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ABSTRACT

A sequence of algebras over the field of real numbers can be constructed, each
with twice the dimension of the previous one. The algebra constructed by doubling
complex numbers is the 2?- dimensional quaternions. Next we have the2’-
dimensional octonions, constructed by doubling the quaternions.The algebra
constructed by doubling octonions is the 2*-dimensional sedenions. The oldest
method of constructing these algebras is the Cayley-Dickson formula. Since they
extend the complex numbers, they are called hypercomplex numbers in general for
dimensions greater than2*. Our main emphasis is on the general2”-ons. Split
extensions of 2"-ons are studied from the point of view of Loop Theory.
Multiplication of basis elements of complex, quaternion, octonion and sedenion
split extensions using the Jonathan Smith doubling formula is done. It is shown
that Nim addition gives a way of determining the subscripts for the products of the
basis elements for the split extensions. This result is extended to split extensions of
general 2" — ons . Subloops of sedenions are also investigated, and it is shown that
they do not necessarily reduce to either subloops of octonions or sedenion split
extensions. This is done by showing the existence of two-sided subloops of
sedenions that are neither subloops of octonions or sedenion split extensions. It is
well known that when L, the multiplicative subloop of octonions is abelian, the

sedenion split extension LxS° formed is a group. The structure of L x S° when L
is non-abelian is studied. In particular, it is shown that LxS° fails to satisfy group
properties. When the satisfaction of standard Loop theoretical properties is
investigated, LxS° is seen to satisfy the Jordan identity and flexible properties. It
however fails to satisfy the left alternative, right alternative and anti-automorphism
properties. Finally, multiplication of the basis elements of complex numbers,
quaternions, octonions and sedenions is done using the Jonathan Smith doubling
formula. In each case, it is shown that the formula gives a way of constructing
Hadamard matrices, as did the Smith- Conway formula. This result is generalized

for general 2" —ons



CHAPTER ONE

INTRODUCTION
This chapter covers background information, statement of the problem,
hypotheses, objectives and significance of the study. It also includes the scope of
the study, definitions and preliminary results which are used extensively in the

research. A section on characterization of algebra properties is also included.

1.1 Background Information
A complex number a+bi can be written as an ordered pair (a,b) of real numbers
a and b with multiplication defined by

(a,b)(c,d) = (ac—db, da+bc) (1)

In Mathematics, a sequence of algebras over the field of real numbers can be
constructed, each with twice the dimension of the previous one. The oldest method
of constructing these algebras is the Cayley-Dickson formula and the algebras thus
produced are known as Cayley-Dickson algebras (Bremner and Hentzel, 2001).
Since the algebras extend the complex numbers they are called hypercomplex

numbers (Kantor and Solodovnikov, 1989) in general for dimensions greater

than2*.

The algebra constructed by doubling complex numbers is the 2°- dimensional

quaternions. The doubling is done by forming ordered pairs (a,b) of complex

numbers a and b, where multiplication is defined by:



(a,b)c,d) = (ac—db, da+bc) 2)
Next we have the 2* -dimensional octonions, constructed by forming ordered pairs

(a,b) of quaternions a and b, where multiplication is defined exactly as for the

quaternions. The algebra immediately following the octonions is the 2°-

dimensional sedenions.

In general, the Cayley-Dickson construction is a process by which a 2"-
dimensional hypercomplex number system is constructed from pairs of 2"-
dimensional hypercomplex numbers, where » is a positive integer. This is done by

defining a multiplication rule for the 2" -dimensional hypercomplex numbers.

But this, of course, raises the question: Why isn’t there an infinite sequencé of
division algebras, each one obtained from the preceding one by the Cayley-
Dickson construction? The answer is that each time we apply the construction, our
algebra gets a bit worse. First the complex numbers lose the self-conjugacy and
ordering property, the quaternions lose commutativity, octonions lose associativity

and finally the sedenions lose the division algebra property.

Several scholars have come up with different doubling formulas with an interest of

getting nicer properties in the sedenions and higher 2" -ons. Some of the formulas

are included in Section 2 4.
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1.2 Definitions of terms

Below are some definitions of the terms that will be used extensively in this work.

1.2.1: A groupoid (G,-) is a non-empty set which is closed under the binary

operation - , that is, for all a,b € G, there exists a unique ¢ € G such thata -b = c.
1.2.2: A quasigroup is a groupoid G such that in the equation x- y =z, knowledge
of any two of the elements defines the third one uniquely.
A quasigroup can also be defined as a set Q with a binary operation -, left division
\ and right division / such that the identities
\(x-y)=y x(x\y)=y 3)
(y-x)/x=y (y/x)x=y ©
are satisfied. In this aspect, a left quasigroup is a set Q satisfying (equation 3)
while a right quasigroup satisfies (equation 4).
1.2.3: A loop L is a quasigroup Q with a two-sided identity e satisfying
ex=x-e=xVxe(.

1.2.4:
(a) A left loop has a left identity satisfying x \x = x\(x-e)=eV xe Q.
(b) A right loop has a right identity satisfying x / x=(e-x)/x=eV x€ Q.
1.2.5: A loop L has

(a) left inverse property if ¥ xeL,3x' €L suchthat x' (x-y)=y,V yeL.

(b) right inverse property if VY xeL,3x" €Lsuch that (y-x)x"=y,V yeL.

(c) inverse property if it has both left and right inverse properties and



x-x =x'-x=e VxelL.
1.2.6: A subloop is a non-empty subset of a loop which is itself a loop.
1.2.7: A loop L is called a Moufang loop if the Moufang identities
Xy-zx = (x-yz)x
x(y-xz) = (xy-x)z
x(y-zy) = (xy-z)y are satisfied for every x,y,zeL.
1.2.8: An algebra A4 is said to be power associative if the exponential rule
x"x" =x™" for allxe A4, and for all m>1, n>1 always holds.
1.2.9: A Bol loop is a loop satisfying the left or right ‘Bol laws’
Left Bol Law: (x-yx)z=x(y-xz).
Right Bol Law: z(xy-x)=(zx-y)x.
1.2.10: A division algebra is an algebra in which , given b, and given a#o0
(a) there exists z so that a-z = b, and

(b) there exists g so that g-a = b.

1.2.11: Let L be a multiplicative subloop of the non-zero octonions. Then its

sedenion extension L x S ° is the disjoint union L w Lf within the sedenions.

Elements of this union are encoded as pairs (a ,&) with e e S° = {1,- 1} ,by

a— (a,l),af — (a,-1).See (equation 9).



1.3 Preliminary Results
Theorem 1.3.1: Kivunge (2004). Let L be a multiplicative subloop of the
octonions. Then the following statements are equivalent:

(i) L x S°isagroup

(i) L x S ° has the left inverse property

(iii) L x S° has the right inverse property

(iv) L is commutative

(v) L is abelian
Lemma 1.3.2: Kivunge (2004). Each commutative multiplicative subloop of the
octonions is associative.
Corollary 1.3.3: Kivunge (2004). A commutative sedenion extension loop is
associative.
Theorem 1.3.4: (Moufang theorem) Hsu (2000). Let x, y and z be elements in a
Moufang loop L. Then the subloop generated by x, y and z is associative if and

only if x, y and z associate.

1.4 Hypotheses
1.4.1: The structure of the sedenion extension formed when the octonion subloop
from which it is formed is abelian is stronger than the one formed when the

octonion subloop is non-abelian, in terms of loop properties.



1.4.2: The multiplication of split extensions for 2”-ons can be viewed in terms of
Nim addition when Jonathan Smith formula is used.

1.4.3: Subloops of sedenions do not necessarily reduce to subloops of octonions or

sedenion split extensions.

1.4.4: The frame multiplication of 2" -ons using the Jonathan Smith formula gives

a way of constructing Hadamard matrices.

1.5 Objectives

1.5.1 General Objective

The objective of this research is to study complex numbers, quatenﬁons,

octonions, sedenions and the general 2"-ons. Sedenion split extensions will be

investigated from the point of view of Loop Theory. |

1.5.2 Specific Objectives

) To investigate the structure of the sedenion extension formed when the
octonion subloop from which it is formed is non-abelian.

(i)  To determine whether or not the multiplication of split extensions for 2”-
ons can be viewed in terms of Nim-addition.

(iii)) To determine whether subloops of sedenions reduce to subloops of
octonions or sedenion split extensions

(iv)  To find out if the Jonathan Smith formula gives a way of constructing

Hadamard matrices, as did the Smith-Conway formula.



1.6 Significance of the Study

The importance of orthogonal matrices in modern Discrete Mathematics and its
applications is well known for many applied problems. Hadamard matrices were
originally investigated in this category of matrices in the 18" century. The original
investigations were connected with the Linear Algebra problem of maximizing
determinants. It was later realized that Hadamard matrices were very useful in
problems relating to signal processing, machine learning, and information theory.
There is an inter-relation between Hadamard matrices and combinatorial
configurations such as block designs, latin squares, error-correcting codes and

finite geometry (Martin and Sloane, 1979).

With the wide application of Hadamard matrices, Mathematicians have devoted
themselves to finding new methods of constructing them. In this research the

method used to construct the matrices is the Jonathan Smith formula.

1.7 Scope of the Study

This study is on the multiplication of the general hypercomplex numbers, which

are referred to as 2" -ons. There are many formulae for doing this, but in this work

the Jonathan Smith formula is used.

Sedenion split extensions are also studied, specifically when they are formed from

subloops of octonions. The structure taken by the split extensions when the



octonion subloop from which they are formed is non-abelian instead of abelian is

be investigated.

1.8 Statement of the Problem
The problem being studied is divided into four parts. Each part seeks to answer a
specific question.
(a) Suppose the multiplicative subloop of the octonions Z in the following theorem
is non- abelian, what effect does that have on the statements in the theorem?
Theorem: Kivunge (2004). Let L be a multiplicative subloop of the octonions.
Then, the following statements are equivalent:
(i) L x S °isagroup

(i) L x S ° has the left inverse property

(iii) L x S ° has the right inverse property

(iv) L is commutative

(v) L is abelian
(b) The multiplication of the 2" -ons can be viewed in terms of Nim addition when
the Smith-Conway formula is used (Kivunge 2004). Can the multiplication of split
extensions for 2”-ons using the Jonathan Smith formula also be viewed in terms
of Nim addition?
(c) Does there exist two-sided subloops of sedenions that are neither subloops of

octonions or sedenion split extensions, given the following:?




(1) Each commutative multiplicative subloop of the octonions is associative
(Lemma 1.3.2).

(ii) A commutative sedenion extension loop is associative (Corollary 1.3.3).

(d) When the frame multiplication of 2"-ons was done using the Smith-Conway

formula, it gave a way of constructing Hadamard matrices. Now, does the

Jonathan Smith formula give a way of constructing the same?

1.9 Characterization of algebra properties
The following table gives some commonly used definitions characterizing

properties in loops. We consider a loop L with identity, x, ye L and scalarse, 5.

Property Characterization
Anti-automorphism @)zju—c

Power distributive | (gx* + fx™)y = ax*y + fx™y
Right alternative x- y2 =X}y

Left alternative XXy = ¥ y

Left distributivity | x(y+2z)=xy+xz

Right distributivity | (x+y)z=xz+yz

Flexible X)X =X)X

Jordan Pyx=x3% . 2=xy3)

Table 1.1 Characterization of algebra properties

1.10  Outline of the thesis
This section contains the outline of the contents of this work. Chapter one contains

the background information, with definitions and preliminary results that have
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been used extensively. The statement of the problem, hypotheses and significance
of the study are also included. The Chapter also contains the objectives of the

study, and also a section on Characterization of algebra properties.

Chapter two concerns itself with Literature Review. It includes sections on
Discovery of Quaternions, Formation of Octonions and Sedenions, Doubling

Formulas and Sedenion Split extensions.

In Chapter three, the multiplication in LxS° with L being non-abelian is
performed. The properties of the split extension so formed are investigated and in

particular the satisfaction of standard Loop Theoretical properties.

Chapter four deals with multiplication of basis elements of complex, quaternion,
octonion and sedenion split extensions using the Jonathan Srﬁith doubling formula
.The relationship between this multiplication and Nim addition is investigated, and

the result is extended to split extensions of general2” —ons

In Chapter five, subloops of sedenions are investigated to determine whether or
not they reduce to either subloops of octonions or sedenion split extensions. This is
done by showing the existence of two-sided subloops of sedenions that are neither

subloops of octonions or sedenion split extensions.
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Chapter six is concerned with multiplication of the basis elements of complex
numbers, quaternions, octonions and sedenions using the Jonathan Smith doubling
formula. The aim is to determine whether or not the formula gives a way of

constructing Hadamard matrices, as did the Smith- Conway formula. The result is

extended to general 2" —ons

The conclusion and recommendations are contained in Chapter seven, which is

followed by References
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CHAPTER TWO
LITERATURE REVIEW
2.1 Discovery of Quaternions
In 1831, Gauss was convinced that there was no ‘hypercomplex’ number system
outside the complex numbers in which the basic properties of the complex

numbers persisted (Ebbinghaus et al.,1991).

In 1843, William Hamilton (Ebbinghaus et al.,1991), also known for his
contribution in Mechanics, was trying to generalize complex numbers to a system
of hypercomplex numbers which would be viewed as ordered n— tuples of more
than two numbers. He came up with the multiplication rule for the new number
system with four ordered real numbers, and he called them quaternions. It was not
the discovery of quaternions which was the great achievement, but rather the great

freedom to construct hypercomplex numbers.

2.2 Formation of Octonions

In December 1843, Graves discovered the 8-dimensional octonions (octaves). He
communicated his results to Hamilton in a letter dated 4™ January 1844, but they
were not published till 1848. Octonions were rediscovered by Arthur Cayley and
have since been called Cayley numbers. He outlined how to construct a theory for

octonions (Cayley, 1845).
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Compared to the quaternions, however, octonions have languished into such
obscurity. One reason is that they lacked a tireless defender such as Hamilton, but
the real reason for this is that they lacked any clear application to Geometry and

Physics (Baez, 2002).

2.3 Formation of Sedenions
Arthur Cayley also came up with the Cayley-Dickson construction process
(equation 2) from which the 16-dimensional sedenions and the general 2" -ons can

be constructed.

2.4 Doubling Formulas
Zassenhaus and Eichhorn (1966) found a rational 16-square identity based on
defining the determinant of a 2x2 matrix whose entries are octonions. The

multiplication formula is

(a,b)(c,d)=(ac —bd, ad+a-c-a”b) (5)

Conway and Smith (2003) gave a modification of the Cayley-Dickson process
defined by

(ac,ad) if b=0

(ac-bd, bc+ba-b>'d) ¥ b#0

(a,b)(c,d)= {

They have also come up with a new and more recent approach based on matrix

multiplications, given by



@bed)=] == ™
{(ac-—b—, b +bab'd) g bul

The multiplication is power associative, right linear, power distributive and has the

anti- automorphism property.

Smith (1995) introduced the formula

(ac,da) if b=0

A . g ; (8)
(abecb™ —bd,bc +db™ -ab) if b=0

(a,b)(c,d)= {

The non-zero sedenions form a left loop under multiplication (Smith and

Romanowska, 1999) that includes a two-sided identity.

2.5 Sedenion Split Extensions

The multiplication in equation (8) gives rise to the two-sided loops namely
Sedenion Extensions Loops denoted by L x S °, which are niners (a,b) with

beS° ={1,-1} and L a subloop of non-zero octonions.

The study of sedenions from the point of view of Loop Theory has been done
(Kivunge and Smith 2004). They obtained two-sided loops and also gave
conditions for the satisfaction of standard loop-theoretical identities within these

loops.

Kivunge (2004) did a study on hypercomplex numbers, with a major emphasis on

16-dimensional sedenions. He introduced sedenion split extensions and gave
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equivalent conditions for the split extensions to be groups. (Kivunge and Smith
(2004). He was also able to show that the sign matrix of the frame multiplication
in the 2" -ons under the Smith-Conway or Cayley-Dickson process is a Hadamard
matrix. It is this work that this research intends to extend, mainly using the

Jonathan Smith formula (equation 8).
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CHAPTER THREE
SPLIT EXTENSIONS OF OCTONIONS AND GENERAL 2" -ONS
3.1 Introduction
Let L be a multiplicative subloop of the octonions. When L is an abelian group,
the split extension LxS° so formed is a group. When a non-abelian group L is
used, the properties of the split extension so formed are investigated. In particular,
multiplication in LxS° with L being non-abelian is performed. Of interest is the

effect this has on the five statements in the theorem below:

Theorem 3.1.1: Kivunge (2004) Let L be a multiplicative subloop of the

octonions. Then the following statements are equivalent.
(i) LxS° isa group

(ii) Lx S°has the left inverse property

(iii) L x S° has the right inverse property

(iv) L is commutative

(v) L is abelian

3.2 Octonion Split Extension
As noted earlier, quaternion multiplication is non-commutative. In this section we
investigate the structure H x S° where H is the quaternion group and S ° is the

zero-dimensional unit sphere or two-element multiplicative group {£1} as in
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Theorem 3.11 above. Since H is a multiplicative group, it is a subloop of the

octonions and it will therefore be used in next section to represent L.

3.2.1 Multiplication of H x S° elements

The multiplication of elements of LxS’in general is given by the following

equations:
i). (x1)(y.1)=(x.1)
i), (x,1)(y,~1)=(m,~1)
ii). (x,—-D(»,1) =(p,-1)
iv). (x,-1)(y,-1)=(-x7,1) 9)
We will use this formula to perférm the multiplication in H xS°.
For the quaternion group H, let elements of H xS° be given by:
o =(L1),a, = (51),@, = (1), = (k1) = (~1,-1), 0 =(~i,~1),
as =(-j,-1),a, =(-k,-1),04 =(-11), 2, =(-i,1), 4o = (-, 1),
a, =k, a,=(1,-1), a,=>0,-1),0,=0,-1),a,;=(k,-1)
Example 3.2.2:
a,-a, = (D0 =) = (-1,1) = g
Example 3.2.3:

&, = (b D(*,~D) = (K, -D=(,-D=a,
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Example 3.2.4:

ay - ey, = (,-1)(~k,1) = (=ik,~1) = (=j,~1) = e,
Example 3.2.5:

-5 = (=J,~D(k,~1) = (Jk,D = (-i,) = a,

The multiplication table for H x S° is given below:
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a | (@ |0 (0 O3 | Qg | O, | O Oy | Oy | @y |Gy | Oy | @y | Oy
0 | & | |a |0 | | O | & | | & Oy | O | Oy |G | Q3 | Oy | Os
0 | | |0 | Oy |G | Oy | O | O |G | & |0 | X Oy | Oy | &7 | Oy
0 | |0y | | O | O | O | O | O3 | O | O o | % Oy | s | Oy | s
0G| | X |G (K| Oy | G Oy | Oy | Oy | @, Os | G | O3 | Oy
Op | O |0y | Oy | O | | O | Oy | O | O |G | O | Oy O | G | & | O
Os | Q& | Oy | Qs | O | O |G |05 | O | O3 | Oy | O | O | O | O | O | O
Og | & | Q7 | Ay [ O3 | Oy | Oy |G | O | Oy | O | Oy | O o, | & | & | O
O, | O | Oy | O | Oy | Oy | Oy | Oy | O | O | O |3 | O |G | Oy | O | O
O | & | Q& | Oy | Oy | O | O | Oy | Os | Oy | O a, | & e, & | O | Oy
Gy | Oy | O | Oy | Oy | O3 | Oy | O | Oy | O % |G |y (O | Oy | s | O
Oy | O | O |Gy | Oy | Oy | Os | Oy | Os | @y | Oy | Oy | O O | O | O | O
Oy | Oy |Gy |0 | Oy | O | O | O3 | Oy | O o | & | K O |0y | O | O
Op | O | O | O | O | Oy |Gy | Oy | Oy | Oy | O3 | Oy | O | B | O a, | &
Oz | Gz | O | Qg | Oy | O | O | Oy | Oy | O o, | & | O Oy | & | Oy | O
Uy | Qg | Os | Qpp | O | Xy | O | Oy | O | O | O | Oy | O3 | O | Oy | O | O
Oys | Os | O | O3 | Oy | O | Oy | O | Oy | Q7 | O | O [ Q |0y | Q) | Oy | B

Table 3.1 Multiplication of H x S° elements
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Observations:

1. Since each element appears only once in every row and every column, it
follows that any two elements describe a third one uniquely ie. HxS’is a
quasi-group.

2. a, is the two-sided identity for the extension H xS’since

aO an

=a,a,=a,, n=012,...15.
3. HxS° does not satisfy the left inverse property, ie. x'(xy)=y
Vx,ye HxS".
Example 3.2.6:
Let x=q,, y=a,. From the table, ()" =a,.
Now, (o) (@)= () (@) = e, = s % ;.
4. HxS® does not satisfy the right inverse property, ie. (xy)y =x
Vx,ye HxS°.
Example 3.2.7:
(@ a) =ala,) =ap; —a2a,.
5. Hx S’ is not associative since (a,aj )ak #Q, (ajak) Vi, j k.
Example 3.2.8:
oy (o, ) = o, # g = (22 ) .-

Thus, H xS°is not a group.
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The following is given for the purpose of offering a clear alternative proof to

Theorem 3.1.1 given by Kivunge (2004).

Theorem 3.2.5: Let L be a multiplicative subloop of octonions. Then LxS° is a
group iff L is abelian.
Proof:

Let L be abelian. We prove that LxS° is a group.

1. Closure:
(£ (y,2)) = (z.£) e L x§° ¥V %,p,z¢€L.

Thus LxS° is closed under multiplication.

2. Identity:

There exists a two-sided identity e =(1,1)e LxS°. .
(x,x1)-e=e-(x,x1)=(x,£1) VxeL.
(x1)(L1)=(x-L1)=(x,1)

(L1)(x.1) =(1-x,1) =(x,1)
x,-D(LD=(x1-D=(x,~1)

ALD(x,~D)=(x.1, -D=(x,~1).

3. Inverse:

For each(x,+1) e LxS°, there exists (x,il)_1 such that
(x,:tl)-1 (x,£1)= (x,jzl)(x,il)~1 =(11). There are two cases:

OIfx'=yel
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(x1) (7, D=(xx",)=(,1)

DD =(x" x,D)=(,1)

So (x,1)'= (x7,1)

(i) Let  (x,~1)"=(y,~1), then (x,—1)(x,— 1) =(1,1)

(x,—l)(y,-—l)=(-—x)7,1)=(1,1) and —xy =1

Butl—xT;-=l = - Xy=— -y=
X

Therefore (x,—l)_l = [—-—xz—,—-l]

|x

4. Associativity:

There are eight cases:
@O  [GDODIED=p,D(zD) = (xz,1)

(x D[, Dz DI=(x,)(yz,]) = (x2,1)
i  [(=1)(3.1)](z-1) =(2.1)(z,-1) = (ze,-1)
(xD[(»D)(z-1)] = (x1)(2r,-1) = (2x,-1)

Equality holds iff zxy = zyx and so xy = yx.

i) [(x1)(3.-1)](z.1) = (x-1)(z.1) = (z,-1)
(=D)[(-1D(z1)] = (xD(7,-1) = (7.-1)

Equality holds iff yxz= yzx and thus xzZ=Zx.

(iv) (x,l)[(y,—l)(z,—l)] =(x,1)(-)Z,1) =(-0Z,1)
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[ (3 =1)](z-1) = (3,-1)(2,-1) =(-3Z.1)

Equality holds iff — xyZ=—yxz and thus xy = yx.

®  (-)[D)(E)] = (x-1)(021) = (97,-1) = (:77,-1)
[(=-D)(D)](z1) =(,-1)(21) =(57,-1)

Equality holds iff xZ j=xyZ, thus Zy=7Z andyz = zy.

o) (E)[)(5D)] = (51 (21) = (=51) = (-5Z.1)
[(5=)(D)](z-1) =(F.-1)(z-1) = (=51

Here, X Z=xy 7 which is true.

oi)  (x=-D)[(5-)(z1)] = (x-1)(37,-1) =(-x)7, 1) = (-xz7,])
[G-D)(-D)](21) =(=3.1)(21) = (-57,1)

Equality holds iff — xzj=— 1z, thus zj=7z and zy = yz.

ii)) [(x-1)(3,-1)](z.-1) =(-5,1)(z,~1) = (-z5,-1)
(. =D[(n=1)(z-1)] = (x.-1)(2.1) =(-0)7,~1) = (~x7,-1)

Equality holds iff — zxy=— xz7 , thus zx = xz.

Thus Lx S° is a group.

Conversely, let LxS° be a group. Then multiplication in LxS° is associative. As

shown in the eight cases above, L is abelian.
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Remark 3.2.6
Group properties of closure, two-sided identity and two-sided inverse will hold
regardless of whether L is abelian or not. In other words, the commutativity of L

does not have a direct consequence on the other three group properties.

The question to ask then is, what happens to L xS° when L is not abelian. In other
words, what properties does Lx S°satisfy as L varies? We now investigate the

satisfaction of loop properties by LxS°.

3.3 Loop properties of LxS°

Lemma 3.3.1: LetL={+l,+i,+j,+k}be the quaternion group. Then
Lx 8§’ satisfies the Jordan Identity and is flexible, but does not satisfy the anti-
automorphism, right alternative and left alternative properties.

Proof:

@)  Jordan Identity, X¥'V-X = X -yx, XpxX* = X(y-x°)

There are four cases, one trivial and three non-trivial. Let x, ye L.

In the first case, the S°- components in LxS° are both positive.

Case 1(trivial):
@ [(6D)* (D1 D=[0ex, 1) (3, D1, 1) = (xexy, 1) (x, 1) = (xxyx, 1)
(6D [(r, DI, D] = (Gex, D (x,1) = (xexyx, 1)

Therefore [(x,1)* (y,D](x,1) = (x,D)*[(y,1)(x,1)] VX, yeL
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(b) [(x, D) (¥ DI(x,D* =[(xy,1) (xx,1)=(xyxx,1)
DI DD 1= DI, D (x, D)= (x, 1) (e, 1) = (xpxx, 1)
Therefore [(x,1)(y,D](x,1)*=(x,D[(y,))(x,1)*] Vx,yeL

In the following three cases, one or both of the S°- component(s) in LxS° is/are

negative.

Case 2:
(a)

[(x,= 1) (. DI (x, = D =[(=2%, D(p, D] (x, = D) = (=2, 1)(x, = 1) = (~xxTy, = 1)
=(=x[x|" y,-1) = (~xy,~1) since |x| =1Vxe L

(x,= D’ [(», D (x, = D]=(=x%,1) (xp,~ D =(~xx%, ~1)= (~xy,~1)

Therefore [(x,—1)* (y,D)](x,—)=(x~1)*[(y,1)(x,-1)] Vx,yeL.

(b)

[(x, =D (. DI(x, = 1) =(x7, = 1) (=%, ) = (—3F %, 1) = (~F x|, ~1) = (=7, 1)

since |x|2 =1Vxel

(6, = DI, D) (5, = 1)?]=(x, = DIy, D (=5, D] = (x, = 1)(=32%, 1) = (—xyxx,-1)
= (-0% 7,~1) = (~x|x{" ,-1) = (~x7,~1) since |x| =1 Vxe L

Therefore [(x,—1)(y,D](x,—1D*=(x,-D[(¥,1)(x,~1)*]1Vx,yeL.
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Case 3:

@ [ (v, = DI D =[(ex, 1) (3, = DI G, D =(yxex, = 1 (x, D =T, ~ 1)
= (x|x|",=1) = (yx,~ 1) since |x =1 VxeL

(%12 [(r,= D (%, D] = (e, ) (5%, - ) =(Fex, D=y |2 x,-1) = Ox,~1)
since |x|' =1 Vxel

Therefore [(x,1)? (»,~D](x,1)=(x, 1) [(-1) () Vx, ye L.

(b)
[(e ) (v, = D] (6, D = (ox, = 1) (e, D = (e, = ) = (F 7, = 1) = Qx| -1 =0, - 1)

@D (=1 D2 1= 06D (= 1) (e, D] = (1) (yxx, - 1) = OF 76, — D)= O x|, —1)
=()%,~1)

Therefore [(x,1)(y,=D](x,1)* =(x,D[(y,- D) (x,1)*]Vx,yeL.
Case 4:

(@[~ (.= D1 (6= D= (=%, (y = DI (x, =) = (=32, = D (5, = ) =05, 1)
= %) =051
(5= D2 [y = D) (x, = D] = (=27, 1) ()%, 1) = (3507, 1) = (2] y%, )=, 1)

Therefore, [(x,—1)* (y,—D](x,—-1)=(x,- 1)? [(y,-D(x,-1)] Vx,yeL.
(0) [(x,— D) (¥,=DI(x,~1)* =(=xF,1) (=%, 1) = (%, 1) = (5§ lx|2 ) =07,1)

(5= D= D= 1D1= (= DI, = 1) (=37, D] = (x,~ 1) (— 2%, - D =(X 7, 1)
= (x|x[* 7,1) = (x7,1)

Therefore, [(x,—1)(y,—1)](x,-1)? =(x,—1)[(y,—1)(x,—1)2]\7’x,yeL.

The Jordan property holds in the extension Lx S°.
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(i) Flexible Property, X" X=X-)X

There are four cases, one trivial and three non-trivial. Let x, ye L.
Case 1 (trivial):

[CGe, D, D1, D =(xy, D (x,1) = (xpx,1)

(6, DI,D (x, D]=(x,1) (px,1) = (xpx, 1)

Therefore, [(x])(y,D](x,D=(x,D[(»,D)(x,1)]Vx,yeL.
Case 2:

[(x,-D (. DIx,-D=(y,-D(x,-D)=(-xy X,1)

(x, =Dl D (x,—-D]=(x,- D) (xy,-D=(-xxy,1) = (-x¥ %,1)
Therefore, [(x,~ 1) (3, D](x,- D) =(x,-D[(»,1) (x,- 1] Vx,yeL.
Case 3:

[(x’l)(y’_l)](xsl)':(yx,—1)(x31)=(yx'—x—>_l)= (y|x|2 ’—1) =(y>—1)

* DIy~ D, D]= D OF,~D=(&x,- D= (|3 ,-D=(r,-1)
Therefore, [(x,1)(y,~ )](x,1)=(x,D[(y,~1)(x,1)] Vx,yeL.

Case 4:

[(x,-D(¥,=-DIx, - D=2y, D) (x,- D) =(-xxy,-1)
(x,=DI(y,=D(x,=D]=(x,- D (=X, D=(-xxp,-1)

Therefore, [(x,—1)(y,— D] (x,~1)=(x,-D[(y,~1) (x,-1)] Vx, yeL.

The extension L x S°is flexible.
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(iii) Anti-automorphism Property, Gy—) =yX
There is one trivial and three non-trivial cases. Let x,ye L.

Case 1(trivial):

(x, D, D=y, D=(¥y X,1)

0D (xD=(F,1)(F,1)=(FZ,1)

Therefore (x,1)(y,D)=(y,1)(x,1) Vx,yelL.

Case 2:

. D(»,-D)=0x,-D=(xy,-1

=D (%) =F,-D(ED=(Fx,~1)

Therefore, (x,1)(y,-1)#(y,-1)(x,1) for some x,yeL.

Case 3:

(=D, D=(3,-1D)=0%,-1)

D (x=-D=F,)F,~D) =(x 7,-1)

Therefore, (x,-1)(y,1)#(y,1)(x,~1) for somex, yeL.

Case 4:

=D (,-D=(=3,) =(-)x,1)

(y’_l)(x’_l)=(y:—1)('_x-s_1)=(_j;x’1)

Therefore, (x,-1)(y,-1)# (y,—1)(x,—1)for some x,yeL.

The anti-automorphism property does not hold in the extension Lx S°.
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(iv)  Right alternative Property, X-)/ =3y

There is one trivial case and three non-trivial cases. Let x,ye L.
Case 1 (trivial):

(& DI DG DI= DD =2, )

[ DO, DI, D=, (v, D= (xp7, 1)

Therefore (x, D[(y,D(»,DI=[(x,D(»,DI(y.hV x, ye L.

Case 2:

(=D D DI=Cx,- D", D=3 %, -1)

[(e,-D (DI D=(F,- D (3. D=0y *,-1)

Therefore, (x,—~D[(y,D(»,D]=[(x,~D(». DI, DV x, yeL.

Case 3:

DI, =D (= DI=®D (37, D=(-07, D)= (=x] . =(-x,1)

[, D, = DI =D=(x, =D (y,=D=(=)7,])

Therefore, (x,1)[y,~1)(y,~1)#[(x,1) (y,~D](y,~1)for some x,yeL.
Case 4:

(*%=DI =D (= Dl=(x~D (37, D=(-07,~- D= (=x]y",~D) =(-x,-1)
[5,=D (= DI, = D=5, D (.~ D=(-p17,~ 1)

Therefore, (x,—1)[(y,~D(y,~D]#[(x,~1) (»,~1D](y,-1)for somex, yeL.

The extension LxS° does not satisfy the right alternative property.
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(v)  Left alternative Property, X ‘Yy=X-Xy

There is one trivial case and three non-trivial cases. Let x, ye L.

Case 1 (trivial):
[ D DI, D=2, D (1, D=(x*y,1)
(DI D DI= (1) (xp, D=(x",1)

Therefore, [(x,1)(x,D](y,D]=(x,D[(x,1) (y,1)] Vx,yeL.
Case 2:

[ D DI=D=(*D(y,~D=(x*,~ 1)

(DI D (3, = D= (x,) (o, = D=(px*,~ 1)

Therefore, [(x,1)(x,1)](y,-1)=(x,D[(x,1)(»,-1] Vx,yeL.

Case 3:

[(6,= D (%= DI D) =(=x%, D) (3, D)= (-2, )= (=[x »,1) =(-y,1)

(5= D[(x,~ D (7, D]= (6= D) (F, - D=(-n%,1)

Therefore, [(x,~1) (x,~1)](y,1) = (x,~ D[(x,~ 1) (,1)] for some x, ye L.
Case 4:

[(6,~ D (% -D](3,~D=(-2%, D) (y,- D=(=3%, - D= (=y|a]* ,-D) =(-y,-1)
6, =DI(x, =D (- Dl=(x,- D (=xp,)=(-xn%,-1)

Therefore, [(x,~1)(x,~ DI(y,~ 1) (x,D[(x,~ D[(x,~ 1)(y,~ 1] for some x,yeL.

The alternative property does not hold in the extension L x S°.
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Conclusion: The Octonion split extension satisfies the Jordan and flexible
properties, but does not satisfy the anti-automorphism, left and right alternative
properties. If a property does not hold for the Octonion split extension constructed
using H, then it does not hold in the general 2"*' —dimensional split extensions of
2" —ons constructed using 2" — dimensional non-abelian subloops. We conclude
that the anti-automorphism, left and right alternative properties do not hold for

split extensions of general 2" —ons .
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CHAPTER FOUR
NIM ADDITION AND SPLIT EXTENSION BASIS FOR 2V -ONS
4.1 Introduction
In this chapter we start by introducing the concept of Nim addition and its basic
properties. We also include a few examples on how the addition is carried out.
We then perform the multiplication of basis elements of complex, quaternion,
octonion and sedenion split extensions using equation (9). In each case we show
how the multiplication is related to Nim addition. We conclude with a theorem that
shows how the multiplication of split extensions for 2" —ons can be viewed in

terms of Nim addition.

4.2 Nim addition

Consider the non-negative integers Z*= {0, 1, 2, 3,...}. Nim addition and Nim
multiplication give a way of defining addition and multiplication in Z* to make it
a field of characteristic 2. In this section we only consider Nim addition and use

the symbol @ for the operation.

The binary operation of Nim addition is governed by the following rules:
1. The Nim-sum of a number of distinct powers of 2 is the ordinary sum.
Thus32 ® 16 ® 4 ® 1=53

2. The Nim-sum of two equal numbers is 0.
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4.2.1 Properties of Nim addition
() a®f=a @ 0 iff p=6
(i) a® =D «
(i) (@@ P)DO=a & (BDE)
(iv) a® B=0,iff a=p
Proposition 4.2.2: Suppose K = {0,1,2,...,2’""} and a,feK ,then'a® fekK.
Proof: By Induction
It is true for K ={0,1,2,3} as shown in Table 4.2.
Suppose it is true for m—1.
By Induction hypothesis, Va,fe K, , = {0,1,2,...,2"’" —1} ,a®pBek, .
Here, @ =a, ,2"*+a, ;2" +...+a2'+a,2°,
B=b,,2"+b, 2" +...+b2' +'b02° ,

where a,,b, €{0,1}.
We show that it is true for m.
Let a=a, 2" +a, ,2"* +...+a,2' +a,2°,

p=b_2*" .+bm_22”"2 +...+52 +52°,
where a,,b, € {0,1}. There are four cases to be considered.
Casel:If a,,=b,, =0,

a,pekK, and a® ek

m=1

by induction hypothesis.
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Case2:Ifa, =0, =1,

a 2" ®bp, 2"
- 2m—1 @ 2m——1 e 0

Therefore, a® e K

m=1

by induction hypothesis.
Case3:Ifa, ,=0and b, ,=1o0ra,,=1and b, , =0,
a®B=2""®[(a,,+b,,)2"" +...+(a+5)2" +(a,+5,)2" ]
=2""4¢, ,2" % +...+¢2' +¢,2° € K,,. This completes the proof.
Corollary 4.2.3: if me K and rg K, m®re K
Example 4.2.4

1. 41 10=32+8+1)® (8+2)=32®2® 1=35

2270 15=(16+8+2+1)® (8+4+2+1)=(16 ® 4)=20
Nim addition can be done by first writing the numbers in binary form and then
“adding without carrying over”. This kind of addition is used in the game of Nim.
We now use it to describe basic properties of multiplication of split extensions

for2" —ons.

4.3 Split Extension basis for 2" — ons and Nim addition
In this section we obtain the multiplication tables for the basis elements of
complex, quaternion and octonion split extensions. In each case we obtain the

corresponding Nim addition table and compare the two tables. We also study the
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relationship between Nim addition and the multiplication of sedenion split
extensions. We generalize this result for split extensions for 2”-ons.

4.3.1 Complex split extensions
Let a,=(11),a =(,1),a,=(1,—1),a, =(i,— 1) be basis elements inC x S°. The

multiplication of the elements gives rise to the following table.

e | a, a, a, a,
a, a, a, a, a,
a, a, -a, a, |-a,
a, a, -a, |-a, a,
a, a, a, |-a |-q,

Table 4.1 Multiplication of Compléx split extensions

The following table gives the Nim addition for the elements from 0 to 3.

@ | 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 - 3 0 1
3 3 e 1 0

Table 4.2 Nim addition for the elements 0 to 3
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This table is similar to Table 4.1. The subscripts of the elements in Table 4.1 make
up Table 4.2.

Observations:

l.a,a,=za,q4,,V k,m=0,123.

2.a,a,=—a,a, Vkm=123.

3.al=—a, Vm=123.

4.3.2 Quaternion split extensions

Letb, = (a,,1),b, =(a,,1),b,=(a,,1),b,=(a,,1) ,b, =(a,,— 1) ,b, =(a,,—-1),

by =(a,,—1), b, =(a,,~1) basis elements in H x S°. The multiplication of the

elements gives rise to the following table.

b7 b7 - b6 bs b4 i bs bz - b1 - bo

Table 4.3 Multiplication of Quaternion split extensions
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The following table gives the Nim addition for the elements from 0 to 7.

0 1 2 3 < 5 6 7
0 0 1 2 3 4 3 6 7
1 1 0 3 2 5 B 7 6
2 2 3 0 1 6 7 B 5
3 3 2 1 0 7 6 5 4
-+ 4 5 6 7 0 1 2 3
5 5 4 7 6 1 0 3 2
6 6 7 4 5 2 3 0 1
7 7 6 > 4 3 2 1 0

Table 4.4 Nim addition for the elements 0 to 7

This table is similar to Table 4.3. The subscripts of the elements in Table 4.3 make

up Table 4.4.

Observations:

1.b,b =the Y km=0,1,.7
2.b,b =—b b, Vim=12,.1

3.b2=-b, ¥V m=1,2,.]1
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4.3.3 Octonion split extensions

Letc, = (by,1),¢c, =(b,,1),c, =(b,,1), ¢, =(b;,1) ,c, =(b,,1),¢5 =(bs,1) , ¢ =(b5,1),
¢;=(by.1), cy=(by,—1),¢5=(b,,~1),¢,g =(b;,— 1), ¢;; =(b5,—1) c;; =(by,—1)

¢y =(bs,—1),¢,y =(bg,~1) ¢;s=(b,,~1)be basis elements inK x S°. The

multiplication of the elements gives rise to the following table.
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G | G C, G C, Cs Cs < Cy Gy Cio Cy Ciy Ci3 Cis Cis
G |G | € |G G ¢y Cs Cs ¢ Cy Cy Cio Ch Cy Ci3 Cia Cis
¢ | ¢ | =G | G —C, Cs —C4 —C Cs Cy =G - Cio —Ci3 Ciy Cis —Cpy
G |G |76 |G ¢ Cs G —Cy =5 | Go | i Cg —Cy —Cy | ~CGs | Cpy Ci3
6 |G |6 | —¢ —Cy Cq —Cs Cs G |G | TG | G —Cy —Cis | Cy —C3 | €y
€ | C | 76 | G =G —C ¢, ¢, C3 C, | G Cy Cis —G —Cy —Co | TGy
€ | C | €4 | G Cs -G =G G =€ | Gz | "Gy | G5 =€y | G —Cy =€ | Cwo
Cs Cs | C7 Cy —Cs -G -G —Co ¢ Ciy —Cs —Cpy Ci3 €10 i —G —Cy
€ | € | =G | Cs ¢, . ¢, -q =G | Gs | 64 | TG | TGy | Oy € | TG —Gy
Cg |G | =G| =Go | =C | € | 63 | € | ~Gs| % G C G ¢, Cs Cs Cy

Table 4.5 Multiplication of Octonion Split Extensions
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Table 4.5 Cont-
G ¢ C, ) ¢, Cs Cs & Cg ) €10 i €1 Ci3 Ci4 Cis

C, G & —C; Co —Cp3 ¢, Cs Ciy "Cl —C, C3 —C, Cs —C4 ¢, Cs
Co | Go i —G —Cy Cia —Cs Gy Ci3 G | TG C G Cs c —C, —Cs
Ca | G —Co | Co Gy —Gs | Cu Gs | G2 | G %) —C —Co G —Cs Cs —Cy4
€2 | Q2 G Cia Cs G —Cy —Cy —h =€y | ~Cs —Cs —¢ —C G G &)
s | G3 G2 | Gs Gy | G Cy — Cio =€ | G -G —Cs ! =G G -G
Cua | Cua —CGs | G2 | O3 Co i Cy Co £ | % Cs —Cs =G =G =Co G
Cs | Gs Ciy €3 | ~G2 | Oy —Co | G Gy =C; | —Cs Cs G =G ) -G =G




The following table gives the Nim addition for the elements from 0 to 15.
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@[ 0|1 ]2]|3|4]|5]|6|7|8|9|10]11]12]13]|14|15
oo 12134516789 |10f11]12]13|14]15
Ll 1032|547 ]|6]|9]|8|11|10|13]|12|15]|14
212131016 7|4|S5|10[11]8 ]9 |14(15{12]13
313121110765 |4(|11{]10]9]|8]|15(14|13]12
4 14 15]|6 Ol 1|23 |12]13|14|15| 8|9 |10|11
5151417161103 213121514 9| 8 |11]10
6|6 |74 |52|3|0]|1|14)15]12|13|10}j11| 819
717165143 |2|1|0(15{14)13]12]11[10] 9|38
8181911011 |12|13|14|15|0 (1|23 |4|5]|]6]|7
919 | 8|11 j101312}15|14} 1|0 |3 |2]|5|4]|7}|6
10011011 8 (9 (141512132 |3 [0 | 1|6 |7|4]3:5
1Imji1mmfi1o)9 | 8151141131213 121110 716]|5]|4
2112131415819 10|11} 4)]|5|6]|7|0|1]|2]|3
1I3(13 (1215|149 |8 |11|10| 5|4 |7 |6]|1]0|3]|2
4114115121 13(10)11 | 8196 |7|4]|5|2|3]|]0]]1
IS{1s|j4j13j12f11j10y9 181716514312 |1}60

Table 4.6 Nim addition for the elements 0 to 15

The table is similar to Table 4.5. The subscripts of the elements in Table 4.5 make

up Table 4.6.
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Observations:
1. From Tables 4.5 and 4.6, the following observations can be made:
There are 4 cases:

Case l: k<7, m <7
CCp= (bk,l)(bm,1)=(:tbk$m,1)=;t " .
Case2: k<7, m =8

¥ Cn —(bkal)(b,,,_g, 1)
( m—8 )

= (ib(m—S)@k 1)

=%C, o

Case3: k=28 m<7

€ Cn= (by_s,= 1 (D,,,1)
=(by s 17”,-, -1
=(=b,4b,,—1)
=—(b, b, ,~1)
= _(ib(k-S)Qm 1)

=t Cpet
Cased4: k>8 m=>8

t Cn= (beg=D (b= 1D
—( bl:'8 bm—89 1)
=[(=bs )= b,4), 1]

=( bk—s bm—8 > 1)

= ('-tb(k-—8)®(m—8) ,1)

=*C o,
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In general,
l.c,c,=%cp, VEmM=0,1,.15
2.¢,c,=—c,¢c; Vkm=1,2,.15

3.¢2=-¢c, ¥V m=1,2,.,15

4.3.4 Sedenion split extensions

Let d, =(c,,]), d,=(c,]), d,=(c;,1), d,=(c;,1), d,=(c,,1), ds=(c;,1),
dg=(¢cs,1) d, =(c;,1),d; =(c;,1) ,dy=(cy,1) , dyg =(€19,1) s dy; =(€11,1) , A1, =(C12,1)
LAy =(Cy3,1) . dy =(€1, 1), dys =(cy5.1) . dig =(¢y,~ 1), dyy =(¢,,- 1) dyy =(c,,- 1),

dig =(¢3,~1),dy =(c,,~1),d, =(c5,~1) ,dp =(cg,— 1) ,dy =(c;,~1),

dyy =(C5=1),dys =(Co,=1) ,dys =(C39,=1) , dyy =(c1y, =D, d g =(C1p,- ).,
dyy=(c;,—1),d;,=(c4,—1), d;;=(c;5,—1) be basis elements of sedenion split

extensions.

Using the results of Section 4.3.3, the multiplication of these elements can be

summarized in the following 4 cases:

Case 1: £<15,m<15

dk dm = (ck, 1) (Cm: 1)
=(Ce-1)
=1(C,er,1)
= i‘imQIc
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Case 2: k<15, m>16

d.d,=(c.,1)(c, 5.~ 1)
=(Cp16 Cro— 1)
=(Cmigor>— D)

= idm$k
Case 3: k216, m <15
dk dm = (CI:-I6’_ 1) (cm ’1)
=(Cp16Cm> — 1)
=(=C416 Cp>— 1)
==(CriCm>—1)
=—~(£C;16)0m 51}
=1 dmek
Cased4: k=216 m =16
dyd, = (Ce6,=1D(Cpr6o—1)
=(~Ci16Cmrs> D
=[(—C, 16 (—Cpess ) 1]
=(Cpts Cpss D

=(£C-16y0(m-16)> )

=td,,,

Observations:
1.d,d =td,,, VEkEm=0,1,..31

2.d,d,=-d d, ¥V km=1,2,.31
3.d2=-d, V m=1,2,..31

In general, we have the following main Theorem:
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Theorem 4.3.5

Consider the split extension basis elements of dimension2”, n = 1,2,...given by

here <1 & i=0,1,2,...,2"'-1 10
.f;)’ ./i’.fZ:-"a.fz“—l ,where _/;"‘ (gi_z,._l’_l) i=2n_l,2"-l+l,.“’2"_1 ( )

Then f, f, =% fie, fork,m=0,12,..., 2" -1

Proof by induction:

The multiplication is true for vn=1, 2,3,4,5 as shown in Sections 4.31 to 4.34
above.

Let the split extension basis elements be given by equation (10) above. By
induction hypothesis, suppose it’s true for n-/ with basis elements

80-81,825>8pm1_,- We prove that it’s true for n with basis elements

f;)’j;>f2,---,f;n_l .

If it is true for n-1 with basis elements g,,8,,8,,...&,~_,-then g, g, =tgq,

km=01,. 2" -1.

There are 4 cases:

Case 1: k<2 -1, m<2™ -1

S fu=(8-1)(8, 1)
=(8:8n>1)
= (£ 8ner-1)
=i(gm®k’1)
=tfion
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Case 2: k<2 -1, m>2""

f;g fm = (gk’l)(gm_zn-l’—l)

=(gn-—2"‘ 8>~ 1)
=(ig<m—2*‘>ek’_ 1)
= if m®k

Case3: k>2""' m<2™' -1

i fu= (8, ms—1)(&m01)
=( 8,y & 1)
=(g rge)
=_(gk—2'*‘ gm’—l)

= _(ig(k-f%m ’—1)

k3

Case4: k>2"", m=>2""

S fo= (8= 1)(8, -1
(-8 8, - 1)
=[-8 )-8, ) 1]
=(g, p 8, pr1)

=(ig<k—2*‘)e(m—2'*')’ 1)

=% f;c$m

Therefore, f, f,, =% f,e, fork,m=0,1,... 2" -1.
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CHAPTER FIVE
SEDENION EXTENSION LOOPS

5.1 Introduction

In this chapter we show that subloops of sedenions do not necessarily reduce to
either subloops of octonions or sedenion split extensions. We show the existence
of two-sided subloops of sedenions that are neither subloops of octonions nor
sedenion split extensions, given that each commutative multiplicative subloop of
the octonions is associative (Lemma 1.3.2) and that a commutative sedenion
extension loop is associative (Corollary 1.3.3). We do this by taking elements
outside the octonions and sedenion split extensions and showing that they form a

subloop of sedenions.

5.2 An example of a subloop of sedenions that is not a subloop of Octonions or
a Split Extension

A loop is called a proper Moufang loop if it is Moufang but not associative. The
non-zero octonions form a proper Moufang loop since they satisfy the Moufang
identities:

xy-zx = (x-yz)x

xX(y-xz) = (xy-x)z

X(x-2y) = (x-yz)y.

Any one of the three identities implies the other two (Albert, 1963). In a Moufang
loop, if three elements associate, they associate in any order as guaranteed by the

crucial Moufang theorem (Theorem 1.3 .4).

el i 98 3
e L b i A L
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Sedenion split extensions, which are two-sided loops, are obtained within the
version obtained by Jonathan Smith (1995). Although the split extensions do not
directly yield loops in the way that Moufang loops are obtained from octonions,
the left loop of non-zero sedenions contains new two-sided subloops defined as
sedenion split extensions. These loops are constructed abstractly as extensions

from the subloops of the octonions.

5.3 Construction of a Subloop of Sedenions that is not a Subloop of Octonions
or a Sedenion Split Extension

In this section we perform the multiplication of arbitrary elements that are from

neither subloops of octonions nor sedenion split extensions using the Cayley-

Dickson doubling formula (equation 2).

Let e, e,,e,,....e, be basis elements of octonions.

LetS = Z (ey,e,,e,,....6;) = {ne, +ne +ne, + me, +...+n,e,:n,€Z } and

S* ={s,+s,f, s,,5,€ S} S? is not contained in octonions since it contains non-

octonion elements. It is not also a sedenion split extension, whose elements are
encoded as pairs

(a,e)withee S°={1,-1} byar (a,1),af = (a,-1).

We show that the multiplication in S? gives rise to a subloop of sedenions.
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Lemma 5.3.1

Let e,,e, e,,e;,...,e, be basis elements of octonions.
Let S = Z(e,,€,,€,,85,...,8,) = {nye, +ne, +me, + me; +...+ me,:n e }.

Let p=nye, +ne +me,+ ne, +..+me, €S and
q=mye, +me, +n,e, + nye; +..+me,; € S

Then pq,pq, pg e S.
Proof:

Using Table 6.3 for the multiplication of ¢,,e,,e,,e;,...,e, we have:

pq = (nye, +ne, +nye, + nye; +...+n,e;) (mye, +me, + mye, + mye; +...+mye,;)
=(ngmy —nmy —nym, — nymy = nymy, —Nsis = Rghtg — Ny My )

+e, (nygm, +nymy +nym; +nym, + ngMg —NgM, —NgM, + NyMy)

+e, ((nym, —nm, +n,my + nym, + n,mg + ngm, —ngm, —n,ms)

+ey(nymy +nym, —nym, + nymy + nym, —NsMg +Ngms —n,m,)

+e,(nym, +nms —n,mg — nym, +n,my +nsm; +nm, +n,my)

+es(nyms +nym, —n,m, + nymg —nymy +ngmy —ngms +n,m,)

+eg(nymg +nm, +n,m, — nyms —nym, +ngmy +ngmy —n,m,)

+e,(nym, —nmg +n,ms + nym, — My —Nsm, +ngm, +n,my)€S

P q= (ne, —ne —ne,— me, —ne, —nes —ne, —n,m,) (me, +me, +me, + me; +...+ me,)
=(nymy +mm + nym, + nymy + numy, + ngmg + nm + nye;)

+e, (nymy —mmy — nym, + n;m, — RMg + NgM, + NN, — NyM)

+e, (nym, + mm, — nym, — nym, —n,m, — nsm, + ngm, + n,my)

+e;( nymy — mm, + nym; — nymy — nymy + ngmg — ngms + nym,)

+e,(nym, + nmy + nym, + nym, — nym, — ngMmy, — NgM, — N,My)

+e5( nyms —nm, + n,m, — nymg + n,m; — nsmy + ngmy — ymy,)

+e,(—nymg —nm, —nym, + nymg + nym, — Ny + ngmy + nymy)

+e,(nym, + nmy — nmg — nym, +n,my +ngm, —ngm —n,mg) €8S
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pq = (ne, +ne +ne, + me; +...+n,m) (mye, —me, —me, — me;—me, —mes —me; — N, e,)
= (nymy —mm, — nym, = nymy = nm, = ngms = ngm — nye,)

+e, (—=nym, + mmy — nymy + nym, — n,mg + nsm, + nam, + nmg)

+e, (—nym, + mmy + nym, — nym, — nymg — ngm, +ngm, + n,my)

+ey(—nymy — nm, + nym, + nymy — n,m, + ngmg — ngms + n,m,)

+e,(=nym, + nmg + nymg + nymy, + n;my — ngmy — ngm, — n,m)

+e5(= nymg —mm, + nym, — nymg + nym, + ngmy + nemy — nym,)

+es(—nymg —nm, —nym, + nymg + nym, —nsmy + ngmy + n,m;)

+e,(—nym, + nmg —nyms — nym, +n,my +nsmy, —ngm —n,my) €S

Therefore pq, pq, pq € S.

Lemma 5.3.2:

Let ej,e,,e;,...,e, be basis elements of octonions.
LetS = Z (ey,e,,65,....6;) = {mye, +me, +me, + me, +...+ me,:mel}

§=f s,+5,f, 8,,8,€ S} is a subloop of sedenions not contained in octonions

and not a sedenion split extension.

Proof:

1. Closure

Let(a,b), (c,d) €S?. Then(ap)(c,d)=(ac—db,da+bc) . From Lemma 5.3.1,
ac, db,da and be are in S. So S?is closed.

2. Identity

There exists a two-sided identity 1 + 0= (1,0) €S* since

(@,b)(1,0) =(a, b) and (1,0)(c,d) =(c, d)
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From the results of Table 6.4, in the equation x-y =z, knowledge of any two of
the elements uniquely defines the third one and thus S? is a quasi-group.
Therefore $° ={s,+s,f, $,,5,€ S} is a subloop of sedenions not contained in

octonions and not a sedenion split extension.

Remark 5.3.3:

Even though Lemma 5.3.2 establishes the existence of a subloop of sedenions that
is neither a split extension nor a subloop of octonions, the subloop is not finite
unless it is either a split extension or a subloop of octonions.

Even when one starts with only two elements, the elements generated build up

very fast as illustrated by the following example.

Example 5.3.4:

Let o,=i +1f, a,=i+0f

Using Cayley Dickson’s doubling formula,

a, a, =(i+1f) (i+1f) =(, D(i, 1)=(-2,0)= a,, say
a o, =i+ (i+ 00 =0, 1)(i,0)=(-1,-) = a,,

a, a, =(i+1f) (-2 +0f) = (i, (-2, 0)=(-2i, -2) = a;,
a, a, =(i+1f) (-1 -if) = (i, 1)(-1,- i)=(-2i, 0) = a,
a, as =(i+1f) (-2i-2f) = (i, 1)(-2i, -2)=(4, 0) = «,,

o, ag = (i +1f) (-2i + 0f) = (i, D)(-2i, 0)=(2, -2i) = a,,
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@, oy = (i+00 (i + 1) = (i, 0)(i, )=(-1, ) = a,,

@y @y = (i +0f) (i + 0 = (i, 0)(3, 0)=(-1, 0) = a,,,

@, @, =(i+0f (2 + 09 = (i, (-2, 0=(-2i, 0) = .
@y @, = (i +0f (-1 -iff = (i, O)(-1, ) =(-i, -1) = ey,
@, s = (i V0 (-2i-2f) = (i, 0)(-2i, -2)=(2, -2i) = @,
@, o, = (i +0f) (-2i +00) = (i, 0)(-2i, 0)=(-2, 0) = a,
@y @, = (-2 +0f) (i +1f) =(-2, 0)(i,] )=(-2i, -2) = a,
a, @ = (2400 (i +0) ~(2, 0)(,0)~(2, 0) =
@y @ = (-2 +0) (2 +09 =(2 0)(-2,0)=(4,0) = @,
@y @y = (-2 +0f) (-1 -if) =(-2, O)(-1-i)=(2.2) = a5
@ g = (-2 +0f (-2i -2f) =(-2, 0)(-2i,-2)=(4i,4) = a,

a, ag = (-2 +0f) (-2i+0f) =(-2, 0)(-2i,0 )=(4i, 0) = ez,

a, a =(-1-if) (i+1f) =(-1-i) (i1)=(0,-2) = &,
a, a, =(-1-if) (i +0f) =(-1,-i) (1,0 )=(-i,-1) = e,
a, ay =(-1-if) (-2 +0f) =(-2,0) (i,] )=(2,2i) = e,
@y o, =(-1-if) (-1 -if) =(-1-i) (-1,-)=(0,20) =
a, as =(-1-if) (-2i-2f) =(-1,-i) (-2i,-2)=(0,4) = a,,

@, &g =(-1-if) (2i+0f) =(-1,-i) (-2i,0)=(2i 2) = —a,
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a, a, =(-2i-20 (i +1f) =(-2i,-2) (i,1)=(4,0) = a,

as a, =(-2i-2f) (i +0) =(-2i,-2) (i,0)=(2,2i) = o

a, a, =(-2i 20 (-1 +0f) =(-2i-2) (-2,0)=(4i ,4) =a,
@ @, =(-2i -2f) (-1 -if) =(-2i,-2) (-1,-i)=(4i,0) =a,
ay @y =(-2i -2f) (-2i- 2) =(-2i,-2) (-2i,-2)=(-8,0) = a,,
@, ag =(-2i -2) (-2i+0f) =(-2i,-2) (-2i, 0)=(-4 ,-4i) =t
ag @, =(-2i+0f) (1 +1f) =(-2i, 0) (i,1 )=(2 ,-2i) =z

ay @, =(-2i+0 (i +0f) =(-2i,0) (i,0)=(2, 0) = -,

@y @y =(-2i+0) (-2 +0) =(-2i,0) (-2,0)=(4i, 0) =,
ag @y =(-2i+0f) (-1-if) =(-2i, 0) (-1,-i )=(2i -2) =a,
@y a5 =(-2i+0) (-2i-2f) =(-2i, 0) (-2i,-2 )=(-4 ,4i) = a5

ay ay =(-2i+0f) (-2i+0f) =(-2i, 0) (-2i, 0)=(-4 ,0) = -«

We therefore conclude that there exists subloops of sedenions that are neither

subloops of octonions or sedenion split extensions.
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CHAPTER SIX
CONSTRUCTION OF HADAMARD MATRICES USING JONATHAN
SMITH FORMULA

6.1 Introduction

The frame multiplication of 2”-ons has been done using the Cayley-Dickson and
Smith-Conway doubling formulae (Kivunge 2004). These formulae gave a way of
constructing Hadamard matrices. In this chapter the multiplication is done using
the Jonathan Smith formula (equation 8). We show that the formula also gives a

way of constructing Hadamard matrices.

6.2 Hadamard Matrices

A Hadamard matrix is a square matrix whose entries are either +1 or -land whose
rows are mutually orthogonal. This means that every two different rows in a
Hadamard matrix represent two perpendicular vectors. Such matrices are used in
error correcting codes such as the Reed-Muller code.

Hadamard matrices also appear in balanced repeated replication (BRR), used by
staticians to estimate the variance of a parameter. They are named after the French
Mathematician Jacques Hadamard.

Examples of Hadamard matrices were actually first constructed by James Joseph
Sylvester. He constructed matrices of order 2 for every non-negative integer k.

Mathematicians have devoted themselves to finding new methods of constructing
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these matrices. In this research the method used is the Jonathan Smith formula
(equation 8).

Definition 6.2.1: A Hadamard matrix of order n is an nxn matrix H with entries
+1such that HH" =n1_, where H' is the transpose of H and I, is the identity
matrix of order ».

The following are some of the fundamental properties of Hadamard matrices.

6.2.2 Properties of Hadamard matrices Kivunge (2004).

1. Any two columns of H are orthogonal of weight n.

2. If some rows or columns of H are permuted, the resulting matrix is Hadamard.
3. If some rows or columns are multiplied by -1, the resulting matrix is still

Hadamard.

4.1f H is Hadamard, then H7 is also Hadamard.

6.3 Construction of Hadamard matrices

In this section the structures resulting from the multiplication of general 2" -ons
using the Jonathan Smith formula are investigated. We show that the sign matrix
of the frame multiplication is Hadamard.

When restricted to the frame of the 2" -ons, equation (8) reduces to:

(a,0) (c,0)= (ac, 0)

(a,0) (0,d) = (0, da)
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(0,b) (c,0) = (0, bc)

(0,b) (0,d) = (- bd,0), fora, b,c,d e Qwhere Qisthe 2"-on in consideration.
The conjugation is given by @:(E,—b}

Definition 6.3.1: Let 4={tqg ,*aq,,...,ta,}be a set of basis elements for the 2" -

ons witha, -a, ef{ta,}. The sign matrix associated with 4 is the nxn matrix S

L, if a,-aq,
-1, ifa-a,=-aq

=ak

with S, ={

6.3.2 Frame Multiplication of Complex numbers

Let e¢,=1, e, = i be the basis elements of C. The frame for the complex numbers

ist{e,=1, ¢ = i} . The multiplication table is given by:

€ € €
€ ¢ =€

Table 6.1 Multiplication of Complex basis elements

I 1
The sign matrix for this multiplication is the Hadamard matrix S, = [l l] and

S8 =21
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6.3.3 Frame Multiplication of Quaternions

The frame for the quaternions is t{e,=1, ¢ =i, e,=J, e; = k}. The multiplication

table is given by:
e, e, e, e,
e, e, e, e, e,
€ & | ~% by | =&
e, e, | —e | —¢ | e
€ € € —€¢ | &

Table 6.2 Multiplication of Quaternion basis elements

The sign matrix for this multiplication is the Hadamard matrix

1 1 1 1
1 -1 1 -

Sa=|y 1 -1 q|™d 5.8 =4],
1 1 -1 -1

6.3.4 Frame Multiplication of Octonions

The frame for the octonions is
i{eo =(1’O)’el =(I’O)> ez =(.1’0)5e3 =(k’0)7e4 =(O: ].),85 =(O’iv)eﬁ - (O,j)ae7 =(0>k)}

Multiplication is as shown in the following table
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. g, e, e, e, e, e, e e,
e, e, e, e, & 04 M &, e,
€, e, -€, & -e, e -e, -€, e
e, e, -e, -€, e, & &, -, €
e, e, e, -, -e, 8, -€ e, -e,
e, ey -€ -€, -e, -€, 2 e, e,
€ &y e, -e, &, -e, -€, e, e,
& e €y e, -€ -e, e, -€, -e,
ey e, € &y e, -e, -e, e, -e,

Table 6.3 Multiplication of Octonion basis elements

The sign matrix for this multiplication is given by

r. -

= 1 1 1 1 1 1
1 -1 1 -1 1 -1 -1 1
1 -1 -1 1 1 1 -1 -1
1 1 -1 -1 1 -1 1 -1

and
1 -1 -1 -1 -1 1 1 1
1 1 -1 1 -1 -1 -1 1
1 1 1 -1 -1 1 -1 -1
1

-11 1 -1 -1 1 -1

S, S, =8I, =2°I,
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6.3.5 Frame Muitiplication of Sedenions

The frame for the sedenions is

t{e,=(e,,0),¢,=(¢e,,0), e,=(e,,0),e;=(e;,0),e,=(e,,0),e5,=(e5,0) € =(&,0) »
e,=(e,,0),e,=(0,¢,),,=(0,¢,), €,=(0,e,),¢,, =(0,¢,),e,, =(0,€,),;;=(0,€5 ),
€y =(03e6)7e|5 =(O,e7)}

Multiplication is as shown in the following table
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€ | & 6, € €, s € €, € 2 € € € €3 | €y s
€ €y € €, €3 7 €y € €, €y %) €10 €y S €13 €14 €5
€ € [-€ | €& -6 | & -6 |-€ | & € |-€ |[-€y | €y |-€3 | €y | € €14
€, € |6 | -6 € €s €, - | -€ €o | €n |-€ |-€ |-y |-€5 | €, €3
€, €; €, -6 € €, -€¢ €5 ~y ey |=€o | & "€y |65 | €y |-€3 | €
€ | € |- |-€& |-€ |-€ 2! €, €3 € | @ €14 s |-€ |-€ |-€, |-¢
és €s €, -€, €s -6 -6 | -6 ) €3 |-Gz | Gs |[-€4 | & €y ST )
€s €s €, €, € | -6 | & € | -€ €y [-@s | -6y | € € |-€n |-€ €
€, €; | -6 és € -6 | -6, | g -€ Gs | @y |-€3 [-62 | € € |-€ |-€
€ € |-€ |-€g |-€; |-€p |-€3 |-€4 |-€5 [-€ | & € €, €, és € €
€ €9 €y €y | 6o | €3 | & s |-€s |-€ |-€ |- ) -€s 2 €, -€
€o | €o | Cn € €y | -€y |-€5 | €y €y |-€ | & € |6 |-€ |-€ | & €s
€y | €y |"Co | & €y “€s | 6q |“€3 | &y |-€ |-6 | & 8 | -€ | & -€; €,
€y | €2 | 63 €y €5 g "€ | -€g |-€y |-€ | & € €, € |-€ |- |-&
€3 | €5 |-€y | s |-€4 | & ) e €y |-6 | & ¢, - é € | & -6,
€y | €4 |"Gs |-Cn | € € |-€n | & €y "€ |-€ |-€ |6 €, €3 €y €
€s | €s | €y |-€3 |-y | €, €o | -% €y -€; | € s €y €3 €, e | -&

Table 6.4 Multiplication of Sedenion basis elements
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The sign matrix for this multiplication is given by

1 1L L.d. dosdet it 1 ¥ ¥ & -t 1
i <1 ‘4 =1 1 <k st § 1 1= § <1 1T 1 -0

1 =1 EyEegedag Sapeamn e ey S 1t 1

I M i S e TG G L e, S (S R, (U

A O e R T N R R RS Gt N N

T S e SORT SR SO [ (P BN SIS RN (S N

1 1 1 -1 -1 1-1-1 1- -1 1 1- -1 1
ey e Lt S RS N -1
=0 0 a1 21 <1 <1 <1 -1 <1 1 1 1 1 1 11
1 1 -1 1 -1 1 1 - -1- 1-1 1 1-

R e S e e S R N S Se, U U G SR SR
e Sl o R, RE et TR R, [t ) B g e, s . 6 |

A i (A (S (R L G SRR, e DA SR, (R (e S S
LTI O S RN SRR O S T R T G
"o TN YN NPT SO TN W s NSl SO (RE QU LR
R U R T TR NP SR S T S (S R, R A e

and S, S =167, =2*T,,

We therefore conclude that the frame multiplication of complex numbers,
quaternions, octonions and sedenions using the Jonathan Smith formula (equation
8) gives a way of constructing Hadamard matrices, as did the Cayley-Dickson and
Smith-Conway formulae (Kivunge 2004).

It is motivating to ask if the sign matrix of the frame multiplication for the general
2" —ons is a Hadamard matrix. The following theorem shows that this is indeed

the case.
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Theorem 6.3.6: The sign matrix for the frame of the 2" —ons under the Jonathan
Smith multiplication is a 2" x 2" Hadamard matrix.

Proof: From the preceding discussion, the sign matrix is Hadamard for n<4.

This sets up the basis for an induction proof.
Let M,N be the sign matrices for the basis elements in the 2" -ons and
2! —ons respectively under Jonathan Smith multiplication. Let

{eo =Le,...,e,_ } be the basis elements of the 2" —ons, then

{(eo,O) (€,0),.-5(,,,0).(0,,)(0,¢,),-- (0.e,. 1)} are the basis elements of the
2n+l —ons

We assume M is a 2" x2"Hadamard matrix and show that N is a 2" x2™!

Hadamard matrix. The matrix N is of the form

9

where P, O, R and S are 2" x2" matrices specified as follows:

For 7,/ >0

(6,0)(e,-,0) = (e€,,0) = B =M,, P=M
(6:,0)(0,¢,,)=(0.e,0) = Q,=M,, Q=M
(0.e)(e-1r =(0,,1 ) = R,= R,=-M, j#1

(O —l) 1-1 ( zle—ls) = le—- Mh.=—l, S =—M_ i#l1
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Thus,
1 1 1 1E22: it
My : Mj,
1 1
T =
1 -1 -1{-1 1 1
-—M,j : 2
L_l -1 &

We perform a column permutationC, <> C,,,;, ie. C, (g, ), to get the

equivalent matrix

B T | 1 1.+ 1
i P M,
1 1 ‘ 4
-1 -1 =111 1.-- 1 M| MT
i =M, M,
Now,
HH =

| M IMT M |-M"| | MMT+M'M | -MM" +M'M
MM | M I M || -MMT MM MMT MM
s R
= =2m7
[ 0 2n+11:| s

H is Hadamard equivalent to N, and the proof is complete by Properties 6.2.2.
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CHAPTER SEVEN
CONCLUSION AND RECOMMENDATIONS

7.1 Conclusion

In this research we studied sedenion extension loops from the point of view of
Loop Theory. We performed the multiplication of 2" —ons and their split
extensions using the Jonathan Smith formula.

We established that if L is not abelian, Lx S° fails to satisfy group properties but
satisfies loop properties like the Jordan Identity and flexible properties. It however

fails to satisfy the anti-auto morphism , left and right alternative properties.

When multiplication of basis elements of 2" —ons was carried out using the
Jonathan Smith formula, we found that Nim addition gave a way of determining

the subscripts for the products of the basis elements for the split extension. This

was done for n =1, 2, 3 and 4 and then generalized for general 2" —ons .
We also found that there exists subloops of sedenions that are not sedenion

extension loops or subloops of octonions.

Finally, we established that the multiplication of 2" —ons using the Jonathan

Smith formula gave a way of constructing Hadamard matrices.
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7.2 Recommendations for further research

1.

In this research we established the existence of subloops of sedenions that are
neither sedenion extensions nor subloops of octonions. The problem of finding

out if other subloops of a different ‘structure’ exist remains open.

The relationship between the multiplication of general 2" —omns using the
Jonathan Smith formula and Nim addition was established. Would the use of a

different doubling formulae lead to the same relationship with Nim-addition?

. Nim addition gave a way of determining the subscripts for the products of the

basis elements for the split extension. The problem of determining the sign of

the subscripts (positive or negative) remains open.

. The frame multiplication of sedenion split extensions using the Jonathan Smith

gave a way of constructing Hadamard Matrices, as did the Smith-Conway and
Cayley-Dickson formulas previously. It would be of interest to find out if all

other doubling formulas would do the same.
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