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ABSTRACT

In this research, we take into consideration a model of co-infection between HIV/AIDS
and TB with treatment of infectious and inactive forms of TB and HIV preventive and
therapeutic strategies. Specifically we consider condom use, early ART and withdrawal
from sexual activities by individuals who are infected by HIV as controls. The model is
positively bounded. The spectral radius of the next generation matrix has been used to
determine the model’s fundamental reproduction number. The model displays these
equilibria: a disease free and a co-infection equilibrium. By utilizing Routh-Hurwitz
standard and center manifold theory, the model has been qualitatively examined. When
Ry < 1,we discovered that the disease free equilibrium point was locally asymptotically
stable and not globally asymptotically stable. Sensitivity analysis of Ry and Ry
identifies w; and wy, TB and HIV infection rates through effective contact respectively,
as the main variables that if targeted, Ror and Ryr are reduced. From numerical
simulation,we show that increasing HIV interventions reduces cases of latent TB
progressing to active TB and therefore is an additional strategy in the fight against

TB disease.
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1. INTRODUCTION

1.1 Background Information

The enormous HIV and TB related cost on public health calls for the use of Mathematical
Modelling in understanding the dynamics of HIV and TB transmission. Mathematical
Modelling not only helps us to comprehend the transmission dynamics of these contagious
diseases but also their control strategies.A third of the millions of HIV-positive persons
around the world also have TB. The remaining two thirds, who are not co-infected, are
likely to have an active TB infection in 50% of them. (Castillo- Chavez et al., 2009).
Individuals with both HIV and latent TB have a greater chance of developing infectious

TB as in comparison to those without the HIV virus (Castillo- Chavez et al., 2009).

HIV/AIDS is an infection of the body’s defence mechanism caused by the HIV virus.
The disease is transmitted when one comes into contact with infected body fluids.The
disease destroys the body’s defence mechanism against infections. Progression of the dis-
ease makes HIV positive individuals to be immunodeficient thus susceptible to
opportunistic diseases that individuals with a normal immune system can easily fend off
WHO (2018). Even though HIV/AIDS has no cure, early detection and treating of
infected individuals with ART drugs lowers the viral load hence prevent transmission and
prolongs the life of the infected person ( Ho, 1995). Although there are several proofs
that ARVs are effective in curtailing the progression of HIV to AIDS, there is low access
to antiretroviral treatment in scarce resource nations with higher cases of HIV/AIDS.
Prevention therefore remains the only feasible option against the epidemic in the already

heavily burdened societies (Nannyonga et al., 2011).

Mycobacterium tuberculosis is the source of infection known as tuberculosis.It mostly

affects the lungs .The bacteria is spread to susceptible persons when those with infectious



TB releases it into the air either through cough, sneezing, speaking or singing. About a
quarter of the World’s population have latent TB WHO (2012). Persons with latent TB
do not show any TB related signs and symptoms and cannot transmit TB.However, they
are likely to develop active TB either by the disease reactivating and causing

infectious TB mostly due to a compromised immune system or by exogenous reinfection
in high incidence areas. Treatment of Latent TB prevents endogenous reactivation (Kruk
et al., 2008). Active TB infection in an individual is characterized by; fever, unintended
weight loss, cough, fatigue, night sweats and chills. TB can both be treated and
prevented.Prevention of TB is done by vaccination and ART for persons with the HIV

virus.

The increasing rate of HIV infection in some nations has led to the re-emergence of TB
in those areas (Corbett et al., 2003). In Kenya, Siaya county records a higher HIV cases
due to social cultural factors such as polygamy,low uptake of male circumcision, widow
inheritance and community rites involving sex such as before planting. Control of TB has
proven to be a challenge in Siaya county due to the high HIV cases. The two diseases are
inextricably linked where the high prevalence of one fuels the rise in the incidence of the
other (Kruk et al., 2008). In this research, we will study the effect of HIV preventive and

therapeutic strategies on TB.

1.2 Statement of the Problem

Kenya is among the nations with a high TB burden according to the Global TB Report
2010. In Kenya, Siaya County is among the leading counties in new TB infection. The
main factor that has led to the high incidences of TB in Kenya, and in particular Siaya
County is the high HIV prevalence. Controlling the spread of TB has been a challenge
in areas with high HIV cases. HIV accelerates the rate at which inactive TB infection
progresses to infectious TB. TB cases are higher among the youth which is the most

productive group in a nation hence has a negative impact on development since more



funding is required to fight the disease. There is need therefore to address HIV and TB
outbreak in Siaya County. Both HIV and TB intervention strategies are therefore crucial
for the reduction of both HIV and TB in this county. The study area has a high HIV and
TB prevalence with TB hotspots in the urban wards of the county. The high TB cases is
attributed to both high population density and also a high HIV prevalence in those areas.
This research seeks to create and analyze a model on TB-HIV/AIDS

co-infection incorporating TB treatment, both latent and active TB and HIV preventive
and therapeutic strategies such as condom use, early ART and withdrawal from sexual

activities by HIV positive people.

1.3 Justification of the study

HIV and TB co-infection is a public health challenge in every nation. Mathematical
modelling is a crucial aid to comprehension of the transmission patterns of these two
diseases. Through disease modelling we are able to investigate the impact of various
disease intervention strategies thus enabling us to pick on the best control strategy.
Therapy for active TB alone is not sufficient in eradicating TB. To enhance the fight
against TB in Siaya County, an additional strategy that will prevent the development of
latent TB disease to active TB is necessary. Tuberculosis turning from latent to active as
a consequence of HIV infection has to be addressed. Studies on the interactions between
TB and HIV in Siaya County are few. From literature, none investigated the combined
impact of treatment of both forms TB and HIV intervention strategies on the prevalence

of Tuberculosis.

1.4 Objectives of the Study

1.4.1 Main Objective

The main aim of this study is to create and analyse a model of TB and HIV co-infection
incorporating treatment of both inactive and infectious forms of TB and HIV preventive

and therapeutic strategies using Siaya County in Kenya as a case study.



1.4.2 Specific Objectives

The particular goals of the study are to;
i create a model on HIV/TB coinfection based on a differential equation system.

ii conduct a stability study on the model’s equilibrium points; endemic and disease-

free .

iii investigate through numerical simulation, the role of HIV prevention and therapeutic

strategies on the prevalence of infectious TB.

1.5 Significance of the Study

The goal of the study is to create and analyse a model that examines the role of HIV
preventive and therapeutic strategies on the prevalence of TB in Siaya County in Kenya.
The findings of this research will help policy makers in the health sector of the County to
understand the importance of such HIV preventive and therapeutic strategies on reducing
TB cases hence intensify campaigns on treatment of both forms of TB, HIV prevention

and early anteretroviral therapy to eliminate TB in the County.



2. LITERATURE REVIEW

Mathematical models on TB have been presented and analysed. For example, Castillo-
Chavez and Feng (2000) analysed a model on the external reinfection of tuberculosis.
They determined that exogenous reinfection had a serious negative effect on Tuberculo-
sis. They found out that decreasing the reproduction number to less than one was not
adequate in eradicating the disease and that additional strategy aimed at reduction in
reinfection was required. Adewale et al (2009)carried out a mathematical analysis of TB
transmission with Directly Observed Therapy Short-course(DOTS) programme. They
found out that even though exogenous reinfection resulted to new cases of TB regardless
of the programme, the new cases of TB were fewer with the programme in place as com-
pared to the many cases without the programme. Zhang and Feng (2014) analysed the
global stability of a model of TB that incorporated insufficient treatment and isolation.
By using Lasalle’s invariant set theorem and Lyapunov stability theory,they were able to
derive the disease free equilibrium. They demonstrated that, for reproduction numbers
below one, the disease-free equilibrium is globally asymptotically stable. Muthuri and
Malonza (2016) investigated the role of treatment of TB on the TB disease. They found
out that treatment of the active disease was the best intervention to eradicate the disease
in Kenya. Egonwan and Okuonghae (2018) conducted a study on the role of diagnosis
and treatment of both inactive and infectious disease on the prevalence of TB. They sug-
gested that treatment of both forms of TB and raising the rate of latent TB diagnosis

and treatment effectively reduces the TB burden in a population.

Several models on HIV/AIDS have also been proposed and analysed. Nyabadza et al.
(2010) analysed a model on HIV/AIDS which considered the role of public health informa-
tion and individual withdrawal on the dynamics and prevalence of HIV. They concluded

that increasing public awareness through campaigns on HIV prevention decreased the



prevalence of the disease. They also demonstrated that withdrawal from sexual activities
by persons infected with the HIV disease was key in lowering its transmission. A rise in
the number of HIV-positive people quitting sexual activities was required. Mbitila and
Tchuenche (2012) qualitatively investigated the role of early identification and treatment
on HIV dynamics. They found out that even though case detection and treatment was
critical in reducing the disease transmission, it was not sufficient and that additional con-

trol strategies were to be explored.

The co-infection of TB and HIV have also been the subject of mathematical and sta-
tistical models. Castillo- Chavez et al. (2009) in their research of the co-infection of these
two diseases, found out that the rising rate of TB infection in a population was due to
the higher progression rate of inactive to infectious TB in persons with the HIV virus.
Bhunu et al. (2009)analysed a co-infection model that considered ART for HIV patients
and treatment of both forms of TB.Their analysis showed that ART for HIV cases sig-
nificantly reduced cases of dormant TB developing to infectious TB and that therapy
for both TB types prevented HIV from developing into AIDS. Joyce et al. (2015) cre-
ated a coinfection model that assessed the role of protection from infection for the two
diseases. The cases of maximum TB protection and HIV protection were taken into con-
sideration. Their numerical simulation showed that enhanced protection from infection
has the positive impact of a decreasing the spread of each disease.Funke (2015) proposed
a co-infection model to determine the role of TB treatment. Their research showed that
treatment of both latent and infectious TB reduced TB in a population, reduced the rate
at which HIV progresses to AIDS and also lowered co-infection. Sharomi et al. (2008)
developed and qualitatively examined a comprehensive TB and HIV model to determine
the best control strategies for the diseases in a community. Their model allowed for the
determination of the epidemiological effect of the four treatment strategies on TB, HIV
and the dual infection. Their research revealed that,more than any other technique, the

successful treatment for both diseases prevented more cases of the dual infection. Lusiana



et al (2017) modelled the transmission of tuberculosis in an HIV community. In their
analysis,they indicated that the factors influencing the evolution of TB in a population of
HIV-positive individuals included;the speed of TB’s transformation from latent to active,
treatment frequency of latent TB,treatment frequency of active TB and effective contact
rate for TB transmission. Muthuri and Malonza (2018) designed a TB-HIV co-infection
model which incorporated HIV management and TB therapy.Their focus was in the in-
vestigation of the role of HIV infection on TB.From simulation, they showed that;HIV
infection increased the rate at which latent TB disease developed to infectious TB in-
creasing TB contacts in a population. This research aims at investigating the role of HIV
preventive and therapeutic strategies on HIV and infectious TB using data from Siaya

County Referral Hospital.



3. MATHEMATICAL MODEL FORMULATION AND ANALYSIS

3.1 Model Formulation

The model is formulated by creating ten compartments from the human population at time
t, N(t) , namely, individual vulnerable to both TB and HIV, S(t), latent TB individuals
Lr(t), TB Infectives I7(t), TB recovered individuals R(t), individuals who are HIV
positive ,Iy(t), HIV positive persons with inactive TB, Lyz(t), HIV positive persons
with active TB, Iyp(t), AIDS individuals, Ag(t), HIV infected persons treated of TB,
Tur@y and HIV positive persons with AIDS symptoms and have active TB ,Ayz(t). The
total population N(t) is obtained by
N(t)=8S@t)+ Lr(t)+ I7(t) + R(t) + Iy(t) + Ag(t) + Lgr(t) + Igr(t) + Tur(t) + Agr(t)
(3.1)
The number of people vulnerable to TB and HIV grows at the rate A. All compartments
experience a consistent rate of natural death, p. Susceptible individuals become exposed

to TB at a rate Ay, given by

Ar = (1= &)@ (Ir(t) + Iur(t) + Anr(t))

where w; is the TB infection rate through effective contact and 0 < & < 1 is the
measure of interventions that reduce the transition from dormant to active tuberculosis.
Individuals susceptible to HIV acquire the disease, after successful contact with HIV

positive persons at a rate Ay, as determined by
A = (1= &)wa(Iu(t) + Lur(t) + Iur(t) + Au(t) + Tur(t) + Aur(t))

where wy is the HIV transmission rate through effective contact and 0 < & < 1 is the
measure of interventions that reduce HIV transmission. People depart from the latent
TB class at a rate ak; and become infectious or recover with treatment at a rate,m;

Where o < 1 is a parameter that takes into consideration the decreased possibility of



progression from inactive to infectious TB due to treatment and protection from HIV
infection. Infectious TB individuals recover from active TB due to treatment at a rate
Ty. Individuals who recover from TB, R, are assumed to acquire partial immunity and
leave the R class at a rate of n\y where n < 1. HIV positive individuals, Iy , acquire TB
at the rate ¥y A\r , where 1), is a parameter that takes into consideration the increased
vulnerability to TB by HIV positive persons, with ¢; > 1. People with latent TB who
also have HIV but displaying no AIDS symptoms depart class Lyt at the rate yky and
become infectious of TB where ko > k1 and v < 1 is a parameter that account for the
decreased rate of progression from inactive to infectious TB due to ART. Infectious TB
persons proceed to class Iy at a rate oAy where ¢ < 1 is a m parameter that takes
into account the fact that persons with infectious TB have decreased activity and are less
susceptible due to morbidity. People in class Iy advance to class Ayr at a rate w or class
Tyr at a rate 73 upon successful treatment of TB. The individuals in the class Ay contact
TB and advance to class Ayt at a rate YA where 1) > 1 is a parameter accounting for
increased susceptibility to TB. Individuals in the class Agyr upon successful treatment of
TB move on to the class Ay at the rate of 74 . HIV positive persons, Iy, move on to class
Ay at the rate 5 while those in class Tyr proceed to class Ay at a rate m. HIV positive
persons who show AIDS symptoms and are infected with TB , Ap, suffer from death at
a rate 674 due to TB and AIDS. HIV positive persons who show AIDS symptoms, Ay,

suffer from death, at a rate, 64 due to AIDS. TB-related mortality rate is dp.



Table 3.1: Model Variables

Symbol | Model Variable

S Individuals susceptible to TB and HIV
Lt Latent TB individuals

Ir TB Infectives

R Individuals treated for TB

Iy HIV cases
Lyr | Latent TB cases with HIV infection
Iyt TB cases with HIV infection

Ay AIDS cases
Tur HIV cases who recovered from TB
Agr | AIDS cases with active TB

Table 3.2: Parameters of the model

Symbol Parameter description

I Natural death rate

A Recruitment rate into the susceptible group
i Force of infection of HIV

A Force of Infection of TB

Ty, To, T3 and 74 Rates of treatment of TB

k1 and Ko Rate of progression to active TB

15} Rate of progression from Iy to Ay

s Rate of progression from Ty to Ay
w Rate of progression from Iy to Agr
0 AIDS-related mortality rate

o TB-related mortality rate

Ora TB and AIDS induced death rate

W1, ¥a, ¢, m, a and v Modification parameters

3.1.1 Model Assumptions

i The susceptible can only contact one disease at a time.

ii. Human population is not constant due to the fact that birth and death occurs at

different rates.

iii All identified individuals with latent and active forms of TB will be treated.

iv_ All identified individuals with HIV will be put under treatment.

10



3.1.2 Model Flow Chart and Equations

Figure 3.1: Flow chart

The following differential equations are derived from the aforementioned presumptions,flow

chart and the definitions.

% = A= (Qu+ A +p)S

dc?_tT = AMS+nA\rR— (u+ar; + 71+ Ag) Ly

dditT = akiLy — (+ 0 + 170+ ¢Ag)Ir

% = TiLr+nlr — (n+ Ay +nAr)R

ddif = AgS+ AR~ (it B+ bidr) Iy

d;l{% = Bly +mTur + Apr — (1 + 64 + Y2Ar)Ap
dZIZT = gLy + i Arly — (w4 vk2) L

dg;” = ykeLpr — (W+ 73+ 1+ 07) gy + dAulr
CH;ZT = 73lpr — (p+7)Tur
dlelfT = wilyr + Yo \p Ay — (T4 + o+ 674) Anr

(3.2)

11



We rewrite the system (3.2) described above as follows;

ds
— = A—489
i N
dL
d_tT = AS+nArR — joLp
dl .
d_tT = ark Ly — j3lr
dR )
% = TlLT+T2[T—j4R
dl
d_f = AgS+AgR — jsly
dA
d_tH = [Bly + 71Ty + wAur — jsAn
dL
dIZT = AgLr +VYidrlg — j7Lur
dl .
dIZT = YkoLpur — jslur + o ulr
dT )
dIZT = T3y — Jolur
dA )
djf{T = wlgr + Yo rAy — jroAur

(3.3)

where
= Ag+Ar+p Jo=ptaki+Ti+ Ay 3 = ptor+Tot A Ja=ptAgtnir s =
ptB+iAr o =p+oatodr jr=ptyke js=wtmtptor jo=pt+m jio=
Ty + 1+ 074

3.2 Mathematical Analysis

Positiveness of solutions,the invariant region,the model’s equilibrium points,and the
fundamental reproduction number are all covered in this section.

3.2.1 Positivity

All initial conditions and model parameters are non-negative since the system of equations
(3.2) reflects the human population.That is, S(0) > 0; L(0), I7(0), R(0), I (0), Ag(0), Ly (0), I (0

0. In this section we determine whether the system’s solutions are positive. Considering

12



the system equations (3.2) and expressing the systems initial equation as

ds
E > —()\H—F)\T"‘,U)S (34)
By variable separation,we solve equation (3.4) to;

S(t) > 5(0)6—(AH+AT+u)t

and as t — 00, we get

S(t)y>0;vV t>0
The second equation of (3.2) can also be expressed as;
dL
d—tT > —(u+akry + 71+ M)y (3.5)
Using separation of variables, equation’s (3.5) solution is given by

LT(t) > AH<O)6—(u+am+n+/\H)t

which as t — oo, yields
Lr(t)y>0;¥V t>0

Similarly the third equation of (3.2) assumes the form

dIp

E = —<,U+(5T+T2+¢)\H)AH (36)

Applying separation of variables method in solving equation (3.6),we get

]T(t> 2 AH (O)e—(u+5T+T2+¢)\H)t

Thus, as t — 0o, we have
IT(t) >0V t>0

Applying the same procedure to the remaining equations of (3.2) we obtain:
( R(t) > AH(O)Q*(MJr/\HJrn)\T)t

Iy(t) > ]H(O)ef(/i+,3+¢'1)\T)t

Ag(t) > AH(O)ef(uHAerQAT)t

LHT(t) > AH(O)Gi(MJr’YKQ)t

]HT(t) > AH(O)ef(erTsﬁquéT)t

THT(t) > AH(O)Gi(‘quﬂ-)t
\ AHT(t) > AH(O)e—(T4+u+6TA)t

13



Which as t — 00, become
R(t), Iu(t), Au(t), Lur(t), Inr(t), Tar(t), Anr(t) > 0; V. ¢t>0

As a result,the model’s entire set of solutions is positive.
3.2.2 Invariant region

The derived function of equation (3.1) with respect to time;

AN dS dly dAy  dTyr dAwr dlgr dLgp dLpy dIp  dR
- a T a T a T e T T T e T a T a (3.7)

Now we substitute the equations of system (3.2) in equation (3.7) and simplify it to get

dN
— =AN—u(S+Lr+Ir+R+1Ig+Luyr+Iur+ Ay +Tur + Anr) — 04An

dt
— SraApr — or(Ir + Iyr)

arclic}\fit follows that

it =N—uN —94Ax — 67aAnr — 67(I7 + InT)

When HIV and TB are completely controlled to the the extent that there is no deaths

due to HIV and TB, we have

AN
O AN
aw =T H

The above equation may be expressed be as follows.

dN

Equation (3.8) can be resolved by multiplying both sides by the integrating factor given

by el #dt = eit £ obtain

dN

e“tg + uNet < Aet (3.9)
which implies that
Loutpy < pert (3.10)
dt -

14



Upon multiplication of both sides of equation (3.10) with dt and integration,

/de“tN < /Ae“tdt—i— C

M N < ée“t +C
L

at time t =0 C' = N(0) = Ny. Substituting C in equation (3.12) yields

A
el N < —ett + N,
1

Which can be written as A
N S — + N(]@_’ut
L

As time t — 00, equation (3.14) assumes the form

A

N<=
W

we get

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

From equation (3.15)we conclude that the human population N(¢) ranges from 0 to %

This implies that the solution the model is bounded and the human population remain

in the region: Q = {S, Ly, Ir, R, Iy, Ay, Lyr, Inr, Tur, Agr € R0}

3.2.3 Disease Free Equilibrium Point

This equilibrium is attained by setting the right side of the equations(3.2) equal to zero.

We substitute S = S, Ly = LY =0, Ir = I3 =0, R= R = 0, Iy

= 1% =0,

AH:AOHZO,LHT:L?LITZO,]HT:]%TZO,THT:TIgT:OaHdAHT:AOHT:O.

This reduces the system to one equation:
A—pS®=0

By solving fo S° in equation (3.16), we have
0= 4

0

15
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Consequently, the disease free equilibrium is provided by
SO
Ly
Iy
RO

Iy

E° = E°

DD DD OO OO O

3.2.4 Basic reproduction number R,

It is described as the typical number of secondary instances of a contagious disease that
result from a single diseased person being introduced to a population where everyone
is vulnerable to the disease.In order to compute Ry,we employ Van den Driessche and

Watmough (2002) next generation matrix approach .The spectral radius of the matrix

FV=1 (pFV 1) serves as the fundamental reproduction number, where F' = %;O) and

V = %f}) and f; are new infections while v; is the transmission of pathogens into and

out of compartment i for i = 1,2,3,---,n. 2° denotes the disease free equilibrium point.

16



In writing the system equations (3.2) we begin with the newly infectious classes.

di_tT = ApS+n R — (u+ aky + 71+ Ay) Ly

% = ariLy— (i + 67 + 7 + Ay I

% = TiLy + 7l — (n+ Ay +nAr)R

% = AuS+AuR— (p+ B+ Wirr)ly

d;% = By +nTur + TaAnr — (1 + 04 + Yo Ar) An
d[(;lIZT = AgLr+ 1 Aply — (@ + vk2) Lt

digT = vkoLpr — (W + 73+ p+ 07) gy + A lr
de;IZT = 73lur — (n+7)Tur
dzjlfT = Wiy + Vodp Ay — (T4 + p 4 674) Anr

(3.17)

From the system (3.17) we have
[ ArS + AR
0
0
AgS+ AgR
fi = 0
AaLr + 1 Iy
¢l
0
| UYadr Ay i
Substituting Ay = (1 — &)1 (It + Igr + Agr) and

A= _(1 — &)wa(ly + Lyt + Iy + Ay + Tyr + Agr) in matrix f; we obtain
(1—=&)wi(Ir + Igr + Aur)(S +nR)
0
0
(1= &)wo(Iy + Lyt + Int + A + Tur + Anr)(S + R)
fi= 0
(1 —-&)wo(Iy + Luyr + Iur + Ag + Tur + Aur) Ly + 1 (1 — &)wi(Ir + Iur + Aur)In
&(1 —&)wa(Iy + Lyt + Iur + Ay + Tur + Apr)Ir
0
| o(1 — &)wi(Ir + Iyr + Apr) Al
Also, from the system (3.17) we have

17




(u+arky +71+ Ag)Lr
—aki Ly + (p+ 67 + 7o+ ¢Ag)Ip
—n Ly — oy + (0 + Ag +nAr) R
(14 B+ iAr) Iy
v = | —Bly — Ty — TaAur + (L + 04 + Vo)Al
(1 +yk2) Lt
—")//‘szHT + (W + 73+ 1% + 5T)IHT
—713lgr + (1 + 7)Tar
L —(,UIHT+ (T4+N+5TA>AHT
By definition of F and V, we have

0 (1—&1)w1 A 0 0 0 0 (1=&1)mA 0 (1-&)mA
7 I 7
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 (8w (-&med (-f)med  (-f)wed (& )wed  (1-&)weA
I I I p p 7
F=10 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 |
¢, O 0O O 0 0O 0O 0]
cc c3 00 0 O O O O
cg ¢ cg 0 0 O O O O
0 0 0 ¢, OO O O O
and V = 0 0 0 Cg C9 0 0 Cio C11
0O 0 0 0 0 ¢c2 O 0 O
0 0 0 0 0 C13 Ci4 0 0
0 0 0 0 0 0 Ci5 Cig 0
i 0 0 0 0 0 0 Ci7 0 C18 i
where
co=p+aki+7 Cc=—aky c3=Uu+0or+T C4=—-T4 C5=—To C¢= [
C7:[L+5 68:—,8 09:M+5A Clop = —T C11 = —T4 612:(,&4—’}//4&2)
Cl3 = —Vky Clu=wW+T3+p+0r ci5=—T3 Clg=pU+T Ci7=—W C1g=T4++0r,

Using Mathematica software, the inverse of V is given by
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r 1

o 0 0 0 0 0 0 0 0
- = 0 0 0 0 0 0 0
—c3ca+cacs C5 i 0 0 O O 0 O
c1c3¢Cq C3Cgq C6 1
0 0 0 p 0 0 0 0 0
Vfl — 0 0 O _ _¢c8 1 —c11€13€16C17—C10C13C15C18 ciiciecig+ciociscigs  _ _Cio _ _ci
Cc7C9 C9 090120114016518 €9C14C16C18 C9C16 C9C18
0 0 0 0 0 P 0 0
0 0 0 0 0 — s L 0 0
Cc12C14 C14
0 0 0 0 0 _c13Cis __cas 1 0
C12C14C16 C14C16 C16
0 0 0 0 0 _cizcir __ar 0 1
L C12C14C18 C14C18 C18 -
by b, O O O by by 0 by |
O 00 0 0 o o0 o0 O
0O 00 0 0 0o o0 o0 O
0 0 O b6 b7 bg bg b10 b11
Thus FV"'=]0 0 0 0 0 0 0O O O
O 0 00O 0O 0o 0 o0 o
O 00O 0o 0o o0 o0 o
O 00 0 0 0o o0 o0 O
0000 000 0 0|
where
by — _ (=&)wmiAca . (AI=&wiA(—akr) _ (1—&1)w1 Alaky)
1= peics T plptaki+m)(pdr+T2) T p(ptaki+71)(pHor+T2)
_ (=&)mA
b2_ Hes
_ (1=&)mA [ ci3e c
b3 - 1 (012103141518 C1210314 )
_ (A-&mA 1 ¢
b4_ 12 <a 01416718>
_ A1
bs = (1 - fl)wlu P
be — (1—52)W2A(i - ) = (1—52)W2A(697r:s> _ (1=&)waA(co—cs) _ (1=E2)wmaA(p+5a+p)
6 m cr creg 7 c7cy Hc7cy pu(p+B)(u+d4)
_ (1-&)m2A
b7_ Heg
b8 — (1_52)1’72/\ —C11C€13C16C17—C10C13C15C18+C9C14C16C18 —C9C13C16C18+C9C13C15C18+C9C13C16C1T
14 C9C12C14C16C18
bg — (1=&)m2A crieripcisterociseisteaciseis—cociscis—cociserr
© €9C14C16C18
_ (1=&)waA cg—cig
blO— 14 C96133
_ (1-&)wmA
b = peig

The matrix F'V ™! has eigen values given by {0,0,0,0,0,0,0,b;,bs}. Hence the dominant

eigenvalues of FV ! are

o o (l—ﬁl)wll\(alﬂ)
Ror = by = S e Geror 772

_ 7 (1=&)wA(utda+B)
Fon = b6 = =055 roa)
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and these match the reproduction rates for the models of TB and HIV transmissions
respectively. Therefore, the models’s basic reproduction number, Ry,is;

Ry = maX[ROTa ROH]
3.2.5 Local stability of Disease free equilibrium (DFE)

Theorem 1. When Ry < 1,the disease-free equilibrium E° is locally asymptotically

stable;nevertheless when Ry > 1,it is unstable.

Proof.

The Jacobian of system (3.2) at the DFE is;

—u 0 —=fi 0 —fs —fs —fo fz3 —fo f3 ]
0O - f1 0 0 0 0o fi 0 f
0 aky —g O 0 0 0 0 0 0
0 T > —u 0 0 0 0 0 0
0 0 0 0 g5 fo fo fo fo fo
0y _
J(E®) 0 0 0 0 B —gs O 0 us T4
0 0 0 0 0 0 —g5 O 0 0
0 0 0 0 0 0 Yre —g¢ O 0
0 0 0 0 0 0 0 3 —gr 0
0 0 0 0 0 0 0 w 0 —g
where
f = @ fo = % f3 = *((1*51)7”1:(1’52)@)/\ g1 = [+ ak + 7
92:M+5T+7'2 ggzw—(u—kﬁ) 94:,U+5A 95:,U+")//€2 96:w+7'3+#—|-5:r

m

gr=p+m gs=Ta+p+0ra
The determinant of J(EY) is;

Det(J(EO)) = 95969798 (11 + B) (u+04)pu( — (1 =& )mwi Aaks + (p+amy +71) (1 + 0 +72) 1)
+ (1 =&)waA(u+ 64+ B) (1 = &)mAaky — (u+aky +71)(p+r —i—g)[f%g

Det(J(E®)) = gsg6979s (1+B) (n+04) pu( — (1 =& )y Ay + (4 ks +71) (+ 67 +72) 1)
—(1=&)waA(p+0a+B)(— (1 =& Aaky + (+aky +n)(u+5T+g);1%g

Det(J(E®)) = gsgegrgs((p + B) (1 + 6a)
—(1=&)mwaA(+ 04+ B))((p+ary +71) (1 + 07+ 7o) pp— (1 — fl)wll(\;;cé;
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And the trace of J(E?) is;
Tr(J(E®) = —2u— g1 — g2+ g3 — ga — g5 — g6 — g7 — 08
Tr(J(E°) =—Q2u+g1+ 92+ 91+ g5+ gs + gr + gs) + g3 Tr(J(E?)) = —(2u+ g1 + g2 +

94+95+96+97+98)+(M—<M+ﬁ))

n
Clearly Det(J(E")) > 0 if
_ (1-&)wiA(aki)
Ror = Gt am i uiormy < 1 2nd
— (1=8)moA(ut04+8)
Fon = =emuisn - <1
and Tr(J(E°)) <0 for ~U=2=h <)y )

Applying Routh Hurwitz conditions for all roots of the characteristic polynomial J(E°)
to have negative parts as applied by Enagi et al. (2017), since Det(J(E®)) > 0 provided
that Ryr < 1 and Roy < 1 and Tr(J(E®)) < 0 if (1_&# < (u+ B), the DFE of the

model is locally asymptotically stable. O]
3.2.6 Global stability conditions for the disease-free equilibrium when R, < 1

Here, we mention two conditions which, if fulfilled, wil guarantee HIV-TB coinfection

model’s global asymptotic stability of the disease free equilibrium system (3.2) as

ix
— = (X, Z
it (X, 2),
Cﬁl—f — G(X,Z), G(X,0)=0

(3.21)

Where X = (S,R) and Z = (Lp,Ir, Iy, A, Lur, Iyr, Tyr, Agr). The components of
X € R? and Z € RY represents classes of individuals who are infection free and the

infected respectively. The disease-free equilibrium point is represented as;

U°=(X°0) where X°= (%0) (3.22)
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The requirements (L1) and (L2) in equation (3.23) has to be fulfilled for the system (3.2)

to be globally asymptotically stable.

dX
(L1) For il F(X,0), X" is globally asymptotically stable (g.a.s)
(L2) G(X,Z) = AZ-G(X,Z), G(X,Z2)>0V X,Z€Q

(3.23)

where  is the region where the model makes biological sense and A = D;G(X?,0) is
an M-matrix whose off diagonal elements are non-negative. Theorem 2 will hold if the

system (3.21) meets the requirements set out in (3.23).

Theorem 2. The equilibrium point U = (X°,0) is a globally asymptotically stable equi-
librium of the system (3.21) given that Ry < 1 and that the conditions in (3.23) are

satisfied

Proof.

From the system (3.2),G(X,Z) and F(X, Z)are obtained as follows ;
A— ()\H+/\T+H)S

F(X. Z)=
(X,2) T Ly + 1ol — (u+ Ag + nAr)R
ArS +nArR — (p+ aky + 11 + Ag) Ly
aki Ly — (p+6r + 1+ o) Ir
AgS +AgR — (u+ B+ Yirr) Iy
G(X,Z): BIH+7TTHT+T4AHT_(/1«+5A+¢2)\T)AH

Mg Ly + Ui Iy — (p+ vk2) Ly
YeoLpgr — (W + 73+ p + 67) Igr + ¢Aglr
m3lgr — (u+ ) Tar
| wlpr YA A — (T4 + o+ 67a)Anr

when Z =0, F(X, Z) assumes the form

F(X,0) = { A _O“S }

=

ds

Solving (3.24), we obtain
— A AN Q—pt
S=5+(5(0) =55
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which as t — oo , we get

g =4

I

Thus U° = (X°,0) is a globally asymptotically stable.

We calculate A by expressing the Z derivative of G(X, Z) at U° = (X°,0). Thus

A= DzG(X°,0)

—q (A-&)mA 0 0 0 (1-&)wiA 0 (1=&1)m A T
w u I
K1 —go 0 0 0 0 0 0
0 0 (I=&2)mwaA  (1-E)weA  (1-8)weA (1-8&)weA  (1-&)wm2A
93 w w © n I
= 0 O 5 —3g4 0 0 T T4
0 0 0 0 —05 0 0 0
0 0 0 0 YKo —0s 0 0
0 0 0 0 0 T3 —gr 0
i 0 0 0 0 0 w 0 —gs |
where

g1 = p+ak +1

gs=p+Yk2 ge=wWH+T3+pu+0r gr=p+mT gs=Ts+ [+ 0TA
multiplying Z with A, we get i
—q % 0 0 0 w 0 %
Ky —0o 0 0 0 0 0 0
0 0 (1-&)waA  (1-&)waA  (1-&)weA  (1—-&2)waA  (1-E&2)waA
93 T n p p z
A7 — 0 0 I} —04 0 0 T T4
0 0 0 0 —0s 0 0 0
0 0 0 0 YKo —0s 0 0
0 0 0 0 0 T3 —g7 0
| 0 0 0 0 0 w 0 —Js

)\T% — (,u + ary + Tl)LT
OélilLT — (,U, + 5T + TQ)IT
/\H% — (u+ B) Iy
ﬁ]H + 7TTHT + T4AHT — (,u + 6A)AH
AuLr — (p+ yKa) Lyt
’)//ﬁJQLHT — (O) + 73+ 1% + 6T)IHT
T3lgr — (104 7)Tar
w[HT — (T4 -+ 12 + 5TA>AHT
From second condition (L2) in (3.23), we have

~

G(X,Z)=AZ — G(X,Z)
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)\T% - (,U + akry + Tl)LT
arky Ly — (pw+ 0r + 1) Ir
)‘H% — (u+ B) 1y

AuLr — (@ + vk2) Lyt

T3lyr — (04 7)Tur
i wlgr — (T4 + p+ 97a)Anr
i Ar(5 —8) —nArR 1
¢Aplr
AH(% —S) = AxR+ Y1 Arly
Yo Ay
—AgLr — 1 vl
—oAglr
0
— AT Ay

Therefore

W N =

D

~— — T N N

-

ot
AN N N N /N /N /N /N

S

Q

<

XN

I
) £ ) ) ) ) ) Y
NONN N NN NN

~—

o]

Bly + 1Tyr + 74 Apr — (0 + 64) Al

’}/IQQLHT — (w + T3 + % + 5T>[HT

ArS +nArR — (i + aky + 171+ Ap)Lr
ari Ly — (i + 0r + 72 + ¢Ag)Ir
Blg + nTar + T4Aur — (0 + 64 + V2Ar) Al
ALy + Oidrlg — (e + vK2) Lt
’}/RQLHT — (w + 73+ pu+ 5T)IHT + gb)\HIT
3l — (u+ 7)Tur

3.2.7 Endemic Equilibrium Point

wlgr + Yodr Ay — (T4 + o+ 674)Anr

i )\T(% —8) —nArR ]
O g lr
Ma(5 = 8) = AuR + i drln
U ArApg
_/\HLT - @Z)l/\TIH (3.25)
— Ayl
0

_wZ)\TAH

In equation (3.25), G5(X, Z) < 0, Gs(X, Z) < 0 and Gs(X, Z) < 0 hence
G(X,Z) < 0.The second requirement (L2) in (3.23) is not satisfied, so U° = (X°,0) is

not globally asymptotically stable when Ry < 1.

We set the right side of the equation system (3.2)equal to zero to obtain this equilibrium
point (E*).We substitute for S = S*, Ly = Lk, Ir = I, R = R*, Iy = I}, Ay = A},

Lyt = Ly, Int = Ifr, Tar = Tip Anr = Alr, Ar = Ny = (1=&) (U5 + i+ Alyr)
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and Ay = Ay = (1 — &)wa(I + Liyp + Iy + Ay + Tiyp + Alyp). Thus

0 = A—j 5

0 = NoS*+gNeR* — joL

0 = ar Ly —j3lr

0 = nLy+mnl; — R

0 = NyS*+ NyR — jsl

0 = Bl +nThr+ Ayr — jeAy
0 = MNyLp+iAply — jrliyy

0 = vkoLyr — Jslpyr + ¢ uly

0 = wlyr —J39Tnr

0 = wlyp+ Y2 pAy — J10A4r

(3.26)

where

= Ag+HAL e Je=ptaki+Ti+ Ay Js = ptor+ T+ OAy  Ja = ptAg+nAr s =
pAB+UAD Jo = pt0a+ ey jr=ptyke Js=wHTstpt0r jo=p+m o=
Ty + 1+ 074

From system (3.26), by solving for S*, L%, Iy, R*, Iy, Ay, Lyr, I, Thr and Ajg,
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we get

A
S* == -
N
I A (A + inRY)
T = .
J1J2
J A O”il)‘;“(A + jlnR*)
T = E—
J1J2]3
o (TIN5 js 4+ Tk A5 ) A
(J2J3da — (TN + Toki N )N) J1
o Ny (A+ 51 RY)
H — - . .
J1Js
T3 g A6 (M0 + wTa) (VR2J3 (s (A + J1nR*) + P1ja (A + j1 RY))
o +oarjsi7(A+ jinR")) + By J2dsdedrisdodio(A + j1 R”)
" J1J2d3dsJ6J7Jsdo (G610 — Y2 NyTa)
[T Mg AT (s (A + i R) 4+ P1j2 (A + 51 RY))
T J1jads it
[ N AP (Y23 (Js (A + J1inR*) + i ja(A + 51 R)) + akjsjr (A + jinR”))
o = —
J1727375]778
T TN AL (VR2Js(J5(A + 51 R*) + 1 ja(A + 71 R*)) + ¢akijsjz (A + jinR¥))
T J1i2jadsvisio
TN AT (Wi + Yo AL ) (YR273 (5 (A + inR*) + Y172 (A + 1 RY))
. +oarfsjr(A + J1nR*)) + Yo N7 BNy jagsjrisio(A + j1RY)
ar = - . ..

3.2.8 Bifurcation Analysis

Theorem 3. Theorem 4.1 of Castillo-Chavez and Song (2004) Consider the following

general system of ODFEs with a parameter ¢.

‘;_f — h(z,4), h:R"XR—=R and he C*R"xR) (3.27)

where 0 is an equilibrium point of the system (that is, h(0,¢) =0 YV ¢) and assume

1. A= D,h(0,0) = 4:(0,0) is the linearization matriz of the system given by (3.27)
around the equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A.The

other eigenvalues of A have real parts which are negative.
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2. Matriz A has a nonnegative right and left eigenvector u and v respectively that

corresponds to the zero eigenvalue.

Let hy, be the k™" component of h and

~ Pl

The sign of a and b has a complete bearing on the local dynamics of (3.27) around 0.

i. a>0,b>0 when ¢ <0 with |p|<< 1, 0 is locally asymptotically stable and there
exists a positive unstable equilibrium; when 0 < ¢ << 1, 0 is unstable and there

exists a negative, locally asymptotically stable equilibrium;

it. a <0,b<0 when ¢ <0 with |p|<< 1, 0 is unstable; when 0 < ¢ << 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium;

iii. @ > 0, b < 0 when ¢ < 0 with |p|<< 1, 0 is unstable; and there exists a locally
asymptotically stable negative equilibrium; when 0 < ¢ << 1, 0 is stable, and a

positive unstable equilibrium appears;

w. a<0,b>0 when ¢ <0 changes to positive, 0 becomes unstable. Corresponding to
a negative unstable equilibrium becomes positive and locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

Applying the theorem (3), we take into consideration, w; and ws,the rates of trans-

missions as bifurcation parameters so that Ryr = 1 and Ryy = 1 if and only if

+ak1+711)(p+or+
@1 = @ = ey and
oo = Wk = (1—¢&1)w1 (k1) (u+B8) (u+6.4)
i 2 (1=&)(ptari+m)(utdr+72)(u+doa+B) Ror

Then we let S = xy, LT = T9, [T = I3, R = Ty, IH = Ts, AH = Tg, LHT = X7, [HT = g,
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Tur = x9, Aur = X190

The system (3.2) becomes

d
% = A— ()\Hg; + Ay +,Uz)$1
dl’g
E = A1 + Ay — (,U +arky+11+ )\Hx)xQ
d
% = QK1Ty — (,U, + 6T + 7o + QS)\Hx)xfi
dx
d_t4 = T1%2 + ToX3 — (,u + Agz + n)‘Ta:)x4
de‘5
dilj’ﬁ
E = B:L’5 + TTg + TyX19 — (,M + (5,4 + QﬁQ)\Ta;)xG
dx
d_; = Ama@2 + YiAraxs — (1 + ko) 27
dl’g
E = YRoX7 — (w + 73 + 12 + 5T):L'Ei + ¢AH$x3
dx
d_tg = 7328 — (1 + 7)o
dz
d_;o = wrs + YaAryTe — (T4 + p + 014)T10
(3.28)
where Ap, = (1 — &) wy (x5 + 25 + x19) and
Mz = (1 — &)wa(s + 27 + 28 + 26 + T9 + T10)
The Jacobian of system (3.28) at the disease free equilibrium E° is;
[~ 0 —fi 0 —fo —fo —f2 f3s —fo f3 ]
0O -« i O 0 0 0 fi 0 f
0 aky —g2 O 0 0 0 0 0 0
0 s T —p 0 0 0 0 0 0
0 0 0 0 g I fo fo fa fo
0 3 2
TED=10 0o 0o 0o B8 Z¢ 0 0 7 = (3.29)
o 0 0 0 0 0 —g 0 0 0
0O 0 0 0 0 0 ~wke —g¢ 0 0
0 0 0 0 0 0 0 3 —g; 0
| 0 0 0 0 0 0 0 w 0 —gs |
where
£ o= (1762)@/\ fy = w fy = 7((17§1)w1:(1*§2)w§)/\ G = p+ ok + 7
_ (-&)wsA

g2 = U+0r+T2 g3 =

= (u+B) ga=pHda g5 = ptyke gs = w3 ptor
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gr=p+T gs=T4+ 4074

Using the centre Manifold theory, we let the right and the left eigenvectors of the Jaco-

bian matrix J(E°) when Ry = 1 be given by u = (uy, ua, us3, ug, Us, Ug, Ur, Us, Uy, o) and

v = (v1, U, U3, Vg, Vs, Vg, U7, Us, Vg, U1g) Tespectively. The right eigenvector is computed by

multiplying u by the Jacobian Matrix (3.29) and equating the result to zero. Thus

- 0 —=fi 0 —fo =fo —fo f3 —fo f3 Uy
0O -« fr 0 0 0 o A 0 f Uy
0 aky —go O 0 0 0 0 0 0 U3
0 = 7w —u O 0 0 0 0 0 Uy
0 0 0 0 g3 fa fa Jo fa Jo Us
0 0 0 0 6 —gs O 0 T T4 Ug
0 0 0 0 0 0 —g5 O 0 0 Uy
0 0 0 0 0 0 ke —gs O 0 Uug
0 0 0 0 0 0 0 3 —gr 0 Ug

| 0 0 0 0 0 0 0 w 0 —gs | U1o
—puy — fruz — fous — faug — four + faug — faug + fsuip =0
—g1uz + frug + fiug + frug =0
ariuz — gouz =0
T1U9 + Tollz — MUy = 0
N g3us + fous + faur + foug + foug + fouio =0

—gsur =0

YRaur — geug = 0
T3ug — grug = 0

[ wug — gsugo =0
Upon simplification we get
(

—puy — fruz — fous — faug =0
—g1us + fruz =0

ks — gougz = 0

TiU + ToUg — Huyg = 0

gsus + faug =0

Bus — gaug =0
U,7:O
UgZO
UQ:O

L UlOIO

5U5 — J4Ug + TTUg + T4U10 = 0

( puy = — fruz — —fgzggh%
U9 = g—iu:;
Uz = Ug
Uy = (qul;gm)ug
Uy = —£—§U6
Ug = Ug
Uy = 0
us = 0
Ug = 0
\ U110 = 0

Also we compute the left eigenvector by multiplying v with the transpose of the Jacobian

Matrix (3.29) and equating to zero. Thus
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—u 0 0 0O 0 O 0 0 0 0 V1
0 —g1 aky 71 O 0 0 0 0 0 Uy
~fi fi =92 ™ 0 0 0 0 0 0 U3
0 0 0O —pu 0 O 0 0 0 0 (n
—f2 0 0 0 gs ﬁ 0 0 0 0 (% -0
—fg 0 0 0 fg —3a 0 0 0 0 Vg
—f2 0 0 0 fo 0 —g5 752 O 0 v7
/3 fi 0 0 f 0 0 —09¢ T3 w Ug
—fo 0 0 0 fo = 0 0 —g7 O Vg
s i 0 0 fooo om0 0 0 —=gs ] \ vwo
( —puv; =0

—q1V9 + ak1v3 + 1104 = 0

—fiv1 + fivy — gov3 + T4 = 0

—pvy =0

— fov1 + g3vs + Bug =0

— fou1 + fous — gavg =0

— fov1 + favs — gsv7 + YRoug = 0

Jav1 + fiva + favs — gevs + T3v9 + wWv19 = 0
— fav1 + fovs + Vs — grvg = 0

([ f3v1 + five + fovs + T4v6 — ggvio = 0

v = 0

—q1vy + akjvy =0
Jiva — govz =0

Vg = 0

g3vs + Pug =0

Javs — gave = 0

Javs — gsv7 + YRoug = 0

J1v2 + fovs — gevs + T3v9 + wvip =0
favs + mvg — grvg = 0

Jive + favs + T4v6 — ggv1o = 0

\ 7

V1 = 0
— 92
2=
V3 = Vs
Vg = 0
_ 04
Vs = SV
5 fo 6
Ve = Vg
vy = favstyrovs _ yk2(g29798twgegr)vs+(yrha(gagrgs+T13gs(ga+m)+wgr(ga+tTa))+94969798)ve
95 95969798
Ve — J1v2tfovstrsvotwrio (929798 +wg2gr)vs+ (949795 +T39s(gatm) twyr(gatTa))ve
° w98 969798
Vg = g4—1)6
Vg = f1va+(gat7ma)ve _ gavs+(gatTa)ve

\ gs g8
where ug, ug, v3 and vg are computed to make sure the eigenvectors meet the requirements

u-v=1.

Computations of a and b
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9%hy
8118x3
92hy

a$1am5 =

8%h

Or10T¢

9%hy

O0x10x7

92hy

a$1618 =

9%h

Or10T9
9%h1
0r10x10

9%hs
6x1813

?hy
Or10Ts

0%ho

O0x10x10

9%hy

6x28m5 =

8%hs

Or20Tg

8%hs

Ox20x7 =

0%ho

axzamg =

8%hs

3$2819 =

02%hs

Ox20x10

9%hy
Oxr40x3

5%ho
a$4618

9%ho

O0r40x10

0%h3
Oxr30xs
9%hs

8x3816 =

0%h3
Ox30x7

The non-vanishing partial derivatives of the system (3.28) at the DFE are;

—(1—=&)m

—(1—&)ws3

—(1 - &)w;

—(1—&)ws;

( )

—(1 = &)ws

—(1—&)w —
= (1-¢&)m

(1 —&)mn

(1—=&)m

—(1—&)ws
=n(l —&)m
=n(l — &)

=n(l —&)m
—o(1 — &)ws
—¢(1 — &)w;
—o(1 = &)w;

a is given by

(1 — fg)w

3%hs
Oxr30xs
8%hs
8x3819
9%hs
Ox30x10
3%hy
0x4013
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a = —Ul(U1U3(1 — 51)w1 + u1u5(1 — 52)@2 + u1u6(1 — fQ)WQ + U1U7(1 - 52)w2
+ wug[(1 — &)wr + (1 — &) wa] + wiug(1 — &) + ururo[(1 — &)1 + (1 — &) ws))
+ va(uug(1 — &) + urug(l — &) + uruig(l — &) wy)
— va(ugus (1 — &) o + ugug(1 — &) o + usur (1 — &) s + ugus(l — &) ws
+ ugug(1 — &) o + usuo(1 — &) ws)
va(ugusn(1 — 1)y + ugugn(l — &)@y + uguion(l — &1)wy)
— v3(uzusp(1 — &)y + uzue(1 — &) w5 + usurd(l — o)y + uzusd(1l — §2)w;
+ uzugp(1 — &o)wy + uzuipd (1l — &) wy)
— vg(ugusn(l — &)@y + ugus (1 — L) + ugue(1 — §2) e + uguq (1 — &)@y
+ugug[(1— & )nwor + (1 = §2)@a] + ugug(1 — &) wa + uguio[(1 — &1)nwr + (1 — &o)wa))
+ U5(U1U5(1 — §g)w§ + U1U6(1 — fg)@é + U1U7(1 — §g)w;‘ + U1U8(1 — {2)73;
+ v1v9(1 — &2)w@5 + uruio(l — &2)ws)
+ U5(U4U5(1 — 62)@2 + U4U6(1 — 52)@2 + U4U7(1 — fg)@g + U4U8(1 — fg)@g
+ ugug(1 — &)wo + uguro(1 — &) ws)
— vs(ususthr (1 — &) + usugr (1 — &) + usuiohr (1 — 1))
— vg(ugustha(1 — &)1 + uguga(l — &§1)wr + uguioha(1 — 1))
+ U7(U2U5(1 — 52)@3 + U2U6<1 — gz)w; -+ U2U7(1 — fg)w; + U1U8(1 — fg)w;
+ UQUg(l — 52)w§ + UQUlo(l — ég)w;)
+ v7(usuzthr (1 — &) w1 + usugthi (1 — &)y + usuiehi (1 — &) )
+ vg(uzusp(1 — §2)w5 + uzuep(1 — o)y + uzurd(l — &)y + uzusp(l — &2)w,
+ uzugp(1l — &o)wy + uzurd(l — &) wy)
+ vio(ugusthe (1 — &)@y + usugha(1 — &) + uguioha (1 — &) wn)
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FOI"U1:U4:0 U7:U8:U9:U10:0

a = U2U1U3(1 - fl)wl
— ’UQ('LLQU5<1 — §2)w§ + U2U6(1 — fg)w;)
+ va(uguzn(1 — &) )
— v3(uzusd(1 — §2)w; + uzuep(l — &) ws)
+ ’U5(U1U5(1 — 52)@5 + U1U6(1 — fQ)W;)
+ v (ugus (1 — &)y + ugue(l — §2)3)
— vsusuz (1 — &)y
— veugusz (1 — &1)w
+ U7(U2U5(1 — fg)w; —+ U2U6(1 — £g)w§)
+ vrususy (1 — &)y
+ vs(uzus (1 — §2)w; + uzusp(l — &2)ws)
+ viotgustha(l — &)

Given that us, ug, v3, vg, V7, Vg, Vg, V19 > 0, a > 0 for

2 92(fim1 + 9172)
V3l 1—-&)w
(vgu3 Froni n(l — &)

ga(fim1 + 172) (
Jagip

-+ U7U3u6£(1 — §g)w§(% + ].)

+ U7U3U6%¢1(1 — &)

+ vsuzugp(1 — f:z)w;(% +1)

+ viousuetPa (1 — &1)wr) > (veus

1 —&)wﬁ% +1)

+ VeU3Ug

9a(Bfrus + (gafo + Bfo)ue) ., (94
ol (1 52)%(3 +1)
92(Bf1us +ng9;£2 + Bf2)us) (1— &)
—|— U3U3U6%(1 — fQ)W;(% + 1)
+ vgugugp(l — 52)@5(% +1)
2
+ veugu6é—4ﬂ¢1(1 — &)

+ veusugtha (1 — &1)w1)

-+ vsUug
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and a < 0 for

o 2O g gy

g4(f17—1 + ng?)( - 62) (

f291/~4
+www£ﬂ—&)(%+”

+ U7u3u6%¢1(1 —-&)w

B
4WWWWG—&)(%+U

—|—’U6U3 6 + 1)

B

94(B frus + (gafo + B f2)us)

+ viguzugtha(1 — 1)) < (veue (1-&)w ( +1)
JauB B
+ vsus g2(Bfrus +ngg;? + Bf2)ue) (1— &),
+ususua’ (1~ G)ew3(G +1)
+ vsugugH(l — 52)732(954 +1)
+ 06U3U6—@/)1(1 —&)m

J28
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For, the non-vanishing partial derivatives of the system (3.28) at the DFE are;
#hy . (1=8)A

Ow; x5 m
O%hy _ _(1=€)A
Owj0xe I
hy . (1=8)A
Ow;0xy m
o%h _ _(-&)A
Owj0xg I
O%hy __ (1=&)A
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Ph _ _(—e)A
Ow30x10 m
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b is given by

34



b = _@’Ul(@[ﬁ -+ Ug + Uy + us —+ Ug + Ulo) + @05(1% -+ Ug + Uy -+ us —+ Ug + Ulo)

p— (=&)A

; vs(us + ug)

Clearly b > 0 for vs > 0 and us + ug > 0

Theorem 4. The model (3.2) exhibits a backward bifurcation at Ry = 1 if a > 0 and
b > 0.A positive unstable and stable endemic equilibrium points exist when wi < 0 and
w; > 0 respectively. Therefore, the endemic equilibrium point E* s locally asymptotically

stable for Ry > 1 but close to 1 when a <0 and b > 0.
3.2.9 Sensitivity analysis

Sensitivity analysis of the model (3.2) is is performed in the sense of Mushayabasa and

Bhunu (2011) to ascertain how variations in parameters impact the spread of the disease.

Definition 1. The following defination applies to the normalized forward-sensitivity index

of a variable, v, that differentiably depends on a parameter, p:

po_ 90 v

P~ 90 " P (3.30)

We look at the basic reproduction number’s, Ry = max|Ror, Roy|, sensitivity indices with

regard to the parameters of the model. From (3.30), we obtain sensitivity of Ryr and Ryy

separately:

ORor A _ (1-&)mi(ak1) plptaritm)(ptdr+m)A) _ 1 5
O\ Ror plptaky+71)(p+or+72) (1-&1)w1A(ak1)

ORor w1 _ (1—&1)A(ak1) plptaritn)(ptdrtn)m | _ 1 5
Ow1 Ror p(ptori+11)(p+dr+12) (1=&1)wi1A(ak1)

ORor K1 __ HATL

Ok1 Ror ~ (ptaki+7) >0

ORor p  _ _ [wtokitn)(utdrtm)tu(ptdrtm)tputasitn)]

ou  Ror (p+ar1+71)(p+d7+72)

ORyp 7 _ _ T

011 Ror ~— (ptoaki+m1) <0

BROT T2 T

012 Ror (u+07+T2) <0

ORgr o7 _ ___ 01

941 Ror (ut+o7+72)

ORor &1 _ _ _ &

9¢1 Ror (1-¢&1) <0

ORom A _ ((k&)wz(mﬁﬂ)) ( (st B) (- 6.2) A ) —1>0
OA Rom w(p+B) (n+oa4) (1—&2)w2A(p+04+06)
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R w2 _ ((1—52>A<u+aA+ﬁ>> < (i) (64 ) ) —1>0

0wy Rom p(p+B)(p+64) (1=E€2)w2 A(u+0a+p)
ORop _p _ —plilpt0a) +ppt B = (a+B)[(u+B)(ptda) tilptda) +uutB]
du Rom (p48) (p4-0.4) (u+04+5)
OBy B = — 648 <0
98 Rom (1+8) (k+6.4)(Ht+d4+8)
ORoHy 04 — Boa < 0
964 Rom (u4+04)(u+oa+8)
ORog & _ &
0¢ Rog = (1-¢&2) <0

_ (1-&)wmA(akt)
Ror = pwlptaki+71)(p+or+72)

Ropy = 1=&)m2A(utda+5)
0H pu(pu+B)(u+da)

It can be seen that, Ryr responds to changes in A, w; and k1 the most. When Aincreases
or decreases, Rgr also rises or reduces in the same proportion. But physically, lowering
the natural birth, A, rate is neither morally right nor practicable.If w; and x; are in-
creased(or decreased), Ror will also rise(or reduce) in proportion. The other parameters,
T1, T2, O, i and &on the other hand have an inversely proportionate connection with
Ror. Ror will reduce to a smaller proportion as 71, 7, o7, u and &; are increased. Recall
that 6r and p are TB-related mortality rate and natural death rates respectively. It is

obvious that raising d7 and p is neither moral nor useful.

Additionally, it is evident that Ryy is most sensitive to the changes in A and w,. An in-
crease or decrease in A will result in an equivalent rise or reduction in Ryg. Again,lowering
the natural birth rate ,A,is neither morally right nor practicable. Ryy increases (or de-
creases) in direct proportion to variations in wy. The remaining parameters (3, 04, p and
&y, on the other hand have an inversely proportionate relationship with Ryy. Rog will
drop as 3, 04, u and & are increased. Recall that 5, 64 and p are rates of progression
from Iy to Ay, HIV-related mortality rate and rate of natural death respectively. It is
clear that increase in 5, 64 and g is neither ethical nor practical. From this sensitivity
analysis, it is clear that control intervent ions should focus on prevention since it is ethical
and practical to decrease w; and wy. w; can be reduced by increasing &;. This is done

through early ART to reduce occurence of active TB in individuals with HIV.
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4. NUMERICAL SIMULATION,RESULTS AND DISCUSSION

In this chapter, we simulate the model using MATLAB to examine the role of intervention

measures. To achieve this, we use parameter values as indicated in the Table 4.3.

Table 4.3: Parameter values of the model

Parameter symbol Value Source

A 0.029 yr—* Bhunu et al. (2009)

1 0.02 yr—! Bhunu et al. (2009)

W 0.00035 yr~!  Estimate

wo 0.000075 yr~! Estimate

T, T, T3 & T4 0<m_4<1 Variable

K 0.1 yr-! KLTBI (2020)

Ko 0.2 yr! Assumed

6] 0.1 yr! Estimate

T 0.5 yr—t Estimate

w 0.3 yr! Estimate

da 0.04 yr—* Muthuri and Malonza (2018)
or 0.05 yr—! Muthuri and Malonza (2018)
Ora 0.4 yr—t Assumed

o 0.71 yr—1 Estimate

P 1.07 yr—t Estimate

o 0.1 yr! Estimate

n 0.1 yr! Estimate

o 0.1 yr! Estimate

y 1.0 yr—t Estimate

Figures 2-9 presents graphs of variation of interventions rate on infected human population
in various compartments against time. In Figure 2, their is a sharp decrease in latent TB
in the population with increase in treatment. Treatment of latent TB reduces cases
of the disease in a population. In Figure 3, it can be seen that as we increase & (the
measure of interventions that reduce progression of dormant TB disease to active TB), TB
infectives decrease. This means that apart from treatment of latent and active TB, HIV
interventions such as early ART and prevention from HIV infection reduces the cases of
latent TB progressing to active TB.Figure 4 shows that t HIV positive cases first increased

even though there are interventions. This means that ART only lowers the viral load in
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HIV infected persons but does not stop the transmission. A combination of ART and
intensification of campaigns on prevention from infection reduces cases of new infections.
In Figure 5, the number of symptomatic AIDS cases decreases with increase in detection
and consequently treatment with ART. The AIDS cases become asymptomatic with HIV.
In figure 6, the population of persons with both latent TB and HIV decrease. Treatment
of latent TB eliminates the disease amongst individuals with HIV. On the other hand,
protection from HIV infection reduces new cases of HIV infection amongst individuals with
latent TB. The overall result is that the number of co-infected individuals will decrease. In
Figure 7, we observe that increasing &; (prevention of latent TB cases progressing to active
TB through early ART) and intensification of treatment of active TB decreases TB cases
among persons with HIV hence reduces the co-infection. Protection from HIV infection
also reduces cases of new HIV infections among the active TB cases. The decline in the
population of co-infected persons indicates the effectiveness of a combination of treatment
and prevention from infection. Without the interventions, the number of co-infections will
increase and eventually decrease due to massive deaths. However, this is unethical. In
Figure 8, the number of HIV cases who had recovered from TB decreases. There are no

new cases of HIV infection due to intensification of protection from HIV infection.
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5.CONCLUSION

We have developed a TB and HIV co-infection model, derived the fundamental repro-
duction number, the disease-free and endemic equilibria and the stability criteria. When
the model’s reproduction number is less than one,it has an equilibrium that is locally
asymptotically stable and disease free. Sensitivity analysis of Ryr and Ry shows that
the important parameters to target for lowering of Ryr and Ryy are w; and ws, the
contact rates for TB and HIV transmission respectively , in order to eliminate the two
diseases. Numerical simulation indicates the impact of varrying HIV interventions on
TB. As we increase HIV interventions, cases of latent TB progressing to active TB is
minimised. This reduces the contact rate for TB transmission and therefore the disease is
eventually eliminated in the County. This research provides an additional control strat-
egy in the fight against TB in Siaya county. Treatment of active TB alone may not be
enough in eliminating the disease in a community where HIV is prevalent. Measures that
will decrease the progression from dormant to active tuberculosis are crucial in the fight
against the disease. We recommend that HIV testing be scaled upwards in the County
and the HIV positive cases be put under a monitored ART. We also advise that latent

TB testing and treatment be done at the health facilities.
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