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ABSTRACT 

In this study, the thermal management of electronic devices, specifically Central Processing 

Units (CPUs), using carbon nanotubes (CNT) dispersed in polyethylene glycol (PEG-400) 

under the influence of a magnetic field was studied. The research optimized cooling 

performance by enhancing efficiency, extending the operating temperature range, and 

improving the reliability of such systems. The study modeled impingement cooling using a 

Darcy-Brinkman-Forchheimer approach and considered the effects of viscous dissipation. The 

governing nonlinear partial differential equations were converted into nonlinear ordinary 

differential equations (ODEs) by utilizing similarity variables and solved using MATLAB’s 

bvp4c. CNT-PEG-400 nanofluid flowing via a porous metal foam CPU cooler with a fan and 

a heated CPU surface was simulated. The investigation of key parameters like Hartmann 

number, Reynolds number, Darcy number, and porosity revealed that increasing the Darcy 

number significantly enhances heat transfer. The Hartmann number’s effect varies with 

porosity, where stronger magnetic fields are advantageous for highly porous metal foams, 

ultimately improving cooling efficiency. CNTs increase both the density and viscosity of PEG-

400, leading to enhanced heat transfer characteristics, which improve overall cooling 

performance. These findings contribute to optimizing cooling strategies for CPUs and other 

electronic devices, especially when using CNT-PEG-400 nanofluids in the presence of 

magnetic fields. 
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CHAPTER ONE 

1.0  Introduction 

Electronic devices generate heat during operation, and efficient thermal management is 

necessary for their optimal performance and longevity. Conventional cooling methods for 

electronic devices, such as air cooling and liquid cooling, have limitations in terms of 

efficiency and size, particularly for high-power devices. Due to their exceptional thermal 

conductivity, carbon nanotubes (CNTs) have become a highly promising material for thermal 

management applications. 

Nanofluids containing carbon nanotubes (CNTs) dispersed in a base fluid such as 

polyethylene glycol (PEG-400) have demonstrated improved thermal properties. These 

enhanced fluids show potential for use as coolants in electronic devices. Furthermore, in the 

presence of a magnetic field, CNT-based nanofluids exhibit unique thermal properties due to 

CNTs alignment along the magnetic field direction. This alignment results in enhanced 

thermal conductivity that can bring about improved thermal management of electronic 

devices (Yu et al., 2021). 

Electronic devices that can benefit from this technology include, graphics processing units 

(GPUs), high-power microprocessors (CPUs), field-programmable gate arrays (FPGAs), and 

other high-performance computing components. These devices typically operate most 

efficiently within a specific temperature range. For instance, Central Processing Units 

typically operate most efficiently within a temperature range of 30°C to 70°C, with a 

maximum safe operating temperature of around 100°C. GPUs can function at higher 

temperatures of up to 85°C to 100°C, depending on the specific model and manufacturer. 

Effective thermal management techniques, such as CNT-based nanofluids, can help extend 

the temperature range at which electronic devices can operate efficiently and safely. On this 
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study, we focus on heat dissipation on miniature electronic devices like CPUs so as to 

maintain their operational efficiency and ensure long-term reliability and performance. Thus, 

the use of CNT in PEG-400 is a promising approach for thermal management of electronic 

devices in magnetic field’s presence, particularly for high-power devices. 

1.1 Definition of terms 

1.1.1 Hartmann Number: This is a dimensionless parameter accustomed to 

characterize the behavior of electrically conducting fluids, such as conducting 

nanofluids, in the existence of a magnetic field. It denotes the ratio of 

electromagnetic forces to viscous forces and helps determine the magnetic field’s 

effect on the flow of the fluid and transfer of heat (Zamir et al., 2024). 

1.1.2 Nusselt Number: It is a dimensionless number, which characterizes the efficiency 

of heat transfer in a fluid flow relative to purely conductive heat transfer. It is the 

ratio of convective to conductive heat transfer across a boundary such as the 

surface of a solid or a wall in contact with the fluid (Adio et al., 2025). 

1.1.3 Porosity: is a measure of the void or empty space within a material, normally 

written as a fraction or percentage. It describes how much of a material's volume 

is taken by empty spaces (pores) compared to its total volume (Vafai, 2023). 

1.1.4 Heat Transfer: The process by which thermal energy is passed on from one 

object or region to another due to a difference in temperature is known as heat 

transfer. It can take place through conduction (transfer via physical contact), 

convection (transfer via the movement of liquid), and radiation (transfer via 

electromagnetic waves) (Adio et al., 2025). 

1.1.5 Viscosity: The internal resistance of a fluid to flow is viscosity. It measures the 

fluid's resistance to shearing forces and is a measure of its thickness or stickiness. 
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Fluids that have high viscosity flow sluggishly while fluids with low viscosity 

flow more easily (ACS Omega Team, 2024). 

1.1.6 Density: This is the mass per unit volume of a substance. It represents the 

compactness or concentration of particles in a given space (ACS Omega Team, 

2024).  

1.1.7 Thermal Conductivity: This is a measure of a substance's capability to conduct 

heat. It characterizes the rate at which heat energy is transmitted via a substance 

by conduction. Higher thermal conductivity values indicate better heat transfer 

capabilities, allowing heat to move more efficiently through the material (Punia et 

al., 2024).  

1.1.8 Single-phase Nanofluid: this is a nanofluid where the nanoparticles uniformly 

disperse in a single phase of the base fluid, resulting in a homogeneous mixture. In 

other words, both the base fluid and the nanoparticles exist in the same phase, and 

there is no clear separation between them (Punia et al., 2024). 

 

1.2 Statement of the problem 

The efficient thermal management of electronic devices is important for their optimal 

performance and longevity. Conventional cooling methods have limitations, particularly for 

high-power devices, and there is a need for more efficient cooling technologies. Carbon 

nanotubes have shown promise for thermal management as a result of their high thermal 

conductivity and unique properties. However, the usage of CNT-based nanofluids for thermal 

applications on electronic devices in the existence of a magnetic field requires further 

investigation. Therefore, in this research project, I will investigate the use of CNT in PEG-

400 for thermal management of CPUs in the presence of a magnetic field, to improve their 

efficiency, extend their operating temperature range, and improve their reliability. 
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1.3 Objectives 

1.3.1 General objective 

To investigate the use of Carbon Nanotubes (CNTs) in polyethylene glycol (PEG-400) for 

thermal management of electronic devices like Central Processing Units (CPUs) in the 

presence of a magnetic field, aiming to improve efficiency, extend the operating temperature 

range, and improve reliability. 

1.3.2 Specific objectives 

1. To evaluate the effect of CNT-based nanofluids on the viscosity and density of the 

cooling medium (PEG-400). 

2. To investigate the heat transfer performance of CNT-based nanofluids under the 

influence of a magnetic field. 

3. To investigate the relationship between the Hartmann number and porosity on the 

Nusselt number. 

1.4 Justification 

Enhancing Thermal Management: Efficient thermal management is crucial for electronic 

devices such as CPUs to ensure optimal performance, longevity, and reliability. By 

investigating the use of CNT in PEG-400, the research aims to contribute to the development 

of advanced cooling technologies that can effectively dissipate heat generated by high-power 

electronic devices. 
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CHAPTER TWO 

LITERATURE REVIEW 

Thermal management plays a crucial role in upholding the optimal performance and 

longevity of electronic devices like CPUs. Traditional cooling methods often face limitations, 

especially for high-power devices, necessitating the exploration of more efficient cooling 

technologies. Carbon nanotubes (CNTs) have gained significant attention due to their 

exceptional thermal conductivity and unique properties, making them promising candidates 

for thermal management applications. This literature review gives an overview of relevant 

studies on the usage of CNT-based nanofluids in thermal applications for electronic devices, 

particularly in the existence of a magnetic field. 

Some studies have investigated the behavior of nanofluids under the influence of a magnetic 

field. Sudhakar and Ravi Kumar (2014) observed that the presence of a magnetic field altered 

the thermal and rheological properties of nanofluids, leading to improved heat transfer 

characteristics. Dhinesh Kumar and Suresh (2021) focused on the magnetic field-induced 

thermal convection of nanofluids in geothermal applications, highlighting the potential for 

enhanced heat transfer performance. These studies emphasize the importance of 

understanding the interactions between magnetic fields and nanofluids for efficient thermal 

management. 

Studies by Younes et al. (2022) have underscored the importance of understanding key 

factors affecting their thermal conductivity, such as nanoparticle size, shape, and alignment. 

Despite extensive research, commercial applications of nanofluids remain limited due to 

conflicting data on these factors' effects. Parameters like viscosity and stability also pose 

challenges for wider adoption. This is relevant to my study, which focuses on optimizing the 

thermal behavior of CNT-PEG nanofluids for enhanced CPU cooling. 
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Furthermore, Jang et al. (2009) explored CNTs alignment using magnetic fields and aqueous 

dispersion. They revealed that applying a magnetic field facilitated the alignment of 

nanotubes, leading to enhanced thermal and mechanical properties.  

Open-cell metal foams have many applications (Pourrahmani et al., 2019) and possess 

excellent thermal properties, making them an ideal candidate for next-generation heat 

exchangers used in CPU cooling systems (Zing et al., 2019). Additionally, the rapid 

advancements in nanofluids have garnered significant attention, particularly for incorporating 

nano-sized metal particles into cooling fluids to enhance heat dissipation (Mahian et al., 

2019). Whelan et al., (2012) developed and evaluated a liquid cooling system utilizing 

nanofluids for an Intel Pentium 4 processor. Their results indicated that a compact nanofluid 

jet could efficiently dissipate up to 200 W of heat, significantly lowering the overall system 

cost. Consequently, continued research on the heat transfer properties of nanofluid flow 

through porous metals is crucial. 

Other studies have also contributed significantly to the understanding of CNT-based 

nanofluids under magnetic fields. Xie et al. (2018) investigated the viscosity of carbon 

nanotube aqueous nanofluids and found that the application of a magnetic field led to a 

notable increase in viscosity, attributed to the alignment and clustering of CNTs along 

magnetic field lines. Cwynar et al. (2020) examined the isobaric heat capacity of CNT-based 

nanofluids and reported that the presence of a magnetic field enhanced the specific heat 

capacity, improving the fluid’s ability to store and transport thermal energy. Wang et al. 

(2019) conducted experimental studies on the heat transfer behavior of CNT nanofluids under 

magnetic influence and observed that the magnetic field significantly improved convective 

heat transfer by promoting nanoparticle alignment and modifying the flow structure. 
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Recent studies have increasingly focused on the dynamics of nanofluid heat transfer within 

porous media. Nabwey et al. (2023) comprehensively reviewed nanofluid behaviors in porous 

structures, highlighting how key parameters—such as Darcy’s number and porosity—

substantially affect convective heat transfer performance in Darcy–Brinkman–Forchheimer 

flows. Their analysis underscores that increasing porous medium permeability (higher Darcy 

number) directly enhances thermal transport, while porosity variations can either boost or 

diminish heat exchange depending on geometry and flow conditions. This review establishes 

a rigorous foundation for understanding parameter sensitivity in porous MHD-enhanced 

cooling systems. 

Building on this framework, a numerical investigation by Abdelaziz et al. (2024) examined 

forced convective MHD nanofluid flow through pipe geometries containing porous media, 

utilizing the Darcy–Brinkman–Forchheimer model. Their findings revealed that applying a 

magnetic field enhances heat-transfer rates, though at the cost of increased pressure drop. 

Furthermore, the choice of nanoparticle and porous matrix materials critically influenced 

thermal performance; for instance, aluminum-based nanofluids within silver-porous media 

demonstrated optimal enhancement according to performance evaluation criteria. These 

results align closely with experimental trends and support the effective integration of 

magnetic fields and material selection in optimizing nanofluid cooling systems. 

In summary, the reviewed literature demonstrates the potential of CNT-based nanofluids for 

efficient thermal management in electronic devices particularly, CPUs. The existence of a 

magnetic field can affect the thermal and rheological properties of nanofluids, leading to 

improved heat transfer performance. The addition of carbon nanotubes in nanofluids has 

shown enhancements in thermal conductivity, viscosity, and stability. The studies discussed 

here provide valuable insights into the behavior of CNT-based nanofluids under the influence 
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of magnetic fields, highlighting their potential for enhancing the thermal management of 

electronic devices. 
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CHAPTER THREE 

METHODOLOGY 

3.0 Introduction 

The current investigation employs a modeling framework based on a CPU cooling system 

using  CNT in PEG-400 nanofluid as in figure 3.0.1.  

 

Figure 3.0.1 CPU cooling system model(Venkateswarlu et al., 2024) 

The CPU is modeled as having a metal foam heat sink, which is responsible for dissipating 

heat. However, the CPU’s and heat sink’s thermal resistance is neglected. Due to the low 

Reynolds number, the flow field within the porous media is assumed to be laminar. The 

physical properties of the CNT-PEG-400 nanofluid are assumed to be constant and not 

affected by changes in temperature, and a uniform constant magnetic field is applied to the 

heat sink. 

The heat sink’s physical properties are assumed to be isotropic and homogeneous with no 

temperature variability. Due to high flow resistance in the porous medium, I have considered 
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heat generated by both the friction between the CNT-PEG-400 and the solid pores and 

viscous dissipation.  

3.1 Assumptions 

 The nanofluid is assumed to be incompressible and steady 

 The viscosity of the nanofluid is consistent and unaffected by shear rate. 

 Nanofluid’s thermal conductivity is uniform in all directions. 

 The metal foam maintains consistent porosity, allowing fluid to flow uniformly 

through the pores in all directions. 

 The magnetic field's intensity and orientation are consistent throughout the study area. 

 In the investigation of the porous media, both viscous and inertial forces are taken 

into consideration. 

 Heat is uniformly distributed across the CPU’s surface, with no heat transfer 

occurring through the model's side walls. 

 At the porous medium’s wall, the flow velocity of the nanofluid is zero. 

3.2 Mathematical modelling 

The problem is modelled by assuming that in the process of heat dissipation, the drop in 

pressure and transfer of heat is assumed to be constant, when exposed to a uniformly applied 

jet velocity. This flow is assumed to be like the flow that occurs between parallel plates as in 

figure 3.2.1. The flow is parallel to the x-axis, with a uniform velocity distribution along the 

y-axis, while the heat is being generated. The cooling nanofluid exits the fan with a constant 

velocity, 𝑈𝑖𝑛, and temperature, 𝑇𝑖𝑛. It subsequently enters the heat sink uniformly. Since the 

CPU’s surface is expected to maintain a fixed temperature, we assume the surface maintains 

a constant temperature, 𝑇𝑤. A magnetic field which is uniform is applied to the porous 

medium. As the nanofluid flows through the porous metal foam, it effectively transfers the 

heat generated by the CPU surface to the heat sink boundary. To simplify the analysis, the 
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symmetry of the physical setup has been utilized. As the system and boundary conditions are 

symmetric about the centerline, only one half of the geometry is modeled. This approach 

accurately represents the behavior over the entire CPU surface while reducing computational 

complexity. Figure 3.2.1 and 3.2.2 shows the porous metal CPU cooler being studied, 

showing both a 3D view and a 2D model with the corresponding boundary conditions. 

 

Figure 3.2.1. 3D model of CPU cooler made of porous metal(Venkateswarlu et al., 2024) 
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Figure 3.2.2 2D model with the boundary conditions of the CPU cooler 

The CNT-PEG-400 nanofluid is assumed to enter the porous media with an unvarying 

velocity and temperature. The CPU surface is maintained at an unchanging temperature. This 

ensures that the safe operating temperature range of the CPU is maintained to enhance 

efficiency, and improve their longevity. 

The fundamental equations governing flow and heat transfer are based on the Navier-Stokes 

equations, which describe the conservation of mass, momentum, and energy. Here is a model 

of these equations. 

Flow Inlet 

Flow outlet Flow outlet 

H 

2L 

Inlet: u = 0, v =-𝑈𝑖𝑛, T=𝑇𝑖𝑛 

 

 

Wall: u = 0 = v, T=𝑇𝑤 

 

 

Magnetic field 
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3.3 Fundamental equations: 

3.3.1 Continuity equation: 

This equation denotes the conservation of mass for an incompressible flow. In my study, this 

equation states that the nanofluid’s mass remains constant as it flows through the porous 

metal foam, even when subjected to a magnetic field.  

∇. (𝜌𝜈) = 0       (3.3.1.1) 

Since the flow is 2D and incompressible, the equation reduces to: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0        (3.3.1.2) 

In this context, 𝑢 and 𝑣 represent the velocity components along the x-axis and y-axis, 

respectively. 

3.3.2 Momentum equation: 

This equation defines fluid substances’ motion. The equation is essential for determining the 

flow behaviour of the nanofluid subject to a magnetic field, which affects how the fluid 

distributes the heat generated by the CPU and is given by: 

𝜌(𝜐. ∇)𝜐 = −∇𝑝 + 𝜇∇2𝜐 + 𝐹     (3.3.2.1) 

Where: 

𝜐 represents the velocity 

𝜌 denotes the fluid density 

𝑝 stands for the pressure 

𝐹 indicates the body forces per unit volume. 

𝜇 is the dynamic viscosity 

x-momentum: 

1

𝜀2 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑝

𝜕𝑥
+

𝜗𝑛𝑓

𝜀
(

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) − (
𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2 +
𝜗𝑛𝑓

𝐾∗ +
𝐶𝐸

√𝑘∗ √𝑢2 + 𝑣2) 𝑢    (3.3.2.2) 

y-momentum: 
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1

𝜀2 (𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑝

𝜕𝑦
+

𝜗𝑛𝑓

𝜀
(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) − (
𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2 +
𝜗𝑛𝑓

𝐾∗ +
𝐶𝐸

√𝑘∗ √𝑢2 + 𝑣2) 𝑣   (3.3.2.3) 

Where: 

𝜀 is medium’s porosity 

𝑘∗ stands for the thermal conductivity 

T represents the temperature 

𝜎𝑛𝑓 denotes the electrical conductivity of the nanofluid 

𝐾∗ signifies the permeability of the porous medium. 

𝜌𝑛𝑓  stands for the density of the nanofluid 

𝐶𝐸is the coefficient of form drag 

𝜗𝑛𝑓 indicates the kinematic viscosity of the nanofluid 

𝐵0 is the magnetic field strength that is applied 

𝜎𝑛𝑓 is the electrical conductivity of the nanofluid. 

𝜗𝑛𝑓

𝐾∗ 𝑢 represents the Darcy term. 

(
𝐶𝐸

√𝑘∗ √𝑢2 + 𝑣2) 𝑢 represents the Forchheimer term. 

The Lorentz force, resulting from the interaction between the magnetic field and the moving 

nanofluid, is represented by the term 
𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2 

𝐶𝐸

√𝑘∗ accounts for the drag force within the porous medium 

3.3.3 Energy equation 

This equation accounts for energy conservation (heat transfer) in the nanofluid. The energy 

equation is important because it accounts for the temperature variations caused by heat 

generation, especially subject to a magnetic field. The formula for energy can be expressed as 

follows: 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘𝑒𝑓𝑓

(𝜌𝐶𝑝)
𝑛𝑓

(
𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2) +
𝑄∗

(𝜌𝐶𝑝)
𝑛𝑓

(𝑇 − 𝑇𝑖𝑛) + Φ    (3.3.3.1) 
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Where: 

Φ =
𝜇𝑛𝑓

𝐾∗
(𝑢2 + 𝑣2) +

𝜇𝑛𝑓

𝜀
{2 (

𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝑣

𝜕𝑦
)

2

+ (
𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
)

2

}    (3.3.3.2) 

𝑘𝑒𝑓𝑓 is the effective thermal conductivity 

(𝜌)𝑛𝑓 is the density for the nanofluid. 

The specific heat capacity of the nanofluid is denoted as (𝐶𝑝)
𝑛𝑓

 

Φ represents the viscous dissipation effects. 

3.4 Boundary Conditions 

Inlet boundary: Located at y = H, where the nanofluid enters the channel: 

u = 0, v = −𝑈𝑖𝑛, T= 𝑇𝑖𝑛       (3.4.1) 

Wall: Located at y = 0 (no-slip wall): 

u = 0 = v, T= 𝑇𝑤        (3.4.2) 

3.5 Nanofluid thermophysical properties 

Table 3.5.0.1 properties of the nanoparticles and base fluid (Yin et al., 2008, Narang & 

Pundir, 2018, Marcos et al., 2019) 

 𝝆(𝒌𝒈/𝒎𝟑) 𝑪𝒑(𝑱

/𝑲𝒈. 𝑲) 

𝒌(𝑾

/𝒎. 𝑲) 

𝝈(𝛀𝐦)−𝟏 

PEG-400 1125 2400 0.186 10−8 

CNTs 1400 700 4000 108 

 

Table 3.5.0.2 properties  of the Metal foam (Calmidi et al., 2000) 

 Porosity 𝒄𝑬 K(x𝟏𝟎𝟕𝒎𝟐) 𝒌𝒔(𝑾/𝒎. 𝑲) 

Metal foam 0.9118 0.085 1.8 95 
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The thermophysical properties of the CNT-PEG-400 nanofluid, which include viscosity, 

density, and effective thermal conductivity, can be computed by use of the following classical 

models: 

3.5.1 Viscosity 

I utilized the Brinkman equation to determine how carbon nanotubes (CNTs) influence the 

viscosity of polyethylene glycol (PEG-400).This equation defines the nature of the fluid 

motion via packed layers (Marcos et al., 2019). The equation is given by: 

𝜇𝑛𝑓 =
𝜇𝑏𝑓

(1−𝜙)2.5
        (3.5.1.1) 

𝜙 is the nanofluid’s concentration 

The subscripts ‘nf’ and ‘bf’ denote the nanofluid and base fluid, respectively. 

Given: 

 Volume fraction of CNTs (𝜙) = 5% = 0.05 

 Viscosity of base fluid (𝜇𝑏𝑓) = 90 cP = 90 mPa.s 

Substituting these values we get: 

𝜇𝑛𝑓 = 102.31𝑚𝑃𝑎. 𝑠 

The viscosity of the nanofluid increases slightly in comparison with the viscosity of the base 

fluid due to the addition of CNTs. 

3.5.2 Density 

To calculate the effect of CNT-based nanofluids on the density of the PEG-400, I have used 

the rule of mixtures. The rule of mixtures is a method used to predict different properties of a 

composite material. The mixture model for calculating the density of the CNT-PEG-400 

mixture is based on the weighted sum of the densities of the individual components. This 

approach is commonly used in the study of nanofluids and mixtures (Sarkar, 2019; Li et al., 

2020). 
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This model assumes ideal mixing of the components in the mixture and neglects any 

interactions between CNTs and PEG-400 that may affect the overall density. The mixture 

model assumes that the nanofluid can be treated as a homogeneous mixture, where the overall 

density 𝜌𝑛𝑓 is a weighted average of the densities of the individual components. The equation 

is given by: 

𝜌𝑛𝑓 = 𝜌𝑛𝑝𝜙 + 𝜌𝑏𝑓(1 − 𝜙)       (3.5.2.1) 

Where: 

𝜌𝑛𝑓 is the nanofluid’s density, 

𝜙 is the concentration of CNTs in the nanofluid, 

𝜌𝑏𝑓 represents the base fluid’s density. 

𝜌𝑛𝑝 denotes the density of the nanoparticles. 

After reviewing existing literature related to CNT-based nanofluids, I found valuable insights 

into typical volume fractions and densities of CNT used in research. In the study by Li et al. 

(2018), they synthesized CNTs and the density of the resulting carbon nanotubes was found 

to be approximately 1.8 g/cm³. According to the review article by Ahmadi et al. (2018), 

volume fractions of carbon nanotubes (CNTs) in nanofluids for cooling applications typically 

range from 0.1% to 5%. In my research, I am using the volume fraction of 5%. 

According to the Material Safety Data Sheet (MSDS) provided by Sigma-Aldrich for 

polyethylene glycol 400 (PEG-400), the density of PEG-400 at room temperature 

(approximately 25°C) is approximately 1.128 grams per cubic centimeter (g/cm³). Replacing 

the above parameters into the mixture’s equation: 

Given: 

 Volume fraction of CNTs (𝜙) = 1% = 0.05 

 Density of CNTs ( 𝜌𝑛𝑝) = 1.8 g/cm³ 

 Density of base fluid (𝜌𝑏𝑓) = 1.128 g/cm³ 
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𝜌𝑛𝑓 = 𝜌𝑛𝑝𝜙 + 𝜌𝑏𝑓(1 − 𝜙) 

𝜌𝑛𝑓 = (1.8 g/cm³)(0.05) + (1.128 g/cm³)(1 − 0.05) 

𝜌𝑛𝑓 = 1.1616 g/cm³ 

Therefore, the density of the CNT-based nanofluid in PEG-400 is approximately 

1.1616 g/cm³.  

3.5.3 Effective thermal conductivity 

𝑘𝑒𝑓𝑓 = 𝜀𝑘𝑛𝑓 + (1 − 𝜀)𝑘𝑠      (3.5.3.1) 

Where 

𝑘𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑛𝑝 + 2𝑘𝑏𝑓 − 2𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)

𝑘𝑛𝑝 + 2𝑘𝑏𝑓 + 𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)
 

The porous medium has a solid phase thermal conductivity of 95 W/m.K and a porosity of 

0.9. To determine the effective thermal conductivity of the nanofluid, the following 

substitutions are made in the given equation: 

𝑘𝑏𝑓 = 0.186 W/m.K 

𝑘𝑛𝑝= 4000 W/m.K 

𝜙 = 0.05 

By substituting these values into the aforementioned equation, the effective thermal 

conductivity of the CNT-PEG-400 nanofluid is calculated to be 0.2154 W/m.K. 

Consequently, the effective thermal conductivity is determined to be 9.69386 W/m.K. 

3.6 Normalization of governing equations 

To nondimensionalize the above equations, the following dimensionless variables are used: 

𝑈 =  
𝑢

𝑈𝑖𝑛
, 𝑉 =

𝑣

𝑈𝑖𝑛
, 𝑃 =

𝑝

𝜌𝑛𝑓𝑈𝑖𝑛
2 , 𝑋 =

𝑥

𝐻
, 𝑌 =

𝑦

𝐻
, 𝜃 =

𝑇−𝑇𝑖𝑛

𝑇𝑤−𝑇𝑖𝑛
   (3.6.1) 

Starting with the continuity equation and using the dimensionless variables above, we get: 
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𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0         (3.6.2) 

Substituting for u, x, and y, we get: 

𝑈𝑖𝑛

𝐻

𝜕𝑈

𝜕𝑋
+

𝑈𝑖𝑛

𝐻

𝜕𝑉

𝜕𝑌
= 0        (3.6.3) 

Which simplifies to: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0                                         (3.6.4) 

Doing the same for the momentum equations and using the Darcy number (𝐷𝑎𝐻), Eckert 

number (Ec), heat source (Q), Reynolds number (𝑅𝑒𝐻), Hartmann number (𝐻𝑎𝐻), Prandtl 

number (Pr), convection (𝐻), and distance from the symmetric axis (X), dimensionless 

parameters expressed as: 

𝐷𝑎𝐻 =
𝐾

𝐻2
= (

𝐿

𝐻
)2

𝐾

𝐿2
= (

𝐻

𝐿
)−2𝐷𝑎𝐿 , 𝐸𝑐 =

𝑈𝑖𝑛
2

(𝐶𝑝)𝑛𝑓(𝑇𝑤 − 𝑇𝑖𝑛)
, 𝑄 =

𝑄∗𝐻2

𝜗𝑛𝑓(𝜌𝐶𝑝)𝑛𝑓
,

𝑅𝑒𝐻 =
𝐻𝑈𝑖𝑛

𝜗𝑛𝑓
= (

𝐻

𝐿
)

𝐿𝑈𝑖𝑛

𝜗𝑛𝑓
= (

𝐻

𝐿
) 𝑅𝑒𝐿 ,

𝐻𝑎𝐻 = 𝐻𝐵√
𝜎𝑛𝑓

𝜇𝑛𝑓
= (

𝐻

𝐿
) 𝐿𝐵√

𝜎𝑛𝑓

𝜇𝑛𝑓
= (

𝐻

𝐿
) 𝐻𝑎𝐿 , 𝑃𝑟 =

𝜗𝑛𝑓(𝜌𝐶𝑝)𝑛𝑓

𝑘𝑛𝑓
,

𝜆 =
𝐺𝑟

𝑅𝑒𝐻
, 𝑋 =

𝑥

𝐻
= (

𝐿

𝐻
)

𝑥

𝐿
= (

𝐻

𝐿
)−1𝑋𝐿 , 𝐺𝑟 =

𝑔𝛽𝑛𝑓𝐻

𝑈𝑖𝑛
2 (𝑇𝑤 − 𝑇𝑖𝑛) 

we get:  

x-momentum: 

1

𝜀2
(𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑝

𝜕𝑥
+

𝜗𝑛𝑓

𝜀
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) − (

𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2 +
𝜗𝑛𝑓

𝐾∗
+

𝐶𝐸

√𝑘∗
√𝑢2 + 𝑣2) 𝑢 

y-momentum: 

1

𝜀2
(𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑛𝑓

𝜕𝑝

𝜕𝑦
+

𝜗𝑛𝑓

𝜀
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
) − (

𝜗𝑛𝑓

𝐾∗
+

𝐶𝐸

√𝑘∗ √𝑢2 + 𝑣2) 𝑣  

 

The x-momentum equation becomes: 



 

 

20 

1

𝜀2
(𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑋
+

1

𝜀𝑅𝑒𝐻
(

𝜕2𝑈

𝜕𝑋2
+

𝜕2𝑈

𝜕𝑌2
) −

1

𝑅𝑒𝐻𝐷𝑎𝐻
𝑈 − 

𝑐𝐸

√𝐷𝑎𝐻
(√𝑈2 + 𝑉2)𝑈 −

𝐻𝑎𝐻
2

𝑅𝑒𝐻
𝑈                      (3.6.5) 

And the y-momentum becomes: 

1

𝜀2 (𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑌
+

1

𝜀𝑅𝑒𝐻
(

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2) −
1

𝑅𝑒𝐻𝐷𝑎𝐻
𝑉 −

𝑐𝐸

√𝐷𝑎𝐻
(√𝑈2 + 𝑉2)𝑉           (3.6.6) 

The energy equation becomes: 

𝑃𝑟𝑅𝑒𝐻 (𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
) = (

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2) + 𝑃𝑟𝐸𝑐 {
1

𝐷𝑎𝐻
(𝑈2 + 𝑉2) +

1

𝜀
(2 [(

𝜕𝑈

𝜕𝑋
)

2

+ (
𝜕𝑉

𝜕𝑌
)

2

] +

[
𝜕𝑈

𝜕𝑌
+

𝜕𝑉

𝜕𝑋
]

2

)}                (3.6.7) 

 

3.7 Similarity Solution 

The similarity solution is employed to reduce the partial differential equations (PDEs) to 

ordinary differential equations (ODEs) by introducing a similarity variable that combines the 

independent variables into a single variable. According to the research done by Feng et al., 

2015, equations (3.6.4) to (3.6.6) can be formulated as: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0                                                    (3.7.1) 

1

𝜀2
(𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑋
+

1

𝜀𝑅𝑒𝐻
(

𝜕2𝑈

𝜕𝑋2
+

𝜕2𝑈

𝜕𝑌2
) −

1

𝑅𝑒𝐻𝐷𝑎𝐻
𝑈 − 

𝑐𝐸

√𝐷𝑎𝐻
|𝑈|𝑈 −

𝐻𝑎𝐻
2

𝑅𝑒𝐻
𝑈         (3.7.2) 

1

𝜀2
(𝑈

𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑌
+

1

𝜀𝑅𝑒𝐻
(

𝜕2𝑉

𝜕𝑋2
+

𝜕2𝑉

𝜕𝑌2
) −

1

𝑅𝑒𝐻𝐷𝑎𝐻
𝑉 −

𝑐𝐸

√𝐷𝑎𝐻
|𝑉|𝑉  (3.7.3) 

We can then use the following similarity parameters 

𝑈 = 𝑋𝑓′(𝑌), 𝑉 = −𝑓(𝑌), 𝜃 = 𝜃(𝑌)      (3.7.4) 

Substituting the transformations, (3.7.2) & (3.7.3) become: 
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𝜕𝑃

𝜕𝑋
= 𝑋(

1

𝜀2
(𝑓𝑓′′ − 𝑓′2) +

1

𝜀𝑅𝑒𝐻
𝑓′′′ −

1

𝑅𝑒𝐻
(

1

𝐷𝑎𝐻
+ 𝐻𝑎𝐻

2 ) 𝑓 −
𝑐𝐸

√𝐷𝑎𝐻
𝑋𝑓′2)  (3.7.5) 

𝜕𝑃

𝜕𝑌
=

1

𝑅𝑒𝐻𝐷𝑎𝐻
𝑓 +

𝑐𝐸

√𝐷𝑎𝐻
𝑓2 −

1

𝜀𝑅𝑒𝐻
𝑓′′ −

1

𝜀2 𝑓𝑓′     (3.7.6) 

Eliminating the pressure gradient, we get a 4th order non-linear ode: 

𝑓𝑖𝑣 +
𝑅𝑒𝐻

𝜀
𝑓𝑓′′′ − (2𝑐𝐸𝜀𝑋

𝑅𝑒𝐻

√𝐷𝑎𝐻
+

𝑅𝑒𝐻

𝜀
) 𝑓′𝑓′′ − 𝜀 (

1

𝐷𝑎𝐻
+ 𝐻𝑎𝐻

2 ) 𝑓′′ = 0  (3.7.7) 

Considering the following boundary conditions: 

𝑓(0) = 0, 𝑓′(0) = 0, 𝑓(1) = 1, 𝑓′(1) = 0      (3.7.8) 

The energy equation can also be transformed to the following, by employing the similarity 

analysis: 

𝜃′′ + 𝑃𝑟𝑅𝑒𝐻𝑓𝜃′ + 𝑃𝑟𝐸𝑐 {
1

𝐷𝑎𝐻
(𝑋2𝑓′2 + 𝑓2) +

1

𝜀
(4𝑓′2 + 𝑋2𝑓′′2)} = 0  (3.7.9) 

With the B.Cs: 

𝜃(0) = 1, 𝜃(1) = 0         (3.7.10) 

To analyze the heat transfer efficiency of CNT-PEG-400, the Nusselt number will be 

calculated using the following equations: 

𝑁𝑢 =
ℎ𝐿

𝑘𝑏𝑓
 𝑤ℎ𝑒𝑟𝑒: ℎ =

𝑞𝑤𝑎𝑙𝑙
′′

∆𝑇
 𝑎𝑛𝑑 𝑞𝑤𝑎𝑙𝑙

′′ = −𝑘𝑒𝑓𝑓(
𝜕𝑇

𝜕𝑦
|𝑦=0 = −𝑘𝑒𝑓𝑓

∆𝑇

𝐻
𝜃′(0) (3.7.11) 

=> 𝑁𝑢 = −
𝑘𝑒𝑓𝑓

𝑘𝑏𝑓
(

𝐻

𝐿
)

−1

𝜃′(0)        (3.7.12) 

3.8 Validation 

The similarity solution for flow and forced convective heat transfer was numerically solved 

using the finite difference method implemented through MATLAB's bvp4c solver (Shampine 

et al., 2003) under specific boundary conditions. The solution’s accuracy was confirmed by 

comparing it with both experimental and analytical data from Do et al.'s study. The findings 

demonstrated a strong agreement between the analytical predictions and the experimental 

outcomes. 
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CHAPTER FOUR 

NUMERICAL METHOD, RESULTS AND DISCUSSIONS 

4.0 Introduction 

The derived similarity solution was employed to explore the impact of different 

dimensionless parameters on fluid flow and heat transfer characteristics. This investigation 

specifically analyzed velocity, temperature, and Nusselt number profiles. The study 

concentrated on significant dimensionless numbers, including the Reynolds number, Darcy 

number, Hartmann number, and porosity. The reference values for these parameters are 

provided in Table (4.0.1). Importantly, to maintain consistency in the analysis, when one 

dimensionless parameter was varied, the others were kept constant. 

Table 4.0.1 reference values for different dimensionless numbers 

H/L 𝑐𝐸 𝜀 X  𝐷𝑎𝐻 𝐻𝑎𝐻 𝐸𝑐𝐻 

1 0.09 0.9 1 0.05 5 × 10−3 20 0.001 

 

4.1 Momentum equation: 

To solve the 4th order momentum equation, I have introduced new variables to break the 

equation into a system of 1st order ODEs. 

𝑓𝑖𝑣 +
𝑅𝑒𝐻

𝜀
𝑓𝑓′′′ − (2𝑐𝐸𝜀𝑋

𝑅𝑒𝐻

√𝐷𝑎𝐻

+
𝑅𝑒𝐻

𝜀
) 𝑓′𝑓′′ − 𝜀 (

1

𝐷𝑎𝐻
+ 𝐻𝑎𝐻

2 ) 𝑓′′ = 0 

We are going to let: 

𝑦1 = 𝑓, 𝑦2 = 𝑓′, 𝑦3 = 𝑓′′, 𝑦4 = 𝑓′′′      (4.1.1) 

Then the system becomes: 
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𝑦1
′ = 𝑦2 

𝑦2
′ = 𝑦3 

𝑦3
′ = 𝑦4 

𝑦4
′ = −

𝑅𝑒𝐻

𝜀
𝑦1𝑦4 + (2𝑐𝐸𝜀𝑋

𝑅𝑒𝐻

√𝐷𝑎𝐻

+
𝑅𝑒𝐻

𝜀
) 𝑦2𝑦3 + 𝜀 (

1

𝐷𝑎𝐻
+ 𝐻𝑎𝐻

2 ) 𝑦3 

The BCs become: 

𝑦1(0) = 0, 𝑦2(0) = 0, 𝑦1(1) = 1, 𝑦2(1) = 0     (4.1.3) 

Equation (4.1.2) was subsequently solved numerically using MATLAB’s bvp4c solver, which 

applies a collocation-based finite difference method for boundary value problems. 

4.2 Energy equation 

𝜃′′ + 𝑃𝑟𝑅𝑒𝐻𝑓𝜃′ + 𝑃𝑟𝐸𝑐 {
1

𝐷𝑎𝐻

(𝑋2𝑓′2 + 𝑓2) +
1

𝜀
(4𝑓′2 + 𝑋2𝑓′′2)} = 0 

To transform the energy equation into a system of first-order ordinary differential equations 

(ODEs), we define: 

𝑦1 = 𝜃, 𝑦2 = 𝜃′        (4.2.1) 

Then, the system becomes: 

𝑦1
′ = 𝑦2 

𝑦2
′ = −𝑃𝑟𝑅𝑒𝐻𝑓𝑦2 − 𝑃𝑟𝐸𝑐 (

1

𝐷𝑎𝐻
(𝑋2𝑓′2 + 𝑓2) +

1

𝜀
(4𝑓′2 + 𝑋2𝑓′′2 ))   

4.3 RESULTS AND DISCUSSION 

4.3.1 Effect on density 

Based on the rule of mixtures, the base fluid has a density of 1.128 g/cm³, while the 

nanofluid’s density is calculated to be 1.1616 g/cm³. This indicates that the addition of CNTs 

results in a slight increase in the density of the Polyethylene Glycol base fluid. 

 

 (4.2.2)

) 

 (4.1.2)

) 
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The increase in density may have implications for various applications of CNT-based 

nanofluids, such as thermal management. Increased mixture density results in better thermal 

performance, enabling electronic devices to operate at lower temperatures. This is 

particularly crucial for high-power electronic components, where effective cooling is 

essential to maintain optimal performance and reliability. 

4.3.2 Effect on viscosity 

After calculating the effect on viscosity using the Brinkman equation, the viscosity of the 

nanofluid was 102.31𝑚𝑃𝑎. 𝑠 while that of the base fluid was 90𝑚𝑃𝑎. 𝑠. The viscosity of the 

CNT-PEG-400 nanofluid increases compared to the viscosity of the base fluid due to the 

addition of CNTs. While the increase in viscosity of a CNT-based nanofluid in PEG-400 can 

enhance heat transfer performance, it also poses challenges such as higher energy 

consumption and pressure drop. Balancing these factors is critical in optimizing thermal 

management systems for efficient cooling while ensuring stability and reliability. 

 

4.4 Investigation of heat transfer performance 

4.4.1 Darcy number study 

 

Figure 4.4.1.1 variation of f with respect to 𝑫𝒂𝑯 

 



 

 

25 

 

Figure 4.4.1.2 variation of f’ with respect to 𝑫𝒂𝑯  

 

figure 4.4.1.3 variation of 𝜽 with respect to 𝑫𝒂𝑯 

 

Figures 4.4.1.1, 4.4.1.2 and 4.4.1.3 illustrates the changes in the distributions of ( f ), ( f′ ), 

and (  ) in relation to ( 𝐷𝑎𝐻) respectively. According to Equation (3.7.4), ( f ) and ( f′ ) 

represent the non-dimensional velocity components in the y-direction and x-direction, 

respectively. As illustrated in Figure 4.4.1.1, the function ( f ) exhibits an almost linear 

increase with ( Y ). This trend signifies a shift in velocity from a purely vertical flow to a 

point of zero velocity as the fluid ascends from the fan positioned above the porous medium 

to the heated surface. With an increase in ( 𝐷𝑎𝐻), ( f ) exhibits a slight rise. This is attributed 

to the enhanced permeability of the porous medium, which facilitates easier fluid flow along 

the fan’s direction. As ( 𝐷𝑎𝐻) becomes larger, the y-component of the velocity vector 
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increases, while the x-component decreases. The variation of ( f′ ) in Fig. 4.4.1.2 also 

supports this observation. In Fig. 4.4.1.2 ( f′ ) exhibits a step increase with ( Y ) near the hot 

wall, indicating the boundary layer thickness where a sharp velocity gradient is present. 

Another steep gradient region is observed around ( Y = 1 ), representing the upper part of the 

porous area where the flow is predominantly vertical, gradually transitioning as it approaches 

the heated surface. 

As ( 𝐷𝑎𝐻 ) increases, the permeability of the porous medium improves, reducing flow 

resistance. This results in lower velocity gradients within the boundary layer, leading to a 

thicker boundary layer near the fan-driven flow’s impingement, a trend visible in Fig. 4.4.1.2 

Since the shear stress and frictional losses on the heated surface are influenced by the 

velocity gradient within the boundary layer, the shear stress decreases as ( 𝐷𝑎𝐻) increases. In 

Fig. 4.4.1.3, the variable (  ) decreases nearly exponentially with ( Y ), approaching zero. 

The region with a high gradient near the wall ( Y = 0 ) represents the thermal boundary layer. 

As ( 𝐷𝑎𝐻) rises, the temperature gradient near the wall becomes steeper, leading to a 

reduction in the thermal boundary layer thickness. Based on Fick’s law, the temperature 

gradient at the wall correlates with the heat flux. Consequently,  higher heat transfer rates are 

expected with increasing ( 𝐷𝑎𝐻). This aligns with physical expectations, as a more permeable 

porous medium enhances ( f′ ) near the wall, thereby boosting convective heat transfer. 
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4.4.2 Study of the Reynolds number 

 

figure 4.4.2.1 Variation of f with respect to 𝑹𝒆𝑯 

 

figure 4.4.2.2 Variation of f’ with respect to 𝑹𝒆𝑯 

 

figure 4.4.2.3 Variation of  with respect to 𝑹𝒆𝑯 

Figures 4.4.2.1, 4.4.2.2 and 4.4.2.3 illustrates how the distributions of f, f′, and θ vary with 

the Reynolds number (𝑅𝑒𝐻) of the base fluid respectively. As 𝑅𝑒𝐻 rises, the momentum input 

of the fluid in the y-direction also increases, resulting in enhanced values of f. However, since 

the flow remains in the laminar, f does not exhibit significant sensitivity to changes in 𝑅𝑒𝐻. 
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From Fig. 4.4.2.2, it is evident that increasing 𝑅𝑒𝐻 enhances the gradientof f′ close to the 

wall, whereas the slope diminishes at the upper part of the porous medium. As the fluid 

moves into the porous foam, it flows vertically at first, then transitions to horizontal flow due 

to the impingement on the surface. An increase in 𝑅𝑒𝐻 boosts the fluid’s momentum, 

enabling it to maintain its initial flow state over a longer distance. Consequently, the slope of 

the velocity profile (f′) at the upper surface of the porous foam decreases with higher 𝑅𝑒𝐻. In 

the laminar regime, an increase in 𝑅𝑒𝐻 results in a reduction of the boundary layer thickness. 

This causes a steeper gradient of f′ near the heated wall, leading to greater friction losses as 

𝑅𝑒𝐻increases.  

Fig. 4.4.2.3 shows that increasing 𝑅𝑒𝐻 reduces the temperature distribution θ while 

increasing its gradient close to the heated wall. Same as the effect of the Darcy number 𝐷𝑎𝐻, 

the rise in 𝑅𝑒𝐻 increases the heat transfer performance, contributing to higher thermal 

performance. 

4.4.3 Hartmann number study 

 

Figure 4.4.3.1 Variation of distribution of f with respect to 𝑯𝒂𝑯 
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Figure 4.4.3.2 Variation of distribution of 𝒇′ with respect to 𝑯𝒂𝑯  

 

Figure 4.4.3.3 Variation of distribution of  with respect to 𝑯𝒂𝑯 
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Figures 4.4.3.1, 4.4.3.2, and 4.4.3.3, illustrates the variations in the distributions of f, f′, and θ 

with respect to 𝐻𝑎𝐻 for the base fluid respectively. According to Equation (3.7.2), increasing 

( Ha_H ) for the base fluid enhances the magnetic body force, which operates in the x-

direction and is directly proportional to the velocity ( U ). The magnetic force alters the 

direction of the impiging flow, changing it from vertical to horizontal. As seen in the figures 

above, as 𝐻𝑎𝐻 increases, f decreases, and the f′ profile flattens. This suggests that as the 

vertical impingement flow enters the porous region, the magnetic force redirects it more 

horizontally. The stronger the magnetic field, the greater the rate of deflection, as evident 

from the behaviour in Fig. 4.4.3.2. 

The horizontal magnetic force facilitates the transition of flow near the wall from a stationary 

state to the mainstream velocity. This action reduces the boundary layer thickness and 

increases the shear stress on the wall. Fig. 4.4.3.3 illustrates the effect of 𝐻𝑎𝐻  on the 

temperature profile θ. It is evident that an increase in the Hartmann number (𝐻𝑎𝐻) has a 

negligible effect on the temperature distribution, since the Hartmann number does not 

directly affect the energy equation (Equation 3.6.7). A more detailed analysis of the effects of 

𝐻𝑎𝐻  on heat transfer will be provided in Section 4.5. 
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4.5 Investigating effect of Hartmann number on Nusselt at different 

porosity 

 

figure 4.5.1 Variation of  Nusselt number and Reynolds number for 0.85 porosity 

 

figure 4.5.2 Variation of  Nusselt number and Reynolds number for 0.9 porosity 
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fugure 4.5.3 Variation of Nusselt number and Reynolds number for 0.95 porosity 

The figures above illustrate how the Hartmann number (𝐻𝑎𝐻) influences the Nusselt number 

(Nu) in relation to the Reynolds number across various porosities. It can be seen that as 

porosity rises, Nu diminishes. This reduction is due to the decline in effective thermal 

conductivity, which is influenced by the increase in 𝐻𝑎𝐻, as demonstrated in Equation 

(3.6.1). The thermal performance of the heat sink is affected by the magnetic field, and this 

effect changes depending on the porosity. For ϵ=0.85, an increase in 𝐻𝑎𝐻 has almost no 

effect on Nu. However, for ϵ=0.95, increasing 𝐻𝑎𝐻 results in a rise in Nu. 

As explained in Section 4.4.3, increasing 𝐻𝑎𝐻 enhances convective flow over the heated 

surface. Based on Eq. (3.6.7), a reduction in porosity enhances the impact of viscous 

dissipation on overall heat transfer. Since viscous dissipation negatively impacts heat 

transfer, at lower porosities, the enhanced convection because of the the magnetic force is 

counteracted by dissipation, reducing the heat transfer rate. At higher porosities, the impact of 

viscous dissipation decreases, leading to improved heat transfer due to the increase in 

Hartmann number (𝐻𝑎𝐻).  
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CHAPTER 5 

CONCLUSION AND RECOMMENDATION 

5.1 CONCLUSION 

This research analytically investigated the thermal performance of CNT-based nanofluids in 

PEG-400 under the influence of a magnetic field, with a focus on their application in cooling 

electronic devices. The focus is on enhancing heat transfer efficiency, optimizing the 

operating temperature range, and improving the overall reliability of thermal management 

systems in electronics. This study explores the behavior of CNT-PEG-400 nanofluids under 

the influence of a magnetic field. It focuses on key factors such as viscosity, density, heat 

transfer, and the impact of the Hartmann number. 

In this study, we investigated the enhancement of flow through impingement cooling within a 

porous metal heat sink, utilizing CNT-PEG-400 nanofluids. The Darcy-Brinkman-

Forchheimer framework is utilized to characterize the flow within porous media, 

incorporating viscous dissipation into the heat transfer equations. By applying appropriate 

similarity variables, the governing nonlinear partial differential equations are transformed 

into nonlinear ordinary differential equations, which are then solved through numerical 

methods. 

This research demonstrated that parameters such as Reynolds number, Darcy number, 

Hartmann number, and porosity significantly influence flow behavior and heat transfer 

characteristics.The results from this parametric analysis are: 

 CNTs increase the density and viscosity of PEG-400, contributing to better thermal 

performance. 



 

 

34 

 Increasing Darcy number enhances the profiles of the velocity and heat transfer, 

improving overall cooling performance. 

 Increasing the Hartmann number reduces velocity profiles, leading to varying 

effects on heat transfer depending on porosity. For porosities beyond 0.9, a rise in 

Hartmann number results in an increase in Nusselt Number, thus, improving heat 

transfer performance. 

These results contribute to optimizing cooling strategies for electronic devices, especially 

under the influence of magnetic fields, and highlight the significant role of porosity in 

determining the effectiveness of CNT-PEG-400 nanofluids in thermal management. 

5.2 RECOMMENDATIONS 

1. Optimization of CNT Concentration: Future work should explore the optimal 

concentration of carbon nanotubes (CNTs) in PEG-400 for different cooling scenarios. 

While CNTs enhance thermal conductivity, excessive concentrations may increase 

viscosity, which could negatively affect flow dynamics and energy consumption in the 

cooling system. An experimental or numerical investigation into the ideal CNT loading 

for maximizing heat transfer while minimizing adverse effects on fluid flow is 

recommended. 

2. Exploring Different Magnetic Field Strengths: Since the Hartmann number (Ha) 

significantly influences heat transfer performance, especially in varying porosity 

conditions, further research should focus on optimizing the magnetic field strength for 

different cooling requirements. Experimental validation of these simulations with real-

world electronic devices under different magnetic field strengths could help refine the 

findings and guide practical applications. 

3. Investigation of Other Base Fluids: While PEG-400 has been used in this study as the 

cooling medium, future research could investigate other potential base fluids with 
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different thermophysical properties. This could include fluids with higher thermal 

conductivity or lower viscosity to determine if they provide better performance when 

combined with CNTs under a magnetic field. 
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APPENDIX 

1.  Darcy number study 

% Parameters 

Re_H = 50;  % Reynolds number 

epsilon = 0.9;  % Porosity 

c_E = 0.09;  % Constant 

X = 1;  % Similarity variable 

Ha_H = 20;  % Hartmann number 

Pr = 0.71;  % Prandtl number 

Ec = 0.001;  % Eckert number 

 

% Range of Da_H values to test 

Da_H_values = [5 * 10^(-4), 5 * 10^(-3), 5 * 10^(-2)]; 

 

% Spatial domain 

Y = linspace(0, 1, 100);  % 100 points in the Y direction 

 

% Store results for each Da_H value 

f_results = zeros(length(Da_H_values), length(Y)); 

fp_results = zeros(length(Da_H_values), length(Y)); 

theta_results = zeros(length(Da_H_values), length(Y)); 

 

% Loop over Da_H values 

for i = 1:length(Da_H_values) 

    Da_H = Da_H_values(i);  % Current Da_H 
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    % Solve the momentum equation using bvp4c 

    solinit = bvpinit(Y, @m_guess);  % Initial guess for momentum equation 

    sol_f = bvp4c(@(x,y) momentum_ode(x, y, Re_H, epsilon, c_E, X, Da_H, Ha_H), 

@momentum_bc, solinit); 

 

    % Interpolating f, f', and f'' over Y 

    f_interp = deval(sol_f, Y);     % f, f', f'' from momentum equation 

    fp_interp = f_interp(2,:);  % f' is the second row 

    fpp_interp = f_interp(3,:); % f'' is the third row 

 

    % Store the results of f and f' for plotting later 

    f_results(i, :) = f_interp(1,:);    % f 

    fp_results(i, :) = fp_interp;       % f' 

 

    % Solve the energy equation using bvp4c 

    solinit_theta = bvpinit(Y, @theta_guess);  % Initial guess for energy equation 

    sol_theta = bvp4c(@(x,y) energy_ode(x, y, f_interp, fp_interp, fpp_interp, Re_H, Pr, Ec, Da_H, 

epsilon, X, Y), @energy_bc, solinit_theta); 

 

    % Store the results for theta 

    theta_results(i, :) = sol_theta.y(1,:); 

end 

 

% Plot f vs Y for different Da_H values 
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figure; 

subplot(3, 1, 1); 

for i = 1:length(Da_H_values) 

    plot(Y, f_results(i, :), 'LineWidth', 2, 'DisplayName', ['Da_H = ', num2str(Da_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('f'); 

title('Velocity Profile f vs Y for different Da_H'); 

legend show; 

grid on; 

 

% Plot f' vs Y for different Da_H values 

subplot(3, 1, 2); 

for i = 1:length(Da_H_values) 

    plot(Y, fp_results(i, :), 'LineWidth', 2, 'DisplayName', ['Da_H = ', num2str(Da_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('f'''); 

title('Velocity Profile f'' vs Y for different Da_H'); 

legend show; 

grid on; 

 

% Plot theta vs Y for different Da_H values 

subplot(3, 1, 3); 

for i = 1:length(Da_H_values) 
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    plot(Y, theta_results(i, :), 'LineWidth', 2, 'DisplayName', ['Da_H = ', num2str(Da_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('\theta'); 

title('Temperature Profile \theta vs Y for different Da_H'); 

legend show; 

grid on; 

 

2. Reynolds number 

% Parameters 

Da_H = 5 * 10^(-3);  % Darcy number 

epsilon = 0.9;  % Porosity 

c_E = 0.09;  % Constant 

X = 1;  % Similarity variable 

Ha_H = 20;  % Hartmann number 

Pr = 0.71;  % Prandtl number 

Ec = 0.001;  % Eckert number 

 

% Range of Re_H values to test 

Re_H_values = [50, 100, 150]; 

 

% Spatial domain 

Y = linspace(0, 1, 100);  % 100 points in the Y direction 

 

% Store results for each Re_H value 
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f_results = zeros(length(Re_H_values), length(Y)); 

fp_results = zeros(length(Re_H_values), length(Y)); 

theta_results = zeros(length(Re_H_values), length(Y)); 

 

% Loop over Re_H values 

for i = 1:length(Re_H_values) 

    Re_H = Re_H_values(i);  % Current Re_H 

 

    % Solve the momentum equation using bvp4c 

    solinit = bvpinit(Y, @m_guess);  % Initial guess for momentum equation 

    sol_f = bvp4c(@(x,y) momentum_ode(x, y, Re_H, epsilon, c_E, X, Da_H, Ha_H), 

@momentum_bc, solinit); 

 

    % Interpolating f, f', and f'' over Y 

    f_interp = deval(sol_f, Y);     % f, f', f'' from momentum equation 

    fp_interp = f_interp(2,:);  % f' is the second row 

    fpp_interp = f_interp(3,:); % f'' is the third row 

 

    % Store the results of f and f' for plotting later 

    f_results(i, :) = f_interp(1,:);    % f 

    fp_results(i, :) = fp_interp;       % f' 

 

    % Solve the energy equation using bvp4c 

    solinit_theta = bvpinit(Y, @theta_guess);  % Initial guess for energy equation 
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    sol_theta = bvp4c(@(x,y) energy_ode(x, y, f_interp, fp_interp, fpp_interp, Re_H, Pr, Ec, Da_H, 

epsilon, X, Y), @energy_bc, solinit_theta); 

 

    % Interpolate theta values over Y 

    theta_interp = deval(sol_theta, Y);  % Interpolate to match Y points 

    theta_results(i, :) = theta_interp(1,:);  % Store theta results 

end 

 

% Plot f vs Y for different Re_H values 

figure; 

subplot(3, 1, 1); 

for i = 1:length(Re_H_values) 

    plot(Y, f_results(i, :), 'LineWidth', 2, 'DisplayName', ['Re_H = ', num2str(Re_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('f'); 

title('Velocity Profile f vs Y for different Re_H'); 

legend show; 

grid on; 

 

% Plot f' vs Y for different Re_H values 

subplot(3, 1, 2); 

for i = 1:length(Re_H_values) 

    plot(Y, fp_results(i, :), 'LineWidth', 2, 'DisplayName', ['Re_H = ', num2str(Re_H_values(i))]); 

    hold on; 
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end 

xlabel('Y'); 

ylabel('f'''); 

title('Velocity Profile f'' vs Y for different Re_H'); 

legend show; 

grid on; 

 

% Plot theta vs Y for different Re_H values 

subplot(3, 1, 3); 

for i = 1:length(Re_H_values) 

    plot(Y, theta_results(i, :), 'LineWidth', 2, 'DisplayName', ['Re_H = ', num2str(Re_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('\theta'); 

title('Temperature Profile \theta vs Y for different Re_H'); 

legend show; 

grid on; 

 

 

3. Hartmann number study 

% Parameters 

Da_H = 5 * 10^(-3);  % Darcy number 

epsilon = 0.9;  % Porosity 

c_E = 0.09;  % Constant 

X = 1;  % Similarity variable 

Re_H = 50;  % Reynolds number 
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Pr = 0.71;  % Prandtl number 

Ec = 0.001;  % Eckert number 

 

% Range of Ha_H values to test 

Ha_H_values = [0, 20, 200]; 

 

% Spatial domain 

Y = linspace(0, 1, 100);  % 100 points in the Y direction 

 

% Store results for each Ha_H value 

f_results = zeros(length(Ha_H_values), length(Y)); 

fp_results = zeros(length(Ha_H_values), length(Y)); 

theta_results = zeros(length(Ha_H_values), length(Y)); 

 

% Loop over Ha_H values 

for i = 1:length(Ha_H_values) 

    Ha_H = Ha_H_values(i);  % Current Ha_H 

 

    % Solve the momentum equation using bvp4c 

    solinit = bvpinit(Y, @m_guess);  % Initial guess for momentum equation 

    sol_f = bvp4c(@(x,y) momentum_ode(x, y, Re_H, epsilon, c_E, X, Da_H, Ha_H), 

@momentum_bc, solinit); 

 

    % Interpolating f, f', and f'' over Y 

    f_interp = deval(sol_f, Y);     % f, f', f'' from momentum equation 

    fp_interp = f_interp(2,:);  % f' is the second row 

    fpp_interp = f_interp(3,:); % f'' is the third row 
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    % Store the results of f and f' for plotting later 

    f_results(i, :) = f_interp(1,:);    % f 

    fp_results(i, :) = fp_interp;       % f' 

 

    % Solve the energy equation using bvp4c 

    solinit_theta = bvpinit(Y, @theta_guess);  % Initial guess for energy equation 

    sol_theta = bvp4c(@(x,y) energy_ode(x, y, f_interp, fp_interp, fpp_interp, Re_H, Pr, Ec, Da_H, 

epsilon, X, Y), @energy_bc, solinit_theta); 

 

    % Interpolate theta values over Y 

    theta_interp = deval(sol_theta, Y);  % Interpolate to match Y points 

    theta_results(i, :) = theta_interp(1,:);  % Store theta results 

end 

 

% Plot f vs Y for different Ha_H values 

figure; 

subplot(3, 1, 1); 

for i = 1:length(Ha_H_values) 

    plot(Y, f_results(i, :), 'LineWidth', 2, 'DisplayName', ['Ha_H = ', num2str(Ha_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('f'); 

title('Velocity Profile f vs Y for different Ha_H'); 

legend show; 

grid on; 

 

% Plot f' vs Y for different Ha_H values 



 

 

45 

subplot(3, 1, 2); 

for i = 1:length(Ha_H_values) 

    plot(Y, fp_results(i, :), 'LineWidth', 2, 'DisplayName', ['Ha_H = ', num2str(Ha_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('f'''); 

title('Velocity Profile f'' vs Y for different Ha_H'); 

legend show; 

grid on; 

 

% Plot theta vs Y for different Ha_H values 

subplot(3, 1, 3); 

for i = 1:length(Ha_H_values) 

    plot(Y, theta_results(i, :), 'LineWidth', 2, 'DisplayName', ['Ha_H = ', num2str(Ha_H_values(i))]); 

    hold on; 

end 

xlabel('Y'); 

ylabel('\theta'); 

title('Temperature Profile \theta vs Y for different Ha_H'); 

legend show; 

grid on; 

 

4. effect of hartmann number on Nusselt for different porosities 

 

% Constants 

c_E = 0.09; 

X = 1; 
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Pr = 0.71; 

Ec = 0.001; 

Da = 5e-3; 

Re_range = linspace(0, 500, 100);  % Reynolds number from 0 to 500 

Ha_values = [0, 20, 200];  % Hartmann numbers 

porosities = [0.85, 0.9, 0.95];  % Different porosities 

 

% Thermal conductivities 

k_bf = 0.186;  % Base fluid thermal conductivity (PEG-400) 

k_eff = 9.69386;  % Effective thermal conductivity (CNT-PEG-400) 

H_L = 1;       % H/L ratio, given as 1 

 

% Loop through each porosity value 

for porosity_idx = 1:length(porosities) 

    epsilon = porosities(porosity_idx);  % Porosity for current plot 

     

    figure;  % Create a new figure for each porosity 

    hold on; 

     

    % Loop through each Hartmann number 

    for Ha = Ha_values 

        Nu = zeros(size(Re_range));  % Preallocate Nusselt number array 

         

        % Loop through each Reynolds number 

        for i = 1:length(Re_range) 

            Re_H = Re_range(i); 

            Da_H = Da / epsilon; 

            Ha_H = Ha; 
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            % Initial guess for momentum equation 

            solinit_momentum = bvpinit(linspace(0, 1, 100), @m_guess); 

             

            % Solve momentum equation to get velocity profile f, f', f'' 

            sol_momentum = bvp4c(@(x, y) momentum_ode(x, y, Re_H, epsilon, c_E, X, Da_H, Ha_H), 

... 

                                 @momentum_bc, solinit_momentum); 

            Y = linspace(0, 1, 100);  % y-direction grid 

            f = deval(sol_momentum, Y, 1); 

            fp = deval(sol_momentum, Y, 2); 

            fpp = deval(sol_momentum, Y, 3); 

             

            % Initial guess for energy equation 

            solinit_energy = bvpinit(linspace(0, 1, 100), @theta_guess); 

             

            % Solve energy equation to get temperature profile θ, θ' 

            sol_energy = bvp4c(@(x, y) energy_ode(x, y, f, fp, fpp, Re_H, Pr, Ec, Da_H, epsilon, X, Y), 

... 

                               @energy_bc, solinit_energy); 

            theta_prime_0 = deval(sol_energy, 0, 2);  % Get θ'(0) value 

             

            % Calculate Nusselt number based on the given relation 

            Nu(i) = -(k_eff / k_bf) * (H_L)^(-1) * theta_prime_0; 

        end 

         

        % Plot Nu vs Re for the current Ha and epsilon 

        plot(Re_range, Nu, 'DisplayName', ['Ha = ', num2str(Ha)]); 
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    end 

     

    % Configure plot for current porosity 

    xlabel('Re'); 

    ylabel('Nu'); 

    title(['Nu vs Re for Porosity = ', num2str(epsilon)]); 

    legend('show'); 

    grid on; 

    hold off; 

end 

5 Matlab Functions 

Momentum_ode.m 

function dydx = momentum_ode(x, y, Re_H, epsilon, c_E, X, Da_H, Ha_H) 

    dydx = zeros(4,1); 

     

    % y(1) = f, y(2) = f', y(3) = f'', y(4) = f''' 

    dydx(1) = y(2);             % f' = y2 

    dydx(2) = y(3);             % f'' = y3 

    dydx(3) = y(4);             % f''' = y4 

    dydx(4) = -(Re_H / epsilon) * y(1) * y(4) + ... 

              (2 * c_E * epsilon * X * Re_H / sqrt(Da_H) + Re_H / epsilon) * y(2) * y(3) + ... 

              epsilon * (1 / Da_H + Ha_H^2) * y(3); 

end 

momentum_bc.m 

function res = momentum_bc(ya, yb) 

    res = [ya(1);  % f(0) = 0 

           ya(2);  % f'(0) = 0 

           yb(1) - 1;  % f(1) = 1 
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           yb(2)];     % f'(1) = 0 

end 

m_guess.m 

function g = m_guess(x) 

    g = [x; 0; 0; 0];  % Guess for [f, f', f'', f'''] 

end 

energy_ode.m 

function dydx = energy_ode(x, y, f_interp, fp_interp, fpp_interp, Re_H, Pr, Ec, Da_H, epsilon, X, Y) 

    % Interpolate the values of f, f', and f'' at the current position x 

    f = interp1(Y, f_interp(1,:), x);      % f(x) 

    f_prime = interp1(Y, fp_interp, x);    % f'(x) 

    f_double_prime = interp1(Y, fpp_interp, x);  % f''(x) 

 

    % Energy equation ODE system 

    dydx = zeros(2,1); 

    dydx(1) = y(2);  % θ' 

    % Main energy equation with convective and conductive terms 

    dydx(2) = -Pr * Re_H * f * y(2) - Pr * Ec * (1/Da_H * (X^2 * f_prime^2 + f^2) + 1/epsilon * (4 * 

f_prime^2 + X^2 * f_double_prime^2)); 

end 

energy_bc.m 

function res = energy_bc(ya, yb) 

    res = [ya(1) - 1;   % theta(0) = 1 

           yb(1)];      % theta(1) = 0 

end 

theta_guess.m 

function g = theta_guess(x) 

    g = [1 - x; 0];  % Guess for [theta, theta'] 
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end 
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