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ABSTRACT

In this project we have considered a non-linear time senes

model which encompasses several standard non-linear models for time

senes as special cases. It also offers two methods for estimating

missmg observations, one usmg prediction and fixed point smoothing

algorithm and the other using optimal estimating equation theory.

Recursive estimation of missing observations m an Autoregressive

Conditionally Heteroscedastic (ARCH) model and the estimation of

missmg observations m a linear time senes model are shown to be

special cases.

For the case of prediction and fixed point smoothing algorithm,

we have generalised the formula developed by Abraham and

Thavaneswaran (1991) for estimating missing observations to a case

when there are more than two missing observations. Simulation studies

have been carried out on AR( 1) data to illustrate the application of

the formula.
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XIV

OVERVIEW

One of the unfortunate facts facing data analysts is missing data. Data

that are known to have been observed erroneously can fairly safely be

categorized as missing. Erroneous data can also wreak havoc with the

estimation and forecasting of time series models.

In the past, estimation of missing observations has been

considered among others by Ansley & Kohn (1983), Jones (1985),

Abraham & Thavaneswaran (1991), Penza & Shea (1997) and Nassiuma

(1999). In particular, Palma & Chan (1997) and Chan & Palma (1998)

develop state space method for dealing with missing observations in the

Long - memory context. More recently Palma & Del Pino (1999) have

given statistical analysis of incomplete Long-range dependent data and the

application of these procedures to the analysis of the annual minimum water

levels of Nile River.

This project addresses both theoretical and methodological issues

related to the estimation of missing observations. Estimates are calculated

by means of state space models and Kaman filter. These techniques are

illustrated with statistical analysis of simulated data.
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In this project we have extended the formula derived in Abraham &

Thavaneswaran (1991) to estimate two or more missing observations. The

formula is then applied on simulated data on AR (1) model.

Chapter one introduces the fundamental concepts and definitions

required in understanding the rest of the work in this project. Chapter two

discusses state space representation and Kalman filter of some Time Series

models. Estimation of missing observations by means of state space models

and Kalman filter are indicated.

In chapter three we have extended the methods of Abraham &

Thavaneswaran (1991) to estimate more than two consecutive missing

observations. Optimal estimation method is also considered. In chapter four

we carry out an empirical study based on results of chapter three. Here we

estimate the missing observations artificially created on an AR (1) simulated

data.



CHAPTER ONE

FUNDAMENTAL CONCEPTS AND DEFINITIONS IN

TIME SERIES ANALYSIS

1.0: Introduction

A Time Series is a collection of observations made sequentially in time.

Examples occur in a variety of fields, ranging from economics to engineering.

Methods of analyzing time series constitute an important area of statistics .

The theory and practice is very different from other branches of

statistics in that;

(i) In a time senes the observations are dependent (or correlated) with

time and the order of the observation is therefore important. Hence,

classical statistical procedures and techniques that rely on

independence assumptions are no longer applicable.

(ii) Asymptotic theory generally tends to be meaningful in practice. This is

not the case with time series. In fact the temporal or spatial

dependence in time series is what is of interest and importance

Anderson (1982).

There are several objectives of analyzing a time senes, which include;

description, explanation, prediction and control.

1.1: Stationary time series

A time series is said to be stationary if there is no systematic change m

mean (i.e. no trend), if there is no systematic change in variance, and if

strictly periodic variations have been removed.

We now give a mathematical definition of a stationary time series;

Definition I: A time series is said to be stationary in the strict sense or

strong sense iff;
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for all (tpt2, ... ,tk) and h. That is the probability structure of the process

should not evolve with time, that is shifting the time origin by an amount h

has no effect on the joint distributions, which must therefore depend only on

the time intervals tpt2, ... ,tk'

Definition II: A process is said to be stationary in the weak sense (second

order stationary) if its mean is a constant independent of time but depends

only on the lag h between the variables. The mean and autocovariance

functions must be finite.

E(Xt) = .u (1.1.2)

and Cov(XtXt+h) = <J(h ) (1.1.3) .

Since the mean of a stationary process is a constant, we can

conveniently take it to be zero. Hence, in the case <J(h) = E(XtXt+h) we note

that <J(h) is influence by unit of measurement but to compare properties of

different time series. We need a function that does not depend on unit of

measurement and such a function is the theoretical autocorrelation function

(ACF) given by

p(h) =:~~l= Co;~~:r)············································· (1.1.4)

1.2: The Autocovariance (ACVF) and Autocorrelation

(ACF) Function.

For a stationary process X, we have the mean E(XJ =.u and vanance

Var(Xt) = E(X, - .uY = <J2 which are constants and the covariance Cov(XtXs) which

are functions only of the time difference It - sl. Hence in this case, we write

the covariance between x, and Xt+h as

<J(h) = Cov(Xf' Xl+h) = E(Xt - .uXXt+h - .u ) (1.2.1)

and the autocorrelation between xt and Xt+h as
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p(h)~ J CY(.~(t))~a((h)) (1.2.2),
Var XI Var Xl+h 0' 0

where we note that Var(XI)=Var(XI+h)=O'(O),h=O. As functions of h, O'(h) is

called the Autocovariance Function (ACVF) and p(h) IS called the

Autocorrelation Function (ACF) in time series analysis, since they represent

the covariance and correlation between XI and XI+h from the same process,

separated only by h time lags.

It is easy to see that, for a stationary process that the autocovariance

function O'(h) and the autocorrelation function p(h) have the following

properties Wei (1990);

1. 0'(0)= Var(XI); p(O)= 1

2. 100(h~~ O'(o);..lp(h~ s 1 (1.2.3)

3. O'(h) = 0'(- h) and p(h) = p(- h) for all h

Le. O'(h) and p(h) are even functions and hence symmetric about the time

origin h = O. This follows from the fact that the time difference between XI

and xl+h and XI and xl_h are the same. Therefore the ACF is often plotted

only for the non-negative lags such a plot of p(h) against h is sometimes

called a correlogram.

Another important property of the O'(h) and p(h) IS that they are

positive semi-definite in the sense that
n nI IapjO'lti -tjl ~ 0 (1.2.4)

i=1 j=1

n 11

and I Iapjplti -tjl ~ 0 (1.2.5)
i=1 j=1

necessary condition for a function to be the ACVF or ACF function of a

process is that, it be positive semi-definite.

In addition to ACF between XI and xl+h we may want to investigate

the correlation between XI and xl+h after their mutual linear dependency on
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the intervening variables Xt+"Xt+2,,,,,Xt+h_1 has been removed. This IS the

following conditional correlation

Corr(XtXt+h I Xt+"Xt+2, .. ·,Xt+h_,) · · ·(1.2.6)

referred to as Partial Autocorrelation Function (PACF) in time series analysis.

PACF can be derived by considering the regression model, where the

dependent variable Xl+h from a zero mean stationary process is regressed on h

where rPhi denote the ith regression parameter and et+h is a normal error term

uncorrelated with xt+h-J,j ~ 1. Multiplying Xt+h-J on both sides of the above

regression equation and taking the expectation, we get

and hence

for j = 1,2,....h we have the following system of equations

PI = rPhOPO+ rPhlPI + + rPhhPh-1
P2 = rPhlPI + rPh2PO + + rPhhPh-2

......................................................... (1.2.10).

Using cramers rule successively for h = 1,2, ...,

we have
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PI P2 Ph-2 PI
PI 1 PI Ph-3 P2

rPhh= Ph-I Ph-2 Ph-3 PI Ph ..................................... (1.2.11)
1 PI P2 Ph-2 Ph-I

PI 1 PI Ph-3 Ph-2

Ph-I Ph-2 Ph-3 PI

For alternative definition see Wei (1990: sect.2.3)

The practical autocorrelation between XI and XI+h can be obtained as

the regression coefficient associated with XI' when regressing Xl+h on its h

lagged variables XI+h_pXI+h_2"",XI as in (1.2.7). Because rPhh has become a

standard notation for the partial autocorrelation between X; and XI+h in time

series literature. As a function of h , rPhh is equally referred to as the partial

autocorrelation function (PACF).

1.3: Sample Autocorrelation Function (SACF).

For a given observed time series XPX2""'Xn the sample ACF IS defined

as
n-h

A() I(XI -xXXI+h -x)
p, = ~(~) = ,~, :t(x, _xf ,h = 0,1,2, , n, (13.1),

1=1
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n X
where X = I-I, the sample mean of the series. A plot of ;\ versus h is

1=1 n

sometimes called a sample correlogram. For a stationary Gaussian process,

Bartlett (1946) has shown that for h> 0, and h+j> 0

f ~ A ) 1 ~[PiPi+J + Pi+hPi-h -2PhPiPi-h-J -J ()COV\PhPh+J ~ - L.. 2 ••••••••••••••••••••••••••• 1.3.2 .
n i=-oo 2Ph+JPiPi-h + 2PhPh+1Pi

For large n, Ph is approximately normally distributed with mean Ph and

vanance

for a process in which Ph = 0 for h>m Bartlett's approximation of (1.3.3)

becomes

Var(pJ~ !(1+2p~ +2p; + +2p~} (1.3.4)
n

In practice, Pi(i = 1,2, ... ,m) are unknown and are replaced by their sample

estimates Pi and we have the following large-lag standard error of Ph'

SPh = !(1+ 2P12 + + 2p~) (1.3.5)
n

To test a white noise process we use

SPh =t ················································.(1.3.6).

Note that,
n-hI (XI -xXxI+h -X)

A .1==1 _Ph = - n

I (XI -Xl
1=1

t(xl -xXXI_h -X)
= l=h+1 n = P-h ···· (1.3.7).

I (XI -X)
1=1

We see that, the sample ACF IS also symmetric about the ongm h=O.
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1.4: Sample Partial Autocorrelation Function (SPACF).

The sample (PACF) ¢hh is obtained by substituting Pi by Pi In

equation (1.3.2). Instead of calculating the complicated determinants for large

h in (1.3.2) a recursive method starting with ¢11 = PI for computing ¢hh has

been given by Durbin (1960) as follows;

A

¢h+l,h+1 =

h A

A+I - L¢hjPh+l-j
j-I ( )~ 1.4.1

1- L¢hjPj
j=1

and ¢h+j,j = ¢hj -¢h+l,h+l¢h,h+I-i'J = 1,2, ,h, (1.4.2)

The method hold also for calculating the theoretical PACF ¢hh' Under

the hypothesis that the underlying process is a white noise sequence the

variance of ¢hh can be approximated by

Var(¢hh) ~ .!. (1.4.3)
n

Hence, ± Y-rrz can be used as a critical limits on ¢hh to test the

hypothesis of a white noise process.

1.5: Some useful stochastic processes.

This section describe several different types of stochastic processes (see

Chatfield (1989)) which are sometimes useful in setting up a model for a time

senes.

(i) A purely random process (White noise)

A discrete-time process is called a purely random process if it consists

of a sequence of random variable {XI} which are mutually independent and

identically distributed. From the definition it follows that the process has a

constant mean and variance and that
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() {
COV(Xt,Xt+h)(Yh= o h = ±1,±2, .

As the mean and ACVF do not depend on time, the process IS second-

order stationary. The ACF is given by

() {
I h = 0

ph = o h = ±1,±2, .

A purely random process is sometimes called a white noise, particularly

by engineers. Process of this type are useful in many situations as building

blocks for more complicated process such as MA process.

(ii) Random Walk

Suppose that ( et) is a discrete purely random process with mean f.1 and

variance (Y2. A process {Xt} is said to be a random walk if

X, = Xt_1 +epXo = 0 (1.5.1)

The process is customarily started at zero when t = 0 so that

XI = Xo + el = e1

X2 = XI + e2 = e1 + e2

t

Xt = Lei ····· ·.···· (1.5.2)
i=l

E(Xt) = tu and Var(Xt) = to", hence as the mean and variance changes with

time t, the process is non-stationary.

However, it is interesting to note that the first difference of a random

walk, given by

Mt = Xt - Xt-1
= et for a purely random process, which IS therefore

stationary.
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(iii) Moving Average process

Suppose that {et} is a white noise with mean zero and vanance 2
0'.

Then the process {Xt} is said to be a moving average process of order q

(MA(q)) if

Xt = POet + P1et-1 + + Pqet_q .. ······· (1.5.3)

which is written as
q

x, = I Pjet_ j where {Pj} are constants therefore E(Xt) = °
j=O

q

Var(Xt) = 0'2Ip2j (1.5.4)
j=O

since, the e' s are independent.

We have

O'(h) = cOV(XpXl+h) = E(XpXl+h)

= E[t,pje,j, t,p,e"H 1
q q [ ]= I IPjPkE et_jet_(k_h)

j=Ok=O

when j = k-h i.e. k =j+h then

{

2 ·=k-h• Ek- jet-(k-h)) = O"H}
0, i= k-h

so that
q-h

0'2IPjPj+h'. .... O S h s q
j=O

0'(- h),.....

since Cov(«.e,) = { ;," s = t

s"* t.

As O'(h) does not depend on t, the mean is constant, the process is

second order stationary for all values of the {Pt}. Furthermore, if the e' s are
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normally distributed, then so are the X's and we have a strictly stationary

normal process.

The ACF of the MA( q) process IS given by

1,.. h = 0

p(h) =

q-l

IJJ;fJJ+k
J~O ..........h = 1,2, ,q (1.5.6).q

IfJJ
J~l

p(- h),... h < 0

Note that the ACF 'cuts off' at lag q, which IS a special feature of MA

process.

(iv) Autoregressive Processes

Let {et} be a purely random process with mean zero and vanance 2
0'.

Then a process {Xt} is said to be an autoregressive process of order p

(AR(p)) if

Xt = a1Xt_1 +a2Xt_2 + +apXt_p +ef" (1.5.7)

(a) First order process AR(1)

Xt= a1Xt_1 + et,lal < 1, successively replacing the X,» we obtain

Xt = e, + aXt-1

= et + a(aXt_2 + et_1) = et + aet-1 + a2 Xt_2

2 3X= et + aet_1 + a et-2 + a t-3

2 S s+IX (1 5 8)= et + aet-1 + a et_2 + + a et_s + a t-(s+I)............................. . . .

Hence, we have

E(Xt - IaJet_J]2 = a2s+2E(Xt2_(S+I)} (1.5.9).
J~O

Note that, E(Xt) = aE(Xt_J+ E(et), butE(et) = 0

E(Xt)-aE(Xt_l) = o.



11

Assuming the process IS stationary E(Xt) = E(Xt_1) then, (1- a )E(Xt) = O.

But a =1:-1,..hence,E(Xt)= o.
Therefore,

E[X, - t,aJe'-J J ~a''''Var(X,_IH,j)
= a2s

+
2Var(Xt) (1.5.10)

smce, Xt is stationary Var(Xt) is a constant and because lal < 1 RHS of

(1.5.10) tends to zero as s ~ OCJ. This implies that when lal < I•.xt converges

00

in probability to I a' e.. J •
J=O

Hence,

x, = faJet_J (1.5.11).
J=O

From this E(XJ = 0 and Var(XJ = fa2JVar(et_J = 0-2fa2J .
J=O J=O

0-2

Hence, Var(Xt)=--2 =0-(0). (1.5.12).
I-a

Also,

o-(h) == E(Xt'Xt+h)

~ E(t,aJe,-Jt,a'e,.,_,)
00

= 0-2ahIa2J
J=O

which gives

(J2ah

o-(h) = -2 (1.5.13).
I-a

Therefore the ACF is given by dividing (1.5.13) by (1.5.12) which gives

p(h) = a" (1.5.14).

(b) The general order AR(p) process

The pth order AR(p) process is written as
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Using backward shift operator equation (l.5.15) gives

(1-a\B-a1B1 - -apBP)x, = e, (1.5.16).

Hence,

O"(h)= a\O"(h -l)+ap(h - 2)+ +apO"(h - p ),h > 0 (1.5.17)

where E(e"X'_h) = 0,.... h > o. Hence we have the following recursive relationship

for ACF.

p(h) = a\p(h -1)+a1P(h - 2)+ +app(h - p ),h > 0 (1.5.18).

From (l.5.18) we see that the ACF p(h) is determine by the difference

equation

Bp(B)=(l-a\B-alBl- ... -apBP)p(h)=O or usmg the Yule-Walker equation

which gives the general form of obtaining p(h) as

p(h) = A\Jr{'+AzJr~ + +ApJr; (1.5.19)

where JrpJr1,... ,Jrp are the roots of the auxiliary equation. The constants

AI' Al ,... , A p can be solved using the initial conditions.

1.6: Autoregressive moving average ARMA process.

A stationary and invertible processes can be represented either in a MA

form or in an AR form. However, a problem with either representation is

that it may contain too many parameters.

Mixed AR and MA process leads to the following useful ARMA

process.

Bp(B)X, = ¢q(B)e, (1.6.1)

where

Bp(B) = 1-a\B-a1B1 -apBP

and ¢q(B) = 1- fl\B - fl2B2 - - flqBq .

For this process to be invertible, we require that the roots of ¢q (B) = 0

lie outside the unit circle. To be stationary we require that the roots of
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() p (B) = 0 lie outside the unit circle. Also, we assume that {}p (B) = 0 and

¢q(B)=O share no common roots. We have in general

7r(B)Xt = et •• • •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (1.6.2)

where

7r(B) = (}p((B)) =[1-7r1B-7r2B2 _ ]
¢q B

This process can also be written as a purely movmg average

.representations.

Xt = \f'(B)et (1.6.3)

where,

To derive the ACF of ARMA(p,q) we write (1.6.3) as

multiplying this by Xt-h on both sides of equation (1.6.4) and taking

expectation we obtain

a(h) = a1a(h -1)+a2a(h - 2)+ ...+ apa(h - p)+ E(Xt_heJ-

PIE(Xt_het_l) - ... - PqE(Xt_het_q)

because, E(Xt_"et_i) = 0, h > i .

We have

a(h) = a1a(h -1)+ + apa-(h - p), h ~ (q + 1). (1.6.5)

and hence, the ACF is

p(h) = a1P(h -1)+ a2P(h - 2) + + app(h - p ),h ~ (q + 1) (1.6.6).

Equation (1.6.6) satisfy the pth order homogeneous difference equation,

as in the AR(p) process. Therefore the ACF of an ARMA(p,q) model tails off

after lag q just like AR(p) process. However, the first q AR,

p(q), p(q -1),...,p(l) depends on both AR and MA parameters in the model and

serve as initial values for the pattern. This distinction is useful in model

identification.
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1.7: Integrated ARIMA models.

In practice most time series are non-stationary and in order to fit a

stationary model it is necessary to remove non-stationarity source of variation.

If the observed senes IS non stationary in the mean (trend) then we can

difference the series to make it stationary. The ARMA(p,q) model is given by

equation (1.6.4), hence XI in the equation (1.6.4) is replaced by t:,dXI = WI

then we have a model capable of describing a certain type of non-stationary

series. Such a model is called an integrated ARIMA model Chatfield (1989).

We write

WI = t:,dXI = (1- B)d X, (1.7.1)

Hence, the general autoregressive moving average process (ARIMA) IS

of the form

Hence,

¢(B)w
l

= e(B)eI (l.7.3)

¢(B(l-B)Y XI = e(B)eI · · ·(1.7.4).

Thus we have an ARMA(p,q) model for WI' The model (1.7.4) describe

the dth difference of XI is called an ARIMA process of order (p,d,q) i.e.

ARIMA(p,d,q). the model for XI is clearly non-stationary as the AR operator

¢(B Xl - BY has d roots on the unit circle.

Example 1.7 A random walk is given by

XI = XI_I +el

XI -XI_I = el

(1- B)XI = el•

Hence, WI =«, this IS an ARIMA(O,l,O) process.
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1.8: Estimation of parameters.

We need to estimate the parameters of the models we have mention In

the previous sections.

1.8.1: Estimating the parameters of an AR process

Consider an AR process of order, p with mean Jl given by

Xt - Jl = a] (Xt-l - Jl)+ a2(Xt-2 - Jl)+ ... + ap(Xt_p - Jl)+ et·············(1.8.1)

estimated by the least square method by minimizing
N

s= I[xt -Jl-a](xt_1 -Jl)- ... -a)xt_p -Jl)]2
t=p+1

with respect to Jl,apa2, ... ,ap' If the et process is normal, then the least square

estimates are in addition the maximum likelihood estimates conditional on the

first p values in the series being fixed.

Consider the AR(1) process given by

Xt - Jl = a(Xt_1 - Jl) + et···················································· (1.8.2)

for t = 2,3,4, ...

Hence,

as N
- = -I(1- a ){Xt - Jl- a(xt_1 - Jl)} = 0 (1.8.3).
aJl t=2

This leads to
- ~-

jL = X(2) - ~(I) (1.8.4)
I-a

where X(I) and X(2) are the means of the first and the last (N-I) observations

(see Chatfield (1989: sect. 4.2)).

Also

as
aa = I-(xt - Jl- a(xt_1 - Jl ))(xt_1 - Jl) = 0 .(1.8.5).

Hence, (1.8.5) leads to
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NI (XI - jLXxl-J - jL)
a = 1=2 N ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (1.8.6).

I(xt-J - jLy
1=2

jL = x (1.8.7)

substituting this value in equation (l.8.6) with further approximation on the

denominator we obtain
N-J

~)XI - xXxl+J - x) ( )
a = ,., f,(x, _ x)' = ;(~) = r, = p(I). .(1.8.8).

I=J

This approximate estimation of a is also intuitively appealing SInce rJ IS

an estimate of p(1) and p(1) = a for an AR(1) process. Higher order AR

processes may be fitted by least square method in the same way.

1.8.2: Estimating parameters of a MA process.

This is more difficult than in the case of an AR process because

efficient explicit estimators cannot be found. Instead some form of numerical

iteration must be performed.

Consider a MA(1) process

XI = J1 + e, + f3e1-J (1.8.9).

We would like to write the residual sum of squares Iel

2 solely in terms of

observed XI and parameters J1 and fJ as we did for the AR process so that

we can differentiate with respect to J1 and fJ and hence find the least square

estimates by equating the derivatives to zero.

Unfortunately the residual sum of squares is not a quadratic function of

the parameters and so explicit least squares estimate cannot be found.

We can equate sample and theoretical first order autocorrelation

coefficients by
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'i = 1!jJ2 (1.8.10)

and choose the solution such that IjJl < 1. But this gives rise to inefficient

estimators.

An appropriate suggestion given by Box and Jenkins (1970, chapter 7)

IS to select a suitable starting values for j..J and j3 such that jL = x and jJ
given by the solution of (1.8.10) recursively in the form

el = XI - j..J - /Jel-" define, eo = 0
el = XI - jL

e2 = X2 - jL - /Jel

............................................................................ (1.8.11)

N

Then L el

2 may be calculated. This procedure is then repeated for
1;1

other values of u , j3 and the sum of squares Le,2 computed for a grid of

points in the (j..J,j3) plane. We may then determine by inspection, the least

square estimates of j..J and j3 that minimizes L e;. A similar type of iterative

procedure may be used for higher order processes.

1.8.3: Estimating the parameters of an ARMA model.

Suppose now that a mixed autoregressive/ moving average (ARMA)

model is found to be appropriate for a given time series, then the estimation

problems for an ARMA model are similar to those for MA mode in

that an iterative procedure must be used to estimate the parameters. The

residual sum of squares can be calculated at every point on a suitable grid of

parameter values which gives the minimum sum of squares may the be

assessed. Alternatively some sort of optimization procedure may be used.
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As an example, consider the ARMA(1, 1) process whose ACF decrease

exponentially after lag 1. This model may be recognized as appropriate if the

sample ACF has a similar form. The models given by

XI - Ji = a(XI_I - Ji) + el - ,Bet-l (1.8.12)

Given N observations Xl' X2 , •.. , XN, we guess values for u, a, p, set eo = 0 and

Xo = u , and calculate the residuals recursively by

el = XI - Ji

e2 = X2 - Ji -a(xI - Ji)+,Be1

...................................................... (1.8.13)

N

The residual sum of squares I el

2 may be calculated. Then other values
1;1

of u, a and p may be tried until the mmimum residual sum of squares is

found. Details of this may be found in Box and Jenkin (1970) and Priestley

(1981, chapter 5).

1.8.4: Estimating the parameters of an ARIMA model.

In practice most time series are non-stationary, and the stationary models

are not applicable. We can difference an observed time series until it is

stationary. Once the stationarity is achieved the estimation strategy adapted for

the ARMA process is employed to estimate the parameters.
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CHAPTER TWO

STATE SPACE MODELS AND THE KALMAN FILTER

2.0: Introduction

A general class of models, which has generated a lot of interest, are

the state space models. They were originally developed by control engineers,

particularly for applications in navigation systems such as controlling the

position of a space rocket. However, they have also been found to be useful

in other type of time series problems such as short term forecasting.

This chapter introduces state space models for the time series analysts as

well as describing the Kalman filter, which is an important general method of

handling state space models.

The state of a process is the mimmum set of information from the past

and present necessary to predict the future. Thus the state space representation

is based on the markov property which implies that given the present state,

the future of a system is independent of its past. Consequently, the state space

representation of a system is also called the markovian representation of a

system.

For a linear time-invariant system, its state space representation IS

described by the state equation

x(t + 1) = Fx(t) + GCI+I ...................•..........•........................................••.... (2.0.1)

and output equation

XI = Hx(t). (2.0.2)

where x(t) is a state vector of dimension k, F is a kxk transition matrix, G IS

a kxn input matrix, CI+I is an nx 1 vector of the input, to the system, XI IS

an mxl vector of the output, and H is an mxk output or observation matrix.

If both the Ct+1 and XI are stochastic processes, then the state space

representation is given by
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x(t + 1) = Fx(t) + GU'+I ...................................•••••••.•.••....•••••••...•.•..•••.•••. (2.0.3)
X, = Hx(t)+v, (2.0.4)

where U,+I = C'+I -E(c,+1 Ic"t:::; n) IS the nx1 vector of one- step-ahead forecast

error of the process e, and v, IS an mxs vector of disturbances assume to be

independent of u,. The vector U'+I is also known as the innovation of the

input e, at time (t + 1). When X, = e., v, vanishes from (2.0.4) and the state

space representation of a stationary stochastic process e, becomes

x(t + 1) =(F)X(t)+ Gc,} (2.0.5)
X, = Hx t

Thus, the process X, is the output of the time invariant linear stochastic

system driven by a white noise input e., The x(t) is known as the state of

the process.

The state equation and the output equation are also referred to as the

measurement equation and the observation equation respectively. The state

space representation of a system is relate to the Kalman filter and was

originally developed by control engineers, (See Kalman (1960)).

2.1: state space representation.

Priestley (1988) has given an alternative way of representing the general

ARMA process in the form

based on the so- called 'state- space' (or 'markovian') representation which

provides a compact description of any finite- parameter linear model. The basic

idea rests simply on the well-known result that any finite-order linear

differential or difference equation can be expressed as a vector first-order

equation. For example, if we take the AR(2) model.
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and write in vector form as

[X[~:l=[0 =a2l[x{~;l+[0)el""""""""""""""""""""""" .(2.1.4)XI 1 al xI_I 1

where, x, ~[0 tq
In this case

But,

Hence,

XI(2)= -a2xl(=; -alxl(=1 +el (2.1.5)

AR(3) process can be written as

which can be written in state space form as

l
:i::]=[~ ~ =::1l:ml+[~Jel (2.1.7)
x(,) 0 1 -a X(3) 1
I I I-I

where,

Note, X(3) = X and
I I

xy) = -a3xI(~{ (2.1.8)
X~2)= X~~I- a2xI(~{ (2.1.9)
XI(3) = xI(=; -alxl(~{ +el · ·(2.1.10),

where
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and xl(=1 = Xf~2 - a2xf~1 .. ·.. ······················ .. ···· ·.. ····· .. ······· (2.1.11)
X(I) = -a X(3)

1-2 3 1-3

from (2.1.9) and (2.1.8) respectively, hence (2.1.10) becomes,

B ti th t (3) -X (3) -X (3) -X d (3) -X ti (2 112)Y no Ing a, XI - I' XI_I - I-I' XI_2 - 1-2 an XI_3 - 1-3' equa IOn ..

reduces to (2.1.6).

By the same argument the general AR(P) process.

which can be written in state space form as
X(I) 0 0 0 0 -ap

X(I) 0I I-I

X(2) 1 0 0 0 -ap_
1

X(2) 0I I-I

X(3) 0 1 0 0 -ap_2
X(3) 0

I I-I

= + el·········· .. ······· ..(2.1.14).

000

To recover XI from the vector (X~l) x?) . . • x~p)), we write

X(I)
I

X(2)
I

XI = (0 0 . . . 1 ............................................................ (2.1.15)

The pair (2.1.14) and (2.1.15) IS completely equivalent to (2.1.13) but

whereas (2.1.13) involved p-stage dependence so that XI is non-markovian

(2.1.14) involve only a one-stage dependence so that (X~I) X~2) . . . x~p)) is a

vector markov process.

Exactly the same approach may be use to write the general ARMA

model in the state space form. Thus, assuming that q s: (p -1) in ARMA (p,q)

We first write (2.1.16) as
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where /3j = oj) > q) and it is then easy to verify that (2.1.17) can be written

in state space form as

x(t + 1) = Fx(t) + Ge, .(2.1.18)
x( = Hx(t) (2.1.19 ).

The pxp matrix F is given by

0 0 0 -ap

1 0 0 -ap_1

0 1 0 -ap_2

F=

the px 1 matrix G by

G' = {/3P-I /3P-2 . /31 I} then 1xp matrix H by

H' = (0 0 . . . 1) e( IS px1 matrix and the px1 vector x(t) IS

x'(t) = (XI (t) x2 (t) . X p (t)). (In fact, X p (t) is simply the variable XI In

(2.1. 7) and X p_1 (t), X p-2 (t),....... are defined recursively in terms of x p (t)). In this

formulation x(t) is called the state vector, F is called the system matrix, G

the input matrix and H is the observation matrix.

2.2: The Kalman Filter.

If the state space model IS given by

X( = h(r(}( +Tl, (2.2.1)
()( = GI(}(_I + WI (2.2.2)

where equation (2.2.1) is the observation equation and (2.2.2) is the

transition equation. The 'errors' in the observation and transition

equations are generally assumed to be uncorrelated with each other

at all time periods. We may further assumed that n, is N(O,o-~) while
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WI IS multivariate normal with zero mean vector and known

variance-covariance matrix denoted by LI•

In the state space modeling, the prime objective IS to estimate the signal

In the presence of noise. In other words we want to estimate the state vector

()I. The Kalman Filter provides a general methods of doing this. It consist of

a set of equations which allow as to update the estimate of BI when anew

observation becomes available. This updating procedure has two stages, called

the prediction stage and the update stage.

Suppose we have observed a time series up to time t-1, and that ()I-I IS

the 'best' estimator for BI_I based on information up to this time. By 'best' we

mean that it is the minimum mean square error estimation. Further, suppose

that we have evaluated the variance-covariance matrix of el_1 which we denote

by PI_I. The first stage, called the prediction stage, is concerned with

forecasting BI from time t-1, and we denote the resulting estimation in an

obvious notation by e/ll-l. Considering the updating equation (2.2.2) where WI

IS still unknown at time t-1, the obvious estimator for BI is given by

e/l/_1 = Glel_I •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (2.2.3)

with variance-covariance matrix

PII/_I = GIPI_IG; + LI···················································· (2.2.4)

equation (2.2.3) and (2.2.4) are the prediction equations. Equation (2.2.4)

follows from standard results on variance-covariance matrices for vector

variable Chatfield and Collins (1980).

When the new observation at time t, XI becomes available, the

estimator of BI can be modified to take account of this extra information. The

prediction error is given by

el = XI - hiTe/l/_I •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (2.2.5)

and it can be shown that the updating equations are given by
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Ot = Otlt_1+ ktet·················································· (2.2.6)

and Pt = Ptlt-I -kthtT Ptlt-I .. ···· ····················· · (2.2.7)

where

k, = hT P:~tl~th~ (J~ r·······..·..·..··..········..· (2.2.8)

IS called the Kalman gain matrix, which in the univariate case IS just a

vector. Equation (2.2.4) and (2.2.5) constitute the second stage of the Kalman

Filter and are called the updating equations.

A major practical advantage of the Kalman Filter is that;

1. The calculations are recursive, so that although the current estimates are

based on the whole past History of measurements, there is no need for an

ever-expanding memory. Recursive methods, such as exponential smoothing,

are increasingly becoming popular in many areas of statistics.

2. Kalman Filter converges fairly quickly, but can also follow the movement

of a system where the underlying model is evolving through time.

The Kalman Filter is applied to state space models which are linear in the

parameters. In practice many time series models, such as multiplicative

seasonal models, are non-linear. Then it may be possible to apply a Filter,

called the extended Kalman Filter, by making a locally linear approximation

to the model. Application to data where the noise is not necessarily normally

distributed are also possible Kitagawa (1987) and Nassiuma (1994)

2.3: Recursive estimation of state and likelihood

computation for state space models.

Let a state space model be given by

x((n))= F((n ))X((n -) 1)+(G)(n)v(n )} (2.3.1)
yn=HnXn+wn

where w(n) ~ N(O,R(n)) and v(n) ~ N(O,Q(n)). Given the observations y(1),

y(2),...,y(N) and the initial conditions x(o 10),v(o 10), the one step ahead
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predictor and the Filter are obtained from the Kalman Filter algorithm;

(Kitagawa (1983)).

Time update (prediction)

x(n In-I) = F(n)X(n -11 n -1) }
v(n In-I) = F(n)v(n -11 n -I)F(nY + G(n)Q(n)c(nY (2.3.2)

Observation update (Filtering)

k(n) = v(n In -I)H(n)' [H(n)v(n In -I)H(nY + R(n)t}
X(n In) = X(n In -1)+ k(nXy(n)- H(n)X(n In-I)] (2.3.3)
v(n In) = (1- k(n)H(n))v(n In-I).

Using this estimates, the smoothed value of the state X(n) given the

entire observations, y(1), y(2), ...,y(N), is obtained by the fixed interval

smoothing algorithm Kitagawa (1983).

A(n) = v(n I n)F(nYv(n+I I nt' }
x(n IN) = X(n I n)+ A(n)[X(n + 11N)- X(n + 11n)] (2.3.4)
v(n IN) = v(n I n)+ A(n)v(n + 11N)- v(n + 11n)A(nY

The state space representation and the Kalman Filter yield an efficient

algorithm for the likelihood of a time series model. Since
N

j(y(I),y(2), ,y(N)) = fIj(y(n) I y(I),y(2), ,y(n -1)) (2.3.5)
n=l

with

j(y(n) I y(I),y(2), ...,y(n -1)) =
(2nv(n)tI/2 expj- (y(n)- H(n)X(n In -I)Y 12v(n)} (2.3.6)
v(n) = H(n)v(n In -I)H(nY + R(nt

The log likelihood of the model is obtained by

1 { N N }f! = -"2 Nlog2n + ~logv(n)+ ~(y(n)- H(n)X(n In -I)Y 12v(n) ....(2.3.7)

The maximum likelihood estimate of the parameters are obtained by

maximizing (2.3.7) with respect to those parameters. The Akaike Information

Criterion (AIC) is then defined by

AIC=-2(maximum log likelihood) +
2 (number of parameters) (2.3.8)
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According to the mmimum AI C procedure, the model with the smallest value

of AIC statistics is selected as the best model.

We have an interpretation of the log likelihood obtained by estimating

the initial state vector as a natural estimate of the expected log likelihood of

the predictive distribution Kitagawa (1983).

2.4: State space model for Time Series with non-stationarity

and irregularity.

2.4.1: Model for stationary Time Series.

We first consider an autoregressive (AR) model,
M

Y(n) = Ia(i)Y(n - i)+ v(n). (2.4.1)
;=1

This model has a state space representation of the form (2.3.1) where

the constant matrices F, G and H are defined by

o 0 a(m)
1 0 a(m-l)
o 1 a(m-2)

,G = Gm = (2.4.2)

o 0 a(l)

H = H; = (0 0 .. 1) and the state vector x(n) is defined by

x(n) = [Y(n),Y(n -1), ,Y(n - m + 1)1/ (2.4.3)

F=F(a,m)=

o
o

2.4.2:Model for non stationarity in the mean.

We consider a nonstationary time series In the mean which IS of the

form,

Y(n) = j(n) + z(n) + w(n ). (2.4.4)

where j(n) is a smooth mean value function zui) is an AR process of order

M, wen) is an observational noise. The state space representation for zui) is
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already given m (2.4.2). Thus, by defining an argumented state vector x(n)

and matrices F,G and H by

X(n) J~:~n)j'F = IF~~J
lx2(n) l 0

H = [Hm : Hk]

We obtained a state space representation in actual modeling, the mean

value function may be expressed as the sum of several components. In that

case the state space model becomes more complicated. Models for trend

estimation, seasonal adjustment and trading day adjustment are given in

Kitagawa (1981).

2.5: Missing and Outlying observation in Time Series.

We are going to deal with estimation of consecutively missmg

observation in the next chapter, but, in this section we need to show how

Kalman Filter allows the state space model to be time varying which will

enable us to handle outlying observation in Time senes.

The Kalman Filter given in (2.3.2) and (2.3.3) IS composed of two

steps. If an observation is missed, we have only to skip the observation

update step. For details see Jones (1980).

It is well known that there are two types of outliers in Time senes.

The first type of outliers affects only one observation (additive outliers); the

second type has long influence in its future value (innovation type). The state

space representation (2.3.1) is well suited to treat these outliers. In this model

an additive outlier is included in the observational noise sequence wen), and

the innovation outlier is included in v(n) and thus has a long effect through

the system dynamics. Now our model for outlier is (for scalar case) (2.3.1)

with
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R(n) = {o-Z(n), n = s"sz,""s,
o-Z otherwise'.

Q(n) = {.Z(:~', n = t"tz, -t;
• otherwise

assumed to be outliers. The number of each outliers, m and I, the time of

occurrence, t"tz, ...-t; and S"Sz,.",S" are unknown as well as the augmented

variances o-Z(n) and rZ(n). Our procedure is as follows;

We first estimate the model (2.3.1) by assummg that there are no

outliers. This means that we use constant values for the variances o-Z and .z.

Then the system noise and observational noise sequences are obtained from

the Kalman Filter algorithm. A better model will be obtained by refitting the

model by enlarging the variances using the estimated ratios.

2.6: State Space representation to maximum likelihood fitting

of bilinear models with missing observations.

There are different state space representation of the BL model (See e.g.

Pham-Dinh (1985), Guegan (1987) and Gabr (1991)). For simplicity we restrict

ourselves to the stationary and invertible BL (p,O,p,1) model, namely

p p

x, + La;Xt_; = et + LbjXt_jet_I (2.6.1)
;=1 j=1

The conditions for stationarity and invertibility for the above model are

given in Subba Rao and Gabr (1984) and Liu (1989). Gabr (1981) has used

the following state space representation

X(t) = F(t )X(t -1) + Ce, (2.6.2)
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Y1 = HX(t ). (2.6.3)

The state space formulation of the BL model allows us to compute the

likelihood function of observation when some of these observations are

missing and to estimate the missing values.

Define a(t I t -1) and p(tit-1) as the mean vector and covanance matrix

of X(t) , conditional on the information at time t-1

Subba Rao (1993). Here, a(t I t -1) is viewed as an estimator for X(t) and p(tlt-

1) is regarded as its conditional error covariance, or mean square error (MSE)

matrix. Given X(t -1), the optimal estimator of the state vector at time t-1,

together with its MSE matrix ptt-I), defined by

the optimal estimator of X(t) is given by

a(t It-I) = F(t )X(t -1), (2.6.4)

where the covariance matrix of the estimation error is given by

p(t I t -1) = F(t )p(t -1)FT (t) + U
2CCT

••••••••••••••••••••••••••••••••••••••••••••••••• (2.6.5)

The updating equations, given a new observation Y1, are

X(t) = a(t I t-l)+ p(t I t-1)HT[YI -Ha(t I t -1)]/ SI' (2.6.6)
p(t) = p(t It -1)- p(t I t -1)HT Hp(t I t -1)/ SI' (2.6.7)

where

SI = Pll(t It-I) = Hp(t I t -1)HT
•••••••••••••••••••••••••••••••••••••••••••• (2.6.8).

Note that Pll(tlt-l) is the upper left-hand element of the p(t+llt). The

prediction error is given by
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~ = Y1 - Ha(t I t -1), (2.6.9)

(for details see, e.g. Ljung and Soderstrom (1983) and Harvey (1989)).

Given N observations (Y"Y2'''''YN)' one seeks the MLE of the parameters.

aT = [-a\...-aA ...-bp] in (2.6.1). Let Z(t-1)= {Yt-I'YI-2'''''Y\}, then the

conditional probability density function of Y1, conditional on

Z(t-l) is normal for t = 1,2, ...,N. Therefore, the likelihood function
N

L(Y"Y2""'YN,a,0'2) = ITf(YI I z(t -1))
1=\

can be constructed by the production error decomposition, yielding

N N 2 IN 1 N 2
Log = --log2n---logO' -- IlogSI--2 I~ /SI (2.6.10).

2 2 2 1=\ 20' 1=\

The parameter 0'2 cannot be remove completely from (2.6.10) as In the

linear ARMA models case (see Jones (1980) and Harvey (1989)). The reason

is that initial values of the elements of the variance-covariance matrix pet)

contain different orders of 0'2 which makes it impossible to remove 0'2

completely.

It is very often the case in practice that the values of the Time

Series are recorded at unequally space times, through failure to observe one or

more values of the series. As in linear model (Jones (1980) and Harvey and

Pierse (1984)), the prediction errors associated with non-missing observations

can be obtained simply by skipping the Kalman Filter update equation at the

points where the observations are missing. Thus, when an observation y(t) is

missing, the Kalman recursion skips equations (2.6.4), (2.6.5), (2.6.8) and

(2.6.9) are simply replaced by

X(t)=a(tlt-l)
p(t) = p(t It-I),

respectively.
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We have to replace the missing values X(t) in the expression for F(t+ 1)

by its estimate x(t). Thus, the model now is no longer exactly conditionally

Gaussian but approximately so. Hence, the corresponding term in log

likelihood given by (2.6.10), IS omitted from the likelihood. Thus, the

approximate likelihood function IS of the form (2.6.10) with the summations

covering only those values of t for which the variable is actually observed.

Ones the parameters of the BL model have been estimated, the

approximate MSE estimate of missing observations can be calculated by

smoothing.

The most straightforward of the smoothing algorithms, known as the

fixed-point smoother, can be applied by augmenting the state-space model and

applying the Kalman Filter. Full details can be found in Anderson and Moore

(1979) and Harvey (1989).
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CHAPER THREE

ESTIMATION OF MISSING OBSERVATIONS

3.0: Introduction

In chapter one we have given definitions and necessary fundamental

concepts in time senes analysis. In chapter two we have discussed

procedures for estimation of missing observations using state space

representations.

In this chapter we are gomg to deal with linear and nonlinear time

series models which encompass several standard linear and nonlinear

models for time series as special cases. We will outline two methods for

estimating missing observations as given in Abraham and Thavaneswaran

(1991), based on;

1. prediction and fixed point smoothing algorithms and

2. optimal estimating equation theory.

We have extended the first method to estimate more than two

missing observations. Abraham and Thavaneswaran (1991) gave an estimate of

up to two missing observations.

Recursive estimation of missing observations m an autoregressive

conditionally heteroscedastic (ARCH) model and the estimation of missing

observation in a linear time series model are shown to be special cases.

Construction of optimal estimates of missing observations using estimating

equation theory is discussed and applied to some nonlinear models. These

two methods use state space representations described in chapter two.
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3.1 Nonlinear state space models.

The linear state space system is given by,

(3.1.1)

where, Ot and Ut are p xl vectors, Yt and Vt are qx1 vectors, at and Pt

are pxp matrices, and At and B, are matrices of dimensions pxp and qxq,

respectively {Yt} represents the observed time series, whereas at' At' Pt' B,

are known matrices of nonrandom functions. The vectors {ut}, {vt} are

independent each being a sequence of independent normal random vectors,

having components with zero mean and unit variances. In order to handle

various deviations which may occur in practice several generalization of

(3.1.1) have been suggested.

In this Chapter we consider the model in (3.1.1) with random

coefficients. We allow the coefficients III (3.1.1) to depend on past

observations as follows;

at =a(t,F/), Pt =p(t,F/), At-! =AV-l,F:~I) and Bt_1 =B(t-l,F:~I)'

where F:Y denotes the (J" - field generated by observation y up to time t.

We refer to (3.1.1) under this settings as the generalized model. This

generalized model encompasses some of the non linear time series models

that have been proposed in the literature.

(i) ARCH models: supposed that at = a, At_1 = A and B, == 0 so that,

Ot+1= aOt + PtUt+I,Yt = AOt· · (3.1.2).

This is the ARCH model describe in Engle (1982)

(ii) Dynamic linear state space models: When {at}' {;3t} and {Bt} are

constant matrices and At_1 is a matrix of
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known functions at t-1 (i.e. At_1 IS F;~Imeasurable) the

generalized model (3.1.1) becomes,

Yt = At_IBt + Vt (3.1.3)

Which is the state space model described in Harrison and

stevens (1976).

(iii) Doubly stochastic time senes model (c.f. Tjostheim (1986)):

When at = 1,Pt = 1 Ut+1= ct+1 + Ct_1 and B, = 1 then (3.1.1 )becomes

This corresponds to the doubly stochastic time series model,

Bt+1 = Bt + Ct+1+ Ct-PYt = BJ~,F;~I)+ e{ (3.1.S)

considered in Thavaneswaran and Abraham (1988). When f(t,Ft~I)= Yt-l' this

turns out to be a special case of the Random Coefficient Autoregression

(RCA) model of Nicholls and Quin (1982). Moreover if we take,

B{ =a{_IB{_1 +CpY{ =B{ with B{ = q)+Jrexp(-;ry{2_J (3.1.6).

Then the generalized model (3.1.1) describes the exponential

autoregressive model of Ozaki (1985).

Theorem 3.1.1. This theorem gives prediction and fixed point smoothing

algorithms for the generalized model (3.1.1).

Let,

Then,

Bt+1 = aA + kt[Yt - Yt]'
2:{+1 = PtPtT + (at - kAt_1 )2:{ (a{ - ktAt_1 Y + ktBt_IBt~lk{

where,
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k, = at'itAt~1 (At_l'itAt~1 + Bt-IBt~1 Y and j\ = E(Yt \ F;~l)
MT and M+ denote the transpose and the pseudoinverse respectively of a

matrix M.

Proof: Let Wt = Yt - Yt where from the model (3.1.1).

Yt = At_lOt + Bt_IVt and Ol+l =aI), +j3tUt+1

E(Yt \ F;~I)= At_IE(Ot \ F;~l)+Bt_IE(vt \ F;~I)'
but Vt ~ N( 0,1), so that we get

Yt = At_let

Hence,

Wt =Yt - Yt = At_lOt + Bt_IVt -At_lOt

that IS,

Wt = 4-I(Ot -et)+Bt_Ivt (3.1.7).

E[wt w; \ F;~l]= E[ (4-1 (Ot - et)+ Bt-l VtX4-1(Ot - et)+ s.,Vtr \ F;~I]

= At_IE[(Ot - eJot - eJT \ r: JAt~1 + Bt_IE(vt v; \ r: )Bt~l .

but, E(vt v; \ F;~l)= I

and E[ (Ot - eJOt - eJT \ r:]= 'it'

Thus,

Also,

E(Otw; \ F;~l)= El(Ot - et)w; \ F;~lJ
smce,

E(et w; \ Ft~1 )= 0.

Moreover it follows from the definition of 'it that,
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E[(Ot - at )wtT \ F;~l]= E[ (Ot - at XAH (Ot - at )+ Bt_1Vt r \r:J
= E[ (Ot - at XOt - at r \r: JAt~1 + E[(Ot - Ot~; \ r: ~t~l

but El(Ot - at ~t \ Ft~l J= 0, then

El(Ot - Ot)wt \ F;~l J = Lt~~l·························""······""""···"··"····" (3.1.9).

Using the fact that the 0" -field generated by the observations up to

time t, namely F;Y is the same as the 0" - field generated by WI' F, W , we

have,

01+1 = E{Ot+l \ F;Y )= atE{Ot \ F;Y)
= atE{Ot \ F;~l' wt}

Using the properties of normal random vectors i.e.

E(X \ Y) = E(X)+ cov(XY) (Y - E(Y))
var(Y)

Var(X I Y) ~ Var(X)- cov'i))
Var Y

Hence,

o.; = atet + kt(Yt - sJ·········· ···································· (3.1.10)

where,

k, = atE[Ot w; \ F(~l ]{E[wt w; \ Ft~l JY .
But from (3.1.8) and (3.1.9) k, becomes,

T[ T T]+ ( )k, = atLtAt_1 ~-ILt~-1 + Bt_1Bt_1 3.1.11 .

Moreover,
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= at (Ot - at)+ fJtU/+I - k, lA/-1 (0/ - at)+ Bt_1v/ J

= (0/ - aJa/ - k/A/_1) + fJ/u/_1 - B/_1 vk, .

But,

~/+I = E[(O/+I -at+JOt+1 -a/+J \F;~ll..·····································..······...(3.1.12)

= E[{(O/ -aJat -k/At_J+ fJ/U/+I -Bt_1v/krX(0/ -aJar -k/Ar_J+ fJ/u/+1 -B/_1vrkJ \F;~IJ
smce u/+1 ~ N(O,l) and Vr ~ N(O,l)

then,

~/+I = (at - k/A/_1 )El(o/ - a/ 10/ - 0/)\ F;~llat - ktA,-1 Y + fJ/E(u/+1u:1 \ F;~I)fJ/ +
B/_1k/E(v/ v; \ F;~I)B/~Ik/T

so that,

Hence the proof of theorem (3.1.1).

We now introduce another theorem on fixed-point smoother to obtain

recursrve estimates of m missing observations say, Ym = Iy/ ,Y/ , ... ,y/ ""'Yt ).
\ I 2 J m

The basic idea here is the same as that in the derivation of the recursive

estimate of a parameter 0/. (j = 1,2,..... ,m) ,base on the observations up to time
J

t(t > tJ as a function of the estimate base on t -1(t > tj + 1) and the

observation at time 1. This will also enable us to get an idea of how the

estimate of the parameter (missing value) changes when a new observation

becomes available.

fheorem 3.1.2.

For t > tj' let ~j\/ = E(O/j \ F;Y) be the estimate of O/j base on the

ibservations up to time t, ~t be the covariance matrix ,
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Then,

where

Proof: Given t > tj'

~j\t =E(etj \F/)=E(etj \F;~l>wJ (3.1.15),

where,

Applying the results from the Normal theory we get

~j\t = E(e1j \F;~I)+~Wt (3.1.15).

Equation (3.1.1) gives

Yt = ~_Iet + Bt-1 Vt where v ~ N( 0,1).

But,

so that,

~j\t = ~j\t-l +~(Yt -At_lOt) (3.1.16),

where

~ = E(etj w; \ F;~JE(wtw; \ F;~I)t.
The second factor remains the same as the "innovation" variance as

As in theorem (3.1.1) we have
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Now,

Also
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E[(etj - etj)w; \ F;~l] = E[(etj - etj X~-l(etj - etJ+ Bt-1vJ \ r: J
= [(etj - etj Xetj - etj r \r: JAt-1 + E[(etj - etj~; \ F;~l~t~l
= L.t~-l
Since,E[(etj - etj ~tT I F;~J= o.

which leads to

E(wtw; I F;~l)= ~-II.t~~1 +Bt-lBt~I·"··········································· ..... (3.1.18).

Then,

and

- - T [ T T 1+ ( )k, = L.tAt_1 ~_IL.tAt_l + BtBt_1 J .........•................................................. 3.1.19

I.t+1 = I.t(at -kt~_ly (3.1.20),
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3.2 Application to missing data

There are two different approaches of estimating rmssmg values in

time senes;

1. A Bayesian approach: Which uses Kalman filtering technique.

2. A non-Bayesian approach: where the missing values are treated as

parameters (fixed). In section 3.3 to 3.5 we follow the Kalman type

recursive approach to estimate the missmg values by replacing them with

normal random variables. This type of approach may be viewed as one

which uses a prior for the parameter which replaces the missing value.

3.3: Autoregressive Conditionally Heteroscedastic (ARCH)

type models with one missing observation.

Now we indicate an appropriate way to modify a given non linear

time senes to reflect the fact that the observation at time m IS missmg .

Let {Xc} be a time senes m which X m IS rmssmg and

X~={XI>X2"",Xm_I>Xm+I>""XN}' If we know the first two conditional

moments E[Xc+, \ ~x] and Var[Xc+I \ F/ ] ,then Xt+1 can be written as

X/+I = E[X,+, \ F;x] + X'+I - E[Xt+' \ F;x J (3.3.1).

Suppose that the time series X, satisfies,

(3.3.2).

where a'_1 and f3c-I are ~~I measurable and {uc}is an i.i.d. ~ N(O,l)

sequence. Then X'+I has the ARCH representation.

X'+I = at_IXt + f3t_IUI+I···.· ································· (3.3.3)

The restriction in (3.3.2) IS introduced to apply the recursive

approach. However, the method of Section 3.6. can be applied in the
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more general set up m which the coefficient of X, and u are FX

t+1 t

measurable.

Now we consider the estimation of a missmg observation as a

parameter estimation problem in a particular formulation of the generalized

model (3.1.1).

;::~3:£~::U"l··················· (33
4
)

with Am_1 = O,Bm_1 = I,At = l,t =t m.B, = O,t =t m;

series. Here Vm is a random variable replacing the missing observation.

Such a formulation was also considered in Abraham and Thavaneswaran

(1991).

Using theorem 3.1.1 and 3.1.2 we have equations

Substituting the values of At,At_pBt and Bt_1 gives

k, = aH~t[~t]+
k, = at_I ··· (3.3.5)

for t =t m

and

~/+I = fJ/2_1················································· (3.3.6).

Also for t = m

but Am_1 = 0, hence

km = 0 (3.3.7)
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but krn = 0 to give

where from (3.3.6) LI+J = Pt~I' so that at t = m

Lrn+l = P;_I

Lrn = P;-2'

Substituting for Lrn we have

Lrn+l = P;-1 + a~-lp;-2 (3.3.8).

Also from theorem 3.1.2 we have

But from (3.3.5) k, = at-1 and At_1 = 1

so that,

ft-1 = 0 (3.3.9),

so that

Hence,

frn+l = a~-lp;-2 (3.3.10) .

We also have from (3.1.16)

but in this case tj = m and At = 1 grves,

ern It = ernlt-1 + ~ ~t - Ot} and at t = m+ 1

ernlrn+1 = ernlrn + krn+l ~rn+l - «:) (3.3.11)
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To find Bm1m we have that

Bm1m= E[Bm IF:] = E[(am_2Bm_1 + f3m-2Um) IF:]

Next,

Moreover,

~ ~ T[ T Tl+k, = L.t4-1 At_IL.tAt_l + Bt_1Bt_1 J
~ L.
k, = zs. (3.3.12)L.

t

SInce At_1 = 1,Bt_1 = 0 and at t = m+ 1 (3.3.12) leads to
~ 2

km+1 = L.m+1 = 2 am-l~m-2 2 •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (3.3.13)
L.m+l f3m-l + am-1f3m-2

from (3.3.8) and (3.3.10).

Thus the estimate of the m-th observation based on Xm+1 is

which simplifies to

Moreover, for a nonlinear model of the form

In which the m-th observation Xm IS mISSIng, the estimate of Xm based

on F:+l is given by
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X rpXm_1 [X X]
mlm+1 = 1 ",2X2 m-2 + m+1+ If' m-I

Autoregressive models with deterministic time varying coefficient:

Model of the form

XI - a(t,rp)XI_1 = UI

have been found to be quite useful, as in 3.3.15 it can be shown that the

estimate Xm1m+1 of the missing observation based on F':+I is given by

x = a(m+1,rp)Xm+1 +a(m,rp)Xm_1

mlm+1 1+ a2(m + 1,rp)

Bilinear models:

Consider the model

The estimation of a missing observation, Xm, can be obtained by writing

the model as

where

al_2 = rp and fJl-2 = C + /3XI_2

Hence the estimate of Xm,Xmlm+1 = E[Xm I F':+I] and IS given by

3.4: Two consecutive missing observations.

(a) The estimate of mth observation based on Xm+2•

We consider a slightly modified form of the model (3.3.4) m which

we let
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Here Xm and Xm+1 missmg and at is F;x measurable. The problem IS to

estimate Xm based on the available data

The corresponding state space model may be written as

where Am = Am_I = O,Bm = Bm_1 = 1 and B, = 0,4 = 1 for t"* m,m+l.

Then Y = (XpX2"",Xm_pVm,Xm+2,,,,XN) is the extended observed senes

Here Vm is a normal random variable replacing the missing observation. By

theorem (3.1.1) we need to show that for t "* m,m + l,kt = a.., and

Hence,

This implies that,

k, = at-2 ••••.••.••••••.•.•.••.•.•.••.•.•.•.•.••.•.•.•.•.•.••.•.••.•.•.•.••.•.•.•.•.••.•.•.••.••.••.•.•••.• (3.4.3)

Lt+1 = f3t2_2 · ········· ··· .. ·· ··· .. · ·· .. ············ ··· .. · .. ·· · .. (3 .4.4),

and at t = m,m + I,Am_1 = Am = ° and Bm_1 = Bm = 1we obtain

Next equation (3.4.2) gives

L 1 = f32 2 + a2 2L (3.4.5)m+ m- m- m

Lm+2 = f3;-1 + a;'_ILm+I · ··· ····· .. ··· .. ······· ··· · .. · (3.4.6).

Substituting (3.4.5) in (3.4.6) we get
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Since from (3.4.4) L:HI = /312
_2 then at t = m

)' - /32
"""""'m+l - m-2'

L:m = /3;;,-3 · · · · (3.4.7).

Thus,

Also from theorem 3.1.2 we have from equations (3.1.19) and

(3.1.20)

~ ~ [2 2 1+
k, = L:IAt-l AI_,L:/ -+- /31-1 J '

~!+I = ~/(al __1 -kIAI_,).

Hence we have

~ = ~1[L:t]+ = ~I ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (3.4.9)
I

and
~ ~~ ( )L:

1
+ I = L:/at_1• •••• • •••••••• • ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 3.4.10

since at

A = A = O·B = B = 1:A = 1 B :-= 0 at t -F m m -+- 1 also we getm m-I 'm m-I "I 'I ,

~ ~- ( )k = k 1= 0 3.4.11 .m m+

Next we have

~m+1 = ~m(X'n-; (3 .4.12)

~m+ 2 = ~m-t-Iam-I' ..........................................................•........................ (3 .4.13).

Substituting (3.4.12) in (3.4.13) gives
~ ~
L:m+2 = am_Iam_2L:m = am_Iam_22:m •

But from (3.4.7) L:m =/3;;'-3

so that,

~m+2 = am-Iam-2/3;;'-3 (3 .4.14) .

We have from equation (3.1.16) as
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but At = 1 so that this equation becomes

and at t = m+2 we obtain

But,

Next,

Thus the estimate of mth observation based on X m+2 is

But

Hence (3A.15) becomes,

which simplifies to give
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Which is the required estimate of mth observation based on X m+2.

(b) The estimate of the (m+l)th observation based on Xm+2•

We estimate X m+l observation based on the available data

x~ = (XpX2"",Xm_PXm,Xm+2""'XN),where Xm is the estimate of Xm from the

previous step.

The corresponding state space models becomes,

;,:::;E ~:v:U"l···········(34.18).
In this case we have Am =O,Bm =1; and B, =O,At =1 for t:;em+l.The

normal random variable replacing the missing observation. This estimate IS

now treated as if only one observation is missing in the data.

Using theorems 3.1.1 we have the modified form as,

But from (3.4.19) k, =at-3, hence

L/+\ = f3t~3""""""""""""""""""""""""" •••••••••••••••••••••••••••••••••••••••••••• (3.4.20).

Also from theorem 3.1.2 we have

since,

At = 1,B, = 0; t :;e m + 1 then this becomes
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and

~l+l = 0 (3.4.21)

SInce AI-1 = 1 and k, = al-3 •

Setting t = m+ 1 Am = O,Bm = 1 we obtain

km+l = 0 (3.4.22)

But from (3.4.20) at t = m

hence,

Lm+2 = f3';'-2 + a~-2f3L3 (3 .4.23)

at Am = 0, km+l = ° we have

Also,

~m+2 = am-2f3,;,-3 · · · · · · ·(3.4.24).

But at t?tj' ~jll =~jJt-l +~~I-eJ
SInce Al = l.In this case if we let t j = m + 1 and t = m + 2 we have

where,

which gives
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Next

~ ~
and ()m+1 = am-3()m which combines to give

~ ~
()m = Xm SInce the data has been

observed up to time t = m.

Hence,

but,
~ 2

km+2 = ~m+2 = ? am-2~1II-3 2 ••••••••••••••••••••••••••••••••.••••••••••••••••••••••• (3.4.26),
~m+2 /3;-2 + am-2/3m-3

replacing for km+2 In (3.4.25) we obtain

/32X X am_2 m-3 (x X~ )
m+1Im+2 = am-3 m + 2 2 2 11I+2 - am-2am-3 m •

/3m-2 + am-2/3m-3

Simplifying this gives

3.5: Three consecutive missing observations.

(a) The estimate of mth observation based on Xm+3•

The modified state space model is given by

;:::~E:~:::U,.l·············································· (3.5.1).
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In this case we have three consecutive rmssmg observations

X X and Xm+2 for which we need to estimate X; before we estimatem » m+I'

the remaining two observations respectively. The initial observation set IS

X~ = (XI ,X2 , ... ,Xm_I,X m+3''''X N)' The extended observed senes IS

replacing the missing observation.

Using theorems 3.1.1 and 3.1.2 we have the modified set of

equations

k; = at_3Lt~_1 [A/_ILt + Bt2_1t (3.5.2)

In this case Am_, =Am = Am+' = 0, Bm_, =Bm =B'n+' =l;At =l,Bt =O;t#m,m+l,m+2.

This implies that,

k, = at-3 and Lt+1 = Pt~3 (3.5.4).

Also

Next we have

Lm+1 = P;-3 + a;_3Lm ·.. · .. · · · · · ··(3.5.5)
Lm+2 = P;-2 + a;_2Lm+I · ·· .. · · (3.5.6)
Lm+3 = P;_I + a;,_ILm+2 · · · · · · · (3.5.7)

we combine (3.5.5), (3.5.6) and (3.5.7) to obtain

Then,

Lm+3 = P';'_I + a;_1 (13;-2 + a;'-2f3'~-3 + a;_2a,;'_3Lm)
= P;_I + a;,_IP;_2 + a;,_la;_2f3;_3 + a;,_la;,_P;,_3Lm .. · · · ..(3.5.8)

but from (3.5.3) Lt+1 = Pt~3 so that at t = m we have
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Hence, (3.5.8) becomes

From theorem 3.1.2

so that we get

and ~I+! = 0 since k, = at-3 •~ ~IL:m+! = am_3L:m

~::: : ::~::::: (3.5.10a}

Combining (3.5.10a) we obtain
~ ~
L:m+3 = am-lam-2L:m+l

~m+3 = am-lam-2am-3~m··· ·· .. · · · · · · .. · · (3.5.10b)

b ~ 2ut L:m = L:m = fJm-4

Hence, (3.5.10b) becomes

~m+3 = am-lam-2am-3fJ;-4 · · · · · · · · .. · (3.5.11).

From (3.3.10)

emit = emit-! + ~ ~t - Bt) and at t = m+3, we have

emlm+3 = emlm+2 +km+3(Ym+3 -Bm+3) (3.5.12).

To find emlm+2 we have

emlm+2 = E[Bm I F:+2] = E[(am_4Bm_1 + fJm-4UJ I F:+2]
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Next,

A

= am_lam_2am_lJm
A

= am-am-2am-3am-4()m-I'

Also we let iJm-I = X m-I so that

«: = am_lam_2am_3am_4X m-I .............................................................• (3.5.13)

Hence (3.5.12) becomes

Simplifying this gives

a fJ2 +a2 fJ2 +a2 a2 fJ2 +a a a fJ2 XX m-4 m-I m-I m-2 m-I m-2 m-3 m-I m-I m-2 m-3 m-4 m+3 (3 5 15)
mlm+3= fJ2 + a2 fJ2 + a2 a2 fJ3 + a2 a2 a2 fJ2 ..... .. .

m-I m-I m-2 m-I m-2 m-3 m-I m-2 m-3 m-4

(b) The estimate of (m + l)th observation based on Xn1+3

This is treated as two missing observations as III section 3.4. the

modified state space representations are;

:.::=;£~:::::un

}........................................... .... ..... (35.16)

The initial observation is X~ = (XpX2"",Xm_pXm,Xm+3""'X N) ,we see that

X m+1 and Xm+2 are missing hence, we need to estimate X m+I' Then the
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estimate of X m base on XIIl+3 and v m+l IS a normal random variable replacing

the missing observation.

Using theorem 3.1.1 and 3.1.2 as before we have

~I+l = f31~4·················································· (3.5.17).

Also klll+l = klll+2 = o.
Next we have

~1Il+2= f3;'-2 + a;'-3~m+l

~m+3 = f3;'-2 + a;'-2~m+2·

Hence

j32 2 (j32 2 )~1Il+3= m-2 + am-2 m-3 + am-3~1Il+1

= f3L2 + a;,-2f3L3 + a;,-p;,-3~1Il+1········································· (3.5.18).

From (3.5.17) at t = m ~1Il+1= f3/~-4

hence (3.5.18) becomes

and from theorem 3.1.2 we have

k =~
t ~

I

Also

so that,



56

where ~m+1 = fJ;-4 .

Hence,

~m+3 = am-2am-3fJ;-4·········································· (3.5.20).

Also,

k =~
I ~

I

so that,

k = ~1I1+3
m+3 ~

m+3

where from equations (3.5.19) and (3.5.20) we get

km+3 - 2 2am-22am-3fJ,;-4 2 2 •••••••••••••••••••••••••••••••• (3.5.21).
fJm-2 + am-2fJm-3 + am-2am-3f3m-4

Then

o,jll = o,jl/-I + ~~I - 4_IO/}t > tr···················· ..······························(3.5.22)

but AI = 1 and at tj = m + 1 and t = m + 3

so that,

0"1+llm+3 = 0'1I+llm+2 + '(1+3 ~m+3 - Om.+I)" (3.5.23).

We have

0'1I+llm+2 = E[Om+1 I F/'+2] = E[(am_40m + fJm-4Um+l) I F/'+2]

= am_4E(Om I F/'+2)

but Om = x; since we have made an observation up to time t = m.

Hence,
~ ~
Om+llm+2= am_4Xm .

Next,
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to give

8111+3 = alll_2alll_38111+1 = alll_2am_3am_48111'

8111+3 = am_2alll_3alll_4XIII (3.5.24)

where Xm is the estimate of X; obtained earlier in the same section.

Hence (3.5.23) becomes,

Simplifying this gives

(c) The estimate of (m + 2)th observation based on Xm+3.

This is treated as one missing observation since X m and Xm+1 have

been estimated. Then we have the new set of observations as

X~ = (XI'X2,,,,,Xm_I'Xm,Xm+I'Xm+3,,,,,XN)' the new state space representations

are;

()t+1 = at-s()t + fJt_SUt+1};': ;::"+ s,», (5.5.26).

observed series. Here X m and XIII + 1 are the estimates of Xm and XIII+1 from

the previous steps. Vm+2 is a normal random variable replacing the rmssmg

observation. In this case Am+2 = 0,Bm+2 = 1;4 = 1,Bt = O;t "* m + 2

Again from theorems 3.1.1 and 3.1.2 we have

k, = at-S,Lt+1 = fJt~s · · ·(3.5.27)
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km+2 = 0 '~m+3 = f3~-3 + a~-3~m+2""""""'''''''''''''''''''''''''''''''''''''''''' •... (3.5.28).

Setting t = m in (3.5.28) we obtain

~m+1 = f3~-5

~m+2 = f3L4'

Hence, (3.5.28) now becomes

~m+3 = f3L3 +a'~_3f3~_4 .. • • ·• ·(3.5.29).

Also

so that,

km+3 = ~m+3 ...............................................................................•........ (3.5.30),
~m+3

Thus,

~I1H3 = am-3f3m-4 · · · · • ·(3.5.31)

so that,

km+3 = 2 am-3~1;'-4 2 ••••••••••••••••••••••••• : ••••••••••••••••••••••••••••••••••••••••••• (3.5.32).
f3m-3 + am-3f3m-4

Then,

~jll = ~jll_1 + ~ ~I - ~_IBI}t > tj" (3.5.33)

but AI = 1 at tj = m + 2 and t = m + 3 so that (3.5.33) becomes

~H2Im+3 = B,1l+2Im+2+ km+3 ~m+3 - Bm+3) (3.5.34).

Thus,

Since we have made an observation up to time t = m+ 1 we have
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so that,
A A

em+2Im+2 = am-4Xm+1 •

Next,

that IS,

A A

and em+2 = am-4em+1 combines to give

Hence (3.5.34) gives

Substituting for kni+3 we have

which simplifies to give

We now list these models in order, to obtained the general pattern

of obtaining estimate of missing observation at any stage. Hence we have;

1..

2.
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3. a (/32 + a2
/3

2 + a2 a2
/3

2 + a a a /3
2 XX = 11I-4 III-I III-I 11I-2 III-I 11I-2 11I-3 III-I III-I 11I-2 11I-3 11I-4 11I+3

11I111I+3 /32 2 /32 2 2 /32 2 2 2 /32
III-I + am_1 m-2 + am_Iam_2 11I-3+ am-Iam_2am_3 11I-4

s.

(
2 \v 2

X - alll_(5+I) /3111-SJA 1II+(s-2) + alll_S/3I11_(5+I)X III+S
1II+(s-I~III+S- /32 2 fJ2

III-S + alll_s 11I-(5+1)

The estimate of X 11I+1111I+2are the same as those obtained by Abraham

(1981) and Miller and Ferreiro (1984). The approach in (3.3.2) presented

in section 3.3 can only handle some of the nonlinear models mentioned

earlier. Before we consider a more general approach in section 3.6 we

need to give an example of the model above.

Lets give an example of AR( 1) model with a constant conditional

variance, /3t2 = (j2 and at =¢ (See Abraham and Thavaneswaran (1991)).
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In this case the estimates of the rmssmg observations

X m ,X m+P X m+2'"""' X m+(s-l) for an AR(1) model up to s missing values will be

as follows;

1.

2.

3.

s.
x = ¢(1+¢2 +¢4 + ... +¢2(S-I))Xm_s +¢sXm+s

mlm+s 1+ ¢2 + ¢4 + """+ ¢2s

Hence the general form of these sequence of estimates IS

given by;
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where j = 0,1,2,..., s - 1 and i = 1,2,3,..., s for i > j .

3.6 Optimal estimation of missing observation.

Following Godambe (1985), the optimal estimation of parameters in

adaptive as well as non adaptive nonlinear time series has been discussed

in Thavaneswaran and Abraham (1988). In this section, we briefly describe

the estimation of missing observations considering them as parameters.

Let YPY2, ... ,Yn be the observed time series with Ym(1<m<n) missing

and the parameters B( be those known from the generalized model 3.1.1.

The following theorem gives the extended version of Godambe s

theorem (1985) to the multi-parameter multi-valued stochastic process.

Theorem 3.6.1. The optimal estimating function L is given by;
n

gO = ~ a/o_,h/ (3.6.1)L..J, ,
/=2

where L IS the class of unbiased estimating function g, and

<"' ~E[ ~~ \ F,;-, JE[h,X IF,;-,D' provided the mverse (E[h"h;' IF,;_, D' exists.

We now give an example to demonstrate the use of this theorem.

3.6.1. Heteroscedasticity model with lagged dependent variables.

White (1980) considered a general specification of a regressive

model by allowing the exogenous regressors to be stochastic. The

important case when some of the exogenous variables are lagged values of

the endogenous variables have been treated in Nicholls and Pagan (1983).
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They considered the model,
p

Y, = LOjY,-j + e, (3.6.2)
j=1

where the error sequence {e,} satisfies

Let,

h, = Y, - E(y, I F,=I)=Y, - Or X,_I' and E(h,z I F,~I)=0',2

where Or = (Op02""'Op), X'~I = (Y'-I'Y'-2, ... ,y,-J and Or denotes the transpose

of o. Then the optimal estimating function g~,B is given by

the least-square estimate of 0 is given by

(See Thavaneswaran and Abraham (1991)) and is independent of the

conditional variance 0',2. Moreover, if e, IS assume to be normal then On

become the likelihood estimate (m.l.e) and is more efficient than ~. We

note here that for any series Y, can be written as

If E(y, I F,~I) and Var(y, I F,~I) can be written as functions of finite number

of parameters, then (3.6.2) correspond to a heteroscedastic model.

Example 3.6.1. (ARCH model). Consider the model Y'+I = a,y, + fJ,U'+1

where a, = a(t, F,Y ,01 P, = p(t, F/ ,0) and {u,} are a sequence of i.i.d. random

variables having mean zero and finite variance 0'2. Here it should be
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noted that we are not making any distributional assumption on the errors.

It can be shown that the optimal estimate of Y m satisfies
n

Ia;(Yt+1 -atYt)= 0 (3.6.3)
t=1

where

(See Abrahams and Thavaneswaran (1991))

In special case of an AR(1) model,

we have

so that

Thus,

Hence,

Therefore the estimate of YIIl turns out to be the solution of the

equation

(y m - rpylll-I) - ¢(y m+1 - ¢Y1Il) = 0

which is given by

Ym (op) ~ ¢(y~-~::; ••1)......... (3.6.4)
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This is the same as what we obtained in the Section 3.5.

Example 3.6.2. (ReA model). Let Yt = (¢ + Pt )Yt-l + Ut where {ut} and {Pt}

are zero mean square integrable independent sequence and Var(ut)= O"~ and

Var(fJJ = O"~; Pt is independent of {uJ and {Yt-l}' Then the optimal estimate

of Ym (treated as a parameter) can be given as a solution of the nonlinear

equation.

Let Ut + PtYt-l = Yt - rj;yt-l then h, = Ut + PtYt-l = Yt - rj;yt-l and the optimal

n

estimating function is gO = Ia;_lht where
t=l

a;_,= E[ ~~ I F,Y}(h,hi I wJ'

= E[ ; m (y, - ¢.JI'-l) I F,Y}(u, + p,y,-,)' I wJ'

g: = ~ E[ ; m (y, - ¢.JI,,) I F,Y,JE(U, + P,YH)' I wJ' (y, - ¢.JIH)

g:.y. = .. +E[ ;m (Ym" - ¢.JIm)I F: ][E(Um., + Pm.,Y.)' I F: [' (y m.' - ¢.JIm)+

E[ ;m (ym -¢.JIm-')I F:-.JlE(Um + PmYm-')' I Fd'(ym -¢.JIm-,)+·· .. ··

Hence,

g~'Ym = -¢[O"I; + O"~Y;Jl (Ym+l + rj;yJ+ (0";1 + O"~Y;_1t (Ym - rj;ym-J = 0

so that

[(Ym - rj;ym-J/(O"I; + O"~Y;_I)] - [¢(Ym+l - ¢Ym )/(0"; + O"~Y;)] = 0 (3.6.5).

It can also be seen that the least square estimate of Ym IS the

solution of

(Ym - rj;ym-J- ¢(Ym+l - ¢YJ = 0 (3.6.6)

and is given by
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YA (LS) = ¢(Ym-I + YIII+J/( )
III /(1+ ¢2 .

This is the same as the previously obtained for an AR(l) process.

However, the optimal estimate will not be the same in both cases.

This estimate depend on the conditional variance of the observed

series which in turn depends on the missing value, Ym• Hence we first

find the least square estimate YIII(LS) of Ym and then use it to obtain the

. ht w. 2 2 2weig s I = au + a pY m-I and W2 = a: + a~y;(LS) to calculate the optimal

estimate which simplifies to

YA (op) = ¢(W2Ym-1 + ~YIII+I)
111 ¢2~ +W2

Where in this algorithms we assume that the model parameters ¢,a:

and a~ are known.
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CHAPTER FOUR

AN EMPIRICAL STUDY

4.0: Introduction.

In this chapter we carry out an empirical study to illustrate the

results obtained III chapter three on simulated AR(1) data. Some

values are with held and then estimated as though they were missing.

We compare the simulated AR( 1) data and corresponding

estimated missing values generated using formula (3.5.37) in chapter

three.

Tables 4.2 to 4.7 and Tables 4.9 to 4.14 gives actual data and

estimates of missing values for different values of the parameter rjJ

and initial value Xo'

4.1: Estimation of missing observations on simulated

AR(I) data.

AR( 1) process IS written as Xt = rjJXt-1 + e.. where et is a purely

random process which is normally distributed with mean zero and unit

variance (i.e. et ~ N(O,l)), rjJ is some constant given within the range

!rjJ!< 1 and Xo is the initial observation which we choose to determine

the size of the data.

Hence we have,
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Xl =¢XO +el
X2 =¢Xl +e2

......................................................................... (4.1.1)

We generated AR(1) data usmg a computer programme. The

general formula (3.5.37) in chapter three was then applied to the

simulated AR( 1) data at various sections of the data where missing

observations where artificially created. The Tables 4.2 to 4.7 illustrates

the missing values from a given position and their estimates and

Tables 4.9 to 4.14 ~llustrate the same for different values of ¢ and
\

XO' )

If we set ¢ = 0.86 and Xo = 100, we obtain the following AR(1)

data for the first 20 values.
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Table 4.1: Simulated AR(l) data when ¢ = 0.86 and Xo = 100.

t Xl

1 86.21399
2 73.03785
3 63.71109
4 53.52442
5 47.14499
6 38.94666
7 35.22709
8 31.41615
9 25.95318
10 21.70792
11 17.5829
12 15.35208
13 12.63766
14 11.30084
15 9.111297
16 8.188405
17 6.679135
18 5.224529
19 3.283825
20 2.94902



70

Table 4.2: One missing value at position 5, 10 and 15 with their

estimates.

t Actual AR(I) Data with missing Estimated values
data (XI) values

1 86.21399 86.21399
2 73.03785 73.03785
3 63.71109 63.71109
4 53.52442 53.52442
5' 47.14499 - 45.71461
6 38.94666 38.94666
7 35.22709 35.22709
8 31.41615 31.41615
9 25.95318 25.95318
10 21.70792 - 21.52278
11 17.5829 17.5829
12 15.35208 15.35202
13 12.63766 12.63766
14 11.30084 11.30084
15 9.111297 - 9.634832
16 8.188405 8.188405
17 6.679135 6.679135
18 5.224529 5.224529
19 3.283825 3.283825
20 2.94902 2.94902

5
Maximum percentage deviation

3.03%
Position
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Table 4.3: Two consecutive missing values from position 4 to 5,

11 to 12 and 15 to 16 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (XI) values

1 86.21399 86.21399
2 73.03785 73.03785
3. 63.71109 63.71109
4 53.52442 - 54.28141
5 47.14499 - 46.08884
6 38.94666 38.94666
7 35.22709 35.22709
8 31.41615 31.41615
9 25.95318 25.95318
10 21.70792 21.70792
11 17.5829 - 18.29044
12 15.35208 - 15.25982
13 12.63766 12.63766
14 11.30084 11.30084
15 9.111297 - 9.554145
16 8.188405 - 8.025192
17 6.679135 6.679135
18 5.224529 5.224529
19 3.283825 3.283825
20 2.94902 2.94902

Positions of Calculated X2 Table value
missing values value 2

X005,1

4 - 5 0.20076 3.841
11-12 0.02872
15-16 0.24778
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Table 4.4: Three consecutive missing values from position 5 to 7,

10 to 12 and 15 to 17 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (xJ values

1 86.21399 86.21399
2 73.03785 73.03785
3 63.71109 63.71109
4 53.52442 53.52442
5' 47.14499 - 46.53628
6 38.94666 - 40.60873
7 35.22709 - 35.60669
8 31.41615 31.41615
9 25.95318 25.95318
10 21.70792 - 21.95128
11 17.5829 - 18.44966
12 15.35208 - 15.36853
13 12.63766 12.63766
14 11.30084 11.30084
15 9.111297 - 9.492511
16 8.188405 - 7.900518
17 6.679135 - 6.488584
18 5.224529 5.224529
19 3.283825 3.283825
20 2.94902 2.94902

Positions of Calculated X2 Table value
missing values value 2

XO.05,2

5-7 0.21350 5.991
10-11 0.04547
15-17 0.03151
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Table 4.5: Five consecutive missing values from position 5 to 9

and 15 to 19 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (xJ values

1 86.21399 86.21399
2 73.03785 73.03785
3 63.71109 63.71109
4 53.52442 53.52442
5' 47.14499 - 46.03886
6 38.94666 - 39.60257
7 35.22709 - 34.06884
8 31.41615 - 29.31157
9 25.95318 - 25.22233
10 21.70792 21.70792
11 17.5829 17.5829
12 15.35208 15.35202
13 12.63766 12.63766
14 11.30084 11.30084
15 9.111297 - 9.48101
16 8.188405 - 7.877255
17 6.679135 - 6.453028
18 5.224529 - 5.17587
19 3.283825 - 4.016674
20 2.94902 2.94902

Positions of Calculated X2 Table value
missing values value 2

XO.05,4

5-9 0.21686 9.488
15-19 0.19848
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Table 4.6: Ten consecutive missing values from position 5 to 14

with their estimates.

t Actual AR(I) Data with missing Estimated values
data (xJ values

1 86.21399 86.21399
2 73.03785 73.03785
3 63.71109 63.71109
4· 53.52442 53.52442
5 47.14499 - 45.96669
6 38.94666 - 39.45658
7 35.22709 - 33.84572
8 31.41615 - 29.00622
9 25.95318 - 24.82522
10 21.70792 - 21.21522
11 17.5829 - 18.08614
12 15.35208 - 15.36927
13 12.63766 - 13.00266
14 11.30084 - 10.9324
15 9.111297 9.111297
16 8.188405 8.188405
17 6.679135 6.679135
18 5.224529 5.224529
19 3.283825 3.283825
20 2.94902 2.94902

Positions of Calculated X2 Table value
missing values value 2

XO.05,9

5-14 0.37234 16.92
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Table 4.7: Eighteen consecutive missing values from position 2 to

19 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (XI) values

1 86.21399 86.21399
2 73.03785 - 74.11012
3 63.71109 - 63.69526
4 53.52442 - 54.73207
5' 47.14499 - 47.01625
6 38.94666 - 40.37197
7 35.22709 - 34.6478
8 31.41615 - 29.71327
9 25.95318 - 25.45593
10 21.70792 - 21.77875
11 17.5829 - 18.59792
12 15.35208 - 15.84095
13 12.63766 - 13.44501
14 11.30084 - 11.35549
15 9.111297 - 9.524767
16 8.188405 - 7.91112
17 6.679135 - 6.477774
18 5.224529 - 5.192006
19 3.283825 - 4.024678
20 2.94902 2.94902

Positions of Calculated X2 Table value
missing values value 2

XO.05,17

2-19 0.53467 27.59
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We generate another 20 values of AR(1) usmg different values

of ¢ and Xo as illustrated in Table 4.8 and Tables 4.9 to 4.14 shows

the missing values and their estimates for this simulation.

Table 4.8: Simulated AR(l) data when ¢ = 0.5 and Xo = 1000000.

t XI

1 500000
2 249999.8
3 125001.2
4 62500.23
5 31250.01
6 15622.97
7 7809.437
8 3905.664
9 1953.414
10 977.1117
11 488.8349
12 244.358
13 122.5056
14 61.77014
15 33.05295
16 15.78969
17 7.215367
18 3.808213
19 2.473077
20 1.745028
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Table 4.9: One missing values at position 5, 10 and 15 with their

estimates.

t Actual AR(I) Data with missing Estimated values
data (xJ values

1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
4 62500.23 62500.23
5' 31250.01 - 31249.28
6 15622.97 15622.97
7 7809.437 7809.437
8 3905.664 3905.664
9 1953.414 1953.414
10 977.1117 - 976.8995
11 488.8349 488.8349
12 244.358 244.358
13 122.5056 122.5056
14 61.77014 61.77014
15 33.05295 - 31.02393
16 15.78969 15.78969
17 7.215367 7.215367
18 3.808213 3.808213
19 2.473077 2.473077
20 1.745028 1.745028

6.14%15
Maximum percentage deviationPosition
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Table 4.10: Two consecutive missing values from position 5 to 6,

10 to 11 and 15 to 16 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (xJ values

1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
4 62500.23 62500.23
5' 31250.01 - 31249.53
6 15622.97 - 15623.59
7 7809.437 7809.437
8 3905.664 3905.664
9 1953.414 1953.414
10 977.1117 - 976.7415
11 488.8349 - 488.4398
12 244.358 244.358
13 122.5056 122.5056
14 61.77014 61.77014
15 33.05295 - 30.78871
16 15.78969 - 15.20163
17 7.215367 7.215367
18 3.808213 3.808213
19 2.473077 2.473077
20 1.745028 1.745028

Positions of Calculated X2 Table value
missing values value 2

XO,05,1

5-6 0.00003 3.841
10-11 0.00032
15-16 0.17701



79

Table 4.11: Three consecutive missing values from position 5 to 7

10 to 12 and 15 to 17 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (XI) values

1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
4 62500.23 62500.23
5 31250.01 - 31250.06
6 15622.97 - 15624.92
7 7809.437 - 7812.232
8 3905.664 3905.664
9 1953.414 1953.414
10 977.1117 - 976.7462
11 488.8349 - 488.4517
12 244.358 - 244.3829
13 122.5056 122.5056
14 61.77014 61.77014
15 33.05295 - 30.88013
16 15.78969 - 15.4302
17 7.215367 - 7.695365
18 3.808213 3.808213
19 2.473077 2.473077
20 1.745028 1.745028

Positions of Calculated X2 Table value
missing values value 2

XO.05,2

5-7 0.00124 5.991
10-12 0.00044
15-17 0.18295
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Table 4.12: Five consecutive missing values from position 5 to 9

and 15 to 19 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (XI) values

1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
4. 62500.23 62500.23
5 31250.01 - 31250.13
6 15622.97 - 15625.09
7 7809.437 - 7812.596
8 3905.664 - 3906.4
9 1953.414 - 1953.405
10 977.1117 977.1117
11 488.8349 488.8349
12 244.358 244.358
13 122.5056 122.5056
14 61.77014 61.77014
15 33.05295 - 30.90335
16 15.78969 - 15.48824
17 7.215367 - 7.817251
18 3.808213 - 4.054887
19 2.473077 - 2.319966
20 1.745028 1.745028

Positions of Calculated X2 Table value
missing values value 2

XO.05,4

5-9 0.00170 9.488
15-19 0.21821
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Table 4.13: Ten consecutive missing values from position 5 to 14

with their estimates.

t Actual AR(I) Data with missing Estimated values
data (r.) values

1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
4' 62500.23 62500.23
5 31250.01 - 31250.12
6 15622.97 - 15625.06
7 7809.437 - 7812.539
8 3905.664 - 3906.284
9 1953.414 - 1953.172
10 977.1117 - 976.6453
11 488.8349 - 488.4415
12 244.358 - 244.4584
13 122.5056 - 122.7046
14 61.77014 - 62.30301
15 33.05295 33.05295
16 15.78969 15.78969
17 7.215367 7.215367
18 3.808213 3.808213
19 2.473077 2.473077
20 1.745028 1.745028

Positions of Calculated X2 Table value
missing values value 2

XO.05,9

5-14 0.00714 16.92
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Table 4.14: Eighteen consecutive missing values from position 2 to

19 with their estimates.

t Actual AR(I) Data with missing Estimated values
data (xJ values

1 500000 500000
2 249999.8 - 250000
3 125001.2 - 125000
4 62500.23 - 62500
5 31250.01 - 31250
6 15622.97 - 15625
7 7809.437 - 7812.5
8 3905.664 - 3906.25
9 1953.414 - 1953.125
10 977.1117 - 976.5632
11 488.8349 - 488.2828
12 244.358 - 244.1437
13 122.5056 - 122.0765
14 61.77014 - 61.04752
15 33.05295 - 30.54231
16 15.78969 - 15.30825
17 7.215367 - 7.728314
18 3.808213 - 4.012536
19 2.473077 - 2.303026
20 1.745028 1.745028

Positions of Calculated X2 Table value
missing values value 2

XO.05,17

2-19 0.27716 27.59
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Fig. 1: Time plot for actual and estimated AR(I) data for eighteen

missing observations when ¢ = 0.86 and Xo = 100
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Fig. 2: Time plot for actual and estimated AR(l) data when rjJ = 0.5

and Xo = 1000000

In both Tables: Series 1 is actual AR(1) data.

Series 2 is estimated AR( 1) data.
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4.2: Discussions of Tables

In tables 4.2 and 4.8 the maximum percentage deviation of the

estimated values from the actual values are 3.03% and 6.14%

respectively.

For Tables 4.3 to 4.7 Chi-square goodness of-fit statistics was

calculated to compare the estimated and actual values. Each of the

Chi-square values were not significant for any reasonable level of

significance.

The same procedure was applied on Tables 4.10 through 4.14

and the same performance was registered. Time plot for actual and

estimated data in the case of eighteen missing observations presented

as Fig. 1 and Fig. 2 confirm that the estimated values agree quite well

with the actual values.
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CHAPTER FIVE

CONCLUSION AND ACCOMPLISHMENTS

5.0: Introduction

In this chapter we outline the general achievements of the

project. We also suggest areas for further research which have

emerged during the course of our study.

5.1: Achievements

Most methods developed for estimation of rmssmg

observations in Time Series analysis have been limited to the case of

one or two consecutive missing observations. In this project we have

employed the state space models which can handle irregularly spaced

data. Missing observations in a Time Series can safely be treated as

special case of such data. In particular we have extended the formula

derived in Abraham and Thavaneswaran (1991) to encompass the case

where there are more than two missing observations. In a special case

we apply the formula on AR(I) simulated data and it seems to

perform satisfactorily.

We have given complete proofs to Theorems 2.1 and 2.2 of

Abraham and Thavaneswaran (1991), here restated as Theorems 3.1.1

and 3.1.2.
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A comprehensive and simple exposition of state space representation

for some commonly used Time Series models has been presented.

This will go along way in introducing and popularizing this technique

to undergraduate students of a Time Series analysis course, and other

users of Time Series.

Theory of estimating function following Godambe s (1985)

theorem, is used to obtained optimal estimates of missing observations

in. some a linear and nonlinear Time series models.

5.2: Suggestions

From this project it should however be noted, that the

procedures may not cover all the nonlinear Time Series situations and

the methods should be adapted to meet particular needs. Further

research is required to develop a unified approach that would cover

all conceivable linear and nonlinear models.

Further simulation studies could be conducted to asses the

performance of the general formula derived in chapter three on higher

order AR, MA, ARMA and ARIMA models.

In the optimal estimation method we used algorithms in which

it IS assumed that the model parameters rjJ, (J: and (J~ are known.

Such an assumption about the model parameters is not uncommon III

the context of estimation of missing observations. However, III

practice, model parameters may be estimated using part of the data

(see Abraham (1981)). Such an approach for optimal estimation of

missing observations III a nonlinear models remains to be an area for

further research.
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5.3: Conclusion

The occurrence of rmssmg observations is quite common m

Time Series and the general model 3.1.1 may be used to characterized

such situations. This project offers two alternative techniques for

estimating missing observations. The methodology in chapter three

section 3.3 to 3.5 can be applied for a restricted class of models

whenever the normality assumption is made on the errors.

The optimal estimation method in chapter three section 3.6 is

more general and is useful when a practitioner has doubts about

specifying a particular distribution for the errors. It should be noted

however, that the procedures may not cover all the nonlinear Time

Series situations and that other methods should be developed to meet

particular needs as they arise.
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