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ABSTRACT

In this project we have considered a non-linear time series
model which encompasses several standard non-linear models for time
series as special cases. It also offers two methods for estimating
missing observations, one using prediction and fixed point smoothing
algorithm and the other using optimal estimating equation theory.

Recursive estimation of missing observations in an Autoregressive
Conditionally Heteroscedastic (ARCH) model and the estimation of
missing observations in a linear time series model are shown to be
special cases.

For the case of prediction and fixed point smoothing algorithm,
we have generalised the formula developed by Abraham and
Thavaneswaran (1991) for estimating missing observations to a case
when there are more than two missing observations. Simulation studies
have been carried out on AR(1) data to illustrate the application of

the formula.
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OVERVIEW
One of the unfortunate facts facing data analysts is missing data. Data
that are known to have been observed erroneously can fairly safely be
categorized as missing. Erroneous data can also wreak havoc with the
estimation and forecasting of time series models.
In the past, estimation of missing observations has been
considered among others by Ansley & Kohn (1983), Jones (1985),
Abraham & Thavaneswaran (1991), Penza & Shea (1997) and Nassiuma
(1999). In particular, Palma & Chan (1997) and Chan & Palma (1998)
develop state space method for dealing with missing observations in the
Long — memory context. More recently Palma & Del Pino (1999) have
given statistical analysis of incomplete Long-range dependent data and the
application of these procedures to the analysis of the annual minimum water
levels of Nile River.
This project addresses both theoretical and methodological issues
related to the estimation of missing observations. Estimates are calculated
by means of state space models and Kaman filter. These techniques are

illustrated with statistical analysis of simulated data.



XV

In this project we have extended the formula derived in Abraham &
Thavaneswaran (1991) to estimate two or more missing observations. The
formula is then applied on simulated data on AR (1) model.

Chapter one introduces the fundamental concepts and definitions
required in understanding the rest of the work in this project. Chapter two
discusses state space representation and Kalman filter of some Time Series
models. Estimation of missing observations by means of state space models
and Kalman filter are indicated.

In chapter three we have extended the methods of Abraham &
Thavaneswaran (1991) to estimate more than two consecutive missing
observations. Optimal estimation method is also considered. In chapter four
we carry out an empirical study based on results of chapter three. Here we
estimate the missing observations artificially created on an AR (1) simulated

data.



CHAPTER ONE

FUNDAMENTAL CONCEPTS AND DEFINITIONS IN
TIME SERIES ANALYSIS

1.0: Introduction
A Time Series is a collection of observations made sequentially in time.
Examples occur in a variety of fields, ranging from economics to engineering.
Methods of analyzing time series constitute an important area of statistics .
The theory and practice is very different from other branches of
statistics in that;

(1) In a time series the observations are dependent (or correlated) with
time and the order of the observation is therefore important. Hence,
classical statistical procedures and techniques that rely on
independence assumptions are no longer applicable.

(i) Asymptotic theory generally tends to be meaningful in practice. This is
not the case with time series. In fact the temporal or spatial
dependence in time series is what is of interest and importance
Anderson (1982).

There are several objectives of analyzing a time series, which include;

description, explanation, prediction and control.

1.1: Stationary time series

A time series is said to be stationary if there is no systematic change in
mean (i.e. no trend), if there is no systematic change in variance, and if
strictly periodic variations have been removed.

We now give a mathematical definition of a stationary time series;
Definition I: A time series is said to be stationary in the strict sense or

strong sense iff;



F(x,1 3%y, eees Xy, ): F(x,l+h,x,2+h,...,x,k+h) ................................................. (1.1.1)
for all (4.t,,...z,) and h. That is the probability structure of the process
should not evolve with time, that is shifting the time origin by an amount A
has no effect on the joint distributions, which must therefore depend only on
the time intervals 1,t,,..., .
Definition II: A process is said to be stationary in the weak sense (second

order stationary) if its mean is a constant independent of time but depends
only on the lag h between the variables. The mean and autocovariance
functions must be finite.

B(X,) = Leverereemeieeriissesees s sesss s sssssss s (1.1.2)

ANd Cov(X,X,,,) = O(F)rrerrirrerreneiiseseessissssssnssessssssssssssssssssssessssssssnend (1.1.3).

Since the mean of a stationary process is a constant, we can
conveniently take it to be zero. Hence, in the case o(h)=E(X,X,,) we note
that o(n) is influence by unit of measurement but to compare properties of
different time series. We need a function that does not depend on unit of
measurement and such a function is the theoretical autocorrelation function
(ACF) given by

_G(h) COV(X:Xz+h)
(h)_a(o)_ £ T (1.1.4)

1.2: The Autocovariance (ACVF) and Autocorrelation
(ACF) Function.

For a stationary process X, we have the mean E(X,)=x and variance
Var(X,)=E(X, - u) =c® which are constants and the covariance Cov(X,X,) which
are functions only of the time difference |r-s|. Hence in this case, we write
the covariance between X, and X,, as

a(h)= Cov(X,, X,,,) = E(X, = 1 X ,\) = 1)erererererrererrammnriessenrinnsennd (1.2.1)

and the autocorrelation between X, and X,,, as



p(h) 2= Cov(Xl’Xt+h) _ O‘(h)

= R RN 1.2.2
Var(X Jar(x,) ~ o(0) 122),

where we note that Var(X,)=Var(X,,)=0(0)2=0. As functions of h, o(h) is

called the Autocovariance Function (ACVF) and p(k) is called the
Autocorrelation Function (ACF) in time series analysis, since they represent

the covariance and correlation between X, and X,, from the same process,

separated only by 4 time lags.

It is easy to see that, for a stationary process that the autocovariance

function o(#) and the autocorrelation function p(k) have the following

properties Wei (1990);
L. o(0)=Var(x)
2. |o(r)<0(0)... [p(r) <1 (1.2.3)

3. o(h)=0c(-h) and p(h)= p(-h) for all A

ie. o(h) and p(h) are even functions and hence symmetric about the time
origin 2= 0. This follows from the fact that the time difference between X,
and X,, and X, and X,_, are the same. Therefore the ACF is often plotted

only for the non-negative lags such a plot of p(k) against 4 is sometimes

called a correlogram.

Another important property of the o(#) and p(k) is that they are

positive semi-definite in the sense that

n n
22.aa,0

i=1 j=1

B 50 ons s nts b A R A3 (1.2.4)

and anzn:aiajp‘ti —tj| 2 01eueeeen st (1.2.5)

i=l j=1
for any set of time points 1,f,,.,7, and any real numbers «,a,,...a,. A
necessary condition for a function to be the ACVF or ACF function of a

process is that, it be positive semi-definite.

In addition to ACF between X, and X,, we may want to investigate

1

the correlation between X, and X,,, after their mutual linear dependency on

!



the intervening variables X,.,X,,,...X,,, has been removed. This is the

following conditional correlation

(60122060, GHD. G0, RN, G VOO (1.2.6)

- referred to as Partial Autocorrelation Function (PACF) in time series analysis.
PACF can be derived by considering the regression model, where the

dependent variable X,,, from a zero mean stationary process is regressed on #
lagged variables X,,, ,X,., ,...X, 1.

A RN, GNP S D, G S (1.2.7),
where ¢, denote the ith regression parameter and e,, is a normal error term
uncorrelated with X, .j>1. Multiplying X, , on both sides of the above

regression equation and taking the expectation, we get

R T A . (1.2.8)
and hence
AT N N S TS (12.9)

for j=1,2,...,h we have the following system of equations

P' P1 = oo + Py oot PPy
| Py = Gy + BaPy oot B0 a

S (1.2.10).

Pn = BPis + PraPrs + oot Do
Using cramers rule successively for 2 =12,...,

we have



= p
.1 P
P P
¢22: 1‘ :
' P
Pl
1 P P Pr2 P
p 1 p Pus P
o=t Doz Pus AP (1.2.11)
P Py P Pua
P 1 Pi * Prz Proa
Pra Pra Purz P 1

For alternative definition see Wei (1990: sect.2.3)

The practical autocorrelation between X, and X,, can be obtained as

1

the regression coefficient associated with X,, when regressing X,, on its 4
Iagged' variables X,,, ,X,,,,.--X, as in (1.2.7). Because ¢, has become a
standard notation for the partial autocorrelation between X, and X,,, in time
series literature. As a function of /4 , ¢, is equally referred to as the partial

autocorrelation function (PACF).

1.3: Sample Autocorrelation Function (SACF).

For a given observed time series X,,X,,..,X, the sample ACF is defined

as

S, -3~ %)

) X -XX, ~X

p, = ‘f(h) = h N X (1.3.1),
O-(O) Z(XI - "\7)2

1=1




n

e X : :
where X =) —*, the sample mean of the series. A plot of p, versus 4 is

sometimes called a sample correlogram. For a stationary Gaussian process,

Bartlett (1946) has shown that for #> 0, and A+j > 0

- 1 & PiPisj T PisnPizn _2phpipi~—h— i

Covlp,pye,) =S| ik R (1.3.2).
1A 204, PiPin + 2P1Phn P

For large n,p, is approximately normally distributed with mean p, and

variance

1 0
Var(p,, z~2(p, % 0. P = A0 PP ~|—2php,) ........................... (1.3.3)

3

for a process in which p,=0 for h>m Bartlett's approximation of (1.3.3)
becomes
Var(/}h)zl(uzpf+2p§+...+zp;) ................................................ (1.3.4)
n

In practice, p,(i=12,.,m) are unknown and are replaced by their sample

estimates p, and we have the following large-lag standard error of p,,

| » "
S, :\/—];(1+2p12+...+2p3,) ................................................................ (13.5)
To test a white noise process we use

L (1.3.6).

Ph n

Note that ,
n—h L _
> (x,-X)x,,, - X)
o 1=1
Z (Xt - X)Z

t=1

P =
i(Xt _y)(Xt—h —~)?)
= 1=kl 5 B cvensmosmrapeeasmnseemsasonsssessasmasossass iR (1.3.7)

Z(X,_y) i

We see that, the sample ACF is also symmetric about the origin /#=0.




1.4: Sample Partial Autocorrelation Function (SPACF).

The sample (PACF) 4, is obtained by substituting p, by p, in
equation (1.3.2). Instead of calculating the complicated determinants for large
h in (1.3.2) a recursive method starting with ¢,=p, for computing 4, has
been given by Durbin (1960) as follows;

. h

1 P _Z
¢h+1,h+l = j;l
2.
Jj=1

1= : ¢hjlbj

¢hjﬁh+l~j

......................................................................... (1.4.1)

A 6., =Gy — BriniBrniicssd = L2iesPocccrrnnecscereenmmenessmsassssssisesses (14.2)

The method hold also for calculating the theoretical PACF ¢, . Under
the hypothesis that the underlying process is a white noise sequence the

variance of 4, can be approximated by

Var(p,, )~ % ............................................................................................. (1.4.3)

Hence , +%\/— can be used as a critical limits on ¢, to test the
n

hypothesis of a white noise process.

1.5: Some useful stochastic processes.
This section describe several different types of stochastic processes (see
Chatfield (1989)) which are sometimes useful in setting up a model for a time

series.

(i) A purely random process (White noise)

A discrete-time process is called a purely random process if it consists
of a sequence of random variable {X,} which are mutually independent and
identically distributed. From the definition it follows that the process has a

constant mean and variance and that



O'(h)— COV(Xz’XHh)
o h=+142,.........

As the mean and ACVF do not depend on time, the process is second-

order stationary. The ACF is given by

- h=0
2 6 Bl

A purely random process is sometimes called a white noise, particularly
by engineers. Process of this type are useful in many situations as building

blocks for more complicated process such as MA process.

(ii) Random Walk

Suppose that (¢,) is a discrete purely random process with mean x and
variance o’. A process {X,} is said to be a random walk if

X, = X €, Xy = 0nreee et (1.5.1)

The process is customarily started atzero when t=0 so that

X, =X,+¢ =¢
X,=X +te,=¢+e,

X, =X,  +e =g +e+..+e

X = 24 ................................................................................... (1.5.2)
i=1

E(X,)=tu and Var(X,)=tc*, hence as the mean and variance changes with

time t, the process is non-stationary.

However, it is interesting to note that the first difference of a random

walk, given by

AX,=X,-X, =e for a purely random process, which is therefore

stationary.



(iii) Moving Average process

Suppose that {e,} is a white noise with mean zero and variance o”.
Then the process {X,} is said to be a moving average process of order q
(MA(q)) if

X = B, + PiE, Pt BB, gemssomprssnsssssessmssissmaspessi (1.5.3)

which is written as

q
X,=> Be_, where {8, are constants therefore E(X,)=0
j=0

Var(X,) = azf B aamas s bann (1.5.4)

j=0
since, the e's are independent.

We have

Jj=0 k=0
9 49
it ZzﬂjﬂkE[ez—jet—(k—h)]
Jj=0k=0

when j = k-h i.e. k=j+h then

2 j=k—h
> Ele e, )= {0 """"" ’

0, . Jjzk-nh
so that
q-h
Gzzﬂjﬁﬁh’ ............. 0<h<gqg
Jj=0
oh)=40, . h>gq
o-h) . h<0
1 {(72, A ::t
since Covle,.e,)=1 =
0, .. s#1

As o(h) does not depend on t, the mean is constant, the process is

second order stationary for all values of the {g}. Furthermore, if the e's are
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normally distributed, then so are the X's and we have a strictly stationary
normal process.

The ACF of the MA(q) process is given by

Lo h=0
g-1
Zﬂjﬂj#{
)= S, B=12 0! (1.5.6).
2.5
j=1
plh).. h<0

Note that the ACF ‘cuts off’ at lag q, which is a special feature of MA

process.

(iv) Autoregressive Processes

Let {¢} be a purely random process with mean zero and variance o?.

Then a process {X,} is said to be an autoregressive process of order p

(AR(p)) if
DAL, GRE2. G20, G (1.5.7)

(a) First order process AR(1)

XFaX,  +e,

a| <1, successively replacing the X,'s we obtain

X =e+oX,_
2
=e, +a(aX,_2 +e,_1)= e, e, ;e X, 5

3
=e +oe,_ +ae,_,+a’X,,

2 K s+1 )
=e, +0e_  +ae )ttt  FA T X ()] (1.5.8).

Hence, we have

‘ 2
E[X, ~>ale, j) Rt 10 G INY N (1.5.9).
=0

Note that, E(X,)=aE(X, )+E(,), but Ee,)=0

© B(X,)-aE(X,_,)=0.
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Assuming the process is stationary E(X,)=E(X,,) then, (1-a)E(X,)=0.

But o #1, hence, E(X,)=0.

Therefore,

) 2
El X, *Zafe,_,} :“2s+2Var(Xz—(‘v+1))
j=0

since, X, is stationary Var(X,) is a constant and because |¢/<1 RHS of

(1.5.10) tends to zero as s—. This implies that when |o| <1, X, converges

in probability to iafe,_j.
=0

Hence ,
X = iaje,_ T ————————————— (1.5.11)
=0
From this E(X,)=0 and Var(X,):ia”Var(e,wj):azia“.
=0 j=0
O_2
Hence, Var(X,):1 = (0] (1.5.12).
=i
Also,
o(h)=E(X,.X,,,)
= E[ia"e,_jiake,wﬁk)
j=0 k=0
e O_ZahiaZ/
j=0
which gives
2 .h
) SO (1.5.13).
l-a
Therefore the ACF is given by dividing (1.5.13) by (1.5.12) which gives
PUB) = O i (1.5.14).

(b) The general order AR(p) process
The pth order AR(p) process is written as
D AN, GRE-2, G- 70 Gy RS (1.5.15).
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Using backward shift operator equation (1.5.15) gives
(R SN LS L0 ) G S (1.5.16).

Hence ,

o(h) = alo'(h—l)+a20(h—2)+...+ap0(h—p), T | SO—— (1.5.17)

for ACF.

p(h)=a,p(h—1)+c,p(h=2)+..+a,p(h—p), 7> 0. (1.5.18).
From (1.5.18) we see that the ACF p(h) is determine by the difference
equation

0,(B)=(1-aB-a,B* -...—a,B")p(h)=0 or using the Yule-Walker equation
which gives the general form of obtaining p(#) as

PURY= Hgo] - A58 % ik A siscisisosivinmmmsrerssssssiessisssbisssissss s (1.5.19)

where 7,,7,,..7, are the roots of the auxiliary equation. The constants

4,,4,,...4, can be solved using the initial conditions.

1.6: Autoregressive moving average ARMA process.
A stationary and invertible processes can be represented either ina MA
form or in an AR form. However, a problem with either representation is

that it may contain too many parameters.

Mixed AR and MA process leads to the following useful ARMA

process.

BABYX, =@ (Bl smsvmssmmmmsmssmmssimsesmsossissssssssssiimsmasmsssassotoscs (1.6.1)
where
6,(B)=1-a,B-a,B*..—a,B"
and ¢ (B)=1-BB-p,B -..- B,B".
For this process to be invertible, we require that the roots of ¢, (B)=0

lie outside the unit circle. To be stationary we require that the roots of



13

6,(B)=0 lie outside the unit circle. Also, we assume that ¢, (B)=0 and
¢,(B)=0 share no common roots. We have in general

T(B)X, = € ueerrevesereessssnssesssesssesssssssssss s ssss s ssmsnsssns! (1.6.2)

where

This process can also be written as a purely moving average
representations.

bR 13 B P S S (1.6.3)

where ,

o

To derive the ACF of ARMA(p,q) we write (1.6.3) as

X=X +a,X ,+.+a,X,_, +e, —Pe - P ,—..— B .. .64)

=fl+wBrw,B ..

multiplying this by X,, on both sides of equation (1.6.4) and taking
expectation we obtain

a(h)=ao(h-1)+a,o(h—2)+..+ apa(h —-p)+E(X_.e,)-

ﬁlE(Xt—het—l ) T e quE(Xz—het—q)

and hence, the ACF is

ph)=ap(h-1)+a,ph-2)+...+a,plh=p)__ h>(g+1)e........ (1.6.6).

Equation (1.6.6) satisfy the pth order homogeneous difference equation,
as in the AR(p) process. Therefore the ACF of an ARMA(p,q) model tails off
after lag q just like AR(p) process. However, the first q AR,
p(q), plg =1)...., p(1) depends on both AR and MA parameters in the model and
serve as initial values for the pattern. This distinction is useful in model

identification.
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1.7: Integrated ARIMA models.

In practice most time series are non-stationary and in order to fit a
stationary model it is necessary to remove non-stationarity source of variation.
If the observed series is non stationary in the mean (trend) then we can
difference the series to make it stationary. The ARMA(p,q) model is given by
equation (1.6.4), hence X, in the equation (1.6.4) is replaced by A‘X, =w,
then we have a model capable of describing a certain type of non-stationary
series. Such a model is called an integrated ARIMA model Chatfield (1989).
We write

W, = A X, = (1= BY X ervoeeeveesrsenssssssssissssisssessssssssissssssssesesssssssssnend (1.7.1)

Hence, the general autoregressive moving average process (ARIMA) is

of the form
W, = oW, 0 W_y et AW, +e, = e — By, —..— B, (1.7.2)
Hence ,
BB 2 BB onrrnerssmerems mrrmmrainsicss i i S A A P SRR (1.7.3)
G B L T . (1.7.4).

Thus we have an ARMA(p,q) model for w,. The model (1.7.4) describe
the drh difference of X,is called an ARIMA process of order (p,d,q) i.e.
ARIMA(p.,d,q). the model for X, is clearly non-stationary as the AR operator

#(BY1-B)" has d roots on the unit circle.

Example 1.7 A random walk is given by

X =X_ +e
Xz —Xt—l =ée
(1-B)X, =e,.

Hence, w, =¢, this is an ARIMA(0,1,0) process.
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1.8: Estimation of parameters.
We need to estimate the parameters of the models we have mention in
the previous sections.
1.8.1: Estimating the parameters of an AR process
Consider an AR process of order, p with mean u given by
X, -p=0 (X~ )+ (X, — )+t @, (X, — 1)+ € (1.8.1)

Given N observations x,,x,,..,xy, the parameters u.a.a,,..a, may be

estimated by the least square method by minimizing

S = i[x, _/u_al(xt—l _:u)_“'_ap(xr—p _’u)]z

P
with respect to u,a,,a,,...a,. If the e, process is normal, then the least square
estimates are in addition the maximum likelihood estimates conditional on the
first p values in the series being fixed.

Consider the AR(1) process given by

X, = 18 = O X = )4 €purrereeereeuseiriesesiseeseseesssssesessssssessssaasasesaseens (1.8.2)

for t=2,34,...

Hence,

S=Y[x-pu-alx_ - uf

This leads to

ﬁ:@ ...................................................................................... (1.8.4)
-«

where X, and x, are the means of the first and the last (N-1) observations

(see Chatfield (1989: sect. 4.2)).
Also

% = Z— (x, — —a(x,_] = /1))(x,_1 = ,u) 3 | [ — (] .8.5).

Hence, (1.8.5) leads to
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N
Z(xt - :[l)(xl—l e /[l)
1=2

N

Z(xt—l - 1&)2

1=2

Let )?(1) ~ E(Z) =X 5 we haVC

....................................................................... (1.8.6).

a=

LT T U S By T N (1.8.7)
substituting this value in equation (1.8.6) with further approximation on the
denominator we obtain

x)(xH-l

4= 'ﬂ =Oﬂ)=q=p® ............................................ (1.8.8).

S o0

N- 1

This approximate estimation of « is also intuitively appealing since 7, is
an estimate of p(1) and p(l)=a for an AR(1) process. Higher order AR

processes may be fitted by least square method in the same way.

1.8.2: Estimating parameters of a MA process.

This is more difficult than in the case of an AR process because
efficient explicit estimators cannot be found. Instead some form of numerical
iteration must be performed.

Consider a MA(1) process

X, = LA € 4 o, oo (1.8.9).

We would like to write the residual sum of squares ) e’ solely in terms of

observed X, and parameters x and g as we did for the AR process so that

1

we can differentiate with respect to x4 and B and hence find the least square
estimates by equating the derivatives to zero.

Unfortunately the residual sum of squares is not a quadratic function of
the parameters and so explicit least squares estimate cannot be found.

We can equate sample and theoretical first order autocorrelation

coefficients by
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P = B ettt (1.8.10)

and choose the solution such that ‘[3‘<1. But this gives rise to inefficient

estimators.

An appropriate suggestion given by Box and Jenkins (1970, chapter 7)

A

is to select a suitable starting values for x and B such that g=x and g

given by the solution of (1.8.10) recursively in the form

e = Xl _:u_ﬁet—l’ 44444 deﬁne’ 4444444 € = 0
e =X —[
e,=X,—ji— e

............................................................................ (1.8.11)

ey =Xy —— Peyy

N
Then e} may be calculated. This procedure is then repeated for

1=1

other values of u, g and the sum of squares ) e’ computed for a grid of
points in the (u,p) plane. We may then determine by inspection, the least
square estimates of x and g that minimizes ) e’. A similar type of iterative

procedure may be used for higher order processes.

1.8.3: Estimating the parameters of an ARMA model.

Suppose now that a mixed autoregressive/ moving average (ARMA)
model is found to be appropriate for a given time series, then the estimation
problems for an ARMA model are similar to those for MA mode in
that an iterative procedure must be used to estimate the parameters. The
residual sum of squares can be calculated at every point on a suitable grid of
parameter values which gives the minimum sum of squares may the be

assessed. Alternatively some sort of optimization procedure may be used.
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As an example, consider the ARMA(1,1) process whose ACF decrease
exponentially after lag 1. This model may be recognized as appropriate if the
sample ACF has a similar form. The models given by

X, = = (X, = 1) €, = o,_jeressiosserisssssmmsssesmssmmnsssnssmsssasssssssssssans (1.8.12)

Given N observations x,,x,,..,x,, we guess values for u,a,pB,set e¢,=0 and

x, =4, and calculate the residuals recursively by
€ =X —H
€ =X —:u_a(xl —y)+ﬂe|
...................................................... (1.8.13)

ey =Xy —H _a(xN—l _/u)+ﬂezv—1

N
The residual sum of squares » e’ may be calculated. Then other values

=1
of gy, and g may be tried until the minimum residual sum of squares is
found. Details of this may be found in Box and Jenkin (1970) and Priestley
(1981, chapter 5).

1.8.4: [Estimating the parameters of an ARIMA model.

In practice most time series are non-stationary, and the stationary models
are not applicable. We can difference an observed time series until it is
stationary. Once the stationarity is achieved the estimation strategy adapted for

the ARMA process is employed to estimate the parameters.
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CHAPTER TWO

STATE SPACE MODELS AND THE KALMAN FILTER

2.0: Introduction

A general class of models, which has generated a lot of interest, are
the state space models. They were originally developed by control engineers,
particularly for applications in navigation systems such as controlling the
position of a space rocket. However, they have also been found to be useful
in other type of time series problems such as short term forecasting.

This chapter introduces state space models for the time series analysts as
well as describing the Kalman filter, which is an important general method of
handling state space models.

The state of a process is the minimum set of information from the past
and present necessary to predict the future. Thus the state space representation
is based on the markov property which implies that given the present state,
the future of a system is independent of its past. Consequently, the state space
representation of a system is also called the markovian representation of a
system.

For a linear time-invariant system, its state space representation is
described by the state equation

X(241) = FX() 4 e,y sssissssssss s s sssssssnsenad (2.0.1)

and output equation

X, = HX(£)oorvvoereeeieesicse e (2.0.2)
where x(¢) is a state vector of dimension k, F is a kxk transition matrix, G is
a kxn input matrix, ¢, is an nxl vector of the input, to the system, X, 1is
an mx1 vector of the output, and H is an mxk output or observation matrix.

If both the ¢, and X, are stochastic processes, then the state space

1

representation is given by
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A 1) IS E GU, ffuonroeernamnensussssssisossssensassinsinisivinsssssisisasissosssssssnsons (2.0.3)
X, = HX(£)H# Vyerrrerecenrrensremssssesssesssssesssssssssssssssssssssssssssssssssssssssassssnned (2.0.4)

where u,,, =¢,,-Ele,., | 6.t <n) is the nx1 vector of one- step-ahead forecast
error of the process ¢ and v, is an mxs vector of disturbances assume to be
independent of u,. The vector u,, is also known as the innovation of the
input & at time (r+1). When X, =¢, v, vanishes from (2.0.4) and the state

space representation of a stationary stochastic process ¢ becomes

x(t+1) = Fx(t)+ Ge,
X = Hill) } ............................................................................. (2.0.5)

Thus, the process X, is the output of the time invariant linear stochastic

1

system driven by a white noise input ¢,. The x(r) is known as the state of

the process.

The state equation and the output equation are also referred to as the
measurement equation and the observation equation respectively. The state
space representation of a system is relate to the Kalman filter and was

originally developed by control engineers, (See Kalman (1960)).

2.1: state space representation.

Priestley (1988) has given an alternative way of representing the general
ARMA process in the form

XoAa X+t o, X, =€+ L+t Bl i (2.1.1)

based on the so- called °‘state- space’ (or ‘markovian’) representation which
provides a compact description of any finite- parameter linear model. The basic
idea rests simply on the well-known result that any finite-order linear
differential or difference equation can be expressed as a vector first-order
equation. For example, if we take the AR(2) model.

D, G-, G 2. GO USSR (2.12)

we have, x®=x,x0=-a,x |=-,x?], then (2.1.2) may be written as

1

X, = 0K, |~ 0K, )+ € reeeenrreereisenseesenssessssssssssssssssessassessansond (2.1.3)
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and write in vector form as

X7 [0 —a, 29, . 0 (2.14)
= T oo Yo ate et s e e e el £ e e e e ere e oot L .
X1 —q x,(f} 1)

1)
where, X, =[0 l{x’ }

In this case

(2) = xz( )1 alxt(fz te

and since X,=x?,x, =x? and X,_,=x® thus (2.1.5) becomes

X, =-o,X, ,—a,X, ,+e, which is equation of the form (2.1.3).
AR(3) process can be written as

D AT, IR0, G, 75, G - S (2.1.6),

which can be written in state space form as

x,(l) 0 0 —0a x,('_)1 0
X211 0 =, [ X2 4] 0 e i (2.1.7)
x,(3) 0 1 ~a x,(f)l 1
where,
0
X =[0 o 1]x@|.
N
Note, x®) =X, and
XD = g xC) e ssasnnan) (2.1.8)
xfz)—x(') =X ,31 .................................................................................. (2.1.9)
x,(3): (2) ax()+e, ........................................................................ (2.1.10),

where
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x,(3) = —a3x,(f)3 = Otzx,(f)2 —alx,(ﬂ e ol - AP (2.1.12).
By noting that, x®=x,,x%=x,_,x% =x,_, and x® =X, _,, equation (2.1.12)
reduces to (2.1.6).

By the same argument the general AR(p) process.
X, =-aX

-1

L2, G20, G RN (2.1.13)

which can be written in state space form as

07 fo0o o0 ... 0 -a %) (0

X211 00 0 -a,, |2

o100 0 —a,, x| |0

= R (2.1.14).

L0001 - X)) U

To recover X, from the vector (x" x@ . . . x), we write
x
x?)

X, =(0 0 o 0 D) T e (2.1.15)
%P

The pair (2.1.14) and (2.1.15) is completely equivalent to (2.1.13) but

whereas (2.1.13) involved p-stage dependence so that X, is non-markovian
(2.1.14) involve only a one-stage dependence so that (x x® . . . x?) is a

vector markov process.
Exactly the same approach may be use to write the general ARMA
model in the state space form. Thus, assuming that ¢<(p-1) in ARMA (p,q)

X+ X,  +ot @, X, =€, + e+t e o (2.1.16).

I-q

We first write (2.1.16) as
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X 4o X, +t@, X, =+ Be,_ +.t B, €] (2.1.17)

in state space form as

X(1 1) = FX() 4+ Gy (2.1.18)
X, = HX(E)- e (2.1.19).

The pxp matrix F is given by

00 ...0 -a,]
10...0 -a,,
01 .+.0 —a,,
F= :
00 ... 1 -a |

the px1 matrix G by

G'={8,. B,. - . . B 1 then Ixp matrix H by
H=0 0 .. .1 e is pxl matrix and the pxl vector x(t) is
¥()=(x@) x¢) . . . x,@). (In fact, x,(f) is simply the variable X, in
£.1.7) and = @)%, () o are defined recursively in terms of x,(¢)). In this

formulation x(1) is called the state vector, F is called the system matrix, G

the input matrix and H is the observation matrix.

2.2: The Kalman Filter.
If the state space model is given by

X, S H 0, 4 P sens e (2.2.1)
B, = G, +Wieoeereeeeeeeereressesrsssssss s ssnan! (2.2.2)

where equation (2.2.1) is the observation equation and (2.2.2) is the
transition equation. The ‘errors’ in the observation and transition
equations are generally assumed to be uncorrelated with each other

at all time periods. We may further assumed that » is N(0,62) while
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w, 1S multivariate normal with zero mean vector and known

variance-covariance matrix denoted by 3,.
In the state space modeling, the prime objective is to estimate the signal
in the presence of noise. In other words we want to estimate the state vector

9,. The Kalman Filter provides a general methods of doing this. It consist of
a set of equations which allow as to update the estimate of 4 when anew
observation becomes available. This updating procedure has two stages, called
the prediction stage and the update stage.

Suppose we have observed a time series up to time t-1, and that 4,_, is
the 'best' estimator for 6, , based on information up to this time. By 'best' we
mean that it is the minimum mean square error estimation. Further, suppose

that we have evaluated the variance-covariance matrix of 6,_, which we denote
by p,.,. The first stage, called the prediction stage, is concerned with

forecasting 6, from time t-1, and we denote the resulting estimation in an
obvious notation by é,l,_l. Considering the updating equation (2.2.2) where w,

is still unknown at time t-1, the obvious estimator for 6, is given by

A

6,

et = G0, e (2.2.3)
with variance-covariance matrix

Puiet = GoDiG) F Z eemeeeeeiiiinsseessssinssssesssssssssssssssssssssssssssssssssenseee (2.2.4)

equation (2.2.3) and (2.2.4) are the prediction equations. Equation (2.2.4)
follows from standard results on variance-covariance matrices for vector
variable Chatfield and Collins (1980).

When the new observation at time t, X, becomes available, the
estimator of 4, can be modified to take account of this extra information. The

prediction error is given by

e, =X, -8 (2.2.5)

AT e e e e e LN R L LR LR DL O TSR EL P EI I CL LRI

and it can be shown that the updating equations are given by



B, = 0y KB s senenssissss s s bt b (2.2.6)
ANA P, = Py = KB Dy (2.2.7)
where
h
RN o i . (2.2.8)
ht p1|1—1h1 i Gn

is called the Kalman gain matrix, which in the univariate case is just a
vector. Equation (2.2.4) and (2.2.5) constitute the second stage of the Kalman
Filter and are called the updating equations.

A major practical advantage of the Kalman Filter is that;

1. The calculations are recursive, so that although the current estimates are
based on the whole past History of measurements, there is no need for an
ever-expanding memory. Recursive methods, such as exponential smoothing,
are increasingly becoming popular in many areas of statistics.

2. Kalman Filter converges fairly quickly, but can also follow the movement
of a system where the underlying model is evolving through time.

The Kalman Filter is applied to state space models which are linear in the
parameters. In practice many time series models, such as multiplicative
seasonal models, are non-linear. Then it may be possible to apply a Filter,
called the extended Kalman Filter, by making a locally linear approximation
to the model. Application to data where the noise is not necessarily normally

distributed are also possible Kitagawa (1987) and Nassiuma (1994)

2.3: Recursive estimation of state and likelihood

computation for state space models.

Let astate space model be given by

o) =Rl G(")V(")} ............................................................. (2.3.1)

y{n) = H(n)X () +w(n)
where  w(n)~N(0,R(n)) and v(n)~N(0,0(n)). Given the observations y(1),
y(2),....,y(N) and the initial conditions X(0]0)v(0|0), the one step ahead
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predictor and the Filter are obtained from the Kalman Filter algorithm;
(Kitagawa (1983)).
Time update (prediction)
x(n|n-1)=F(n)X(n-1|n-1)
v(n|n—1)= F(n(n-1|n-1)F(n) + G(n)Q(n)G(n)
Observation update (Filtering)
k(n) = v(n | n - OH(n) [H (a0 | n = 1)H () + R(n)]"

X(n|n)= (n]n 1)+ k(n)y(n)— Hm)X(n| n=1)] b (2.3.3)
vin| n)= (1~ k(n)H (n)(n | n-1)

Using this estimates, the smoothed value of the state X(n) given the

} ...................... (23.2)

entire observations, y(1l), y(2),....,y(N), is obtained by the fixed interval
smoothing algorithm Kitagawa (1983).
A(n) = v(n | n)F (n)'v(n +1| n)'l
x(n| N)=X(n|n)+ AR X(n+1] N) = X(n+1]7)] b (2.3.4)
v(n| N)=v(n| n)+ AnpW(n+1] N)=v(n+1| n)A(n)
The state space representation and the Kalman Filter yield an efficient

algorithm for the likelihood of a time series model. Since

N

£, »(2),.... »(N)) = Hf(y(n) | () y(2)seer (2= 1)) (2.3.5)

with
FOm) Y1) 7(2).... (1)) =
2mv(n))™"? exp{— ((n)-Hm)X(n| n-1)) | 2v(n)} .............................. (2.3.6)
v(n) = H(n)v(n | n=1)H(n) + R(n),

The log likelihood of the model is obtained by

Z——%{Nlog2ﬂ+210gv +i ( nin- 1)) |2v(n)}....(2.3.7)

n=1 n=

The maximum likelihood estimate of the parameters are obtained by
maximizing (2.3.7) with respect to those parameters. The Akaike Information
Criterion (AIC) is then defined by

AIC=-2(maximum log likelihood) +

2 (number of parameters) ...............ccoeevennnnn.. (2.3.8)
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According to the minimum AIC procedure, the model with the smallest value
of AIC statistics is selected as the best model.
We have an interpretation of the log likelihood obtained by estimating

the initial state vector as a natural estimate of the expected log likelihood of

the predictive distribution Kitagawa (1983).

2.4: State space model for Time Series with non-stationarity

and irregularity.

2.4.1: Model for stationary Time Series.

We first consider an autoregressive (AR) model,

Y(n)z

This model has a state space representation of the form (2.3.1) where

L I TR S (2.4.1)

Mk

I

the constant matrices F, G and H are defined by

00 . . - a(m) ] o
10 .. . am-1)
01 ... am-2)
F=F(am)=|. . . . . M ¥ ¢ = | PO (2.4.2)
5 m v & : ,
00 .. 1 al) - -
H=H,=(0 0 . . . 1) and the state vector x(n) is defined by
x(7) = [T ()Y (=1}, V(= 14 D] e (2.4.3)

2.4.2:Model for non stationarity in the mean.

We consider a nonstationary time series in the mean which is of the

form,
Y(n) = f(n) + z(n) + w(n) ....................................................................... (2.4.4)

where f(n) is a smooth mean value function z(n) is an AR process of order

M, w(n) is an observational noise. The state space representation for z(n) is
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already given in (2.4.2). Thus, by defining an argumented state vector x(»)

and matrices F,G and H by

x,(n) F(a,) 0

H=[H, : H,]

We obtained a state space representation in actual modeling, the mean
value function may be expressed as the sum of several components. In that
case the state space model becomes more complicated. Models for trend
estimation, seasonal adjustment and trading day adjustment are given in

Kitagawa (1981).

2.5: Missing and Outlying observation in Time Series.

We are going to deal with estimation of consecutively missing
observation in the next chapter, but, in this section we need to show how
Kalman Filter allows the state space model to be time varying which will
enable us to handle outlying observation in Time series.

The Kalman Filter given in (2.3.2) and (2.3.3) is composed of two
steps. If an observation is missed, we have only to skip the observation

update step. For details see Jones (1980).

It is well known that there are two types of outliers in Time series.
The first type of outliers affects only one observation (additive outliers); the
second type has long influence in its future value (innovation type). The state
space representation (2.3.1) is well suited to treat these outliers. In this model
an additive outlier is included in the observational noise sequence w(n), and
the innovation outlier is included in v(n) and thus has a long effect through
the system dynamics. Now our model for outlier is (for scalar case) (2.3.1)

with
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i otherwise
Tz(n)’ .................... ni= t]stzs---,tm
0fr)= { e otherwise

____________ W=t ;. and w(n),w B8 8 sty ALE

assumed to be outliers. The number of each outliers, m and /, the time of

occurrence, f,f,,...t, and s,s,,....s;, are unknown as well as the augmented

variances o*(n) and 7*(n). Our procedure is as follows;

We first estimate the model (2.3.1) by assuming that there are no
outliers. This means that we use constant values for the variances o’ and 7’.
Then the system noise and observational noise sequences are obtained from
the Kalman Filter algorithm. A better model will be obtained by refitting the

model by enlarging the variances using the estimated ratios.

2.6: State Space representation to maximum likelihood fitting

of bilinear models with missing observations.

There are different state space representation of the BL model (See e.g.
Pham-Dinh (1985), Guegan (1987) and Gabr (1991)). For simplicity we restrict

ourselves to the stationary and invertible BL (p,0,p,1) model, namely

(2.6.1)

a7 L R L L L L S L IR R

X, +Zp:a,.X,_i =g +zp:b.X e
i=1 Jj=1

The conditions for stationarity and invertibility for the above model are
given in Subba Rao and Gabr (1984) and Liu (1989). Gabr (1981) has used

the following state space representation

X(£) = FO)X( =1)4 €l (2.6.2)
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Py = HX ()i ssesssse st sess s sssssses (2.6.3)

The state space formulation of the BL model allows us to compute the
likelihood function of observation when some of these observations are

missing and to estimate the missing values.

Define aff|t-1) and p(tjt-1) as the mean vector and covariance matrix

of X(s), conditional on the information at time t-1

Subba Rao (1993). Here, aft|z-1) is viewed as an estimator for X(r) and p(t|t-
1) is regarded as its conditional error covariance, or mean square error (MSE)
matrix. Given X(r-1), the optimal estimator of the state vector at time t-1,

together with its MSE matrix p(t-1), defined by
pli—1)= E[{f((t “1)-x(-)fRE-1)-x(-1)f ]
the optimal estimator of X(¢) is given by

(1] 1=1)= F(O)X(E = Db esssssssnssnssssons (2.6.4)
where the covariance matrix of the estimation error is given by
et =1)= FO)P(t = DF (£)+ G2CCT errerrecrrrererrsnrnrrresssssessaeseed (2.6.5)

The updating equations, given a new observation y,, are

X@)=alt|t=1)+plt|t-D)H [y, — Halt |t =1)]/S,yrrrreemrererrrreenn (2.6.6)
p@)=plt|t=1)=ple |t =D)HTHP(t | £ —1)/ S, seeerreivsreemsemsserssserns (2.6.7)
where
S, = pu(t1t=1)=Hp(t |t =0)HT oo (2.6.8).

Note that p,(¢|z-1) is the upper left-hand element of the p(¢+1|7). The

prediction error is given by
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V, = 3, = HO{E [ £ =1} ceereermreerresemessssinsssssssissionssssessmsssssassssssssessnssnnsd (2.6.9)
(for details see, e.g. Ljung and S derstrém (1983) and Harvey (1989)).

Given N observations (y,,y,,...vy), one seeks the MLE of the parameters.

0" =[-a..—ap..-b] in (26.1). Let Z(-1)=1{y_,y -y}, then the

p

conditional probability density function of y,, conditional on

Z(t-1) is normal for t=1,2,...,N. Therefore, the likelihood function

N
L(yl,yz,...,yN,Q,cr ) Hf Y, |zt 1
1=1
can be constructed by the production error decomposition, yielding

N N ; I& ,
Logz——2—10g27z——2—logo —EZlogS —2—21/ R (2.6.10).

The parameter o’ cannot be remove completely from (2.6.10) as in the
linear ARMA models case (see Jones (1980) and Harvey (1989)). The reason
is that initial values of the elements of the variance-covariance matrix p(t)
contain different orders of o> which makes it impossible to remove o°
completely.

It is very often the case in practice that the values of the Time
Series are recorded at unequally space times, through failure to observe one or
more values of the series. As in linear model (Jones (1980) and Harvey and
Pierse (1984)), the prediction errors associated with non-missing observations
can be obtained simply by skipping the Kalman Filter update equation at the
points where the observations are missing. Thus, when an observation y(f) is
missing, the Kalman recursion skips equations (2.6.4), (2.6.5), (2.6.8) and
(2.6.9) are simply replaced by

X(@)=alt|t-1)
ple)=plt]2-1)

respectively.
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We have to replace the missing values X(t) in the expression for F(t+1)
by its estimate X(r). Thus, the model now is no longer exactly conditionally
Gaussian but approximately so. Hence , the corresponding term in log
likelihood given by (2.6.10), is omitted from the likelihood. Thus, the
approximate likelihood function is of the form (2.6.10) with the summations
covering only those values of t for which the variable is actually observed.

Ones the parameters of the BL model have been estimated, the
approximate MSE estimate of missing observations can be calculated by
smoothing.

The most straightforward of the smoothing algorithms, known as the
fixed-point smoother, can be applied by augmenting the state-space model and
applying the Kalman Filter. Full details can be found in Anderson and Moore

(1979) and Harvey (1989).
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CHAPER THREE

ESTIMATION OF MISSING OBSERVATIONS

3.0: Introduction

In chapter one we have given definitions and necessary fundamental
concepts in time series analysis. In chapter two we have discussed
procedures for estimation of missing observations using state space
representations.

In this chapter we are going to deal with linear and nonlinear time
series models which encompass several standard linear and nonlinear
models for time series as special cases. We will outline two methods for
estimating missing observations as given in Abraham and Thavaneswaran
(1991), based on;

1. prediction and fixed point smoothing algorithms and
2. optimal estimating equation theory.

We have extended the first method to estimate more than two
missing observations. Abraham and Thavaneswaran (1991) gave an estimate of
up to two missing observations.

Recursive estimation of missing observations in an autoregressive
conditionally heteroscedastic (ARCH) model and the estimation of missing
observation in a linear time series model are shown to be special cases.
Construction of optimal estimates of missing observations using estimating
equation theory is discussed and applied to some nonlinear models. These

two methods use state space representations described in chapter two.
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' 3.1 Nonlinear state space models.

The linear state space system is given by,

0,,=a,0,+Pu,.,y =A4_6 +B,_v, 3.1.1)
where, 6, and u, are p x1 vectors, y, and v, are gxl vectors, «, and p,
are pxp matrices, and 4, and B, are matrices of dimensions pxp and gxq,
respectively {y,} represents the observed time series, whereas «,,4,,8,,B,
are known matrices of nonrandom functions. The vectors {u,}{v,} are
independent each being a sequence of independent normal random vectors,
having components with zero mean and unit variances. In order to handle
various deviations which may occur in practice several generalization of

(3.1.1) have been suggested.

In this Chapter we consider the model in (3.1.1) with random
coefficients. We allow the coefficients in (3.1.1) to depend on past
observations as follows;

o, =alt.F’), B =pF’), 4, =At-1F) and B, =B(-1,F?),
where F” denotes the o-field generated by observation y up to time t.
We refer to (3.1.1) under this settings as the generalized model. This
generalized model encompasses some of the non linear time series models

that have been proposed in the literature.

(1) ARCH models: supposed that «,=a,4,,=4 and B =0 so that,
0, =00, + L1y Y, = AO, i (3.1.2).
This is the ARCH model describe in Engle (1982)

(ii) Dynamic linear state space models: When {,}{g,} and {B,} are

constant matrices and 4, , is a matrix of
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known functions at #-/ (i.e. 4,, is F’, measurable) the

generalized model (3.1.1) becomes,

0,=a0, +u,

Which isthe state space model described in Harrison and
stevens (1976).

(ii1) Doubly stochastic time series model (c.f. Tjostheim (1986)):
When «,=18,=1 u, =¢,, +¢_, and B, =1 then (3.1.1)becomes

HH-I = 0[ + ut+17yt = Al—l + Vt e
This corresponds to the doubly stochastic time series model,
(7

t+1

considered in Thavaneswaran and Abraham (1988). When f (t, F,fl)z Y., this

=04+ 6+ 6oV = O (6 F )4 €y (3.1.5)
turns out to be a special case of the Random Coefficient Autoregression
(RCA) model of Nicholls and Quin (1982). Moreover if we take,
0,=a,_0, +¢&,y, =0, with 6, = ¢5+7rexp(— 7{)/,24) ........................... (3.1.6).
Then the generalized model (3.1.1) describes the exponential

autoregressive model of Ozaki (1985).

Theorem 3.1.1. This theorem gives prediction and fixed point smoothing
algorithms for the generalized model (3.1.1).
et

6, = Elo\F?,)3, = [(et -6 o, -6\ E{]}

Then,

ét+1 = atét + kt[yz —j}z]’
Ly = ﬂzﬂtT + (at - kAt—l)Zt(at - ktAt—l)[ + szt—lBtT—lsz

where,
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kz =atEtAtT_1 (Az~1zzAzT-1 * BtletT—l )+ and JA/x = E(yl \Ft')—/l)
M" and M* denote the transpose and the pseudoinverse respectively of a

matrix M.

Proof: Let w, =y, -5, where from the model (3.1.1).
y,=4,_6,+B,_v, and 0, =a,0, + Bu,,
E(y,\ F?,)= 4_E(6,\ F?,)+ B_E(, \ F,).

but v, ~ N(0,1), so that we get
$,=4.0, .

Hence,

w, =Y, _j}t :At—let +Bt—lvt “Az—lgt

that is,
W, = A (8, =) )4 By (3.1.7).

Bl \ F2,]= E[(AH(Q ~0)+ B w)4.0,-8)+ B v ]\ F,{l}
_ AHE[(@ ~6,)o, -6, \F?, }A,T_ \+B_Ev" \F, B,
but, E(v,v,T \F? 1)= I

and E[(H, ~6,)o, -6, \F,{l] _3..

Thus,
R L EEZIN S L Y O (3.1.8).
Also,
Blow \F2,)=E|6, -6, \ ]
since ,

E(gw \F?,)=0.

Moreover it follows from the definition of £, that,
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Ello, -6, v \ 2, ]= E[(e, ~6 W4, ,l6,-6,)+B. v \F, }
- E[(é?, 6o, -6, \F, }AL +E[lo, -6, b7\ £, ],
but E|6, -6, b, \ F?,|=0, then
Bl6, =6, b\ E2 | = 2 e (3.1.9).

Using the fact that the o-field generated by the observations up to

time t, namely F” is the same asthe o-field generated by w, F", we

have,

0. =E0., \F)=a,E(6, \F)
—a,E6,\F\,w,)
Using the properties of normal random vectors i.e.
cov(XY)
var(Y)
Cov*(XY)
Var(v)

E(X\Y)=E(X)+ (¥ -E(Y))

Var(X | Y)=Var(X)-

Hence,

6, =a,E,\F.w,)

t+1

=a,E[¢9, \F‘tfl]_l_kt(yt _)’}I)’

A

6,

t+1

= @0, + K, (1, = D)oo (3.1.10)
where,
k =aElow) \F2 JEbe o \EL T
But from (3.1.8) and (3.1.9) %, becomes,
k= a3, AL A, S AT 4 BB | e (3.1.11).

Moreover,

0t+1 _—01+l =a101 +:B1—1u1+1 —a,&, _kt(yl _j}l)
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Q, (et —ét)+ﬁtut+l _kt lAl—l (Ht —ét)+ Bt—lth
:(gt_étxat t t1)+ﬂt U, — tlvlkt .

But,

z, = {( 10 =000, -6, \F } .................................................... (3.1.12)

=E[{(0,—é,Xa,—k,A,_l)+,B,u,+l k6, -6 Yo, ka4 )+ Bu - B vk \E? J

since u,,, ~N(0,1) and v, ~N(0,1)

t+l ~

then,

2t+1 - (a kAt 1 EKH g Xe 0) IO! kA1 1] +ﬂt ( t+1u17-;-1 \F )ﬂ
Bt—lktE(vtvt \E{I)Bt—lktT

so that,

2., =, —kA ) (@ -kA4_) +pB" +kB_B k... (3.1.13).

Hence the proof of theorem (3.1.1).
We now introduce another theorem on fixed-point smoother to obtain

recursive estimates of m missing observations say, y, =(y,l, i s Vi, souss iy )

The basic idea here is the same as that in the derivation of the recursive

estimate of a parameter 6, (j=12,...,m),base on the observations up to time

ft>¢,) as a function of the estimate base on ¢-1(>7 +1) and the

observation at time t. This will also enable us to get an idea of how the
sstimate of the parameter (missing value ) changes when a new observation

oecomes available.

Theorem 3.1.2.
For ¢>1¢,, let éj\,zE(ﬁ,j\F,y) be the estimate of 6, base on the

J

bservations up to time t, T, be the covariance matrix ,
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z, =E[(o9,/ -6, X@, —é,jY\F,{l} and 3 = [(9,, —é,,\,XG,, —63,1.\,)r\F}f1}-

Then ,

where

EtA1T—] [At—lztAtT—l - Br_1B,i1Ta
= it[a, “k,A,_]]T, 2..=2 for r< i, and

#1
_ 5t S T LT
- 2t—l . ZtA‘r—lkt >

k,
%,
> (2t

Proof: Given >1,,

~

B, =E(0, \E?)=B(0, \ 2, e (3.1.15),

where ,
We=Y - j‘; 1
Applying the results from the Normal theory we get

~

By = B0, \FZ 4 Rty (3.1.15).

Equation (3.1.1) gives
y,=4_6,+B_v, where v~N(0,1).

But,

9 =B, \E%)= 4.6
so that ,

R S A (A WO, (3.1.16),
where

& =Elo, w B2 B R

The second factor remains the same as the "innovation" variance as

As in theorem (3.1.1) we have
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E(6w \F,)=E|6, -6, b/ \F2,}.sinceE(d, \F?,)=0

but , |
w =(y,-3,) = [A,_lﬁ,j +B,_v, - A,_lé,j]]
=[4.l6, -6, )+ 8]
Now,
Ello, -6, 7 \E2, )= E|i(¢9,j -0, Y46, -6, )+ B [\ F}fl}
. [(9,1 -6, )0, -6, )\, ]A,_l +Ello, -6, pr\r2 B,

= E:Ar-l
Since,E[(H,j —é,j )V,T | Ef1]= 0.

Also
E(ww! | )= E[(A,_,(H, ~6)+B v )4.6-8)+B ) | F,{,}

which leads to

E(ww! | F?))= A A" + BB oo (3.1.18).
Then,

k=S AT (4 S A 4 BB ] e (3.1.19)
and

DN SN (2 3 N (3.1.20),

5, =%, for 1<, also

* « QT TT
El = Z:1—1 - z:tAur—lkt N P tj
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3.2 Application to missing data

There are two different approaches of estimating missing values in
time series;
1. A Bayesian approach : Which uses Kalman filtering technique.
2. A non-Bayesian approach : where the missing values are treated as
parameters (fixed). In section 3.3 to 3.5 we follow the Kalman type
recursive approach to estimate the missing values by replacing them with
normal random variables. This type of approach may be viewed as one

which uses a prior for the parameter which replaces the missing value.

3.3: Autoregressive Conditionally Heteroscedastic (ARCH)

type models with one missing observation.
Now we indicate an appropriate way to modify a given non linear
time series to reflect the fact that the observation at time m is missing .

Let {x,} be a time series in which X, is missing and

X, ={X,X,. X, . X, Xy}, If we know the first two conditional

m-12

moments E[X i \F,"] and Var[X 0 \Ff] ,then X, can be written as

X, = BX, \E |+ X~ B X VE e (3.3.1).

+1

Suppose that the time series X, satisfies,

E[X \sz]:az—er and X, _E[X:+1 \sz]zﬂ:—lum (3.3.2).

41
where o_, and p,_, are F*, measurable and {u,}is an i.i.d. ~N(0,)
sequence. Then X, has the ARCH representation .
X oy = O X 4 By geeeeeesesiiesseseseseseesissee s (3.3.3)

The restriction in (3.3.2) is introduced to apply the recursive

approach . However, the method of Section 3.6. can be applied in the
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more general set up in which the coefficient of X, and u, are E*

measurable.

Now we consider the estimation of a missing observation as a
parameter estimation problem in a particular formulation of the generalized
model (3.1.1).

0.,=0._6,+p_u
X, 24,0, i ssassssessassssness (3.3.4)

Y =46, +B,_py,

t+1

with 4 _,=0,B, =14 =1t#mB, =0,t #m;

Then Y =(X,X,,..X, .,v,.X, . .X X,) is the extended observed

m—1> m+12“>m+22°°°>

series. Here v, is a random variable replacing the missing observation.

Such a formulation was also considered in Abraham and Thavaneswaran

(1991).

Using  theorem  3.1.1 and 3.1.2 we  have  equations

kt = at-121A1—1(A12—121 + Bt2—l)+7
2t+l = 1812—1 + (ar—l - ktAt—l)zt + ktthz—l'

Substituting the values of 4,4 ,,B and B, gives

ko =a, 2, [Zt ]+

K, = Oy povveoeeeeeeeees e (3.3.5)
for t#m
and
Sl = Bt (3.3.6).

Also for t=m

K, =a, 24,425 +B],

but 4, ,=0, hence

K, = 0o (3.3.7)

m
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kA, )z, +k‘B

m=1" "m“im-1 m-12

and =, =52 +(a
but £, =0 to give

st = B 2,
where from (3.3.6) =, =p,, so that at t=m

Zper = Bcy

Zp = B
Substituting for £, we have

DIl el OO (3.3.8).
Also from theorem 3.1.2 we have

Sa=2(a_ -k4a_ ) for r=m.

t+1

But from (3.3.5) k, =¢,_, and 4_ =1

so that,
eI (T AL A S SO PR SO (3.3.9),
and %, =2 (o, —k,4,,)
but k£, =0
so that
> =2 a ,also £ =% =p2
Hence,
Dt OSSOSO (3.3.10).

We also have from (3.1.16)

but in this case r,=m and 4, =1 gives,
(y,—é,), and at t=m+l1

SN YR ) I (3.3.11)
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since, 0,=y, =X,
To find 4,, we have that

By =El6, 1 F2]=El(@,.6,., + B,u,)| ]

A

= Zem—l o am—2Xm—1 °

m—

Next,
6

m+

b= E[gmﬂ 1 Fr:—-l] = E[(am—lem + IBm~lum+l)l me—l]

which gives 6,,=a,.6, and 6,=a,,0,  =a,,X,, combining these gives

émﬂ =a, &, X, .
Moreover,

k=347 4,54 +B_B]

s X

k= —}-:- ................................................................................................. (3.3.12)
since 4,_,=1,B_,=0 and at t=m+1 (3.3.12) leads to

PR Y 53805 et e s i (3.3.13)

m+1 - 9 2
2m+1 IBm~l + am—l m=2

from (3.3.8) and (3.3.10).

Thus the estimate of the m-th observation based on X, is

v am— m—
Xm|m+1 = am—2Xm—1 + ,B,i_l N ;f,i_l 2 ;_2 [Xm+l - am—lam~2Xm—1] """""" (3314)5
which simplifies to
R Y SRRS Y. 0% S (3.3.15).

2 2 2
ﬂm—l + am—l m-2

mim+1
Moreover, for a nonlinear model of the form

X=X, X, +u,,
in which the m-th observation X, is missing, the estimate of X, based

on F’

m+1

is given by
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> X
mem+1 = 'l_zéz—mX—lz[Xm—Z +Xm+1]

m-1
Autoregressive models with deterministic time varying coefficient:
Model of the form
Xz ‘-(Z(f,¢)X,_l =U

have been found to be quite useful, as in 3.3.15 it can be shown that the

estimate X, ., of the missing observation based on F), is given by
)? - a(m +19¢)Xm+1 +a(m’¢)Xm-—1
il 1+a*(m+1,9)

Bilinear models:
Consider the model
X —¢X =cu, + pX,_,u,

The estimation of a missing observation, X,, can be obtained by writing

m

the model as
X, =a_X _+p ,u,
where
a_,=¢ and B_,=c+pX_,

Hence the estimate of X,.X,,., =E[x, | F’,] and is given by

)? - — ¢ﬂ::—2Xm+] +¢ﬂri—1Xm—l
m|m+ 2 2 2 .
ﬂm—l + ¢ ﬂm—Z

3.4: Two consecutive missing observations.
(a) The estimate of mth observation based on X, ,,.

We consider a slightly modified form of the model (3.3.4) in which

we let

X =X, + B_u,
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Here X, and X,, missing and « is F* measurable. The problem is to
estimate X, based on the available data

X, =(X, X, X, 1, X

m=1>“*m+22°""

X,).
The corresponding state space model may be written as

O =0, + B, _u
XomA ey s (3.4.1)

Y, =46, +B, v,

t+1

where 4,=4,,=0,B,=B, ,=1 and B, =0,4 =1 for t=mm+1.

Then Y =(X,,X,,..X, ,v,,X,.,....X,) is the extended observed series

m=1>"m>“> m+2°*""

Here v,is a normal random variable replacing the missing observation. By

theorem (3.1.1) we need to show that for r#mm+1k =c_, and

km = km+1 = 0 *

Hence,
R = E (3.4.2).
T = ﬂzz—z + (az—z - ktAt—I)2 2, + ktth{l

This implies that,

K, = @ _yeressseessssssennsssssssussssssassssssssssessessssesssssssssssssssssessasssesissassssnsasessns (3.4.3)
St = B e (3.4.4),

and at t=mm+1,4_ =4, =0 and B, =B, =1we obtain

m—1

k,=k

m m+2

0.

Next equation (3.4.2) gives

3 = By O T e (3.4.5)
3y = L A O T e (3.4.6).

Substituting (3.4.5) in (3.4.6) we get

2 2 2 2
Z:m+2 = ﬂm—l + am—l (ﬂm—Z + am—22m)’

_ 2 2 2 2 2
- Fm-1 +am—1 m-2 + am—lam—ZEm'
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Since from (3.4.4) =,,, =4, then at t=m

Zst = Bz

b3 OO, (3.4.7).
Thus,

By = B QB OO B e (3.4.8)

Also from theorem 3.1.2 we have from equations (3.1.19) and

(3.1.20)

= itAt—l [‘412—121 * 'sz‘l]:

k,
z:z+1 = Zt &y~ ktAz—l)'

Hence we have

P=S[] :5;_ ..................................................................................... (3.4.9)
and

3 L = By eeeeenesrsenssiseess i e sa e ba bbb (3.4.10)
since at

A4,=4,,=0,B, =B, =14 =1,B =0 at t#mm+1 also we get
K, Ky = 0neeeeeeeeeee e (3.4.11).

Next we have

B it = B W e oo R e (3.4.12)
3 ., = flmﬂa,;,_l .................................................................................... (3.4.13)
Substituting (3.4.12) in (3.4.13) gives
Emz = am_lam_zim =0, O, )2y,
But from (3.4.7) =, =5,
so that,
D 2 OSSOSO (3.4.14).

We have from equation (3.1.16) as
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~

0m|t = let—l + /?t(y, - At—lét) >

but 4, =1 so that this equation becomes
8, =0, +k(y,-6))
and at t=m+2 we obtain

~ ~

o, =6

mim+2 — Ym|m+1

s (Ve —9m+z)-
But,
8, =El6, 1 F2.] =E@, .6, + B, ) F2..]
=Ela, 0, | F|=a, 0, =, X,
Next,
s = BlBuss | Fa| = Bl Ot + Bt | ]
B | ,m] @B

A n A

0,,=0,.0,., 0,.,=a,,0 and 6 =a,.0  =a,,X,, which combines

to give 0,,, =q, ,2,,2, X,

Thus the estimate of m#h observation based on X, is

AN’,,,[,M a, X, +km+2( PR S 200, GHN) VR (3.4.15).
But
2
£, = w e ol (3.4.16).

2 2 2 2
ﬂm—l +am—lle—2 + am—lam—2 m-3
Hence (3.4.15) becomes,

2
a_ .o
_— m=1"m-2/""m-3 _
- am—3Xm—l & b 2 o) 2 2 2 (Xm+2 am—lam—zam—3Xm—l)9
AT Py T O &y 2 Prs

X

mim+2

which simplifies to give

2 2 2 2
v — am—3( m-1 +am—l m-=2 m-1 +am—lam—2ﬂm—3Xm+2 (3 4 17)
mm+2 2 reeeeseesensieen i .

3 5 2 2
Di H 0 i 5 0 i@ sl s
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Which is the required estimate of mth observation based on X, _,.
(b) The estimate of the (m+1)th observation based on X ..

We estimate X observation based on the available data

m+1

X;V=(X1,X2,...,X X XM,...,XN),where X, is the estimate of X, from the

m=1>“"m>
previous step.
The corresponding state space models becomes,

0. =00+ f,_su
X, 2 A0, e (3.4.18).

Y =46, +B,_y,

t+1

In this case we have 4,=0,B,=1;, and B,=0,4,=1 for t#m+1.The

A

X,V

> U m+12

X XN), where v ., is a

m+250

extended data will be, Y=(X1,X2,...,Xm_1,
normal random variable replacing the missing observation. This estimate is
now treated asif only one observation is missing in the data.

Using theorems 3.1.1 we have the modified form as,

zt+1 = ﬁt2—3 + (at—3 - ktAt—l)zzt + ktthz—l and

k, =a, 3,4, |42, - 2] then

-1
k =
and I, =82 +(a_-k)Z,
But from (3.4.19) &, =«,,, hence

Bt = Bt sttt (3.4.20).
Also from theorem 3.1.2 we have

k=S54,[43+8,] and 3., =5(0_-k4,)
since,

A4, =1,B, =0;t#m+1 then this becomes
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M[MZ

k=3[5] ==t as in (3.4.9)

and

21 = Do ccenensmmaessssassmssessnsessmssasessasssmsonsssss sssssussssssssssssssasssasaassd (3.4.21)

since 4,,=1 and k =¢,_,.
Setting t =m+1 A4,=0,B,=1 we obtain

Ko 7= Deeeaereramonrasessnsssnsessssussosasssssasmsanssssmrassressressssems issssassesssansatansssss (3.4.22)

m+1
and =, =8, +a 2 ...
But from (3.4.20) at t =m
Zpe2 = Boos
hence,
D R Ly OSSOSO (3.4.23)

and £,.,=2, ,(a,,-k,.,4,)

m+1

at 4,=0,k,,, =0 we have

m

... =a,.,>,., and k, =0.
Also
Y L=, = 2 =, B,
312 = o g (3.4.24).

~

But at 1>, 6,,=6, |,1+E,(y,—é,)

since 4, =1.In this case if we let 1, =m+1 and r=m+2 we have

~ ~

0m+1]m+2 = 9m+1]m+1 + ;m+2(ym+2 - ém+2)
where, |
ém+l|m+l E,. | F m+1] E[a 30, + B,_su m+1)| m+1]

which gives
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0m+1[m+]

=

m-3"m m=3“%m *

Next

A

0,., = E[9m+2 [ m+1] E[Ot 0,1+ B, 2“m+2)| m+]]
= am—2E[ 0, | F, m+2] Q20,1

and 6, =a, 0, which combines to give

A

gm = am—Zam—En m m

observed up to time t=m

Hence,
CERTINETRNS G SN 0 RSP RPN o I (3.4.25)
but,
7 §m+ am— nzz—
e e R (3.4.26),

m+2
Em+2 ﬂm—z + am—2 m=3

replacing for k., in (3.4.25) we obtain

m+2
~ x a Z o
_ -2 -3
Xm+l|m+2 - am—3Xm + 2 = 2m 2 (Xm+2 _am—2am—3Xm)'
ﬂm—2 +am 2 m-3
Simplifying this gives
v — am 3( m 2)X +am Zﬂm 3Xm+2

2
ﬂm2+a m=3

m+1jm+2
3.5: Three consecutive missing observations.

(a) The estimate of mth observation based on X ..

The modified state space model is given by

6,

t+1

=, 30, + B _su,,

b LT 1 . S S SR (3.5.1).

yt = AT—IHI + Bt lvt

X, , 6,=X,6 since the data has

(3.4.27).

been
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In this case we have three consecutive missing observations

X, X

m? m+12

and X,,, for which we need to estimate X, before we estimate

the remaining two observations respectively. The initial observation set is

S G . S D, QP ¢

m-12 m+39°

.Xy). The extended observed series is

Y=(X,, X, X, sV,>X 50 Xy) Where v, is a normal random variable

replacing the missing observation.

Using theorems 3.1.1 and 3.1.2 we have the modified set of

equations
[ 2R V500 Sy (3.5.2)
and T, = B2+ (0 =k A VT, A h B e (3.5.3).

In thiscase 4,,=4,=4,,=0,B, ,=B,=8,,,=L4,=1,B,=0;tzmm+1,m+2.

This implies that,
BN A (s B S NS (3.5.4).

Also

k,=k,,=k,,=0.

m ~ “m+l m+2

Next we have

E 1 = B Q2T it p s taeas (3.5.5)
3 iy = B F O L E s (3.5.6)
B T B QT eereeresssiessssssssssssssss s sasssssassssasasssssasesssasassend (3.5.7)

we combine (3.5.5),(3.5.6) and (3.5.7) to obtain

2 2 2 2
Zm+2 = ﬂm—Z + am—Z(ﬂm—S + am—32m)

g2 2 2 2 -9
Zm+2 - ﬂm—l + am—2 m=3 +am—2am—3zm'

Then,
2 7) 2 2 2 2 2
z:m+3 & ﬂm—l + am—l(ﬂm—2 + am~2 m-3 + am—zam—3zm)
2 2 %) 2 2 2 ) 2
R Y e i o SN S Tl S Sl YOO (3.5.8)

but from (3.5.3) X, =487, so that at t =m we have
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2m+1 = ﬁnza~3
Zm = ﬁrfl—4‘
Hence, (3.5.8) becomes

_ N2 2 2 . 2 2 2 2 2
DINNLL S o S & SR o o s S0 < W o o 2 A o Y - M RSNSOI (3.5.9).

m+3

From theorem 3.1.2

=2, tl[Al 2, +B r
t+1:§( szzl)

l

Ml

so that we get

= 5
t
t
and £, =0 since k, =«,,
’imﬂ = am—3§m
D T TS (3.5.10a)
§m+3 = am—lzm+2
Combining (3.5.10a) we obtain
§m+3 = am~1am~2§m+l
D Y 0 SO (3.5.100)
but £ =3 =p2,
Hence, (3.5.10b) becomes
b T RS SO ST TSN S (3.5.11).
From (3.3.10)
B, =0, + l?( é) and at ¢ =m+3, we have
I S S PRy N N, (3.5.12).

To find 8,,,, we have

9~m1m+2 [9 | F, m+2]_E[(am-—49m——l+ﬂm—4u )| m+2}
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_am 4E[ m 1 | m+2] am 49 - m 4Xm—l'

Next,

m+3 = E[Hm+3 | m+2] [(am 10 n+2 +ﬂm lum+3)| m+7] am 10m+29

0,,=0a,.,0,, , 0,.,=a,.0, and 8, =a, 0, , which combines to give

6m+3 = am ( m+l)

= am—lam-Zam— Hm

= Q) Oy 1Oy 30y 40,
Also we let 6, , =X, , so that

I B S 2D, GO (3.5.13)

T 2
oL _ Zm+3 _ a a 2am 3 m—4 (3 5 14)
”1+3 e z — 2 ----- . . .
m+3 ﬂm ]+am 1~ m=-2 +am lam 2 -3 +am lam Zam 3/ m-4
Hence (3.5.12) becomes
2
s Q, 0, O, S .
Xm|m+3 =am-4Xm—1 N m— 1 m— 2 m—4 > 5 ( m+3 X ].
ﬂm l+am lﬂ =2 +a m 2 +a Zam-3 m—4 am-lam—Zam—Sam—4 m-1
Simplifying this gives
2 2 2 2 2 2 2
v i am-—4< 1 T 1B +am—lam—218m—3)Xm—l + Q1% 3y 3P a X s (3 5 15)
m|m+3 p— 2 ..... . . o

2 2 2 2 2 3 2 2 2
Igm—l + cZm—l m-2 +am—lam—2ﬂm—3 + am—lam—2am—3 m-4

(b) The estimate of (m+1)h observation based on X, ,

This is treated as two missing observations as in section 3.4. the
modified state space representations are;

01+I = at—40t + ﬁt—4ul+l
D G I OO (3.5.16).
Y, =40, +B,_y,

The initial observation is X}, =(X],X2, XXX X N) , we see that

m-1° m+3°°°*>

X,., and X, , are missing hence, we need to estimate X,k . Then the

m+l1
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extended observed series is Y=(Xl,Xz,...,Xm_l,)?m,vm+],Xm+3,...,XN),here X, is the

estimate of X, base on X,,, and v, is a normal random variable replacing

m+3 m+1

the missing observation.
Using theorem 3.1.1 and 3.1.2 as before we have

A,=4,,=0,B,=B,,,=14=1.B=0t#m+1,m+2

Also %, =k,,, =0.

Next we have

2
)

2 2
=fnata, X

2 2
=+, %

m+2 m+1

m+3 m+2°

Hence

2 2 2 2
Zm+3 = ﬁm—z + am—2(ﬁm—3 + am—3zm+l )

T i 7 A JetieS YOOI (3.5.18)
From (3.5.17)at t=m %, ,, =4,
hence (3.5.18) becomes
DR LS i S 2ol ; OO (3.5.19)
and from theorem 3.1.2 we have
3, =0.
Also
imz = am—3im+l
Zps = Gy
so that,
§m+3 = am_zam_3flm+l = Uy 321 5
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2
m-4 °

where = =4
Hence,
S i=a,,a, (3.5.20).

m B R R R R R R R

Also,

M| 2

k, =

so that,

[Nl

~

m+3

w‘

m+3

™M

m+3

where from equations (3.5.19) and (3.5.20) we get

2

~ oA S . il
s = M;_;" 2_;":&;_4206;4 Bk st (3.5.21):
| Then
B0 =0, = AL > 1 (3.5.22)
but 4 =1and at +,=m+1 and r=m+3
so that,
R SR A | ) IO, (3.5.23).
We have

§m+1|m+2 =E 6m+1 | me+2] = E[(am—40m + :Bm—4um+1)| me+2]

= am—4E(9m | me+2)
o

A

but §, =X, since we have made an observation up to time 7 =m.

m

Hence, &

m+1im+2 =Wy

a, X, .

m

Next,

t9Am+3 = E[9m+3 | me+2] = E[(anz—20m+2 + ﬂm—Zum+3)l F;ny+2] = am—Zém+2
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0,,=a,0,,, 0,,=a,.0, =a, X, and these combines
to give
m+3 am—zam—30m+l = am—Zam—3am—40m’
R R . 4O (3.5.24)

where X, is the estimate of X, obtained earlier in the same section.

Hence (3.5.23) becomes,

Xm+1|m+3 = am—4Xm + km+3(Xm+3 - am—zam—3am«4Xm)

2

am—2am—3 m=4 ( % )
m—4Xm + ) ) D] 2 ) ) Xm+3 _am—zam——3am—4Xm
Bi,ta 3T O

m m-=21"m

A

=

m=-3/"m-4

Simplifying this gives

2 2 2 v 2
v _ Q4 (ﬂm-2 + 2Pz )X + an1—2am—3ﬂm—4Xm+3 (3 5 25)
m+lm+3 — ) 2 ) B 5 2 eeeeeeeeseeees oJs .
B, +a +a a
m-2 m-2/"m-3 m=2""m-3/F" m-4

(c) The estimate of (m+2)h observation based on X, ..
This is treated as one missing observation since X, and X, , have

been estimated. Then we have the new set of observations as

XX X X N),the new state space representations

m+1°

Xy = (X, X, X, 4,

are;

0., =0a, 0, + B _su.,

D O A SN (5.5.26).
Y =4.6,+B._y,
Then X}, = (X, X;0..X, 1, X, X1, V000 Xz Xy ) is the extended

are the estimates of X, and X,,, from

m+1

observed series. Here X, and X

m+1

the previous steps. v,,, is a normal random variable replacing the missing

m+2
observation. In this case 4,,,=0,B,,,=14 =1,B, =0t #m+2
Again from theorems 3.1.1 and 3.1.2 we have

By = Oy Zy iy = Pgennnrenninsssinnsssssssessasssssssssssassssassssssssassssasssssssssssans (3.5.27)

t t+1



58

AT I SR T OO 3.5.28).
2 m+3 m-3 m+2

m+ m-3

Setting t =m in (3.5.28) we obtain

2
Zm+] = ﬂm—S

2
Em+2 = ﬂm—fl‘

Hence, (3.5.28) now becomes

E i3 T B O B et (3.5.29).

Also

,
so that,
k.= i:z ........................................................................................ (3.5.30),
l?mz =¥, §m+3 = am_ﬁmz =@, 320
Thus,
33 T OBy gerreeenserisssssesssssesss s i ssass i sssssssass s sessassassssesd (3.5.31)
so that,
PR = 2"2'—4 L S (3.5.32).
B+ 3P s
Then ,
A S o N U S (3.5.33)

but 4 =1at t;=m+2 and r=m+3 so that (3.5.33) becomes

~ ~

P SN S (RO S0 SO (3.5.34).
Thus ,
Busamr = ElOnea | F2oa| = Bl s + Bcithnsa)) F2o]
=a, B0, | Fo]=a, 0,

Since we have made an observation up to time ¢ =m+/ we have
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ém+l = an
so that,
ém+2[m+2 = am—4)’\(m+l'
Next,
Opss = [ 0,5 | F, m+2] E[(a'm3 @iz + B 3um+3| m+2]
zam—3E[9m+2| m+2] - 39m+2
that is,
6,,=a,.0,.,ad 6, ,=a,,0  combines to give

0,.3 =, ; (am—-49m+l)= Q34X s -

Hence (3.5.34) gives

Xm+2/m+3 = am—4Xm+1 + km+3 (Xm+3 - am—3am—4Xm+l )
Substituting for k., we have
~ ~ (94 2 A
_ -3Fm-4
Xm+2lm+3 - am—4Xm+l + = 2m 2 (Xm+3 _am—3am—4Xm+1)

which simplifies to give

= _ ama4(ﬂrfx—~3)Xm+1 +am B s (3.5.35).

m+2m+3 AR KL L LT TP TIPS PP R TP PPRRIPPPRI PP
ﬂ =3 +am—3 m-4

We now list these models in order, to obtained the general pattern

of obtaining estimate of missing observation at any stage. Hence we have;

| IR - am—2(ﬂ:r—l )Xm—l + 1B X e

mim+1 — 2

2 2
le—l + am—l m=2

(ﬂm 1+am lﬂm Z)Xm 1+am lam 2/ m-3 m+2
2
ﬁm—l +am—lﬂm—2 +am—lam—2 m-3

2 % 2
% _ am—3( m Z)X +am-2ﬂm-3Xm+2

m+lm+2 — 2

ﬂ -2 +am 2/ m-3

l

mlm+2
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2 2 2 2 2 2 2
3 v _ am—4 (ﬂm—l +am—1 m=2 + am—lam—Zﬂm—S )Xm—l +am—lam—2am—3ﬁm—4Xm+3
. mim+3 — 2 2 2 2 2 2 2 2 2 2
le—l + am—] m-2 + anl~1am—2 m-=3 + Cxm—l(zm—Zam—3 m—4
2 2 2 O 2
v — am—4 (ﬂm—z + am—2 m=3 )Xm + am‘2am—3ﬂm—4Xm+3
m+lm+3 2 2 2 2 2 2
ﬂm—2 + am—2 m-3 + am—2“m—3 m-4
> ( s ))? + 2 X
s am—4 ﬂm—3 m+l am—3ﬂm—4 m+3
m+2im+3 2 2 2 .
le—3 P am—3 m—4
2 2 2 2 2 2 2 2 2 2
am—(sﬂ)(ﬂm—l T Py T Xy Pz T T am—lam—Z"'am—(sH)ﬁm—s )Xm—l +
2
o O O il e X
m=1"m-2 m—=s”m—(s+1 m+s
s. X = ad),

m|m+s

2 2 2 2 2 2 2 2 2
ﬂm—l T P T 1Oy 3Py Tt am—lam—Z'“am—sﬂm—(Hl)

> am-(m)(ﬂf.-: ))?m+(s—2) + 0, B (1) K mes

X =
o ﬂri—s+ari—sﬁnz1—(s+l)

The estimate of X,,,,, are the same as those obtained by Abraham

(1981) and Miller and Ferreiro (1984). The approach in (3.3.2) presented
in section 3.3 can only handle some of the nonlinear models mentioned
earlier. Before we consider a more general approach in section 3.6 we
need to give an example of the model above.

Lets give an example of AR(1) model with a constant conditional

variance , 8’ =o” and «, =¢ ( See Abraham and Thavaneswaran (1991)).
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In this case the estimates of the missing observations

X X, for an AR(1) model up to s missing values will be

XmﬁXm+l’ m+2°05 <L mi(s-1
as follows;
L g e,
. mim+1 — 1 2
+¢
, o+, + X,
mim+2 1+¢2 +¢4
& _ ¢X'm + ¢Xm+2
m+lm+2 T
. o 415(1+¢2 +¢4)Xm_1 +¢°X,,.5
mim+3 1+¢2 +¢4 +¢6
_ g+ )X, +4°X,.,
Xm+1|m+3 = 1+¢2 +¢4
- ¢Xm+1 +¢Xm+3
m+2|m+3 l+¢2
. 7 B+ +¢' +. + X, +HX, .

mim+s = 1+¢% + ¢ +...+¢*

T -2)+ Xm+s
Xm+(s—l)}m+s = ¢X”‘+(5 2) 2¢ >
1+¢

Hence the general form of these sequence of estimates is

given by;
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where ;j=012,..s5-1 and i=123,.,s for i>;.

3.6 Optimal estimation of missing observation.

Following Godambe (1985), the optimal estimation of parameters in
adaptive as well as non adaptive nonlinear time series has been discussed
in Thavaneswaran and Abraham (1988). In this section, we briefly describe
the estimation of missing observations considering them as parameters.

Let y,,¥,,.,y, be the observed time series with y, (1<m<n) missing
and the parameters ¢, be those known from the generalized model 3.1.1.

The following theorem gives the extended version of Godambe's

theorem (1985) to the multi-parameter multi-valued stochastic process.

Theorem 3.6.1. The optimal estimating function L is given by;

g’ = zn:afi_lh,i ...................................................................................... (3.6.1)

t=2

where L is the «class of wunbiased estimating function g , and

al_, :Elrzh‘; \F,iy_l}(E[hl’_hf IF,I_Y_I])+ provided the inverse (E[h,l_hf|Ft,y_1])+ exists.

We now give an example to demonstrate the use of this theorem.
3.6.1. Heteroscedasticity model with lagged dependent variables.

White (1980) considered a general specification of a regressive
model by allowing the exogenous regressors to be stochastic. The
important case when some of the exogenous variables are lagged values of

the endogenous variables have been treated in Nicholls and Pagan (1983).
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They considered the model,
P
= Z;ejy,_j @ erraeeree s (3.6.2)
=

where the error sequence {e,} satisfies

Ele, |F2,)=0,E(e? |F,)=07}
Let,
h =y -BEly,|F)=y,-6"X,,, and E(r?|F? )=0?

where 9T=(6’1,92,...,9p), X,T_l=(y,_1,y,_2,...,y,,p) and @' denotes the transpose

of 6. Then the optimal estimating function g,, is given by

Xr 1 /2 t ly
t= p+1 o, t=p+1 t 1

the least-square estimate of @ is given by

:( i){,_,XL]_I( zn:X,_,y,] )

t=p+l1 t=p+1

(See Thavaneswaran and Abraham (1991)) and is independent of the

conditional variance o>. Moreover , if e, is assume to be normal then 4,
become the likelihood estimate (m.l.e) and is more efficient than 4,. We
note here that for any series y, can be written as

iy <t| 1)+y, (,IF, )_(t, 1)+h
If E( ,[F,{l) and Var(y, |F,{1) can be written as functions of finite number

of parameters, then (3.6.2) correspond to a heteroscedastic model.

Example 3.6.1. (ARCH model). Consider the model y,, =a,y, +Bu,.,
where o, =alt,F?,0) 8, =B(.F’,0) and {u,} are a sequence of i.i.d. random

variables having mean zero and finite variance o’. Here it should be
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noted that we are not making any distributional assumption on the errors.

It can be shown that the optimal estimate of y, satisfies

n

D (111 = 0,) = O (3.6.3)

: Eliayi(yt+l_aryt)lFty:|

t 22
, O

(See Abrahams and Thavaneswaran (1991))

In special case of an AR(1) model,
Vin =+,

we have
Uy =h =Yia — W,

so that

a, =E[i (Vs =) F/ }[E(uf+1 |F )]_1 from equation (3.6.1).

m

g2 = ZE[;_ e —@,)lﬂy}[E(ufﬂ 1 0 - 0,)

m
Hence,

gng,ym _ (ym —iﬁym—l)_ ¢(ym+] 2—¢ym)=0
o o

Therefore the estimate of y  turns out to be the solution of the
equation

G = Wnt) = 9V = 89,)=0
which is given by

9. (op) = ¢_(yﬁ;2y_l_) ......................................................................... (3.6.4)
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This is the same as what we obtained in the Section 3.5.

Example 3.6.2. (RCA model). Let y, =(¢+4 )y, +u, where {u,} and {8}
are zero mean square integrable independent sequence and Var(u,)=oc and
Var(B,)=0c}; B, is independent of {»,} and {y_}. Then the optimal estimate
of y, (treated as a parameter) can be given as a solution of the nonlinear

equation.

Let w, +pBy. =y ~#. then h=u+py =y -¢,, and the optimal

n
estimating function is g° =) a, ,h, where
t=1

=5 2 2, [t 1 2

) Lyim(yt ~.)l thl}[E(u, +Bya) | F r

g: = iE{g_(yt _@}t—l)l EJ—/I}[E(ut + ﬁtyt—l)z ! F;Zl]Vl(yz _@t—l)

0 :
gr(z),y,,, = +E|:a(ym+1 _@/m)l Fn.:jl[E(umH + ﬂm+1ym)2 | Er{]yl(ymﬂ _¢ym)+

2= ) L [+ e P12 )

Hence,

—1

g, =42 + 2 G+ )+ (0% + 022 ) O~ ) =0
so that
5, =y, o2 + 0292 =8O = )07 + 0292 )| = 0 (3.6.5).

It can also be seen that the least square estimate of y, is the

solution of

(B = 1) = PFs = B ) = Oeeerrcerrcnrioennsinmasssssson (3.6.6)

and is given by
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P, (LS)= #ns+ y”’+1)/(1+¢2).

This is the same as the previously obtained for an AR(1) process.
However , the optimal estimate will not be the same in both cases.
This estimate depend on the conditional variance of the observed

series which in turn depends on the missing value, y,. Hence we first
find the least square estimate j,(LS) of y, and then use it to obtain the
weights W, =0, +0o,y., and W,=o,+0,y,(LS) to calculate the optimal
estimate which simplifies to

A _ ¢(W2ym—1 + I/Vlym+l)
ym (Op) ¢2VVI 4 W2

Where in this algorithms we assume that the model parameters ¢,o.

and 0'[2; are known.
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CHAPTER FOUR

AN EMPIRICAL STUDY

4.0: Introduction.

In this chapter we carry out an empirical study to illustrate the
results obtained in chapter three on simulated AR(1) data. Some
values are with held and then estimated as though they were missing.

We compare the simulated AR(1) data and corresponding
estimated missing values generated using formula (3.5.37) in chapter

three.
Tables 4.2 to 4.7 and Tables 4.9 to 4.14 gives actual data and

estimates of missing values for different values of the parameter ¢
and initial value X,.
4.1: Estimation of missing observations on simulated

AR(1) data.

AR(1) process is written as X, =¢X,  +e,, where e is a purely

random process which is normally distributed with mean zero and unit

variance (i.e. e ~N(0,1)), ¢ is some constant given within the range
|f| <1 and X, is the initial observation which we choose to determine

the size of the data.

Hence we have,
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X, =¢X,+¢
X, =¢X, +e,

......................................................................... (4.1.1)
Xn :¢Xn—1 +en,

We generated AR(1) data using a computer programme. The
general formula (3.5.37) in chapter three was then applied to the
simulated AR(1) data at various sections of the data where missing
observations where artificially created. The Tables 4.2 to 4.7 illustrates
the missing values from a given position and their estimates and

Tables 4.9 to 4.14 iéllustrate the same for different values of ¢ and
If we set ¢=086 and X, =100, we obtain the following AR(1)

data for the first 20 wvalues.
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Table 4.1: Simulated AR(1) data when ¢=086 and X, =100.

t Xt

1 86.21399
2 73.03785
3 63.71109
4 | 53.52442
S 47.14499
6 38.94666
7 35.22709
8 31.41615
9 25.95318
10 | 21.70792
11 17.5829
12 | 15.35208
13 | 12.63766
14 | 11.30084
15 | 9.111297
16 | 8.188405
17 | 6.679135
18 | 5.224529
19 | 3283825
20 2.94902




70

Table 4.2: One missing value at position 5,10 and 15 with their

estimates.

t Actual AR(1) Data with missing Estimated values
data (X)) values

1 86.21399 86.21399

2 73.03785 73.03785

3 63.71109 63.71109

o 53.52442 53.52442

> 47.14499 - 45.71461
6 38.94666 38.94666

7 35.22709 35.22709

8 31.41615 31.41615

9 2595318 23933518

10 21.70792 - 21.52278
11 17.5829 17.5829

12 15.35208 15.35202

13 12.63766 12.63766

14 11.30084 11.30084

15 9111297 - 9.634832
16 8.188405 8.188405

17 6.679135 6.679135

18 5.224529 5.224529

19 3.283825 3.283825

20 2.94902 2.94902

Position Maximum percentage deviation

5

3.03%




Table 4.3: Two consecutive missing values from position 4 to 5,

71

11 to 12 and 15 to 16 with their estimates.

t Actual AR(1) Data with missing Estimated values
data (X)) values
1 86.21399 86.21399
2 73.03785 73.03785
3 63.71109 63.71109
4 53.52442 - 54.28141
5 47.14499 - 46.08884
6 38.94666 38.94666
7 35.22709 35.22709
8 31.41615 31.41615
9 25.95318 2595318
10 21.70792 21.70792
11 17.5829 - 18.29044
b2 15.35208 - 15.25982
13 12.63766 12.63766
14 11.30084 11.30084
15 9.111297 - 9.554145
16 8.188405 - 8.025192
17 6.679135 6.679135
18 5.224529 5.224529
19 3.283825 3.283825
20 2.94902 2.94902
Positions of Calculated j,° | Table value
missing values value Zg.os,l
4 -5 0.20076 3.841
11-12 0.02872
15-16 0.24778




Table 4.4: Three consecutive missing values from position 5 to 7,
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10 to 12 and 15 to 17 with their estimates.

t Actual AR(1) Data with missing Estimated values
data (X,) values
1 86.21399 86.21399
2 73.03785 73.03785
3 63.71109 63.71109
4 53.52442 53.52442
5 47.14499 - 46.53628
6 38.94666 - 40.60873
7 35.22709 - 35.60669
8 31.41615 31.41615
9 25.95318 25.95318
10 21.70792 - 21.95128
11 17.5829 - 18.44966
12 15.35208 - 15.36853
13 12.63766 12.63766
14 11.30084 11.30084
15 9.111297 - 9.492511
16 8.188405 - 7.900518
17 6.679135 - 6.488584
18 5:.224529 5.224529
19 3.283825 3.283825
20 2.94902 2.94902
Positions of Calculated j° | Table value
missing values value Hows

5-7 0.21350 5.991

10-11 0.04547

15-17 0.03151
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Table 4.5: Five consecutive missing values from position 5 to 9

and 15 to 19 with their estimates.

t Actual AR(1) Data with missing Estimated values
data (X,) values

1 86.21399 86.21399

2 73.03785 73.03785

3 63.71109 63.71109

4 53.52442 53.52442

5 47.14499 - 46.03886

6 38.94666 - 39.60257

7 35.22709 - 34.06884

8 31.41615 - 29.31157

g 25.95318 - 2522233

10 21.70792 21.70792

11 17.5829 17.5829

12 15.35208 15.35202

13 12.63766 12.63766

14 11.30084 11.30084

15 9.111297 - 9.48101

16 8.188405 - 7.877255

17 6.679135 - 6.453028

18 5.224529 - 5.17587

19 3.283825 - 4.016674
20 2.94902 2.94902

Positions of Calculated »° | Table value
missing values value Xoosa
59 0.21686 9.488
15-19 0.19848




Table 4.6: Ten consecutive missing values from position 5 to 14
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with their estimates.

t Actual AR(1) Data with missing Estimated values
data (X)) values

| 86.21399 86.21399

2 73.03785 73.03785

3 63.71109 63.71109

4 53.52442 53.52442

5 47.14499 - 45.96669
6 38.94666 - 39.45658
7 35.22709 - 33.84572
8 31.41615 - 29.00622
9 25.95318 - 24.82522
10 21.70792 - 21.21522
11 17,5829 - 18.08614
12 15.35208 - 15.36927
13 12.63766 - 13.00266
14 11.30084 - 10.9324
15 9.111297 9.111297

16 8.188405 8.188405

17 6.679135 6.679135

18 5.224529 5.224529

19 3.283825 3.283825

20 2.94902 2.94902

Positions of
missing values

Calculated »°
value

Table value

2
X0.059

5-14

0.37234

16.92




Table 4.7: Eighteen consecutive missing values from position 2 to
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19 with their estimates.

Actual AR(1)

Data with missing

Estimated values

data (X,) values

1 86.21399 86.21399

2 73.03785 - 74.11012
3 63.71109 - 63.69526
4 53.52442 - 54.73207
5 47.14499 - 47.01625
6 38.94666 - 40.37197
7 35.22709 - 34.6478
8 31.41615 - 29.71327
9 25.95318 - 25.45593
10 21.70792 - 21.77875
11 17.5829 - 18.59792
12 15.35208 - 15.84095
13 12.63766 - 13.44501
14 11.30084 - 11.35549
15 9.111297 - 9.524767
16 8.188405 - 791112
17 6.679135 - 6.477774
18 5.224529 - 5.192006
19 3.283825 - 4.024678
20 2.94902 2.94902

Positions of
missing values value

Calculated 5’

Table value

2
X0.05.17

0.53467

27:39
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We generate another 20 values of AR(1) using different values

of ¢ and X, as illustrated in Table 4.8 and Tables 4.9 to 4.14 shows

the missing values and their estimates for this simulation.

Table 4.8: Simulated AR(1) data when ¢=05 and X, =1000000.

t Xt

1 500000

2 | 249999.8
3 125001.2
4 | 62500.23
5 31250.01
6 15622.97
7 7809.437
8 3905.664
9 1953.414
10 | 977.1117
11 | 488.8349
12 | 244.358
13 | 122.5056
14 | 61.77014
15 | 33.05295
16 | 15.78969
17 | 7.215367
18 | 3.808213
19 | 2.473077
20 | 1.745028
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Table 4.9: One missing values at position 5,10 and 15 with their

estimates.

t Actual AR(1) Data with missing Estimated values
data (X)) values
1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
& 62500.23 62500.23
5 31250.01 - 31249.28
6 1562297 15622.97
7 7809.437 7809.437
8 3905.664 3905.664
9 1953.414 1953.414
10 977.1117 - 976.8995
11 488.8349 488.8349
12 244.358 244.358
13 122.5056 122.5056
14 61.77014 61.77014
1.3 33.05295 - 31.02393
16 15.78969 15.78969
17 7.215367 7.215367
18 3.808213 3.808213
19 2.473077 2.473077
20 1.745028 1.745028
Position Maximum percentage deviation

15

6.14%




Table 4.10: Two consecutive missing values from position 5 to 6,
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10 to 11 and 15 to 16 with their estimates.

t Actual AR(1) Data with missing Estimated values
data (X)) values
1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
o 62500.23 62500.23
5 31250.01 - 31249.53
6 15622.97 - 15623.59
7 7809.437 7809.437
8 3905.664 3905.664
9 1953.414 1953.414
10 9771117 - 976.7415
11 488.8349 - 488.4398
12 244.358 244.358
13 122.5056 122.5056
14 61.77014 61.77014
15 33.05295 - 30.78871
16 15.78969 - 15.20163
17 7.215367 7.215367
18 3.808213 3.808213
19 2.473077 2.473077
20 1.745028 1.745028
Positions of Calculated »° | Table value
missing values value i
5-6 0.00003 3.841
10-11 0.00032
15-16 0.17701




Table 4.11: Three consecutive missing values from position 5 to 7
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10 to 12 and 15 to 17 with their estimates.

{ Actual AR(1) Data with missing Estimated values
data (X)) values

1 500000 500000

2 249999.8 249999.8

3 125001.2 125001.2

4 62500.23 62500.23

5 31250.01 - 31250.06
6 15622.97 - 15624.92
7 7809.437 - 7812.232
8 3905.664 3905.664

9 1953.414 1953.414

10 977.1117 - 976.7462
11 488.8349 - 488.4517
12 244.358 - 244.3829
13 122.5056 122.5056

14 61.77014 61.77014

15 33.05295 - 30.88013
16 15.78969 - 15.4302
17 7.215367 - 7.695365
18 3.808213 3.808213

19 2.473077 2.473077

20 1.745028 1.745028

Positions of

Calculated 4’

Table value

missing values value Ko,z

5-7 0.00124 5.991
10-12 0.00044
15-17 0.18295




Table 4.12: Five consecutive missing values from position 5 to 9

and 15 to 19 with their estimates.
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t Actual AR(1) Data with missing Estimated values
data (X)) values

1 500000 500000

2 249999.8 249999.8

3 125001.2 125001.2

< 62500.23 62500.23

5 31250.01 - 31250.13
6 15622.97 - 15625.09
7 7809.437 - 7812.596
8 3905.664 - 3906.4
9 1953.414 - 1953.405
10 977.1117 977.1117

11 488.8349 488.8349

12 244358 244358

13 122.5056 122.5056

14 61.77014 61.77014

15 33.05295 - 30.90335
16 15.78969 - 15.48824
17 7.215367 - 7.817251
18 3.808213 - 4.054887
19 2.473077 - 2.319966
20 1.745028 1.745028

Positions of Calculated j* | Table value
missing values value Zéos,z;
5-9 0.00170 9.488
15-19 0.21821
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Table 4.13: Ten consecutive missing values from position 5 to 14

with their estimates.

Actual AR(1)

Data with missing

Estimated values

data (X)) values
1 500000 500000
2 249999.8 249999.8
3 125001.2 125001.2
4 62500.23 62500.23
5 31250.01 - 31250.12
6 15622.97 - 15625.06
7 7809.437 - 7812.539
8 3905.664 - 3906.284
9 1953.414 - 1953.172
10 977.1117 - 976.6453
11 488.8349 - 488.4415
12 244358 - 244.4584
13 122.5056 - 122.7046
14 61.77014 - 62.30301
15 33.05295 33.05295
16 15.78969 15.78969
17 7.215367 7.215367
18 3.808213 3.808213
19 2.473077 2.473077
20 1.745028 1.745028

Positions of Calculated »
missing values value

2

Table value

2
X0.05,9

0.00714

16.92




82

Table 4.14: Eighteen consecutive missing values from position 2 to

19 with their estimates.

Actual AR(1)

Data with missing

Estimated values

data (X)) values

1 500000 500000

2 249999.8 - 250000
3 125001.2 - 125000
4 62500.23 e 62500
5 31250.01 - 31250
6 15622.97 - 13625
7 7809.437 - 7812.5
8 3905.664 - 3906.25
9 1953.414 - 1953.125
10 977.1117 - 976.5632
11 488.8349 - 488.2828
12 244358 - 244.1437
13 122.5056 - 122.0765
14 61.77014 - 61.04752
15 33.05295 - 30.54231
16 15.78969 - 15.30825
17 7.215367 - 7.728314
18 3.808213 - 4.012536
19 2.473077 - 2.303026
20 1.745028 1.745028

Positions of Calculated 4’
missing values value

Table value

2
X0.05,17

0.27716

27.59
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TIMEPLOT FORACTUAL AND ESTIMATED AR(1) DATA
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Fig. 1: Time plot for actual and estimated AR(1) data for eighteen

missing observations when ¢=0.86 and X, =100
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TIMEPLOT FORACTUAL AND ESTIMATED AR(1) DATA
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Fig. 2: Time plot for actual and estimated AR(1) data when ¢=0.5
and X, =1000000

In both Tables: Series 1 is actual AR(1) data.

Series 2 is estimated AR(1) data.
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4.2: Discussions of Tables

In tables 4.2 and 4.8 the maximum percentage deviation of the
estimated values from the actual values are 3.03% and 6.14%
respectively.

For Tables 4.3 to 4.7 Chi-square goodness of-fit statistics was
calculated to compare the estimated and actual values. Each of the
Chi-square values were not significant for any reasonable level of
significance.

The same procedure was applied on Tables 4.10 through 4.14
and the same performance was registered. Time plot for actual and
estimated data in the case of eighteen missing observations presented
as Fig. 1 and Fig. 2 confirm that the estimated values agree quite well

with the actual values.
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CHAPTER FIVE

CONCLUSION AND ACCOMPLISHMENTS

5.0: Introduction
In this chapter we outline the general achievements of the
project. We also suggest areas for further research which have

emerged during the course of our study.

5.1: Achievements

Most methods developed for estimation of missing
observations in Time Series analysis have been limited to the case of
one or two consecutive missing observations. In this project we have
employed the state space models which can handle irregularly spaced
data. Missing observations in a Time Series can safely be treated as
special case of such data. In particular we have extended the formula
derived in Abraham and Thavaneswaran (1991) to encompass the case
where there are more than two missing observations. In a special case
we apply the formula on AR(l) simulated data and it seems to

perform satisfactorily.

We have given complete proofs to Theorems 2.1 and 2.2 of
Abraham and Thavaneswaran (1991), here restated as Theorems 3.1.1

and 3.1.2.
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A comprehensive and simple exposition of state space representation
for some commonly used Time Series models has been presented.
This will go along way in introducing and popularizing this technique
to undergraduate students of a Time Series analysis course, and other
users of Time Series.

Theory of estimating function following Godambe's (1985)
theorem, is used to obtained optimal estimates of missing observations

in. some a linear and nonlinear Time series models.

5.2: Suggestions

From this project it should however be noted, that the
procedures may not cover all the nonlinear Time Series situations and
the methods should be adapted to meet particular needs. Further
research is required to develop a unified approach that would cover
all conceivable linear and nonlinear models.

Further simulation studies could be conducted to asses the
performance of the general formula derived in chapter three on higher
order AR, MA, ARMA and ARIMA models.

In the optimal estimation method we used algorithms in which

2

it is assumed that the model parameters ¢, o are known.

2
and oy

Such an assumption about the model parameters is no‘t uncommon in
the context of estimation of missing observations. However, in
practice, model parameters may be estimated using part of the data
(see Abraham (1981)). Such an approach for optimal estimation of
missing observations in a nonlinear models remains to be an area for

further research.
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5.3: Conclusion

The occurrence of missing observations is quite common in
Time Series and the general model 3.1.1 may be used to characterized
such situations. This project offers two alternative techniques for
estimating missing observations. The methodology in chapter three
section 3.3 to 3.5 can be applied for a restricted class of models
whenever the normality assumption is made on the errors.

The optimal estimation method in chapter three section 3.6 is
more general and is useful when a practitioner has doubts about
specifying a particular distribution for the errors. It should be noted
however, that the procedures may not cover all the nonlinear Time
Series situations and that other methods should be developed to meet

particular needs as they arise.
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