impurity) has been

introduced is called an activatedor impurity crystal. The study

of such impurities in crystals is of particular importance

because they affect both physical and optical properties of

the host crystal.

A point defect in a crystal lattice destroys the periodic

symmetry and hence the normal modes of vibration are modified

from their usual waveform. The changes as would be expected

are more pronounced in the vicinity of the defect. Any

vibrational property which is probed by the defect itself will
~

be quite different from what is in the perfect lattice. It is

therefore essential to make calculations for the modification of

the vibrations to interprete any property of a defect~ for

example)the width and shape of electronic absorption lines or

bands [19].
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The impurity crystal: consis~ of the impurity centre of

definite symmetry, the lattice vibrations of the surrounding'

and the interaction of impurity electrons with the lattice

vibrations. The latter is brought about by the neighbouring

atoms which during their vibration, disturb the energy states

of the impurity centre. This inter~ction is referred to as the
.~-
~i· ..

electron-phonon interaction (EPI) w~se.Hamiltonian will be

of great interest throughout this thesis. In a crystal, the

total Hamiltonian is composed of a large number of space and

momentum coordinates of all atoms and electrons. But without

loss of generality, the Hamiltonian of the electron-phonon

system can be constructed using adiabatic-approximation. In

this approximation, as was pointed out in the introduction, both

the electrons of the host crystal, and those of the impurity

centre play the role of fast sub-system whose state remains

unchanged when the impurity optical transitions take place.

Under this assumption the Hamiltonian of the impurity phonon

system can be expressed as

A

H "He£. (-:/, q.» (1.1)-
"Hf.t't) describes. the electronic Hamiltonian which includes

the total energy of impurity electrons and their interaction
" ~energy with the crystal field. H1J'i) is the Hamiltonian

"of the free vibrations of the host crystal. H.e.1- (~~ .'{)

describes the interaction of the optical electrons of the

impurity centre and the lattice vibrations. The appearanc~ of

the broad optical bands, associated with Jahn-Teller effect

and temperature shift among others are some of the well known
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optical manifestations of this electron-phonon interactions.

If -)VCr ) is the potential of the electron due to the

nucleus of the impurity centre plus the potential due to the

surrounding assuming that the lattice points are at rest, then

one can write

-- "+ V (y) ••••.••.••• (1.2)

where Mis thernassof lattice point.
A

If P and Ware the momentum operator and the angular frequency

of harmonic oscillator respectively, and R the displacement of

the lattice point from the equilibrium position, then the

Hamiltonian of lattice vibration in harmonic oscillator

approximation can be expressed as
A A:J
H(tlJ=.L

L. ~1yt
............. (1. 3)

In terms of normal coordinates ~of lattice vibration eq. (1.3)
~

can be written as

" ~W;t (1~ e~ )HL (i) ~ - - (1. 4)~ - al~ ........j.<,.. ';:)
where.~is the wave vector of the lattice-vibrations. In the

languange of second quantization, by introducing the so called
~+the creation and annihilation phonon-operators viz C:~and

c:~~respectively, the Hamiltonian for lattice vibrations

eq. (1.4) can be rewritten as [20]!

-- ........... (1.5)
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In the first order (linear) approximation with respect to

i;;? the electron-phonon interaction Hamiltonian can be written

as.

..........................
.- (1. 6)

where the electronic operator ..~i- ~
,i·;2: The transition probability

Transitions which are accompanied by a change in electron

dipole moments are called electric dipole moments transitions

while those accompanied by a change in magnetic dipole moments

are called magnetic dipole moment transitions.

The electric dipole moment transition has the highest ..
probability to occur and so the transition probability will

be discussed with respect to this transition.

If a ray of light is incident on a crystal plane, the

impurity atom absorbs a photon and transition of electron may

take place from a certain initial state Ii> to a final state

f f >. The transition probability from the initialstateJ.i> to the

final state If> is given by.

'.. . . . . • • . • . . . . . . . .• (2.1)

where d!l is defined as

(2.2')
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which is the matrix element of the electric dipo1~moment

between the final state 11> and initial state Ii> and

-'>- e, y .............................. (2.3)

:is the electric dipole moment of electron. If ~ (..n.) is the

Fourier component of the electric field of light waves such that,

•••..•........... (2.4)

and .n. is the angular frequency of light waves, then OIl

performing the reverse operation, eq. (2.4) becomes

•••••••••.••••• (2.~)

To find the expression for LL)i~f in terms of spectral

density of radiation, we use the conventional quantum

electrodynamic methods. In a dispersionless medium of

permitivity € and refractive index n, the Poyntings vector

set) is given by

set) ................. (2.6)-

where C is velocity of light.

Using~ the Fourier component" of ~~e~: (2.5), eq. (2.6)

becomes

S(t) 3nc-47(

K - i (.n.- n:)tj) f (a) ~ (d) e d£l.@'
. . . . . .. (2.7)
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With the help of delta function

I J i (.!l ~..n.!)t
U e at

............ (2.8)

which is non-zero only when .Q.= sv, ' . the energy of the light

wave W, falling on a unit area of a crystal can be written as

w
which can be expressed as

w ........................ (2.10)

such that

wen) (2.11)

where .W(...a.) is called the spectral density of the

radiation. Using eq. (2.11) the transition probability eq. (2.1). /

can be written as

(2.12)

-f.l4is Bohk frequency of the i->f transition.

3: The absorption coefficient

Let us consider the emission flow of spectral density ,VV(~)

defined by eq.(2.11) propagating along the Z-direction of the

crystal. Due to light absorption the attenuation 6f the
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intensity in an interval dz will be defined by the equation

- K (.n.) d "Z.
•••.•••..••.••. (3.1)

where 'k(.a) is the absorption coefficient for the frequency

..u of the light absorbed. dW(.nI1.) is the change in spectral

density in a distance dz. We take dw as the energy absorbed

by the medium per unit area through a depth dz. i.e the energy

absorbed in a volume 1 unit2x dz. On integration, eq. (3.1)

yields

W (J2.. z) \IV t.c: 0) e:Kl.n.) 7.
(3.2)

If Ne is the concentration of absorbing centres per unit

volume and each centre absorbs energy gi~en by 1t~~~) then the

total energy absorbed by all the centres in a volume
2

(1 unit x dz) will be equal to

Nc (IUnit:!" xdz)1i.n.j-; (Jvj = Nccizfv..D.fi,WI,.f = K(.o.)W(J2,2)d7.

.......... (3.3)

Now, using eq. (2.12), eq. {3.3) becomes

I~~j' W(.!l.z)d2 =: 1«4;1) W(-ll,j) dz
•.•...•. (3.4)

from which we get

$ J\":l. Ne ...!lif I citd'l.
3l\l'\c (3.5)

--
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Eq. (3.5) defines the absorption coefficient for the single

transition between the two states i->f. The total coefficient

of absorption is obtained by summing over the final states and

taldngthe average over the initial states. which is in thermal

equilibrium. If ~ is the occupa~ion···probability of the

initial state, then

k(..n.) ..................... (3.6)

where £ is defined as [23]:/.,

f·v
- ft/'4,'e ..................... (3.7)
z

Zis the partition function for all the initial states and is

given by

•.•.•.•.•.•..•.•....• (3.8).
L

Eq. (3.6) can as well be put in the form,

:z f.. J k·L (..a) d (..n. - ..a~i)a..n..
[,f /., l..,. • • • • • •• (3.9)--

In assigning the occupation probability ~ to the initial

state, we assumed that the final state is not populated-

Writing 1

K (Jl) S J( (.n.) ct.D- ...................... (3.10)
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where 'J<, (.a) is the spectral density of the absorption

coefficient, }(,(nJ can be written as

K (./L) "2 f. I{. (J1.,) ~(.(l-.Jl£~),
[,f l" 1-1 •••••••••••• (3.11)

Substituting eq. (3.5),; into eq. (3.11) XCn.) becomes'

....• (3.12)

or

Fen.) .................. (3.13)

where

F(..n.)
~

L f~I dti I 6 (.n - .s: ~i) (3.14)
t1

F (.!l) is called the band-shape function of the electric

dipole transition.

4: Quantum mechanical representation of F(~)

The expression of the band shape function eq:. (3.14)

suggests that one of the appropriate ways of solving for the

function is by use of the time-correlation function.

By defLn i t Lon we have"

.L J eZ(a-.fl.':f)t
';11\ . clt (4.1)



- 22 -

such that eq. (3.14) becomes

00 :l t(.n. -.a;~)t;
I= (.n.) ==- -L j Z ~ J <5J d 1i > I e cit (4. 2)

" " .:17\ - '" £-5

and writing

lCD ••••.•....... (4.3)

f=(tt) can be written as

F (ft) •..•.•••...•....• (4.4)

Using eq. (3.7)"eq. (4.3) becomes,

ICt) - :z
if (4.5)

Since
•••••••••••• _ ••••••• -e ••• (4.6)

eq. (4.5) can be expressed as

-.J. - !l _i,(fs- ft)t
- 1=. 41 " 1 O· 1l.J.. 2. e J <~I cJ.. Ii"> ~ .... (4.7)

7. U

Setting" A= YKaT, then" I (r) can be exp.ressed as

_ L ( £, - ~;)t;.
"'A 1":: A A 4 i:\,~ e <'i 1 d+1f><.fJ d-Ii> e

t,f
(4.8)_ -L

Z

"Since E. is an eigenvalue of H one Can express eq- (4:8)a

equally well in terms of the Hamiltonian by performing the
/ "
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reverse operation such that

(4.9)

Now writing

"+d (-t)
............... (4.10)-

eq. (4.9) becomes

lLfJ
" A-) H /If / I d.- '1 i>..L 2' <.i/e ol(t)lf>,t \. . (4.11)

"l if

Taking the average over the initial thermodynamic equilibrium

state, let) is written as

1(i) :::

, "-..>. H A~ A

..L L -:i 1 e ol (t) d Ii>
"2 c

............ (4.12)

which can be further expressed as

"
[

_>. H ,,+ A ]
...L Tv e d (tJ d. (4.l3)
2.

For a given operator ~~ the quantum statistical average is given

by ;[22]..

"(P>S (4.14 )

This allows us to write the R.H.S of eq. (4.13) as a
~t Aquantum statistical average of the operator [(u,ll) dJ such that
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it becomes

r«: ................... (4.15)

Finally, ~sing eq. (4.15) the band sh~pe functioL ~~)-

can be expressed as

F(n)

..
-1

~ f~-:d+ Ct) d ~
-..t::J

.... (4.16)
. to:te cLt

This is the quantum mechanical representatiort of the

band shape function. In deriving this equation an assumption

has been made that the final state is empty and also the

f -ri-L transitions have been ignored. If this is taken into

account the function will be given by,

(J - i),t"il-) reini< dCiJ d >s d-t
_<>0

(4.17)

But in the optical region h~» kaT such that the term
~'\1:wl.e can be ignored and to a good approximation eq. (4.16)

holds true.

5: Band shape function for optical transitions between

adiabatic states.

In this section, the band shape function is expressed

for optical transitions between adiabatic states with special

attention paid to transitions from a non-degenerate to a

degenerate state, i.e. A~T transition. It is assumed I

that the initial electron-vibrational state tt> is adiabatic.

This is to mean that the internal and external non-adiabiticities



- 25 -

are negligible and so· not considered. For externa~ non-

adiabacity of initial state to be negligible, the energy gap

between this level and others should be large as compared to

the phonon energy. This means thatif Ei and Ef are the energies

of the initial and final states and tw is the typical phonon

energy, then

» h-W ................ (5.1)

The internal non-adiabacity condition is trivially satisfied

for a non-degenerate electronic state. If t i> and If'> are the

initial and final eigenfunctions of the initial Hamiltonian
1\-
H~.,having the adiabatic part of He.t.-) and because of the

unitary invariance of the trace operator, one can write the

shape function given by eq. (4.17) as

'Hite 1-1; (-J> «I d Ii>
...... (5.2)

"The operator d operates on electron coordinates and so remains

uncnauged. Since the initial state is assumed to be

adiabatic, and if jA) is the initial electronic wavefunction,

then the adiabatic approximation allows one to write the

wavefunction of the initial state as

Ii> JA) Jl I n~ '> ) (5.3)
~

where f1;t' are the phonon occupation numbers _ Taking

to be the eigenvalue of the electronic Hamiltonian and following
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the said approximation, we obtain,

.........•. (5.4)--
where ~ is the phonon partition funct.~on defined by the

equation.

. . . . . . . . . . .. (5.5)

Now, if if> and 1..J> are thee,

Hamiltonian 1-l!' (where H/ =

exact eigenfunctions of the.
'H-e.;f HL_) and I-/t respect~vely,

then the wavefunction :1f.> can be expressed in adiabatic

approximation as

................. (5.6)

The wavefunction 1~.01_> of the "non-self consistent" or the

Frank-Condon excited electronic state should be computed

at a frozen nuclear configuration corresponding to its

equilibrium position in the initial electronic state.

With the help.of completeness condition of the phonon

wavefunction,

................. (5.7)-1

}

and thespectroscopic stability condition,

I
I .
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....•..... (5.8)

the band shape function given by eq. (5.2) is rewritten as
.

"I,

F(J1): ~_ Av (A)Z rd.t l,--.a4:.A le~t,d+[G'f><rjijle~Ld[A);,t
I\, Gr'J-ob •••••••••••••• (5.9)

where < :>L denotes the phonon average.

A

We now introduce the evolution operator LL.LB which isI..

defined by the relation

,. ,., A

e,xp L: i/'I1., ( l-I€. -t J.-t L..')tJ Utlt-) (5.10)

The evolution operator satisfies the differential equation

H€-L (t) U. (t)
L (5.11)

whose solution takes the form,

where T is the time ordering ope rat.or arranging the time-
" • A..

dependent factors r ~l(f,), H~ (~) in chronological

order tJ?, -t:>.. • • . . •• H~l.x~;;} is the electron-phonon Hamiltonian

operator defined by the equation
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.............. (5.13)

Substituting eq. (5.10) into eq ,(5.9) the expression for the

band shape function becomes

fCn)
~

fen.) ==-
G

(5.15)

where

is the frequency of the Frank-Condon transition.

If the initial state is non-degenerate, then the operator
"cLcan be represented as the one column matrix with elements.

'" -<AJd.I~~>and <Tj-~J Lt}qit_)as a square matrix such that eq . (5.14)

can be rewritten as

where ~ is the index of polarization of light. Eq. (5.16) can

be further expressed as

..... (5.1lj

I\..

If I"aois the centre of gravity of the excited levels and W.

the perturbation acting on the system, then
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(5.18)

This perturbation describes the splitting of the final

electronic states. It involves internal interactions such as

spin-orbital, static crystal field as well as interaction

with external non-magnetic fields (electric and stress). The

"perturbation l1.w _is assumed to be small, _ compared to the

energy gap between the set of excited states forming the band

and other excited levels and it just splits the excited level.

The inter-multiplet vibronic mixing as suggested by eq. (5.1)

is assumed to be non-existent. Finally the band shape functionL

can be written in the form

~(.n.)
"r clt Qi(.tl.-.Q.)~ Idi e:'W< u.w>,. d~lA) ...

-~ ,

(5.19)

This expression for band shape function will be used in the

next chapter to get the exact expressions for the moments.
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Llu-H'1Li{ 11

MOMENTS OF SPECTRAL BANDS

6: General formulae of moments of spectral bands

For degenerate electronic states of the phonon-impurity

systems, the exact analytical derivationof the optical bands

is not possible for Jahn-Teller centres. Howeves the exact
l

computation of moments of absorptioJ: spectrum is realizable for
}, -

a sufficiently _ real model of the impurity centre: [16J.

Because of their integral characteristic, the moments of

spectral bands can be computed without resorting 'to solutions

ofSchrodinger equations. The analytical expression for the

spectral moments has been derived up to the third order·-using

the perturbation method 117].

The general definitions of moments of spectral distributions

F (~) are given as below'

The zeroth moment (band intensity) is_ defined as

j Fen.') a.».
. . . . . . . . . . . . . . .. (6.1)

The first moment (centre of gravity) is defined by

<Sl. > •..•.•••. (6.2)

The second moment ~hich determines the half band width is

given by

I

(6.3)
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and the third moment which determines the asymmetry of the curve

is given by

........•. (6.4)

The normalized ~thorder moment is given by

= <:*.) J.n." F(.a.) d..A ' . (6.5)

But the nn~ order normalized moment measured from the centre

of gravity is defined as

-- --.1-" J 01-12 r F" (.a.) dIL .... (6.6)
<.(l.o/

The integration extends over the range -oo~.n.~oo , Using

eq , (5.19) for the band shape function and eq. (.6,.1)the

following expression for the zeroth moment is obtained

-
(6.7)

and in operator form this is written as

...................... (6.8)

This equation shows that the zerot'h moment is pertur.bation

independent and so is the band intensity. This result justifies

why eq~ (5.8) is called the 'spectroscopic stability principle'.
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Making use of the relation,

..•......... (6.9)

the expression for the first moment becomes

=.
A.

W is the perturbation and eq ,(6.10) is valid for linear

" ,.
W rJ..,~> (6.10)

electron-phonon interaction. Under this circumstance, i.e when

< UlOU, :0'1the first moment does not depend on temperature

and does not involve the phonon correction. It is through

higher-order terms in the expansion of H~Lin nuclear

displacements that the correctionsof this kind appear.

Following similar transformations, the tyltf. normalized and

centralized moment of the absorption band due to transitions

arising from a non-degenerate ground state to the excited

multiplet takes the form

( w - L1<il.>~lr&~d
Z....•• (6.11)

where l1<.iii is given by

••••••••. ("6.12)

(~) II

are the binomial coefficients, cl~is a one-column

of the electric dipole moment, and <1 <.(i)Z is the fieldmatrix
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induced shift of the first moment. The matrix '"/.' calledu~,

elementary moment is given by the equation,

II.cl 1). (i.) 1 -,
dtt( t:o ,{. ......... (6.13'

where LLu)) the evolution operator is defined by

~
The matrices UK determine the effect of electron-phonon

interaction on the band shape and its temperature dependence.

7: The Electron-phonon Interaction Hamiltonian based on the

lattice-point model

The expression for the electron-phonon interaction

Hamiltonian (HtJ and electronic states in the crystal are

derived in lattice-point model. In the lattice-point model,

ions or atoms are situated at the lattice sites and the

impurity centre observe some crystal symmetry. There are two

types of impurity centres. In the first case of impurity

centres, the effective radius of the electronic state is greater

than the crystal lattice constant. In this case as the

electron moves in the crystal, the pote~tial of the lattice

forms a system referred to as a polaron. Such polarons have

been observed to exist in crystals. In the second case the

effective radius of electronic state of the impurity centre

is less than the lattice constant, a case which is true in

deep impurity centre electrons and especially for p, d and f
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electrons of impurity Lons .

The interaction of the optical electrons of the impurity

centre with lattice vibrations of the surrounding lattice atoms

or ions is due to the modulation of crystal field by the lattice

vibrations.
.~

\; ..
is the equilibrium position

11.
of the C( lattice

-'>
If n

Kil(o

point, R. is
'"

the displacement of this lattice point from the ~quilibrium

the new position of the same after displacement,

.....•
position, L1R can be expressed as

0\.

(7.1)

JbRo<.l is small compared to the lattice const ant . Now
" ~w (;·--~tthe electrostatic potential energy of the

optical electrons with the ligands of the surrounding is

expressed as

. . . . . .. (7.2)--

where ~ is the position of the kff.. electron, e"1t the effective

charge of the lattice ion,60 the permittivity of the vacuum.

The summation is carried over all the ions of the surroundings

and the electrons of the impurity centre. The electron-p~onon

interaction operator in the first order displacement is written
I

as [18j..•
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1\ I-- (t)
\

-')

H~L ~
() W Crt( )6 r:<ol.

a Ro<
...• ......... (7.3)

o(.k. -'>
~ot :: Rc(o

which with the help of eq. (7.2) is written as

-~
I 6. Reo(

.••.•••• (7.4)

With the help of group theory the cartesian displacements
-')~R~ can be transformed into the so called symmetrized

~
displacements Q.. using the transformation [23]

t--

A (F)

~i
.•.•.................. (7.")

where
" (f)e· is the projection operator, r and)or

-r are the

irreducible representation to which the lattice vibrations

belong and the index of the row of F respectively.

If Nf.>. (r)U ~ is the symmetry operation matrix representation,n
9(F-) the dimension of F and

the symmetrized displacement

9 the order of the group G , then
.J;>

~ can be written as 123].u"'ri

->;> rjf) A

A.. ->c.. 9 CF) :2 . _ C G) G LJ. R. Of. ............. (7.6)
---- ,... n''3 G

->
Q. fi are transformed in the same manner as the normal

coordinates. The summation is carried over all the symmetry
A

operators C; Performing the reverse transformation in eq.(7.6)
"and using eq. (7.3) , I-I~L. can be expressed as
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" -- " -»

VCr') Q--
f r r'- .................. (7.7)

where

A
~

A CJW OQr;v: ~ - --::- (7.8)oRo(i. af<<<i.
...............fa' cc, L .

~j; (i = )(.'1, z )
~.

are the electronic irreducible tensjr operators of the type f
and they transform like the corresponding symmetrized

->
coordinates elr; under the symmetry operations of the

point group [24] and

..••..•...... (7.9)

where

Y is the branch of phonon spectra
-'>~ is the phonon wave-vector.

~ is the mass of the crystal lattice

UJ?ty is the phonon frequency

~.,:iv is the dimensionless normal coordinate of the

lattice vibration .
....•

Q.., are the Van-Vleck coefficients given by the
XIV

expression

->
Q,.1v 9CF)

9

-.,
(F) " ,.. -:> - i51 RooID

[J __ (G) G ex=\I e ............ (7. 10)"(r

..;>
The cartesian displacements 6~ are related to the normal"-coordinate CZ;ilY of the lattice vibration through the
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expression

-- ........... (7.11)

-'>
where e is a unit vector in the direction of phonon;ill

polarization.
~

The Van-Vleck coefficients 0.;:11 appearing in eq , (7.9)

satisfy the orthogonality relations

-"?:2.. C4tv (rr)
fi

~:.- ( -)~v' if' -- S, Vi ............. (7.12)

and

-- b,Xy (f) ~f; ~f'i I •••••• (7.13)

where ~ implies the integration along the direction of.a.~
->wave vector ~ and averaging over the direction of the

--> -?

polarization vector <2-> for a fixed direction of z-e: ,
,;>(,11

In the language of second quantization, the e1ectron-
A

phonon Hamiltonian operator He.L can be quantized by

introducing the creation and annihilation operators.
"C ~)I such that

"+C -~ andx.-V

.............. (7.14)

and the quantized Hamiltonian operator becomes
\
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.....• (7.15)

with

.•........ (7.16)

This equation enables us to split the Hamiltonian eq. (7.15)

into parts corresponding to irreducible representation of

the lattice vibration.

8: Investigation of .higher order elementary moments ..

second and third moments

If we restrict ourselves to the linear electron-phonon

interaction, we find that the phonon contribution to the first

moment vanishes i.e. ~ = 0 and 0:::.1 [25].. Applying the

differentiation rule for the Heisenberg operators one can
n..

compute the k. order derivatives in eq . (6.13) by successive

differentiation of the evolution operator given in eq. (5.11).

Using eq. (6.13) one obtainsthe second moraen t as

~ 1\

4 lilt) I -,
d,1.:;). t;:0 /L (8.1)

Differentiating eq. (5~11) one 9btains

1
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+ (8.2)

.
Using eq. (s.l1) for UU) one gets

i\ [" ,.. J 1\•• ~ It.. .L l.t)
"+. U. ( ) - /I eel 1- ULi)· f.iel"L-t) +'1;. HOJ J.l~L .u. ... (8.3)L h, t - /I€,l" i t;, L

which on rearranging gives,

A

Ho is the zeroth-order Hamiltonian defined by

A

•••••••••••••••••• (8.5)

Since the commu tator u. Ht-t.J is linear with respect to

the phonon and therefore vanishes· when phonon (L) average is taken,

':". <[Hoj JtJ)=o)eq. (8.4) becomes

~ A~- < cL Uti;) I ), = -.!... < I-Je-L >at" t:::O L 11, ..••••••••• (8.6)
A.

Using the quantized Hamiltonian operator ~eL' eq. (7.lS),we

finally get the expression for the second moment as

< A. ~ >.
~~ I-l f.,L L - ...• (8.7)

where
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Equation (8.7) shows that the second moment is perturbation

independent.

Using eq. 0.16) and the orthogonarJty relation for Van-
-'"> ;;

Vleck coefficients a~" eq , O.13f};the{ expression for the second
GX-' ,

moment becomes

.....• (8.8)

or

-- ............. (8.9)

i.e. the total second moment is the sum of the contributions

of each irreducible representation of lattice vibrations. In

the same way the expression for third moment takes the form

3 1\.s ; d-ULcJ} -.
C L ele t=o II- ............ (8.10)

The third derivative of eq . (5_11) yields

U== ~ [ti; [11" HeJ ~ -;). tH., au] Hu- ~~H"HuJt~~J{Ht)
......... (8.11)

...

Applying the well known commutation properties of the phonon 1

operators, i.e;/'
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..... (8.12)

and making use of the substitution

.-..... (8.l3)

the third moment is obtained with two parts as follows

" (t)U;
..... (8.14)

and

" A J A
[~~, \N VFr

...... (8.15)

so that

....... (8.16)

8J (I)
,.. (~)

is the perturbation independent while ~
"-is linear~y dependent on perturbation W. The third moment·

is known to determine the asymmetry of the band shape. As can

be seen)eq. (8.14) the perturbation independent part of the
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third moment is temperature independent but the dependence

on temperature comes in when the higher order EPI operator

is taken into consideration. Finally the Jahn-Teller

stabilizatio~ energy (4 Er-i) is given by the expression

II J- r
4E 2

fi ....... (8.17)

and it will be discussed in detaiJ in Chapter 3.

I .

1
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,-,tiM'H,R III

MOMENTS OF A~T ABSORPTION BAND OF Co2+ IN CdF 2·AND CaF 2

As was stated earlier, the absorption band of impurity

crystals consist of broad band, an indication of a strong

electron-phonon interaction. The absorption band shape

associated with transition from a singlet to an orbital triplet

state was investigated intensively on F-centres in halides

[26], F-centres in CaO [27, 28] and especially on the transitions

metal ions in alkali halides. This latter problem was

theoretically treated in semiclassical approximation by

Toyozawa and Inoue [8] and by Cho [9]. Their calculation

of the absorption line based on the Frank-Condon approximation

showed that strong linear interaction of an electronic

triplet state with a triply degenerate T2-mode results

in a symmetrical triple band. In this chapter the calcuiations

for the secorrland third moments and Jahn-Teller stabilization energy
J-T 2+ 2+(~E ) will be done for both CdF2:Co and CaF2:Co systems.

The triple absorption bands in this systems (see figs. 3 and 4)

indicated a strong electron-phonon interaction, i.e, the main

contribution is due to Jahn-Teller lattice vibrations.

9. Electron wavefunction of Co2+ in CdF2 and CaF2.

The two systems (CdF2 and CaF2) are closely related,both

having the same structure, the same anion and nearly the same

crystal lattice constant (5.388 A for CdF 2 and 5.463 A for

CaF2)· The structure of CdF2 and CaF2 can be viewed as a cubic

close-packing cations with F- ions occupying all the tetrahedral



- 44 -

3

o

.\
~
\,

,....,..,
2I a

u
'-"
~
C
QJ
'rl
U
'rl
4-;
4-;

QJ
0
U

C
0
'rl
~
P-

IH
0
III

~

16 18 20

3 -1Wave number (10 em )

22

2+The absorption spectra of a CdFi:Co crystal at (1)
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transition [31].
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4A2,-g----=>:T1g(P) transition. [32].
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holes. 2+ 2+In this structural framework,. Cd and Ca ions are

located at the centre of the cube of F- anions. Each cation is

therefore surrounded by eight F ions at the corners of the

cube forming an MXS system of 0h symmetry (see fig. 5). In both

systems the impurity ion C02+ ~ubstitutes the Cd2+ and Ca2+ ions

in the lattice sites randomly.

2+A free Co ion has seven electrons (three holes) in

its outermost shell (3d7). Therefore the wave function for

3d3 will be derived which is equivalent to 3d7 configuration.

In these systems, the intermediate crystal field scheme is

applicable. That is, where V > V > V , suchee c so
4 4state of the free ion is split into A2, T2,'

that the 4F

4T and 4p state
1

remains unsp1it. V , V and V are electron-electron,ee c so
crystal field and spin-orbital interactions respectively. In

. 4 4these systems the absorption spectrum for A2~--~>T1g(P) and

4A2g ~T1g(F) have been experimentally observed [31, 32].
4The wave functions for .A2g

. 4and Tl are constructed in strong

crystal field approximation with the help of single d-e1ectron

wavefunctions (t2 and e wavefunctions), taking intog g

consideration the intermixing of the states by Coulomb

interaction. The single d-e1ettron wavefunctions are as

follows [-29].

!/rr~(y (&. 'f) y'_.(e.-f)) RJY)
••.'. (9.1a)

$ - +- ~.I •••'\(9.1b)

~-::: i/~ ( Y...,lf),'f) -+- ,(/\ (~I'fJ)R3tt()
•••• ·(9.1c)

f iiv-;; ( ~,..:a.(e,-Il .,.. X.Jed)) Ra~V)
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'(,0 (s. YJ) R6cL (1')

'IVS (,\.~{~'f) -+ ,\,_~(&d'))R3dU) .... (9;2b)

.•••••....•..•• (9.2a)

where ;R3d.ti) is the radial part of the .wavefunction and

Y (eH) are the spherical harmonf cs] The bases given by~kM ,
eq. (9.1) ar~ the wavefunctions of th~ tZg orbital while

eq. (9.2) gives the wavefuncitons of the eg orbital: •

Using the standard technique of Slater determinants,

the two-electron wave function are obtained from single-

electron wavefunction as follows

'f ( t~ 37, Iv1 leX) - I~J I (9'.3)- -- .......

'f L t~e 3-;: M:::I(( ) - /s vI .•.••.. (9.4)

tf( e:L ~~ M I r ) - ) uv J .•....• (9.5)-
Eq , (9.3) gives the two-electron--wavefunction for the ground

state f4A:z. >as determined from the energy term

while eq. (9.4) and eq. (9.5) gives the wavefunctions for the

/
41 -3excited state Tl> constructed from $;1';, = Ll and 50:1;. A2

energy terms respectively. The other components of the wave-

fucntions can be obtained by the appropriate cyclic permutations

of the bases
o

g, l' 5) U, and -tf- .

Further, the three-electron wavefunctions for the states I

4 4 2 4 2. . .
A2-, T;2 (t2e) and Tl (t2e ) are derLved by way of add Lng a

/ :2
system of one t2 electron to a two t electron system. This- 2
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is achieved with the help of the function [29].

:z. l( ( t~ 50 ie Me> ~G) ¢(( l'rlJ 03J X
Mof\'<J

r, '{1

(9.6)

where "If (&S.r;, MorJ is the wavefunction of t~ involving

electrons 1 and 2 and¢ ((~)j) the spin-orbital of the
~Iadded electron i.e electron 3. Here, ~ orbital is taken

to mean that it has the same symmetry as that of tz but

different from t2 orbital. This funstion i.e eq. (9.6) is

base t of irreducible representation r of 0h group. Though,
this function is antisymmetric with respect to electrons 1 and

2,it is not with respect to electron exchange 1, 3 and 1, 3.

The function is made antisymmetric with respect to all the
2

electrons Qut must remain an eigenfunction of S> and Sz ,
->where S is the resulta~t spin-angular momentum.

Antisymmetrizing the function and using the appropriate

properties of determinants one obtains_

.... (9.7)

where K. repre sents set of quantum numbers (~IrI~ y.) for~ _ k

i = 1,2 and K3 represents

to be determined from eq.

I(t~mJr3J. Ci are numerical constants

(9.6). Using eq. (9.6) and eq. (9.7)

the three-electron normalized wavefunctions for the states
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If ( c; (.aJ,) ~~ Ivt = 36 r ) = - I ~ § Sl (9.8a)

tf (t; (3~) e 4T, M:: 34~) -=. I ~ ~ 'll J (9.8b)

Lf( e~(3A~) tj.4~ M:: 3/~y) == - /.uV'§I (9.8c)

I

The two electronic states arising f~om lt~e~ and t2e~ whose
~. r

wavefunctions are given by eq. (9.8~~ and ~q. (9.8c) are

admixed due to the Coulomb interaction (electron configuration

mixing) resulting in shifts of their energies. The term

energies of two 4Tl states ~e calculated by solving the

secular equation

.J..:' .~ :,)<51115'>,. J(~~)- J«~~)-f ;).<3~1 Isv->
I

tn 2<3171 15 \1") <'JHl~>-t<:V"Hll»-tJ(JIt)-K(5\J")-f
l'"' fJ

=0

(9.9)
where J ('( ~' ) and K (r ,,') are the. Coulomb integral and exchange

integral respectively and

<v/ -f J V> (9.10)

4 4The two states are termed as Tl(P) and Tl (F) states.

Expressing the integrals in terms of crystal field parameter

Dq and Racah parameter B~ the wavefunctions for the two states

4Tl(P) and 4Tl(F) can be written as

rr CP):>

14~ (F) >
(Cc>s B 'f(t; e) - S,~ o If(t:l e~) (9.11a)

I

S 1Vt,e <f (t~e) -t (t 0.5 e t.p( c~ej' ..... (9.11b)
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J:2 8
10 DCZ -9B

The values of Dq and Racah parameter B are shown in the

table below.

TABLE 1. The Crystal Field Parameters.and the Racah Parameters

2+ 2+
CdF2:Co CaF2:Co

[3l} [331

-1 400 360Dq>cm )

-1 930B(cm ) 930

Finally, in the zeroth order approximation, the normalized

wavefunctions for these states are obtained as follows

.[411 (p) ~ _

· I LfT, (P)r -

· 1 it"T. (f) >oG -

.llj~ (F)~ -

· J lf~ (f) >r -=

- J;{b [-/~5ul + V3J~5V-ll-t S/.Cf 10 v-51

- 'Iv'b[J§su/ +JgSv-I] -+ 5/qJulf~1

J~ I~5 u J + 5/'1 J .t( u- s I

- 51f5 [-/~~ uf -+ V3J~J lt/J - A Juv1f .. ~(9.l2d)

5!J e [ 155 u J + J} -5' \t I] ~ jSi3 }.u. if ~ I .... (9 .12e)

- o/Cf J ~ 5 1J. J - J% I .u V- 51

(9.l2a)

(9.l2b)

(9.l2c)

...•(9.l2f)
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L+ 2+Since the Dq values for both CdF2: Co and CaF2:Co

are close and the values of the Racah parameter B for the

two systems are the same,the three-electron wavefunctions eq. (9.12)

holds true to both systems.

10. .The Electron-Phonon Interaction operator

As was pointed out

of C02+ is 3d7 and it is

earlier the·~lectronic configuration.~.
~

surrounded b1'eight ligands (MXS ).

Considering only the first eight nearest neighbour ions of the

"impurity centre, the potential energy Vi of the:.c-
2+electrons of the central ion (Co ) in a system having Dh

symmetry can be expressed as

(10.1)

where e'lfis the effective charge of the i:)(.1h lattice point and

e is the charge of the electron of impurity centre. ~ = 1,

2 ..... S represents the eight point charges (nearest neighbours)

and k=l, 2, 3 are the three electrons of the Co2+ ion. is

f tk. h d =>the position vector 0 the ~ p01nt c arge an rk is the

position vector of the electron. Taking W to be a smallc

perturbation, it is expanded in Legendre polynomial as

.... (10.2)
0(:/

the lesser than and greater than

-) -)and rk and r<
-)R respectively.

-)and r) are-)where ~ is the angle between R

Without loss
-)of generality, r< and -)

r)

-) -)can be written asr and R~ I

respectively such that eq. (10.2) becomes.
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The addition theorem of spherical harmonics yi~lds f.C(CoS~~)
as [29]

where \,,,,,(6,'f) and \:c e"". 'f~) are the spherical harmonics

and their complex conjugate related through the expression

(l0.5)

-)

'f and RCl(./ B"J i'c( are the polar coordinates of
2+respectively. For the systems CdF2:Co and~ ~rand K

caF2:co2+ which are body centred cubic, Fig. (5)) the values of

(8~I -e) for the eight nearest neighbours have been found to be

as shown in table 2.

Substituting eq. (10.4) into eq. (10.3) the expression for
A

We. becomes

For d-state of the electron in 0h symmetry, the non-zero
A

contribution in ·We-Cr,.~) is given by the terms with L = 0, 2,

4 such that eq. (10.6) becomes
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TABLE 2. Values at (80(, 'fp\.) for the eight ligands

of an MXSsystem.

Ligand 80<. \Pet

1 . Cas-1 (1/J3) 1\14

2 7i. . -1 (l/r3) 3~/4- Co st
.'~.

3 7\ Cos-h. (II [3) 7A; 4-

4 Cos-1 (1/J3) 51:/4

5 Cas-1 (10"3) 3A/4

6 " -Cos -1 (1/J3) 7\/4

7 Cos-1 (1/[3) 7~/4 ,

s J\ - Cos-1 (1/i3) 5A/4

~ '-I.y *")l
+ ~ ~ .• fR~~J~''f') X.,(&', 'f"'~....

'"The electron tensor operator v.-- eq , (7. S)for anMXSsystemr;
in cartesian coordinates is expressed as

(10.7a

I
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Now, the differentiation of spherical harmonics which appear

in eq. (10.7b) above is carried out with the help of the

following equations [30].

16 *" ]
y'"c:;~,'f'J . .. (10. 8a)

The symmetrized displacements are determined with the

help of projection operator eq. (7.6), which gives the

symmetrized displacements in trigonal coordinate system

as follows



QA'9 --
GE"u, ~

GeV -
QT:l~ --
OT~§ -
Qi:!.l
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The local ligand trigonal coordinate system !or MX~

is shown in fig. (6). The active lattice vibration modes

which are interacting with the electronic excited states
4 4Tl (P) and Tl(F) are represented by

where

+ E3

A - totally symmetrical lattice vibration19
E - two-fold tetragonal lattice vibrationg

T2g - three-fold trigonal lattice vibration

The displacements of ligands for Alg, Eg and T2g modes of

lattice vibrations are shown in figs .. 7, 8 and 9.

Using the transformation eq. (10.10) below (see fig. 10),

x - '/ifb ( X -tY + :11)- (10.lOa)·........
y - '/~ ( X y) (lO.lOb)- ·........

7 t/V3 ( X -t Y -r 1) I·........ (10.lac)

the final expressions for the symmetrized displacements in
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I

I
I '

I
I

5~
/

/
/

/
/

o
-WI

Fig. 6. Local ligand coordinate system for an MXs system.



Fig. 7.
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(a)

(b)

Q~u

Symmetrized displacements for (a) Alg - mode and

(b) Eg -mode of lattice vibration of MX8 system.



Fig. S.
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(a)

(b)

Symmetrized displacements for (a) E -mode andg

(b) T2g-mode of lattice vibration of MXS system.
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(a)

(b)

Fig. 9. Symmetrized displacements for T2g-mode of lattice

vibration of MXS system.
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I
I
1 - \

\
I \
I \
J \

I \ I /
I \ 1 /
I __ ~-

~-t----- - f /
-:-:

~---- - -

/
/

/
/

/
x

/

I

y
- - - - -----+---~

3 -6

Fig. 10. Local trigonal and tetragonal coordinate systems for

an MXS system.
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tetragonal coordinate system becomes

Y).IT, [ ( XI - X:l + X3 - X,+ - X5 -t Xl:, -t X"7 - X Ii').
+ (Y, -r "G -~. - ~ t Ys -t Y,- - \ - ~)

,

-t ( 2., - Z:l -1..1 "\, z; -+ 1-5 - t(, -t 11 - 7rJl
.... (lO.lla)

QEU. V4J3 [ (-X, + X:l- X3 + Xlf + Xs - Xl. - X=1 + Xg)

.} (-Y,-~-t'r; -t ~ -Ys -'( +Yq +Yg)

4-~ (1, -12 - 23 -f Zlf + 7.s - Z(, -+ 1"} - it")] .
... (lO.Hb)

QfV - 1/4 [(X,- X;l-+ x3- Xlf-XS +~,,+X:r -x~)
I

+ ( - y. - G + ~ + 1:: - Ys - ~ -t 1; + YrU
... (lO.Hc)

QT:l~ - ~J&[(XI-X:l..""X.3 +X4+Xs-X4, +Xl-Xg)

-t (1< + X + ~ 4- Ylt - Ys ..•Yb - Y, - Ye)

+ (2, - t"l., t"23 - Z~ -7.s + 1.1.. + 1"l -Zg)J,
... (lO.Hd)

Q T~§ - Y.:l.J~[( XI -} X:l, + X3 + x., - Xs - Xt, - X t - Xg)

+ (Y, - 'I;. - Y3 + ~ + Ys --'\ +Y~ - Yg )
+ ( c, t c~- Z::,- 7 t; + t:5 + Z(. - 1~-li)J '

.•• (lO.He)

Q T:lJ - ~Jt[ (X, + X';l.. - X;; - Xlf' + '1.5 + X", -- x~ - Xg )

+ ( Y. - '( + 'G - ~ - Ys + Yb + 'l; -Yr)

+ ( 'lJ + z, + 13 -1 z, - ts -1..b-1.'l ~1:)]
(10.11£)
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t si.ng eqs. ~lu. /0.), \lU.,b), (lU~8) and (l0.11), and without

showing the lengthy though elementary calculations, the
'"expressions for \~~ are obtained as followsVi-)'

Since

= -iJ~ Yoo (e,'#') ~~ -t;;1- Aii ~'" Y£410Ce, elf)

+ -f§ Ii~%b ('(.4(el'l') + \_te,If))
~)1 I V LL a. '(~ V 5 )1: 1'4 Y ( 'I- -3 l\ ~l. lo.t) led) -(- "'3J S1\ YRLt ':l,dS,f) + ~=t Ii?> 1.'0 ed)

+ ~ J~ ~b ('(.4 (e,y» -+ '\.4(8dJ}) •••• (10.12b)

- -1'/[; ~ «, (Sd)) - ~_~(e,'f')) (10.12c)

-tJ~A %~('( ce,f! - '(,to,f)]+ ~ J;" r.r-JY,."le'f)- \.,le,~
+ 1; j~!>~ 4b (V (ed?\ - v (e, f)\ . .... (10 .12d)

I ~7\ K.1 .( 41-.3 J Ilj,J )

-1i.J~- r. (Y (e 'f'l +' v (SI'f'i\ - LJ~~~b (y (9,'04 y.(OI.p~
.3 1::.J., R~ :l.J 'J 1~-I / q es R ~13 4 :J

7~TfJ;l\~b (,(,/{B-d») -t \.,(9,-1')) (10.12e)

Ybj~7. ikLf (~~ CBI'f'J - X_~ted>')) (lO.12f)
A\I.~~is one -electron operator, its matrix element
n

. . .. (10 .12a)

between three-electron Slater determinant ~vavefunctions

I t, td- i:\ 1 can be expanded as follows [Z9J

where ~i represents any of the bases, l' 31 5J L: and V

of irreducible representation r. Using the wavefunctions for

4A2' 4T1(P) and 4T1(F)..•eqs. (9.8a) and (9.12) and with the help

of eq . (l0.13) and the standard. integration for thre e spherical

harmonics (30),
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(1,10,1 ~~ !L.ro,'> = Jr:~,'t: '(M> di.

_ (_Oft1. [(?.{I-+I)(;H':l+I)(:2{:)~ ')7~({. { .(~)(t .t l')..)
. 41\ J -m. 1'\1 "" ~ 0 0 0

J

(10.14)
•.

the expressions of the matrix elements
~~F..

L

""-
of operator .V,. - arer~

obtained as follows;

Using the Wigner - Eckarts theorem [29]

<r ill V." Ir~~~'> = Jt-Cr.) ~~ II ~ r.x. r.¥.J r.~>
,J (10.16)

where llv F f/ are the reduced matrix elements of the operator ,

"Vtr which do not depend on ~)5 (r.) is the dimension of I

irreducible representation of the electronic state and

«r,r. ~r.lrr>are the Clebsch-Gordon coefficients [29] ,the
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expressions for the reduced matrix elements I} \If ~ are

obtained as follows:
4 4For A2:-g--~~Tlg (P) transition,

/f.~,11
\ ,),

1/ ~ 1/

(I VT~11
For 4A~2g---->~4Tlg(4F)transition,

(10.17a)

=- r 5/~ ('\-2) - ~%~ fJ'tJR.....•....

~ [S/:l;J!)l - 5~b f;1] b'lR

(10.17b)

(10.17c)

~\:,11
1/ Vi: 11

II v~IJ -

~ 41-IID t)~/R

= [- 31.;1J1 )J. -t (5~+ '¥)]~~~~.(10.17e)

I~J} fl-- £5/SbJ~ ] b1/R
..•••.. (10.17f)

(10.17d)

where Dq is the crystal field parameter expressing the nature

of the metal-ligand interaction in so far as it affects the

spectral splitting. For a cubic system of 0h symmetry with

MXS configuration it is given by

•••••• (lO.lS)
and j) is a parame ter given as

. where

(yO:> _
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R~4(") is the radial function for

In eq , (10.17), IJ ~/ll
d-e1ectron and ,n is an integer.

have been calculated by renorma1izing

the electron-phonon interaction operator such that

(10.19a)
and

(10.19b)

In this expressions, Dq and R are known while the parameterfl

can be calculated usingtre radialwavefunction of free ions.

11. The phonon Sums
...•.

The determination of the Van-Vleck coefficients o.,z (fi)

eq. (7.10) and the quantities lbjtl7(fi) eq, (7.l3) will be

restricted to the approximate sums in the "Extended

Brillouin Zone" scheme as was mentioned earlier. In the

"Extended Brillouin Zone" scheme, the phonon sum for the

accoustica1 mode of vibration is calculated in Debye's model

with a cut off wave vector ;~O= (b?JVoJ which extends.'

beyond the boundary of the first Brillouin Zone, where V-
-0

is the volume of unit primitive cell. For the optical mode

of vibration, the Einstein model is applied. This is because

the polarization vector ~~~) for all directions in the

Brillouin Zone for all branches of lattice vibrations are not

available in the literature and therefore could not be used.

However, the experimental determination of dispersion
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relations for phonon frequency against the phonon wave vector
2+ 2+ .for CdF2:Co and CaF2:Co have been carr1ed out by [34].

The frequency of the longitudinal optical mode obtained

by the above- mentioned was relatively high as determined

from the analysis of reflection spectrum. Pamela et. al. [34]

attributes this discrepancy to the difficulties encountered in

preparing thin films of ideal crystal structure and thickness.

-'>

Now, the Van-Vleck coefficients ~v and the quantities

b will be calculated in the case of the "Extended Brillouin;;;V

Zone" scheme in which real coordinates, real polarization vector

and Van-Vleck coefficients can be used. The required V2n-

Vleck coefficients transform in the same way as the bases

of the T2 ,E and Al Irreducible Representation (IR). Sinceg g g
the bases of the T2g - IR are not real [29] a unitary

transformation is applied to make them real within the sub-space

belonging to the T2g IR. It is possible to do so because any

unitary transformation within a degenerate sub-space does not
...•

affect any physical situation. Therefore, exp [- z ::x:.. R~e(, ] in

eq. (7.10) is replaced by 2 sin[;:x'R:-r 1\/4J. For the

impurity centre of 0h sYmmetry, the Van-Vleck coefficients

are 135].

-'>

-t 8"s~ ~ R0 + er .sI;'Xl R~) '..... (ILIa)
-'>

~v (G~) Yv:3 s,h lIkt (e~£;v..X-)t «0
+ e'lSI~~ ~o- :le1:G1:VX1Ro) , ..... (l1.lb)
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::: S,,;. ~/4 (ex S,'1 Xx f<.o -eys,'n.?t., Ro)
.•.. (11.1c)

~1:"'hJJj (ec-S .: 5:.yRo + ey5~ ~z. Rc1. .. (l1.ld)

5~ X/4(e)(S;"'->ltRo + ~Sl~;txl?c) ... (ll.le)
..J)

Q:itv (1~'b) ::
-?.a~v(T~S) - 5.:" AJLI (~S/~:>t)CR~-"+ eIf,SI"",.:>t-.J<J ... (l1.lf)

.~;;

. To determine ~~~J the pOlarizati~n ~ector ~~y is expanded

in the directions parallel and perpendicular to the phonon

wavevector ~ (see fig. 11). From fig. 11, when rtll:t then·

-- (11. 2-a)

-- . . . .• (11. 2b) I

-- • . •. (11. 2c)

;?11·~When~ ~ then/

..... (11.3a)

• . . . . .. (11. 3c)

and

-J> de.. ~ s c. e Coj c.p
~)(R -::::

-->
~'1 R - ~R .sl~ e S t~ If'-

-:> ~R CooS ede.... , R --

.... -... (1.1.4a)

......... -. -(11:4b)'

(11. 4c)
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~~rt'
'Q.{tf

I
I
I
I
I

1
I
I

1- I Y
I

.•.. I
I

I

.'Fig. 11. The polar coordinatei of th~ polarization vector
~e.~ .

.~
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with

Taking the integration and averaging! over the squares of
,}
'i.

Van-Vleck coefficients, the followin~'i expressions for ~£)f(f)

are obtained

b~t (A,) ==- .L

"'- + s j.,. .:l §.
83~

+ .3 oS 1'''' V3.~ .
.JJS. 3r

CooS :l§
4g~

.3 Co.S 15 s
:l5~ (11. Sa)

bjt (A,) - .J.... _ S '''' .:l£ -t Co..s:} ~ + .5/~ If,;) 5- 6 1633 ~.s;1 ;2.13 §
-3Si"1-V3.~ + 3Co.s~§

4J5 J~ 4- J:l
bJ.(c E) - ..L _ s,~~~ + ~~£ - ~.s ~§- b 4 ~ F S~ 4 ~~.

+ §I~ V3 S 3SI~~~ -f 3Co~V=l §
,:)J~ S 4./3 g3 .~f~'

b§t (f)
L _ 5;"\.~.s -/" Co.l.J,3 .. _ p/~ V5j
b 16 s' 8g:>- 4l~.g
-/-3s.~~5 - 3 Co.s 1.135

~J~33 8J~

6SL ( ~)
...L _ si",-:2!, .f ~.s~§ _ s,-.,..rs ~

- b 16 SJ ~S~ ;;}~ ~ .

-r 3.s,:"'~§ - 3Co.s~ $
4.15. 053 '" 5:J.

(11. Sb)

(11. Sc)

(11. Sd)

(11. Se)

-L _ .s/~.J§ -r Sl~~;. CD..5:1~
b s ~ 3~ 33 Ib 3~
+ 5,~\G~ _ 3s"~~.§ + .8CD.lV3S I

4 Ii ~ 8.E 5.3 8'.§:l. \11. Sf)

expressions ~ = :;>c.R. is a dimensionle.ss. coordinate.In the above
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To carry out the calculations, for the second and third

moments, the expressions for these moments eqs. (8.8) and

(8.14) are to be expressed in integral form. First, the

Wigner-Eckarts theorem in matrix form is applied to the

operator such that

v.
rt' .•••••• (11.6)

where ~\;f~is the reduced matrix element which is

independent of the index of the row r of irreducible

representation r. ()ii are the C1ebsh-Gordon coefficients

matrix which satisfies the orthogonality relation

-- "1 .•.•..••• (11.7)

Now, changing the summation in eq. (8.8) to integration with

respect to ~ and using the Wigner-Eckarts theorem, the

expression for the second moment (6'~)becomes

(11.8)

where ~ is Debye cut off phonon waveve ctors ; '. ._

Changing the valuable sc: to dimension less variable ~ and applying

the Debye dispersion relation for accoustica1 mode of vibration

i.e Wh=X.lt and the Einstein relation for optical modes of
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vlDr~~ion (i~ optical frequency U)~ assumed to be independent
....•.

of ~), the following expression in integral form is obtained

for the second moment

where 5.b = ~~ = V3j:,; a 0 ~t> and 0. is the crystal lattice

constant. The perturbation independent part of ihe third

moment is given by eq. (8.14). Using the same argument as

above and taking into account one longitudinal and two transverse

modes for both optical and accoustical branches, the final

expression for the third moment is obtained as follows

where? is the density of the crystal.

i)The Jahn-Teller Stabilization energy
~

Let Hy be the diagonal matrix element between the electronic

states [r t » of the total Hamiltonian given by eq. (1.1). Then
"+ ".. Ain terms of the creation ~!J and annihilation C~v operators Hy

can be written as

+
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- fIUP
where Lt = < n' 1 ~ttJ lr~> and ~~ implies that the

"'-non-adiabatic part of the interaction Hamiltonian Hel is

neglected.

Noting that neither are lrr> exact eigenfunctions

nor
A

<fa' IHe Ira:> = E. exact eigenvalues of the Hamiltonian
v • r

A

He, and making use of suitable mathematical formalism for
"-perturbation theory based on unitary transformation) H~t can be

transformed as

-s A .se -Hr e (11.12)

where 5 is anti-Hermitian operator which takes the form

A

5 - (11.13)

"Here, Hi is taken as an operator acting in the phonon sub-

space. hlfJ -,The values of ir:>t.. J can be determined by expanding

and since the linear terms in S vanish in the expans i.on,

eq', (11.14) ~ that is

+ o
(11. :15)

then

. . .. (ll ..16)

/I.

In this approximation the second-order Hamiltonian Hy is obtained
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as

-- "<rr/ He I rr> -
(V) Il.~ J<rcrl ~ Ir.-)

. .;>(.. ~ 00.;2 +

+
where the second term in eq. (11.17) is called the Jahn-Teller

stabilization energy (A:Er..r) .

•••Q. (r)Expressing V.;>t / in terms
"-\If; and using the Wigner-Eckarts

of irreducible tensor operator

theorem)the' expression

for Jahn-Teller stabilization energy is obtained as'follows

!J E r-r
• • • • • •• (11.18)

which can be expressed in integral form as
=x.0

9 (f) -:? ~Vet1. ~~ b~,(F) ~

:r 0 CV.,x,v • • . • .• (11.19)

Applying the Debye's and Einsteins approximation for lattice

vibrations as was done for second and third moments and

changing the variable:>R.-to dimensionless variable 5 ' the

expression for the Jahn-Teller stabilization energy becomes

A C I-T = ' -=::; 11 v.' II'll~D s;:l -1 ~
W 1:: /6J'\3fi;,RoSCF) T f :J CA-J X

x[ bi~,(f) -t ~b§t(f) -+ b~(W -+ ;)b!-t(f) J
§ V,,':J. fl vi WoL.;- c.J~(..Ro~ .... (11.20)

In the calculations of the moments and Jahn-Teller stabilization

energy, the following phonon parameters were used (Table 3)
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TABLE 3. Phonon Parameters [34]

Cd.F2 CaF2

Density, <5') kgm-3 3 36.33 x 10 3.18 x 10

Lattice Constant
x 10-10 in 5.388 5.463

-
Nearest neighbour

-10 4.666 4.73distance x 10 m

Longitudina 1 velocity
of sound ( V,t> - ms-1 4521 6858

Transverse velocity
of sound (\It) ms-1 2863 3960

Longitudinal optical 6.028 6.38
phonon frequencyVJoL(s -1) x 1013 x 1013

Transverse, optical I 6.028 6.38
phonon frequency .If'ot, (S-l~ Yo 1013 x 1013

The third moment (°3) is known to determine the asymmetry

of the band shape. The asymmetry deviation of the band shape

from the Gaussian form can be described by the third coefficient~)

of Edgeworth series defined as [18].

•••.•.• (11.21)

For strong electron-phonon interaction, ~4«1)a condition that

indicate the presence of strong Jahn-Teller lattice vibrations.
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ii) Comparison of theoretical and experimental values of the

Jahn-Teller Electron-Phonon Interaction parameters

The second and third moments of the absorption bands of

C02+ in CdE2 and CaF2 arlslng from the 4A2g >4TIiP)

and 4A~ >4T1(F) transitions.ha~; been calculated at 78K-s g ~

using eqs. (11.9) and (11.10). fhe Jahn-Teller stabilization1-,

energy (b. EJ-T) and the third coefficient eX,8) of Edgeworth

series have also been computed using eq. (11.20) and eq. (10.21)

respectively. Both experimental and theoretical results appear

in Table 4. The temperature dependence of the second moment

for 4A2'g----~~TliP) and 4A2~g---+:TliF) transitions are shown

in fig. 12 for CdF2:c02+ and in fig. 13 for caF2:c02+.

iii) Energy separation (4E) between extreme peaks

The half band width of the non-Gaussian curve is given

by [37)..

0; [1-+ 3 " u~h.J2. - 8Ch &t (~-~~,- -0; (f.:l. ...... (11.22).3

Experimentally, in place of this half band width, the energy

separation (A E) between the extreme peaks (see fig. 14) has

been determined [31, 33]. To compare these two values an

experimental fit has been taken at 300K. This mathematical

reduction factor 0( is not a bad approximation since the

extreme peaks are nearly symmetrical about the central peak

(fig. 3 and 4). This factor is defined as
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..........•...... (IL 23)

and has been calculated at 300K.

TABLE 4. Jahn-Teller Electron-Phonon Interaction parameters

2+ 2+CdF2!Co CaF2!Co

~ ~j(P) ~~ Lt-;:(F) ~ ----;s>4T (p ~ ~t"(fj
~ I

~ .. ~ I

G; (78k) Theor. 8.9 14.3 12.1 19.7

x 10-3 (eV2) [38] - [38]

Expt. 9.6 - 10.2 -

G; (78k) Theor. 1.51 2.44 3.00 4.85

x 10-4 (eV3) [38] - [38] -

Expt. 3.12 - .2.86 -

/;).EJ-T Theor. 0.196 0.30 0.181 0.292

(eV) [31] [31] [32] [32]

Expt. 0.23 0.26 0.223 0.24E

&'308k) Theor. 0.018 0.014 0.022 0.017
-:

(
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For the 4A2~g----~)4TlgCP) transition, the second and third

moments at 300K are found to be G;= 2.56 x 10-2 eV2 and

6'3 = 1.51 x 10-4 eV3 for CdF2:co2+ and G2

and ~3 = 3.0 x 10-4 eV3 for caF2:co2+. The values of C( are
2+therefore found to be 0.67 and 0.48 for CdF2:Co and

2+CaF2:Co respectively. Now, using this factor D(, the

theoretical t.. E has been computed and compared with the

experimental results as shown in figs. 15 and 16.

DISCUSSION AND CONCLUSION

As can be seen from table 4, the values of moments and
4 4·Jahn-Teller stabilization energy in the region of A2~TlgCP)

and 4A2~4TlgCF) transitions for both CdF2:co2+ and
2+CaF2:Co systems show close agreement with experimental values

with an exception of the third moment for CdF2:co2+ associated

with absorption band arising from the 4A2g )4TlgCP) transition.
/'

The deviation ·petween the experimental and theoretical values

is between 5% and 50%. Figs. 12 and 13 show the dependence of

the second moment on temperature which is found to vary linearly

with T at high temperatures. This dependency of second moment is

identical to the one observed .in other systems [36] .

.The Jahn-Teller stabilization energy indicate the presence

of Jahn-Teller electron-phonon interaction between the excited

electronic states 14TlCP);> and

lattice vibrations of the ligands.

tTl CF» of Co2+ and the
J-T 4 J-TSince /).E C P» >~E

there is a stronger electron-phonon ~nteraction for

the 14F> electronic state than for the j4p> state. Further, it

is seen from table 4 that for both the transitions 4A""---~~Tlg CP)-2g
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and 4A2g---->~4Tlg(F) in both the systems, ¥3~1 which indicates

the presence of strong Jahn-Teller interaction. Moreover,

~3(4F) ~'¥3(4p), hence the Jahn-Teller interaction is stronger

for [4F> electronic state.as compared to 14p) state which

supports our earlier argument. From figs. 15 and 16, it is

evident that there is a close agreement between theoretical
~1.:

and experimental results at high te~peratures, but a deviation

of about 20% at low temperatures. The deviation of theoretical

values from the experimental results c?n be attributed to the

approximations applied in the calculation which are,

i) The electron-phonon interaction operators were

expressed in the lattice-point approximation of

first order (linear) ignoring the quadratic terms.·

ii) The interaction of the optical electrons (electrons

of the impurity centre) with the first nearest

neighbours only was considered.

iii) The wave functions for the /4A2c;(, 14Tlg(P) and

]4Tlg(F) states were expressed in terms of Slater

determinants but taking into account the electron

configuration mixing.

iv) The dispersion of the phonon spectrum has not been

taken into account i.e the dependence of the phonon
~frequency on the wavevector ::e. has been ignored.

v) The phonon sum appearing in the expressions for the

second moment and Jahn-Teller stabilization energy
• J

has been determined in the "Extended Brillouin Zone"

scheme with extended cut off wave vector, ~o'
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In conclusion, the lattice-point model for electron-phonon

interaction and the "Extended Brillouin Zone" scheme to the

phonon sum prove valid to absorption spectra by d-electron

impurity centres in crystals with cubic symmetry and in
. 2+ 2+part~cular to the CdF2:Co and CaF2:Co crystals. The

presence of strong Jahn~Teller interaction in these activated

crystals has been implied in the calculated results which have

also been observed experimentally. More accurate results could

be obtained if the above cited approximations are taken into

account e.g considering interaction with second nearest

neighbours, considering the quadratic terms in the EPI operator,
~the dependence of the phonon frequency on the wavevector 9~

etc.
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