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ABSRACT

Malaria remains a leading global health challenge, causing millions of deaths
annually, primarily through the bite of infected female Anopheles mosquitoes. In
Kenya, Busia County records the highest malaria prevalence at 37%, yet it has often
been excluded from mathematical modeling studies. Traditional SEIR models
commonly used in malaria research fail to capture the persistence of asymptomatic
Plasmodium parasites in individuals who have recovered from the disease. This
study introduces an enhanced SIRSp model that incorporates this asymptomatic
subpopulation to better understand malaria dynamics in Busia County. The model
assumes a constant infection rate influenced by both susceptible and infected
individuals, and its mathematical analysis yields reproduction numbers for humans
and mosquitoes. Stability analysis of the disease-free equilibrium point indicates the
feasibility of eradicating malaria in Busia County under certain conditions.
Numerical simulations demonstrate that higher infection rates significantly amplify
the prevalence of malaria, whereas improving recovery rates reduces infections
among humans and mosquitoes while marginally increasing the pool of susceptible
individuals. These results provide valuable insights into the dynamics of malaria
transmission and emphasize the importance of tailored interventions for effective
disease management in endemic regions.
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NOMENCLATURE

Sh Susceptible human subpopulation

In Infected human subpopulation

Rn Recovered human subpopulation

Sp Susceptible human subpopulation with plasmodium parasite

Im Infectious mosquito subpopulation

Sm Susceptible mosquito subpopulation

N Total human population

a Proportion of human being infected when interacting with an infected mosquito

B Proportion of the susceptible mosquito being infectious when interacting with an

infected human

M The mosquito population

Ah Rate of influx into the susceptible human subpopulation

Am Rate of influx into the susceptible mosquito subpopulation

r Rate of recovery for an infected human being

Y Rate at which the recovered human being migrates to the susceptible human

subpopulation



CHAPTER 1

INTRODUCTION

1.1 Background of the Study

Malaria is a historically persistent threat that has plagued tropical regions, significantly
impacting health systems across Asia, the Americas, and Africa, which provide conducive
environments for the disease’s proliferation. This infectious disease is caused by protozoan
parasites belonging to the genus Plasmodium, which invade and replicate within blood cells (Cai
et al., 2017). Transmission to humans occurs primarily through the bite of an infected female
Anopheles mosquito, with five Plasmodium species recognized as causative agents of malaria: P.
falciparum, P. vivax, P. ovale, P. malariae, and P. knowlesi (Lashari et al., 2012). Among these
species, the World Health Organization (WHO, 2019) identifies P. falciparum as the most
virulent, with a high potential for mortality. This species is responsible for the majority of
malaria-related morbidity and mortality in tropical and subtropical regions, as noted by Cai et al.
(2017). Symptoms resulting from P. falciparum infection typically manifest within five hours
post-bite and may include elevated body temperature, pain, fatigue, sweating, and shivering, as
outlined by Ahmed et al. (2022). Malaria control has been hindered by the limited availability of
effective antimalarial drugs and insufficient efforts towards the development of a robust vaccine,
particularly in light of the evolving resistance observed in the Plasmodium parasites (Lashari et
al., 2012).

According to the World Malaria Report by WHO (2021), there were 241 million malaria cases in
2020, an increase from 227 million in 2019. The estimated number of deaths in 2020 was
627,000, representing a rise of 69,000 from the previous year. The report highlights that 95% of
malaria cases and 96% of deaths occurred in Sub-Saharan Africa, with children under five years
of age accounting for 80% of the fatalities (WHO, 2021). The severity of malaria infection is

closely linked to the immune response of the individual. Partial immunity develops over time



through repeated exposure to the parasite but tends to wane if reinfection does not occur.
Importantly, infection with the malaria parasite does not always result in clinical disease. Many
individuals in malaria-endemic regions remain asymptomatic, harboring significant parasite
loads without exhibiting overt signs or symptoms. Furthermore, the epidemiology and
transmission intensity of malaria vary across regions, influenced by local weather conditions and
environmental factors. The World Health Organization (2019) has developed strategies to
control and eliminate malaria transmission. Mathematical modeling has been instrumental in
informing decision-making processes for designing effective intervention plans. However,
relying on a single intervention is often insufficient to curb malaria spread in specific
populations. For instance, in regions where P. vivax predominates, measures such as insecticide-
treated nets (ITNs) and indoor residual spraying (IRS) may be less effective because mosquitoes
typically bite early in the evening, take blood meals, and rest outdoors (WHO, 2019).

The health sector in Kenya has placed significant efforts in combatting the outbreak of malaria in
Kenya and with the aim of reducing death from malaria by 75 per cent (Elnour et al., 2023).
However, according to Bashir et al. (2019), majority of the Busia County population is
susceptible to malaria due to poverty and insufficient health facilities. Busia County accounts for
the largest malaria cases in Kenya. Malaria spread is extremely flexible in Busia County due to
the varying climatic conditions. Malaria exists in four epidemiological zoning in Kenya: seasonal
malaria transmission, malaria-free zones malaria endemic locations and malaria epidemic prone
areas (WHO, 2019). These encounters call for crucial expansion of real and ideal policies for
averting and regulating the spread of malaria. To overcome malaria in Kenya is therefore
tantamount to overcoming it in Busia County. This study develops an appropriate SIRS, model
to identify the trend and patterns in the outbreak of Malaria in Busia County of Kenya.

1.2  Definition of terms

Susceptible population: Refers to a member of the population who are at the risk of becoming

infected by Malaria.



Stable population: Refers to a population with an unchanging structure of age and a secure
degree of natural surge.

Mathematical modelling: Refers to the process of developing a mathematical model for disease
control.

Endemic population: Refers to the constant presence of prevalence disease in a population
within a given geographical area.

Infection rate: Refers to the probability or risk of an infection in a population. It’s a measure of
the frequency of occurrences of the infection in a given population.

1.3 Problem Statement

Most of the mathematical modelling approach follow the SEIR model for human population and

SEI model among the vector population whereby the rate of infection be subject to the progress

of the mosquitoes which hang on time. However, the paradigm is no longer applicable to the

malaria disease due to current medical studies indicating that persons who have recovered from

the infection still have the plasmodium parasites in their body system but in a latent stage. The

malaria can reoccur again once the immunity decreases without the individual being bitten by an

infected mosquito. This indicates that the SIRS, model in human population will be more

appropriate. In our study, we shall focus on the host-vector model with SIRS, in human

population towards preventing the spread of Malaria disease in Busia County, Kenya.

1.4 Objectives of the Study

1.4.1 General objective

To describe the dynamics of the spread of malaria disease with SIRS, model in Busia County,
Kenya.

1.4.2 Specific objectives

The objectives of the study will be:

I. To simulate numerically the model to illustrate the behaviour of the model.



ii. To analyse the stability of the disease-free equilibrium for the control of the spread of
malaria disease in Busia County, Kenya.
iii. To calculate the basic reproduction number, Ro.

Iv. To optimise the parameters and obtain the optimal values for the parameters.

1.5 Justification
The SIRSp mathematical model has become an essential tool in understanding disease
transmission dynamics and in supporting decision-making processes for designing effective
malaria control interventions. The host-vector model with SIRSp in human population is a cost-
effective and simple tool for achieving the greatest possible success in malaria eradication since
by using this model, we can better understand the dynamics of malaria transmission and allocate
resources to combat the disease.
1.6 Significance of the Study
This study aims to support policymakers in the health sector by advancing malaria eradication
efforts through the application of the SIRSp mathematical modeling approach. The objective is
to enhance public health outcomes, strengthen resistance to malaria, increase awareness of
malaria prevalence, and propose effective control strategies. The findings of this research will
provide valuable insights for local planners, the Ministry of Health, the Department of National
Development, as well as key initiatives such as the 2030 Agenda for Sustainable Development
and Kenya's Big Four Agenda, all of which play a critical role in shaping national health policy.
1.7 Assumptions

1. The disease's rate of infection in humans is constant.

2. Infection depends on the growth of the vector population, which depends on time (t), the

number of people who are vulnerable, and the number of people who are already
infected.

3. The newborn to be in the susceptible (S) compartment.



4. Some of those who have recovered from the infection will still carry plasmodium parasite
and hence, such individuals enter the compartment Sp.

5. All parameters and variables are assumed to be non-negative.



CHAPTER 2

LITERATURE REVIEW

2.1 Mathematical Modelling of Malaria

Mathematical models have been studied to explore the spread and control of diseases in recent
time. For instance, Zafar et al. (2022) studied the spread of human papillomavirus using the
fractional-order derivatives and Bada et al. (2021) considered the spread of H7N9 virus using
mathematical model. Specifically, the spread of diseases in Kenya has been investigated with the
aid of mathematical modelling. Kimulu et al. (2022) modelled the spread of HIV in Kenya
among sex workers with emphases on the interactions between the truckers and the sex workers
on certain route in Kenya. The outcome of the study showed a reduction in the incidence rate of
HIV. Furthermore, Andima et al. (2022) investigated the control of diabetes within the
inadequate resources in Kenya using mathematical modelling. Mathematical modelling was also
used by Kimulu et al. (2024) explore the spread of COVID-19 in Kenya.

Specifically, mathematical modelling of mosquito-borne diseases, particularly malaria, has
proven to be an effective tool in understanding the dynamics of malaria spread and in
formulating appropriate control strategies (Banerjee & Sanyal, 2023). Traditionally based on the
SIR (Susceptible, Infected, Recovered) model, malaria modelling has evolved to incorporate
various factors such as the malaria parasite’s life cycle (Lashari et al., 2012), the latent infection
period (Cai et al., 2017), immunity factors, and the interaction between human and mosquito
populations (Cai et al., 2019). Recent advancements in these models also account for the
heterogeneous nature of both human and mosquito populations (Heath et al., 2022), variations in
exposure rates (Tchoumi et al., 2023), and human recovery dynamics (Wang et al., 2024).
Mojeeb et al. (2017) extended the model to SEIR (Susceptible, Exposed, Infected, Recovered)
model to focus on the eradication of mosquito populations and the control of malaria outbreaks.
Olaniyi et al. (2020) proposed a classification model that demonstrated the non-linear

progression of malaria transmission, a finding that aligns with Mandal et al. (2011), who
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developed a system to understand malaria disease propagation under various conditions. In a
more specialized approach, Bakary et al. (2018) examined the impact of frequent mosquito bites
and blood transfusions on malaria transmission dynamics. Additionally, Rafia et al. (2018)
explored the effects of immunization on malaria transmission and disease severity, a topic also
revisited by Mandal (2011), who used a model to evaluate the cyclical impacts of malaria
epidemics, factoring in seasonal variations in mosquito bites and the fluctuating severity of
outbreaks.

Recent work by Chen et al. (2024) introduces a hybrid model combining machine learning
techniques with traditional epidemiological models, aiming to predict malaria outbreaks with
greater accuracy by integrating environmental factors, such as temperature and rainfall, that
influence mosquito breeding patterns. This research could provide valuable insights into the role
of climate change in altering malaria transmission dynamics. Another recent study by Ale et al.
(2024) explores the application of agent-based modelling in malaria, simulating interactions
between individuals and mosquitoes at the local level to assess control interventions such as
indoor spraying and insecticide-treated nets.

2.2 Global Approaches to Malaria Control Modelling

Mathematical models of disease infection often struggle to accurately account for multiple
population classes, which is a significant limitation in modelling malaria dynamics. For malaria-
infected populations, the SEIR (Susceptible, Exposed, Infected, Recovered) model has been widely
employed to guide treatment strategies and control interventions (Mandal et al., 2011). These
models aim to eradicate malaria by simulating interactions between humans and mosquitoes,
incorporating factors such as infection latency and treatment strategies. Even under adverse
conditions, such models predict that intervention efforts will significantly reduce mortality and
morbidity compared to scenarios with no control measures (WHO, 2019).

One key challenge arises from the evolution of drug resistance. Resistance develops when

spontaneous mutants with reduced drug sensitivity gain a survival advantage due to widespread
7



anti-malarial drug use. Mackinnon (2005) emphasized the need for cautious use of new anti-
malarial drugs to reduce the selective pressure on parasites. Mandal et al. (2011) further argued that
population-level interventions, such as widespread distribution of insecticide-treated bed nets
(ITNs) or vaccines, may be more effective than individual-level approaches in preventing the
emergence of drug resistance.

Recent trends include the use of dual-population models like SEIR-SEI, which account for human
and mosquito dynamics in malaria control strategies. For example, Rwanda successfully utilized
this framework to develop policies that significantly reduced infection rates (Osman & Adu, 2017;
Cai et al., 2019). WHO (2019) has also highlighted that the eradication of diseases such as smallpox
provides a blueprint for achieving malaria elimination targets, albeit with substantial challenges in
adapting such strategies to malaria’s unique dynamics.

Abongo (2016) applied conventional SEIR human models and SEI mosquito vector models in
Kenya to evaluate the impact of various interventions. However, gaps remain, particularly in
addressing vulnerable groups such as pregnant women, who are often excluded from control
strategies despite being among the most at-risk populations. Recent studies by Carrasco-Escobar et
al. (2021) propose incorporating socioeconomic factors and healthcare accessibility into malaria
models to better capture the diverse challenges faced by vulnerable populations. Emerging research
also focuses on integrating machine learning with traditional models to simulate the complex
interactions between human and mosquito populations. A study by Ogbaga (2023) highlights the
potential of Al-driven approaches to optimize resource allocation for interventions.

2.3 Challenges in Modelling Multiple Population Classes

The existence of several classes of population is a factor that the majority of mathematical
models for disease infection cases twitch from. A population of people with malaria plague is
anticipated to follow the SEIR model, which is intended for the treatment of malaria (Mandal et
al., 2011). The goal of mathematical models of malaria sickness, which are industrialized from a

variety of angles and include the interaction between humans and mosquitoes in the model of
8



malaria, is to eradicate the disease. Even in the worst-case scenario, it is expected that efforts to
eradicate the disease will result in fewer deaths and illnesses overall than would occur if no
action were taken (WHO, 2019). Consequently, anti-malarial drug fight occurs when impulsively
arising mutants with abridgeddrug vulnerability are provided with advantage to survive by the
use of the anti-malarial. The frugal use of new anti-malarial drugs has been suggested to
diminish the discerning pressure of parasite (Mackinnon, 2005). Alternatively, Mandal et al.
(2011) argue that population, rather than individual-level interventions like many first-line
therapies, such as the distribution of a real vaccine or insecticide-treated bed nets (ITNs), could
prevent the outbreak of drug resistance.

The SEIR-SEI mathematical model guided Rwanda's malaria control efforts, providing guidance
to policymakers as they developed a plan to lower infection rates and rein in the disease (Osman
& Adu, 2017; Cai et al., 2019). Furthermore, WHO (2019) notes that abolition of any disease is
a determined aimed to achieve for smallpox and sanctioned diseasemarks for extermination.
Abongo (2016) used the conventional Susceptible-Exposed-Infectious-Recovered (SEIR) human
models and the Susceptible-Exposed-Infectious (SEI) vector mosquito models in Kenyan malaria
models for assessing the influence of interferences in perfect controls. Also, WHO @019)
endorsed defensive treatment for the greatest at-risk malaria group such as expectant women
have not been included in the study in control theory options in Kenya.

2.4 The Need for Optimal Control Models in Kenya

Despite significant advancements in malaria control, there remains a critical gap in the
development and application of optimal control models tailored to the unique transmission
dynamics in Busia County, Kenya. Current efforts are hindered by the country's diverse
transmission zones, which complicate the implementation of uniform strategies (DOMC, 2010).
Notably, there is no existing optimal control model that integrates four control variables while
addressing the specific challenges of malaria invasion research, such as those related to

intermittent preventive treatment during pregnancy (IPTp) (WHO, 2019).
9



This gap highlights the pressing need for mathematical models that incorporate host-vector
dynamics, such as the SIRSp model, specifically adapted to the human population in Busia
County. Such models could provide actionable insights into reducing malaria transmission and
inform the design of regionally appropriate interventions. Moreover, raising awareness about the
potential of these scientific tools among policymakers and public health stakeholders is crucial
for mitigating the devastating impact of malaria in this high-risk region. By addressing this
research gap, future studies can contribute to the development of evidence-based strategies for
malaria control, thereby enhancing the effectiveness of existing interventions and supporting

Kenya's broader malaria elimination goals.
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CHAPTER 3

RESEARCH METHODOLOGY

3.1 Model Development

Two populations are in play here; the human population in Busia County and the mosquito
population in Busia County, where each of the populations has the tendency to influence the
presence of malaria in the ecosystem. The interaction and migrations between the subpopulations
are shown in the model description of figure (3.1). The directional arrows indicate migration
from a subpopulation to another, the dashed non-directional lines indicate interactions without
migration (clearly, human population cannot migrate into the mosquito subpopulation and vice
versa). The human subpopulations are represented in the blue boxes while the mosquito

subpopulations are represented in the red boxe

14
al, Sy
A
—y N ;*
E ﬂIhSm E

=l

Figure 3.1: Model Description

The human population is divided into four subpopulations; the susceptible human subpopulation
Sy, the infected human subpopulation I, , the recovered human subpopulation R, and the
susceptible with plasmodium parasite human subpopulation Sp. The mosquito is subdivided into
the infectious mosquito subpopulation I,,, and the susceptible mosquito subpopulation S,,,. The
susceptible human subpopulation gets infected when there is an interaction with an infected

mosquito with the force of infection

11



almSh
N

where N is the total human population, « is the proportion of interaction that led to infection.
The susceptible mosquitoes become infectious by interacting with the malaria-infected human

subpopulation with the rate of infection

BIhSm
M )

where ( is the proportion of interaction that led to infection and M is the population of
mosquitoes. The rate of influx into the susceptible human subpopulation and susceptible
mosquito subpopulation are A, and A,, respectively. An infected human recovers from malaria
at the rate r and it is assumed that a recovered human migrates to the susceptible human
subpopulation at the rate y. By writing out the rate of change of each subpopulation, the

equations governing the malaria trend in the population is the system of equations (3.1.1) —

(3.1.6).
D Ay yR, N (3.0.1)
% - “I;Sh —rl, + S, (3.1.2)
dditp ——1 (3.1.3)
& =rl, — YR, — PRy, (3.1.4)
dt
‘%ﬂ P 5’1"145"1 (3.1.5)
%ﬂ _ ﬁ’;fm L (3.1.6)

with the following initial conditions (3.1.7)

12



(5,(0) =S >0,
L,(0) =1 >0,
R,(0) =R° >0,

{ 3.1.7
5,(0) = $,(0) = 0, 317)
S, (0) =55 >0,
\1,,(0) =19 > 0.
The parameters are also restricted to the conditions in (3.1.8) as
O < AhlAm' )/! ar,Br r, ,um;p: q < 1: (318)

3.2 Reproduction Numbers

The human and mosquito populations remain susceptible until an infectious mosquito gets into
the population and infection happens as a result of interaction between the infectious mosquito
and susceptible humans or interaction between a susceptible mosquito and an infected human.
The rate at which susceptible human population gets infected by the introduction of one
infectious mosquito into the population is the reproduction number for mosquito while the rate at
which susceptible mosquito population becomes infectious by the introduction of one infected
human into the population is the reproduction number for human (Abimbade et al., 2022; Aldila,
2022). These reproduction numbers are calculated by investigating the rate of change of the
infectious class according to equations (3.1.2) and (3.1.6). Considering when a single infectious
mosquito is brought into the susceptible human subpopulation, indicating that I,,, = 1 and S;, =

N, therefore equation (3.1.2) becomes

%za—rzr(g—l).

By setting Ry, =% as the reproduction number for the malaria infection in the human

population, then

dl
d—: = r(Rpo — 1). (3.2.1)

Equation (3.2.1) shows that the infection in the human population dies out if R,, <1 but

remains endemic if R, o > 1.

13



Similarly, when one malaria-infected human is brought into the population, where no mosquito

is infectious, indicating that I, = 1 and S,,, = M, then equation (3.1.6) becomes

%:5_% = tm (#—1). (3.2.2)

m

By setting Ry :ui in (3.2.2) as the reproduction numbers for the mosquitoes to get

infectious, then

dl,,

= tim (Rmo — 1). (3.2.3)

Hence, if R, < 1, then the mosquitoes do not become infectious.

3.3 Numerical Solution

The adaptive step-size method is used to solve the model equations (3.1.1) — (3.1.6). The method
involves the adjustment of the step-size during numerical integration by taking note of the
behaviour of the solution during each iteration. The Runge-Kutta-Fehlberg (RKF45) method is
adopted in this study (see Amoo et al. (2022), Oke (2017) and Montijano et al. (2024) for
details). RKF45 smoothly combines Runge-Kutta of order 4 with order 5 by reducing the local

truncation error. The problem under consideration can be written as

%X = F(X), X,=X(t), (3.3.1)

where X = (S, In, Ry, Sy I)T. The RKF45 algorithm for numerically solving the problem
(3.3.1) under consideration is as follows;

STEP 1: Initialise the step-size hy, time t, and the value of the variables X,,.
STEP 2: Solve the problem with both Runge-Kutta of order 4 and of order 5. The RKF45
scheme is as follows;
K, = hF(ty, X5),

h 1
KZ == hF(tn +Z,Xn +ZK1>;

3h 3 9
K3 = hF(tn +_’XTL +_K1 +_K2>,

8 32 32
X _hp(t +12h X +1932K 7200K +7296K)
4 n137m 121977 219772 1 2197 73)
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439 3680 845
K: = hF(tn +h Xy + oKy — 8Ky + —— K —mm),
h 8 3544 1859 11
K, = hF(tn + 5 Xn = 5o Ky + 2K, — == K3 + = K., —EK5),
X> . =X+ 25 K, + 1408K3 + ﬂlg - 11(5.
216 2565 4104 5
X50) = x5 4 0 g, 4 2000 o 200 O kv 2k
ndl T AN T 93501 T 128257°% 1 564307 * 50 ° 55 °
STEP 3: Estimate the local error
E=|Xx5,,-x0) (3.3.2)

STEP 4: If E < tolerance, then X3, is accepted as the solution at that time step and step-

size for the next iteration is adjusted as

1
tolerance\5
hpnt1 = hy ( E )

Else, reject the solution and reduce h,, and repeat STEP 2
STEP 5: Repeat Steps 1 — 4 until the final time is reached.

(3.3.3)

3.4 Equilibrium points and stability

Consider the critical point of the equations (3.1.1) — (3.1.6) where all equations are equated to

Zero so that

A+ YRy, — “I’I'\}Sh —0 (3.3.4)
Umdn _ 1 4 qs, =0 (335)
PR, —qS, =0 (3.3.6)
rl, —yR, —pR, =0 (3.3.7)
m = ﬁl"% =0 (3.3.8)
ﬁ’h% L =0 (3.3.9)

3.4.1 Disease-free equilibrium

Firstly, the disease-free equilibrium point can be found by setting I, = 0 in all equations. To
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start with equation (3.3.8), we have

m— 'BXOTXSm =0 = A, =0.
Next consider equation (3.3.7)
rx0)—(+pR,=0=> —(y+p)R,=0 >R, =0.
Set R, = 0 and I;, = 0 in equation (3.3.6) and (3.3.9) and we have
(px0)—qS,=0 = —qS,=0 = §,=0.

p xX0XS,
M —tmln=0=> —ppl,=0 = [, =0.

Equation (3.3.5) is automatically satisfied since I, = I, = S, = 0. Substituting all the other

variables into equation (3.3.4) gives

ax0xS$S,
Ah+(y><0)— N =0 = Ah:
Hence, the disease-free equilibrium is therefore
(SPFE, IPFE, SDFE R, PFE SPFE IPFE) = (£,0,0,0,0,0) (3.4.1.1)

where A,,, = A, = 0 and ¢, o are arbitrary values.

3.4.2 Other equilibrium points
However, other equilibrium points exist. We start by making R, the subject from equation

(3.3.7), we have

r
Ry = I. 4.1.2
"Ty+p" (3:4.1.2)
From (3.3.8) and (3.3.9), we have
MA,,
Sm = a (3.4.2.1)
Mt Iy
Sm = , 3.4.2.2
respectively. Hence, equating (3.4.2.1) and (3.4.2.2) implies
MA Mu,I A
m _ ZHmim _Om (3.4.2.3)

= = I
Bl Bl m Um
16



It is easy to see from equation (3.3.6) that

S,=LR,=— 1, (3.4.2.4)
q q(y +p)

Looking at equation (3.3.5),

N(rl, = q5,)
Sp =
alm
N
= Zhm (Tlh - qu),
Apy
:Nﬂ(ﬂ —LI )
ahy \' " ) )
Nuw,r
_Num (1 D ) I,
al., (y +p)
Hence,
Nu,r
s, = ——tm¥V (34.2.5)

ahp(y +p)

Finally consider (3.3.4), we have

T a (A rNu,y
e ()52 ) -
nTYG ) TN ) an, G )
ry

Ay + 7l _—()/ )

Ih:

Ah+(1 5 1 )>rlh—0.

+ P =
y+p) "

and therefore

+p)A
j, =~ TP (3.4.2.6)
pr

Since all parameters are greater than zero, then I, < 0. This is not physically possible and hence

we say there are no other equilibrium points other than the disease-free equilibrium point.
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3.4.3 Stability
The Jacobian of the system (3.1.1) — (3.1.6) is obtained by assembling the derivatives of the

right-hand side of the equations with respect to all the variables Sy, I, S,, Rp, S, and I,,,. The

resulting matrix called the Jacobian is as follows;

aly, aSy
—— 0 0 0 -——
N v N
aly, aSy
~ a0 O
0 0 —q p 0 0
0 T 0 -y-p 0 0
.BSm ﬁlh
0 -—— 0 0 -—— 0
M M
.BSm Blh
w00 Ty T

The eigenvalues of the system can be found by solving the characteristic equation

al, aSy
——"_2 0 0 0 ——n
N 4 N
al, aSy
v A 0 0 N
0 0 —q-4 0 0 O
0 r 0 —y—p—2 0 0 o
.BSm ﬁlh
0 - 0 0 —_——— 2 0
M M
:BSm Blh
0 o 0 0 o =

Evaluating the characteristic equation at the DFE by substituting

(SR¥%, 1R, SPF, RyP"F, SBF%, 18FF) = (£,0,0,0,0,0),

gives;
ag
-1 0 0 0 -—
v N
0 A 0 0 ia]
T q N
0 0 —q—A 0 0 0 ~ 0
0 r 0 —-y—p—21 0 0 o
po
0 -— 0 0 -1 0
M
po
0 ﬁ 0 0 0 —Um — A
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Evaluating the determinant along the first column gives

ag
—-r—1 q 0 0 m
0 —q—2 0 0 0
_2 ;a 0 -y—-p—4 0 0 —o
T 0 0 -2 0
% 0 0 0 —py,—A2
Further evaluating the determinant along the third column gives
ad
-r—A21 q 0 N
0 —q—-1 0 0
—A(=y—p—-41 o = 0.
(=y—-p-24) _% 0 —i 0
/;/1—0 0 0 —u,—4
Even further evaluation of the determinant along the third column gives
as
-r—A2 q N
MPl=y-p-2]| O —q—2 0 = 0.
Bo
7 0 —Uy — A
Finally, evaluate the determinant along the second row,
o
-r—A2 WE
Py —p=-M(=q-2) Bo = 0.
ﬁ —HUm — A
Which finally becomes
padi
MP(—y—-p-21) ((/1+um)(r + 1)+ N = 0.
a
=>1=0, —y—p and /’12+(r+,um)/’l+rum+@=0 (3.4.3.1)

MN

Since @, B,M,N,0,&,p,q >0, then the root of A%+ (r + py,)A + 1y, + ﬁ;;f =0 are all

negative. Therefore, the DFE is always stable.
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3.5 Parameter optimisation
Estimation of the most appropriate values for the parameters is important in the modelling of
malaria due to the nature of the disease. Malaria is a non-communicable disease that requires two
separate immiscible populations; hence, the next step is to estimate values for the parameters.
The variable that can be easily obtained is the number of infected Kenyans and as such we
optimise the parameters using the infected human population. In this case, the observed number
of infected human population over a period of time is recorded in the vector x4 (t;) while the
model equations (3.1.1) — (3.1.6) is solved over the same time interval and the numerical result
for the infected human population is stored in the vector x(t,,®) where 0 =
(Ap, Ay, a, B, 1, wyy) is the parameter vector which are to be optimised. The objective function
IS now written as
N
minimise © = zlx(tk, 0) — x,(t)|2. (3.5.1)
k=1

The parameters, as stated in equation (3.1.8), are bounded in the interval [0,1] and hence we set
the bounds to the parameters as follows;

0<A,<1

0<A,<1,

O0<y<l,

0<ax<l,

0<p<1,

0<r<i,

0<yu,<1l
The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method is used to minimise the objective
function. BFGS is a quasi-Newton method that iteratively approximates the inverse Hessian
matrix in the search for the optimal solution (Xue et al., 2022; Luo et al., 2022). The update rule

is set by the equation
20



(Ax)(Bx)T  Bysisi By
(Ax )T(Ask)  sTBysy

By+1 =By +

where By, is the inverse Hessian matrix approximation, Ax; is the gradients change and Asy, is
the change in the search parameter values and the search direction is

di = =B Vf (x).
The “minimize” function in Python SciPy contains the BFGS method and as such is used in this
study to find the optimal values for the optimal parameters. The optimal values of the parameters
are kept fixed while solving the model equations (3.1.1) — (3.1.6) and varying one parameter at a

time to investigate the behaviour of the population under various conditions.
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CHAPTER 4

RESULTS AND DISCUSSION

4.1 Introduction

Malaria infection has been modelled as a system of first order nonlinear ordinary differential
equations (3.1.1) — (3.1.6). In this chapter, the optimal values of the parameters are obtained and
discussed, the model is simulated for the various parameters to estimate and the results are

graphed and discussed.

4.2 Parameter Optimisation

The parameter optimization process involves comparing two datasets: real-world data and data
generated from the mathematical model. Real-world malaria cases recorded between 2010 and
2021 were obtained from the Statista website! and summarized in Table 4.1. This dataset,
derived from reliable WHO records, reflects the malaria burden in Busia County, Kenya, over a
decade. The population values, expressed in units of ten thousand, highlight significant

demographic changes during the study period.

Table 4.1:Malaira cases in Busia County, Kenya from 2010 to 2021 (Source: WHO, 2021)

Year 2010 | 2011 | 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021
Population
(in ten | 0.90 1 1.45 2.37 2.85 2.04 3.06 3.60 3.32 5.02 3.66 3.83
thousand)

The data from the numerical integration of the model is optimised in Python using the code in
figure (4.1). As shown in figure (4.1), the model equations and the objective function are defined
and the numerical solution is obtained by calling the odeint command. The numerical solution
Is stored in the solution. Optimisation of the parameters is done by comparing the numerical
results with the real-world data in Table (4.1). The optimal parameter values are thus obtained

as;

! https://www.statista.com/statistics/1240010/number-of-malaria-cases-in-
kenya/#:~:text=In%202021%2C%20nearly%203.83%20million,health%20issues%20in%20the%20country.
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Ap=1y=1a=17r=0.39195362,A,, = 1,8 = 1,,,, = 0.
The validity of the optimised parameters was assessed by plotting the infected human
subpopulation generated by the model against real-world malaria case data, as shown in Figure
4.2. The results indicate strong agreement between the model predictions and the empirical data,
particularly as time progresses. This alignment suggests that the chosen parameters effectively

capture the dynamics of malaria transmission in Busia County.

# Function representing the system of ODEs
def model(y, t, Lambda_h, gamma, alpha, r, Lambda_m, beta,mu_m, p, q):
Sh, I h, Sp,R SmIm=y

dS_hdt
dI_hdt
dS_pdt
dRdt =
dS_mdt
dI_mdt

Lambda_h + gamma * R - (alpha * I_m * S_h) / N
(alpha * I m *S_h) /N -r *Ih+ g*S_p

p:r.R - qFSJ)

* I_h - gamma * R - p:r:R

Lambda_m - (beta * I_h * S_m) / M

(beta * I_h * S m) / M -mu_m*I_m

nmns=s uniui

return [dS_hdt, dI_hdt, d5_pdt, dRdt, dS5_mdt, dI_mdt]

bjective function (sum of squared differences)
objective(params, data, initial_conditions, t):
Lambda_h, gamma, alpha, r, Lambda_m, beta, mu_m, p, q = params
solution = odeint(model, initial_conditions, t, \
args=(Lambda_h, gamma, alpha, r, Lambda_m, beta, mu_m, p, q))
model_infected = solution[:, 1]
return np.sum((model_infected - data)**2)

Figure 4.1: Model and objective function codes
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Figure 4.2: Comparison of the optimised model with the observed data
4.3 Simulation
The optimised parameters are substituted into the model equations as
Ap=1y=1a=1r=0.39195362,A,, = 1,8 = 1,,,, = 0.
To understand the response of each subpopulation to variation in the parameters, we say fix other

parameters and vary one parameter.

4.3.1 Rate of human infection («)
The susceptible human subpopulation gets infected when there is an interaction with an infected
mosquito. The force of infection for the susceptible human subpopulation defined as

aImSh
N )

is controlled by the value of a. Hence, variation in the rate of human infection is measured by the
value of a. Figures (4.3) — (4.5) show the behaviour of the human subpopulations as the human
infection rate increases. Figure (4.3) shows that the number of infected humans rises as the force
of infection goes up. The heightened interaction rate leads to a corresponding increase in new
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infections, amplifying the burden of malaria on the human population. This result aligns with the
biological premise that greater exposure to infected vectors accelerates the spread of the disease.
The increase in the infected subpopulation subsequently impacts other human compartments
within the model. The increase in the number of malaria-infected humans also raises the number
of humans who migrate to the recovered class. Figure (4.4) shows the increase in the recovered
subpopulation as a grows larger. This rise reflects the natural progression of infections
transitioning into recoveries through treatment or immunity. While recovery helps to reduce
active infections, it also explains the heightened strain on healthcare systems as more individuals
require medical attention and resources. Figure (4.5) shows a rise in the plasmodium-carrying
human. As infected humans continue to rise, there will be an accumulation of treated humans
free of the symptoms, but still carry the plasmodium and as a result can get sick once their
immunity deteriorates a little. Individuals in this group, although free of active symptoms, retain
the parasite and remain potential sources of infection if their immunity weakens. This trend
highlights the latent risks associated with untreated or partially treated cases and the importance
of sustained healthcare interventions. However, the susceptible human subpopulation decreases
as a grows larger. This decline, illustrated in Figure 4.6, occurs as more individuals migrate to
the infected class. Over time, the depletion of the susceptible population could influence
transmission dynamics, potentially leading to reduced overall infections if combined with

effective preventive measures such as vaccination, vector control, and public health education.
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Figure 4.6: Susceptible human as « increases

27




4.3.2 Rate at which mosquitoes acquire the disease

Anopheles mosquitoes bite on a malaria-infected human to become infectious. The force at
which the mosquitoes become infectious due to the interaction with malaria-infected human is
defined as

ﬁIhSm
M )

and it is controlled by the value of 8 (the proportion of interaction that leading to infection). As
the values of B is raised, the number of malaria-carrying mosquitoes is increased. This is well
illustrated by the graph in figure (4.7). This increase reflects the enhanced transmission of the
plasmodium parasite within the vector population, setting the stage for a higher force of infection
on the human population. Increase in the number of mosquitoes that can infect human with
malaria will definitely increase the number of humans who get bitten by the mosquitoes and as a
result increase the number of humans who get infected with malaria. This is also illustrated by
the graph of figure (4.8). The elevated transmission rate associated with an increase in
inevitably results in a decline in the susceptible human subpopulation. As more individuals are
bitten and subsequently infected, the pool of uninfected humans diminishes. Figure 4.9 captures
this decline, emphasizing the direct correlation between mosquito infection rates and the
reduction in human susceptibility. The findings show the need for targeted vector control
measures to manage the transmission dynamics influenced by g. Strategies such as the use of
insecticide-treated bed nets, elimination of mosquito breeding sites, and application of indoor
residual spraying are critical in reducing the mosquito population and lowering the value of £.
These interventions not only decrease the infected mosquito population but also reduce the risk

of human infections, thereby alleviating the overall burden of malaria.
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4.3.3 Rate of Recovery

Humans recover from malaria either by the ability of their immune system to fight it off or by
the administration of anti-malarial drugs. The rate at which any human recovers (by any
approach) is denoted as r. By increasing the rate of recovery from malaria, the number of
infected humans reduces. Evidenced by the graph in figure (4.10), as malaria-infected humans
recover faster, the number of infected humans reduces significantly. It can be observed that the
rate of recovery in the infected human subpopulation also reduces as r increases (check the
distance between the consecutive graphs in figure (4.10). Due to the reduction in the infected
human subpopulation, the exposure of mosquitoes to infected humans will reduce significantly
and thereby ensuring that the infectious mosquito subpopulation reduces as r increases. This is
typified in figure (4.11) where highest number of infectious mosquitoes occur at the lowest
recovery rate r. Figure (4.12) shows the increase in the susceptible human subpopulation. This
can be traced to the fact that a high percentage of recovered humans migrate to the susceptible

class. Hence, an increase in the recovery rate r leads to migration of more humans into the
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susceptible human subpopulation.
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Figure 4.11: Infected Mosquitoes with r.
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CHAPTER 5

CONCLUSION AND RECOMMENDATION

5.1 Conclusion

This study has focused on malaria transmission between the human population in Busia County
and mosquitoes in Busia County, Kenya, with emphasis on the optimisation of the model
parameters. The study starts with a background information on the motivation behind this study,
followed by a literature review that highlights existing studies. The model governing the

transmission is developed as

dSh aImSh
P A _

at hnt YRy N
dlh . almSh I

dt ~ N h

dRy, . R

T rly — YKy

dSm - A ,BIhSm
dd '™ M
dlm _ ﬁIhSm

I

with the positive initial conditions

Sp(0) =S >0,
L,(0) =1 >0,
R,(0) =R} =0,
Sm(0) = Sr?l >0,
L,(0) =13 > 0.

Two reproduction numbers are expected in this case, since there are two interdependent
populations. The reproduction number for the malaria infection in the human population is

obtained as
R _ (44
h,0 — r
and the reproduction numbers for the mosquitoes to get infectious obtained as
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The equilibrium points for the transmission of malaria between the human and mosquitoes’
populations in Busia County, Kenya are obtained as the disease-free equilibrium
(S’[l)FE, If?FE'S}?FE'RhDFEisrlr)LFE'Irlr)lFE) — (f; 0’0,0'0.’ 0)
where A,,, = A, = 0 and ¢, o are arbitrary values.
The stability of the system is established and it is shown that the system is always stable when
the subpopulations start in the neighbourhood of the disease-free equilibrium point. The
numerical solution of the system is sought using an adaptive step-size Runge-Kutta-Fehlberg
(RKF45) method. The parameter estimation was carried out by the using the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) method and the optimal parameter values are thus obtained as;
Ap=1y=1a=1,r=0.39195362,A,, = 1,
B=1u,=0 p=0.72426444,q = 0.23809668.
By studying the numerical solution, the following observations were made

I. the number of infected humans rises while the susceptible human subpopulation
reduces as the force of infection goes up.

ii. As the values of £ is raised, the number of infectious mosquitoes increases, the
number infected humans increases and the susceptible human subpopulation drops.

iii. Increase in the rate of recovery from malaria reduces the number of infected humans,
the infectious mosquito subpopulation reduces and the susceptible human
subpopulation increases.

5.2 Recommendation

It is seen in this study that increase in the recovery rate of an infected human has the tendency to
reduce infection in the human population. It is therefore recommended that anti-malarial drugs
should be subsidised to allow more access to the medications. Secondly, further research should

be carried out to estimate the potential significance of different anti-malarial medications. An
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optimal pattern for the distribution of such drugs should also be obtained. Finally, availability of
data is vital in optimising the parameter values. However, for this study, only data for 12 years

(from year 2010 to 2021) was obtained and used for this research.
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