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ABSTRACT
This project is basically a numerical study of the structure of the flow and
heat transfer rates due to collision of opposed laminar natural convection
boundary layer in an enclosure.
Natural convection piays an important role in the flow and heat transfer in a
wide range of technological applications. A fluid motion of a Boussinesq
fluid in a three dimension rectangular cavity has been considered. To enable
the analysis of flow and heat transfer rates, a complete set of non-
dimensionalsed equations governing newtonian fluids and boundary
conditions were recast into vorticity/vector potential to eliminate the need
for solving the continuity equation.
The governing equations with the boundary conditions were discretised
using a three-point central difference approximation for a non-uniform
mesh. The resulting finite difference equations were then solved using the
m?thod of false transients and the Samarskii-Andreyev. A powerful
computer code was used to generate the current results. The non-uniform
mesh has been implemented in the project to allow for efficient use of
computer time and storage. This enables placement of more nodes in regions
of high velocity gradients and fewer nodes in other regions so that the total

number of nodes used is minimized. This mesh type does not compromise



the accuracy of the solution as it is demonstrated that order o( h* ) accuracy
may be maintained, where h is the spatial step size. The Rayleigh number
used to obtain the current results was between 5 x10° and

5 x 10°. The study revealed that at higher Rayleigh number, there is
substantial increasiné exchange of hot air from the lower region to the upper
region and vice versa. Temperature tends to decrease as the flow moves

away from the ‘active wall’
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NOMENCLATURE
Roman symbols

X x-coordinate in the i direction

y y-coordinate in the j™ direction

z z-coordinate in the k™ direction

u velocity in the x-direction

v velocity in the y-direction

w velocity in the z-direction

i Thermodynamic Temperature

t Time

u* Characteristic velocity

p Thermodynamic pressure

Ra Rayleigh number

Re Reynolds number

Pr Prandtl number

Pn Pressure number

S Specific entropy

IFS I l Length of cavity in the x, y and z directions.
L Characteristic length.
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E;.....,E3 Dimensionless parameters.

n coordinate normal to boundary.

Litgeonsilag Coefficients used in finite difference approximations to
first and second derivatives.

g Acceleration due to gravity.

Ny Ny N, Total number of mesh points in the x,y,and z directions.
h Heat transfer coefficient

Greek Symbols

o Thermal diffusivity

Ay Ay False transient factors.

B Coefficient of volumetric expansion.

y Angle between two vectors.

v’ Gradient operator

At Time internal

5ij Kronecker delta

0,0, Central difference operators denoting the first and second

partial derivatives in the x-direction.
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g ) 4’ 5 é’ g Vorticity in the x, y and z direction.

0 Non-dimensional temperature.

33 First and second coefficient of viscocity respectively.
P Density.

o Weighting factor.

A Thermal conductivity.

T Viscous stress tensor

I Stress tensor.

D Dissipation function.

¢ General variable.

W, W, vector potential in the x, y and z direction.

® Intermediate variable used in the ADI scheme.
Subscripts

b Boundary value.

G Cold wall.

ijk - Denotes the i™,j™ and k™ mesh point in the x,y and z

directions respectively.

R Reference state.
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Superscripts

n

Abbreviations:

ADI
FDE
FFT
GGDH

H.O.T

Current time step.
New time step value.
Intermediate value in the ADI scheme.

Fluctuating or dimensional quantity.

Alternating Direct Implicit.

Finite Difference Equations.

Fast Fourier Transform

General Gradient Diffusion Hypothesis.

Higher Order Terms.



CHAPTER ONE

1.1 Introduction

A fluid is a substance which continuously deforms under the action of slight
shear force. Fluid dynamics is concerned with the study of the motion and
condition that affe(;t the motion of the fluid. Fluid kinematics, which deals
with the forces involvgd in the motion, and fluid dynamics, which deals with
the state of the fluid ﬁotion are the two types of fluid mechanics. Basically
heat transfer is by conduction, convection, and radiation. In convection, an
essential first step in the treatment of problem is to determine whether the
boundary layer is laminar or turbulent because surface friction and the
convection transfer rates depend strongly on which of these conditions
exists. The scope of this project is on the laminar boundary layer. In natural
convection, the driving force for the fluid motion is the gravity field acting
on density difference as a result of differences in temperature boundary
conditions. This situation creates buoyant force causing denser parts of the
fluid to move downward and less dense parts to move upwards. Natural
convection plays an important role in the flow and heat transfer in
atmospherical, oceanographical and geophysical processes in nature as well

as in a wide range of technological applications. In particular, convection

' phenomenon due to buoyancy driven flow inside a closed enclosure (i.e.



internal flows) subjected to differential heating is encountered in many
practically imporfant engineering problems. This include: thermal insulation
of buildings, heat transfer through double windows, cooling of electronics
equipment, general circulation of planetary atmosphere, sterilization of
canned foods, cooling fluids in channels surrounding a nuclear reactor core,

among others.

A\

Y
The study of free convection in the past decade focused mainly on two

different simple geometry, first the single isothermal or constant flux vertical
plate in isothermal stagnant surrounding, secondly the enclosed rectangular
cavity with heated and cooled walls. The former flow is of parabolic
character and can be handled comfortable by numerical method while the
latter is of elliptic character which has to be converted to parabolic before

solved. There are two flows in any enclosed cavity i.e. Double glazing

“window cavity problem” in which two opposite vertical walls are

differentially heated, and the Rayleigh-Bernard problem where opposite

g

horizontal walls are heated and cooled.
Due to elliptic nature of internal buoyant flows, natural convection flows
require a complete solution of the Navier-Stokes equations coupled with the

energy equation.



Most of the fluid dynamics problems involving natural convection could be
solved by experirﬁental, theoretical and numerical method.
The experimental method would involve construction of a model in a
laboratory and the measurement of various parameters (e.g. temperature and
pressure) taken thle the experiment is being conducted. The major
drawbacks of this met\hod is that it is expensive and time consuming.

N
The theoretical method requires analytical solution of the equations
governing fluid motion. The drawback to this approach is that the
mathematical theory required to solve the non-linear equations in their
general form is still not clear. This is because the Navier~Stokes equations
(the momentum equations) and the energy equation governing the
phenomenon are highly nonlinear, and coupling between the boundary layer
and the core region in the internal flows creates mathematical difficult in
‘obtaining analytical solution.
The development and use of computational methods for numerical solution
of the Navier-Stokes equations have been under way for more than five
decade, but it is only in the last decade that notable contributions in the
numerical simulation of fluid flows have been made. Among these, the most

important one is the basic understanding of the relationship between the

physics of the problem and the numerical procedure employed for its



solution. Basically numerical methods using digital computers are
commonly utilized to solve a wide variety of flow problems. Although
differential equation that govern the flow of Newtonian fluids (the Navier-
Stoke equations) were derived many years ago, there are few known
analytica}l solutioné to them. With the advert of high-speed digital
computers, it has beC(?me possible to obtain approximate numerical solutions
to these (and other \ﬂuid mechanics) equations for a wide variety of
circumstances. Of the various techniques available for the numerical
solution of the governing differential equations of the fluid flow, the
following three types are most common: (1) the Finite Difference method (2)
the Finite Element (or Finite Volume) method, and ( 3) the Boundary
Element method. The finite difference method for computational fluid
dynamics is perhaps the most easily understood and widely used of the three
above in predicting low-Rayleigh number natural convection. In this method
the equations of motion are discretizing and marched through time until
steady state is achieved. This gives complete control over all fluid properties
such as viscosity and density and creates great flexibility in the choice of
flow pgrameters such as the Rayleigh and Prandtl numbers.

In the following section, an overview of relevant literature in numerical and

experimental studies concerning natural convection will be presented.




Emphasis shall be on internal flows in geometry heated and cooled from a

vertical wall.

1.2 Literature Review on Natural Convection

1.241 Introductionf

A wide range of problems in physics and engineering are concerned with the
5

phenomenon of naturai convection. Not surprisingly, it is attracting a large

and expanding research effort both experimentally and numerically. For

example the 1980 review of the heat transfer literature, lists 72 papers on

confined natural convection alone, almost as many as were cited on channel

flow. Eckert (1980).

Although in reality, fluid flow is three-dimensional, most numerical studies

of natural convection in enclosed cavities were mostly restricted to two-

dimensional flows and low Rayleigh number. A classical test problem in

numerical heat transfer is the study of natural convection heat transfer in the

enclosed, differentially heated square cavity.

Analysis of this simplified problem not only does it provide a sound basis

for. comparison of numerical approach but also the possibility of gaining

physical insight into other related problems of practical interest. Both

" numerical and experimental studies have been carried out for natural



convection in fluid flow. Some researchers such as Eckert and Carsol
(1961), Myneth' and Duxbury (1974) and Brigs and Jones (1985)
experimentally studied laminar and steady state flows.

A wide range of numerical investigation on the problem has been presented
with different methbds by researchers such as Wilkes and Churchill (1966) ,
Schmidt et al. (1970\) and Le Quere (1990). Comparison research on the
problem was presente; by de Vahl Davis and Jones (1983) and Behnia et al.
(1988), The total computing cost (CPU time usage and memory
requirement) of different methods which was considered by the later, while
the former considered mainly the accuracy of the numerical solution
obtained by various researchers using different techniques.

Ostrach (1988) presented a review of the literature on internal natural
convection flow in various geometries with different types of boundary
condition as well as a section of the scale analysis. Gebhart et al (1988)
presented a literature overview of the work on buoyant induced flows.

A comprehensive literature review concerning laminar natural convection in
two-dimensional enclosure had earlier been written by Ostrach (1972) and
Catlon (1978).

Similarly a number of researchers modeled a number of turbulent flows near

- vertical isothermal walls (isoflux) in their investigation. These include



studies by Mason and Seder (1974), Cebecci and Khattah (1975), Thomas
and Al Sharif (1'975), Plumb and Kennedy (1984), Humprey(1986) and
Sigey (1998). These studies resulted in a better understanding of turbulence
in natural convection boundary layers.

During the NATO-ASI conference in 1984 a number of subjects were given
priority for further re\search in the future,(Kayac et al 1985). These include:
high Rayleigh numbe;natural convection was identified as one of the main
subjects of future research, improvement in the existing numerical
techniques, extension to three-dimensional calculations for practicality and
real life situations and need for additional research on both laminar and
turbulent modeling and wall functions as well as experimental validation of
the numerical simulations, was considered to be of prime importance.
Following this development, Hoogendoon (1986) dedicated part of the
review research paper on natural convection in enclosures to high-Reyleigh
number turbulent natural convective flows. He considered in particular the
reiationship between experimental and numerical studies on one hand and
the practical application on the other hand.

In general, natural convection in an enclosure arising from localized heating
and cooling is encountered in a number of practical importance, such as use

- of convectional heaters in a room. In a room, besides forced convection,



natural (free) convection plays an important role in the determination of the
indoor climate. The temperature and velocity fields in a room depend mainly
on the temperature of any heat sources and windows as well as air

ventilation flow rate.

1.2.2 Natural convection in an enclosure with localized heating and

\,

R
cooling

Natural convection is observed as a result of the motion of the fluid due to
density changes arising from heating process. A hot radiator used for heating
a room is one example of practical device, which transfers heat by free
convection. The movement of the fluid in free convection results from
buoyancy forces imposed on the fluid when its density in the proximity of
the heat-transfer surface is decreased as a result of the heating process.

The buoyancy forces are due to some external force field such as gravity and
do give raise to free convection. They are termed as body forces.

The problem of free convection in an enclosure has been much studied both
experimentally and numerically., and comprehensive review is given by
Schinkel (1980). Despite all this effort a clear overall picture of the

processes involved as a function of the Prandtl number , Rayleigh number

- and Aspect ratio has yet to emerge. The importance of Prandtl number in



determining the type of flow was established by Elder (1978) for high
Prandt] fluids such as oils and through the prediction of Jones (1982) for the
low Prandtl numbers typical of liquid metals.

Humprey and Bleinc (1985) studied an enclosure composed of conducting
vertical walls With' the upper half cooled and lower half heated using the
experimental method.\ |

Yuon-sinh-luh (1988) ;anied out a numerical computation to investigate the
underlying mechanisms contributing to the formulation of vertical structure
in the flow that jets away from the wall. The studies concluded that the
longitudinal structures were caused by the Rayleigh Bernads instat;ility
under the action of shear. The buoyant instability associated with the
horizontal unstable stratified jet was the main contribution to the formation
of longitudinal rolls. The size of the rolls is determined by the local
condition i.e. the Rayleigh number and the Richardson Number in the
horizontal jet, and in turn the local condition is determined by the
tefnperature imposed on the conducting wall. Basically the longitudinal rolls
are expected to form and disappear in a short distance from the conducting
walls.

Poulikakos and Filis (1986) and Poulikakos (1985) presented both

- experimental and theoretical studies of free convection in an enclosure with



vertical wall, which could be heated on the top -half and cooled on the
bottom- half. The results showed that when the temperature of the upper
conducting plate is higher than that at the lower conducting sidewall, then
there will only be a large horizontal vertical structure with axis parallel to
the conducting sidewall. This became a clear indication that the flow
structures observed l?y Humprey and Bleinc (‘1 985) were as a result of
collision process (cent;iﬁlgal instabilty) of the horizontal jet from the wall.
Recent years have seen a number of both experimental and numerical studies
of natural convection in building. Scale models have been used by a number
of researchers such as Euser et al. (1978) Oslon and Glicksman (1991)
,Sanjurto and Cooper (1991) and Cooper and Kulkarni (1993). Other studies
have been carried out in which a hot boundary layer interacts with a cold
downward stream from a cold surface (Ellis and Glickman 1987). It was
found that the flow was dominated by the collision of the boundary layers in
the region between the hot and the cold surfaces.

Préviously, colliding boundary layer situation has received very little
attention with numerical analysis reported by Kubleck et al. (1980) and de
Vahl Davis (1989 ) both for laminar and Turbulent flow conditions. Recent

studies by Gatheri and Sigey (1999) who both investigated in detail

" turbulence flow in a three dimensional enclosure in the form of a room

10



containing a conventional heater built into one wall having a window in the
same wall. The size of the window was varied to pave way for two cases of
study but center fixed with respect to the heater. The results of the study
indicated that the rate of heat transfer is higher for a larger window than for
a small window aé £he Raylegh number increases.

From the above discussion it follows that the numerical simulation of

\
laminar flow in a room with a window and a heater is yet to be done. It is for

this reason that this project seeks a systematic study of a three dimensional
enclosed cavity in form of a room which is differentially heated on one wall

and cooled on the same wall.

1.3 Aim of the project

The main objective of this study is to investigate the colliding boundary
layer as a result of localized heating and cooling on the same wall caused by
nczn—uniformity of the boundary temperature. Non-uniform thermal boundary
conditions are encountered in many engineering and domestic applications e
.g building walls are rarely isothermal and more often than not they have hot
and cold regions.

The scope of the study is limited to three-dimensional steady-state laminar

- free convection in a rectangular enclosure and predictions are made within

11



the framework of finite difference method in numerical technique. A
computer code cépable of simulating this is required in order to realize the
aim of this work . A simple geometrically enclosure is chosen with a

window and a heater mounted below it.

1.4 Project outline

N\

P
In Chapter 1 effort has been made in outlining various researchers who have

preceded this work using various methodologies i.e. experimental,
analytical, and. numerical for both two and three dimensional cases.

In Chapter two, a complete set of equations governing the motion of a
Newtonian fluid were presented.in general form , since these equations are
necessary in the analysis of fluid flow problems. Being in general form, they
can be used to solve most fluid flow problems.

They are then non-dimensinalised and the primitive variables notably the
pressure and problem of solving continuity equation is overcome by
recasting the momentum equation in a vorticity-vector potential formulation
(Mallison and de Vahl Davis 1977).

In Chapter three, a particular problem of three-dimensional laminar natural

convection in a rectangular cavity with boundary that defines it, is posed.

Governing equations presented in the previous chapter are then simplified by

12



use of Bouséinesq approximation resulting in a set of simplified
conservation equétions.

In Chapter four the numerical method used to solve the finite difference
equations is presented. The conservation equations together with the
boundary conditioné are discretized using a three- point central difference

approximation for non-uniform mesh. The resulting finite difference

N\

N\
equations were then solved using the method of false transients and the

Samarskii-Andreyev scheme. The method of solution for the overall solution
procedure is outlined in this chapter.

The results of a computer program which involved the conservative
equations and the various constants and variables earlier discussed are
presented in chapter five. Being in form of graphs, the results are discussed
in the same chapter. Conclusions and recommendations is given in Chapter

SiX.
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CHAPTER TWO

Mathematical formulation

Equations governing free convection
2.1 Introduction
In free convection, fluid motion is due to buoyancy forces within the fluid.
Buoyancy is due to the combined presence of a fluid density gradient and a
body force that is proportional to density. In practice the body force is
gravitational.
An essential step in the treatment of any convection problem is to determine
whether the boundary conditions are laminar or turbulent because surface
friction and the convective transfer rates depend strongly on which of these
conditions exists.
Naturally occurring flows are either turbulent or laminar. In laminar flow,
motion is highly ordered and it is possible to identify streamlines along
wlclich particles move. In turbulent flow however, the parameters such as
velocity, pressure and temperature at any given time vary rapidly and
randomly with time. In either case, the flow starts with laminar then
turbule;nt.
In this chapter, we consider the equations governing the behavior of

Newtonian fluid experiencing heat or mass transfer. These equations

14



originate from the conservation principles. The specific processes such as
the inertia and the viscous forces remain important, as does the energy
transfer by advection and diffution. Considering a fluid in which the density
p is a function of position x; (j =1,2,3). Let uy; (j =1,2,3) denote the
components of the velocity. Hence in writing the various equations, use of
the notation of Cartesian tensors with the usual summation convection is
applied. Derivation of these equations is found in most of the fluid
mechanics books, in particular reference. to; Batchalor (1954),Aris (1962),
Currie (1974) and Anderson (1984).

Leonardi (1984) presented a unique derivation of these equations in their
most general form. The governing equations are the continuity, momentum
and energy equation.

2.2 Conservation Equations

2.2.1The continuity equation

The law of conservation of mass states that the rate of increase of mass
within a controlled volume is equal to the net rate of influx through the

control surface. Thus the continuity equation can be written as

Py 9

. axj(p,u,.)=0 (2.1)

15



For steady state however, equation (2.1) becomes

é‘éx_j(pﬂi)z 0 22)

2.2.2 Momentum equation

This is derived from the Newton second law of motion. It states that the sum
of the body and surface forces acting on a system is equal to the time rate of
change of linear momentum of the system. Given that the only force
considered in this work is only the gravitational force then f=g; in the x-

direction. Thus the equation become:

PFi+%j(Ilij)=%(pﬂi)+_a—%(yiﬂj) (2.3)

Where

pF; = Body force per unit volume
IT;; = stress tensor.

Note that for Newtonian fluids,
Hi; = pog + T (White 1974) (2.4)
Where,
d;; = Kronecker delta with values ofl for i=j and 0 for ;=i
T; = Viscous stress tensor

and,

16



@ is the viscous dissipation function given by,

du;

.9)
h is the specific enthalpy and

qj is the local rate of. heat transfer per unit area.
In this case heat produced by external forces is neglected

The heat transfer is modelled by Fourier's law viz

Where A is the thermal conductivity.

Given h can be defined as,

h=p4L 2.11)
, P (

Where e is the specific internal energy, equation (2.8) can hence be

simplified .The differential form of equation (2.11) becomes
dh=de+ 4 pd(i) (2.12)
Tt p

It is possible however to write

17



H; ‘u aﬂk
T = ‘{axj 5x,-J+'us5”axk (2.5)

Where u and g are the first and second coefficient of viscosity respectively.

Thus it follows,

| K OH; O
=— + ’+ + 2.6
[I;=-rd; ﬂ[a 5 ] HBi5 e, (2.6)

Noting that the only type of force being considered in this project is the
gravitational then,
Fi=g

Thus on substituting equation (2.6) in (2.3) the equation become:

Op d ou;  Ou;j
(p/l (’)ﬂlﬂ_/) +pgl '{‘{axj-’.auij 5”5 } (2 7)

2.2.3 The energy equation

This is derived from the first law of thermodynamics, which states that the
rate of energy increase in a system is equal to the heat added to the system
and the work done on the system. Assuming no external heat sources, the

energy equation is often written as (Currie (1974)).

SO, o », 0 oq, |
61‘ axj(/?u h) 5 ax,- ’p)_:’);;+q) (2.8)

Where,

18



de=Tds—pd% (2.13)

Where S is the entropy, using the first and second law of thermodynamics
(Hatsopoulous and Keenan (1965)).
When the above equation is substituted in (2.12) the differential of specific

enthalpy (h) becomes

dh=TdS + dp(l) (2.14)
p

Given that the entropy depends on temperature and pressure, then it can be
written as,
S=S (T, P)

Such that,

ds = . dp+(ﬁ) dT
op ), oT ),

Since for free convection effects; highly depend on the volumetric
coefficient (B) then using the general thermodynamics relations

(Hatsopoulous and Keenan 1965).

5 pp-B(B) oL
oP aioopker),” T
7

(6_SJ dpz_ﬁ,(ﬁﬁ) ar—_5
), p \oT ), P

19



Substituting the above in equation (2.15) results in

ds = —ﬁdP +

Coyr (2.6)
o, T

Where C, is the specific heat at constant pressure.

Substituting (2.16) into (2.14) results in:
dh:cpdT+l(1—,5'r)dP (2.17)
P

When (2.17) and (2.10) are substituted in (2.8) the final form of the energy
equation is written as

o ) o |, or op Ou,r
— T+ — T)l=——|A— |+ pT|—+— |+ D 2.18
at(pc” )+5x,(pu’ ) axj(ﬂaxj} (aﬁ axf}r =0

The above equations (2.1), (2.7) and (2.18) for the continuity, mean
momentum and mean energy respectively are however in their most general
form, hence appropriate boundary conditions together with the equations are
necessary for determining the velocity component u and the fluid properties
sucil as density p pressure P and temperature T which apply to laminar flow.
It is worthy noting that numerical approach has proved to be efficient in
solving the above conservation equations rather than the exact methods.

20



2.3 Non- dimensionalisation

Non-dimensionalisation of variables is an automatic procedure for numerical
as well as experimental studies of fluid flow. Thus an adoption of a suitable
non-dimensional sc(heme is very important. In doing this, the solution
obtained is generalized and the variables are bounded e.g temperature can be
non-dimentionalised so that its values vary between 0 and 1. The main
rationale in non-dimentionalisation is to reduce the number of parameters
particularly when dealing with incompressible fluids.

This is because in compressible fluids the number of non-dimensional
parameters is equivalent to the dimensional parameters Leonardi et al.
(1981), hence such reasoning becomes invalid However the assumption
made in this work is that the fluid is incompressible. To non-dimentionalise
the above equations therefore all lengths are divided by the characteristic
length Lg, all velocities are divided by arbitrary reference velocity and
pressure by arbitrary reference pressure.

The non-dimentionalisation is performed using the following scaling

variable:

X, =X, L« P=P/PR

21



T

U;j=U;U-= @zm
p=p pr ﬂs:,u/sﬂze
P=P p, | v=v'Ug
Cp=CpCoR =% g
(o Ar

T7a

Where Ly is the characteristic length; Ty-Tc is the characteristic temperature
difference and Tx is a convenient temperature which will result in the Non-
dimensional mean temperature (®) being bounded in the solution region. In
the above scaling variables the primes denote non-dimensional quantities
and the subscripts « denote variables that can be arbitrarily defined to specify
a non-dimensional scheme.

The application of the above scaling variable to the continuity equation
(2.1), the mean momentum equation (2.7) and the mean energy equation

(2.18) result in

22




/ 1
o oy =0 (2.19

ot axj

8y von@ o o] BrleP fsl) o8 | o

—_— + ' = T 2 k aan J 2
a " H o PHH {pRUfJ ox, {Uf}”g‘ 6xj{pRU*LR}T" (2.20)

L . (e ) o \ U.
_—/(Cpp®)+“'""cpp'uj®= L Ctu, = |+ 4 £
ot Ox, cm PRAT. |\ Ot Ox;] Ox,\ |cmPrU-Lz| )| Cre PrA

200 +{ MU+ }rp 2.21)

Ox; |cprPrA*Lr

The results in the variable hence become non-dimensional and of unit
magnitude (de Vahl Davis 1986). A tendency of thin boundary layers do
form on the cavity walls and viscous effects are confined to these thin
regions if the temperature difference across the cavity is large and viscocity
of fluid is small over most of the cavity. In such a case, solely buoyancy

forces will balance viscous effects. An appropriate scheme is introduced in

which the characteristic velocity is

U =JeAT.L, (2.22)
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The scale factor for the above scheme has focused attention on the
momentum equation. Similarly from energy equation in steady state, the
convection and conduction terms must balance, hence appropriate to

introduce a scheme in which the coefficient of the two terms are the same.

Thus,

A
e R (2.23)
U ,ORCPLR

The above two schemes have been applied in solving many natural
convection problems by researchers like de Vahl Davis (1986), Leonardi
(1984), Henkes (1990), Lankhorst (1991).

Hereafter all variables and equations are assumed to be non-dimensional so
that without ambiquity the primes have been omitted. Since a number of
non-dimensional schemes are possible equations 2 9 to 2.11 are written in

general form viz

o, 0o .
E’*a—xj pu;=0 (2.24)
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gpuﬁa—xj/’uiuj——Ela—xl_Jszpgﬁa—ijﬂij (2.25)

el 9 o=, 0P |, 0 00 2.26
acrPO*y CP”Z{J@ Cl(at*"faxj)+axj(C2’16x,-}+C3¢ &40

Where the coefficient E,, E2 ,E;,C,,C, and C; are given as,

Pr gLR
E="R E>-
: PR ? U+
SRR o Pr
_—— A C = o
- PrU=LR PrcprAT+
AR HRU~
C,= &
> CprPrAT+Lr Cs CrrPrAT+Lr

The set of equations presented in this chapter contain more unknowns than
the number of equations present, this is not possible to solve. In the
preceding chapter the cross term correlation in the mean equations are

modeled in terms of quantity that are known or which can be calculated.
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CHAPTER THREE
1.0 Mathematical model
The equations presented in chapter two are general and are applicable to

most fluid flow situations. In this chapter a specific model will be presented.

3.1 Geometry of m0(\lel
\

The model to be studied in the determination of the flow and thermal fluid is
a three dimensional rectangular cavity illustrated in Figure 3.1 as shown
below. A brief look at the literature survey reveals that there is no standard
definition of characteristic length for such a case, although the most
common dimension chosen as the characteristic length is Lg, which is taken
as the size of the enclosure in the z-direction. Various numerical
computations have been carried out for the model with boundary conditions
simulating a heated room. The enclosure is heated by a conventional heater
(H) that is mounted below a window on one of the walls generally referred
as ‘active wall’, as illustrated in the figure.

All the boundaries of the enclosure are assumed to be non-slip, rigid and
impermeable. That is there is no through flow and so the mass of the fluid

within the cavity is constant. Each of the remaining walls of the enclosure

may be adiabaﬁc, isothermal, or have a specific heat flux through it.
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Figure 3.1 The geometrical model with co-ordinates system.
N

3.2 Boussinesq Approximation

In deriving the equations in the preceding section the only assumption made
was that the fluid is Newtonian, steady and that there are no internal heat
sources within the model. However, as pointed out by Boussinesq (1903)
there are many situations of practical occurrence in which the basic
equations can be simplified considerably. These situations occur when the
variability in the density and in the various coefficients is due to variation of
temperature of only moderate amounts.

It gs thus for this reason that the Boussinesq approximation will be applied,
and the assumption associated with this simplification are that:

1: All fluid properties, except the density, are assumed constant.

2: ‘Density variations are only significant when buoyancy forces cause it,
and it varies linearly with temperature.

' 3: The viscous dissipation effects may be neglected.
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4: The characteristic temperature difference (Ty-Tc) be sufficiently small
that it tends to zero

An investigation into the validity of these assumptions was made by
Leonardi (1984) where he concluded that:

“In air filled cavitiés, the density, viscosity and conductivity must all be
variable if the temperature difference within the region of interest is above
30K . In water filled ;avities, density and viscosity must be variable if the.
temperature difference is above 3K”. The application of this assumption
allows the buoyant forces to be well handled. The coefficients B v and p, are

treated as constants and evaluated at a reference temperature Ty

Given density varies linearly with temperature only, it follows that:
p=pp+-15( %) (.1)
o Jp e

In which the higher order terms of this series have been neglected.

The coefficient of thermal expansion at constant pressure is defined as

€

=1 [OP
Br= PR(GT)TRR (3.2)
on éubstituting, yields
p=prli= B -T#) (3:3)
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Now applying the Boussinesq approximation and the use of the above
equation into momentum “equation, the equation governing natural
convection within the cavity are presented in non-dimensional form for an

incompressible laminar flow as:

01 -
= (3.4)
N

Ouiuj __ E) op o . [%ui Ou;

= -0 0.+ et 3.5
Oxj Proxi E208i7 5y B3 Oxj 9xi B)
00, 9 -_0 ~ 00
ot *3x, %1985, Cay, (3-5)

In the momentum equation,(3.6) the coefficient F,= (E2)01 4 BrAT+
where () ,, is given in section 2.3

The density terms, which have not been neglected in the above equations, do
generated motion.

Note that the equations above are in conservative form and to achieve more
aceurate results is when they are implemented in finite difference form.

3.3 The vorticity/vector potential formulation

The governing equations mentioned earlier on can be solved in a variety of
ways. The most obvious way is to solve the conservation equations in the
primitive variable form. However the main drawbacks of this method and

which makes it unpopular to many researchers is that the conservation of mass
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is not guaranteed. Similarly the accurate implementation of boundary
condition for pressﬁre has shown to be difficulty. Phillip and Schmidt (1984) .
As} a result of these drawbacks associated with this formulation, other ways
had to be devised. One such way is the Vorticity/Velocity formulation. In
this method, the troﬁblesome pressure is eliminated by taking the curl of the
momentum equation, Yvhich inturn yields the vorticity transport equation.
Stella et al. (1988) sh;Wed that this formulation gives accurate results only
when a uniform staggered mesh has been chosen, thus for non-uniform mesh
points the formulation proved to be ineffective.

A method that enforces continuity and eliminates the pressure term from the

momentum Equation is the Vorticity Vector potential formulation

3.3.2_The Vorticity Transport Equation
For a two-dimensional flow, the non-dimensional continuity equation and

the momentum equation can be written in expanded Cartesian co-ordinate

system as

Ou , ov _

Q2 (3.7)
ou ou_ ou_ [ opP a_U_g Kl ou v
at+u§+v§_pkax E.,0COSy + {(E 1% = }L@y[(E’W)aerax
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where y is the angle between the gravitational vector and x-axis.
The problem of obtaining a solution that satisfies the continuity for two-

dimensional is overcome by introduction of the stream function ¥defined

o¥ _ BY¥ .
v T

u=

¥(x,y) automatically satisfied the continuity equation since the vorticity

¢ is defined as
ov ou
PR v 3.10
G > (3.10)
Substituting yields
bad 625” 3.11)
S (

Taking the curl of the momentum equation eliminates the pressure as a

solution variable and yields the vorticity transport equation.

D ov 0 ov o ov ov 02v ou 0 ov
= (E“’)V“z(ax = ayaij (2")“2(6;?&’@_:5”&5@)

—Ez(%siny—%cosy) (3.12)
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The above equation has replaced the primitive variable equation (3.7) and

(3.8) as long as the boundary conditions for the stream function and vorticity

are consistent with those of the velocity.

The main advantage of this method is that, the continuity equation is

automatically satisfied, it does not require a staggering finite difference grid

system and the numbe\r of equations to be solved are reduced (de Vahl Davis
N\

1983). |

However this method worked very well for two-dimensional convection

problems.

3.3.2 The vorticity vector potential formulation

This approach has not be used for complicated cases of three dimensional

convection flow due to a number of reasons:-

-the number of differential equations to be solved is not reduced in cases of

three dimensional flows.

-there is lack of understanding of its boundary conditions.

As results, existing implementations have been restricted to the simplest

cases, where the solution region is closed and simply connected.

The vector potential yis defined by u=Vxy and is assumed to be

solenoidal (V- =0) the vector potential is related to vorticity by

£ =V (3.13)
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By recasting the momentum equation in a vorticity vector potential, the
problem associated with the use of primitive variables, the pressure and the
requirement of solving the continuity equation is overcome (Mallinson and
de Vahl Davis (1977)).

By taking the curl ef the momentum equation (3.8) the vorticity transport

equation results (Ozoe et al.1976)

54 o :
ox oz —4’25;—4’3g=(E3+V)V o y oy oz o

_§Ka_§2_@f 6, {51/ aVJC: é’ axaz

oy Oox 0z Ox ay
LoV, 5”’” 0Vow (0¥ 0Vaw OV (3.14)
oy x5 o " BE & | GuEor @0 O 85 0z
similarly
Oy Pbonyii 86 5o 86

ov ov ov 2
Qt2+u ax2+v Y +w 6z2—§1§-§2§—§35;=(E3+V)V é/

+2F1652+§K6§2}+2[513§2_QV_@;,_a_Va_é;}é« {QZ_V+52V}
2 ax2

ox ox dy oy oz oz ox oy 0Oz oy 85

0
5 ayazg E352 {6x626x oy0z By o2ty 0z P

(3.15)
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finally,

BEL ingowslniag o 2
ot S Ox Lid oy S oz _4’1 4,3 B2 §3§=(E3+V)V é/

|0V 06, v 26,| v, wvdG, ordg, LA LA LAY
Ox Ox ay oy aZ oz ax 0z oy Oz axz ay2 oxdz 21 oOyoz 25 |

(3.16)

26 &+6V& an an an an
ax2ax Oxdy Oy Ox0z Oz | OxOx Ox ayzéy oyoz Oz

The above equations (3.14), (3.15), (3.16) may therefore replace the
momentum and the continuity equations.

3.4 Boundary conditions

To complete the mathematical formulation, boundary conditions for all the
variables are necessary.

3.4.1 Temperature boundary condition.

Thermal boundary layer occurs when the fluid flow stream and surface
ter;lperatures differ

The non-dimensional temperature has earlier been defined as

Ty

O = 3.17

Tu-Tc G-17)
Where

Ty is the temperature of a hot wall and
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Tc is the temperature of a cold wall.

With the above definition the value of ® is bounded and lies between 0 and
1. The three thermal boundary conditions commonly implemented are the
isothermal, adiabatic, and convective boundary conditions which may be

represented by the equation
4+ 22+ 4,0+ g3=0 (3.18)
Where

n refers to the direction normal to the wall.

® = Constant

The boundary condition is thus isothermal if A;=0 and ® = Constant

The boundary condition is said to be adiabatic if Ay = A3 =0

Whilst non-zero A; and A, = 0 represents a convective heat flux boundary
condition. Since the problem at hand involves heating and cooling on the
same wall, then the remaining walls of the enclosure are kept either
adiabatic, isothermal or have a specified heat flux through them.

3.4.2 Velocity boundary conditions

The conditions in the motion of the fluid at a boundary are mostly specified
in terms of the velocity. Velocity boundary layer develops whenever there is
fluid flow over a surface .In closed enclosures each boundary is considered

impermeable and capable only of motion in its place (static motion). This
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implies that the normal component of velocity at each boundary is zero .e .g
considering the béundary x=0. The impermeable condition implies that u =
0 if the plane is stationary.

Similarly

v=w=0( | (3.19)
3.4.3 vector potential \boundary condition

These boundary conditions were first proposed by Hirasaki and Hellums
(1968) and were later modified and implemented by Mallison et al. (1973).
The boundary condition for the vector potential ensures that the velocity
field satisfies the conditions of impermeable boundary. Hirasaki and
Hellums (1968) introduced a scalar potential to account for through-flow
But since the walls in the model of interest are assumed to be impermeable.
then the scalar potential becomes non existent.

T}}ey further showed that for a region with no through flow, the appropriate

boundary conditions are:

0
Va=Vo=a=0 S

where
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¥, =V,,are tangential components of the vector potential at the boundary

and:

0 h oY
Y1 is the normal derivative of the normal component.

on

3.4.4 Vorticity boundary condition

As outlined by Malligbn and de Vahl Davis (1977) the vorticity boundary

conditions are obtained from equation (3.4)

]
)

X

Figure 3.2 illustration of vorticity boundary condition on the wall

z=0.

2 2
_é,za_l//+6_l,[{_
o’

Y

(3.21)
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Consider the shaded wall z=o in the above figure, then equation (3.21) may

be written as

2 2 2
_é':a Vi o ¥, O ¥
"2 o2 a2

2 2 ( 2
e za y/2+6 ‘//2+a Vs,

2 2 2
s WG O WG OV
3 axz ayz azz

At the z=0 boundary, the tangential component becomes:

G e O
- == Since —L1=—T1l-9 3.22
¢ 2 Bl oy (3.22)
62¢//2 . oy, oy,
—§2=— ax2 Slnce ?Z—ay'—zo (3'23)
But
§=Vxv
Hence
Oov oOu
C3 o oy
since,
ov _ Ou _ =
g_ay_o at z=0
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Similar procedure may be used to derive for the other walls,i.e at x=0 and at

y=0.

3.5  Partial Differential Equations In Component Form

3.5.1 Vorticity Transport Equations

%aa—fl ‘Vlay(§ )Vlazg )+V17367(§2 )+V152(§ )

_Vzga)_f(g g3)+ Vz_a%(g gz)

2 2
L TG TR

6X2 3 or?

0 {1
3.24
Vs (3.24)

0
%—54,—2"——1/152(5 w)- V1%( 2U)+V1“£g( 1V)+V1%( 3V)

—V:za%(ggl)”@%(e&)

2 2
@, 8¢,

52
= +V/3 6 (3.25)

+V3

V2 b))

2 2
64’3 64’3

+V
ox?2 3 oy?

v ¢, (3.26)

s
oz>
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3.5.2 Energy equation

e 2 () 5 2 0)-E, o)

0%
az>

0%
ay?

o%¢
x>

+E> +E> +E>

3.5.4 Velocity-Vector potential

2 2

1oy % Ly, oy
a %172 2 2

Gy a2 o

2
Lf’%:; W, Y By,
a, & " & @ &

2 2
La%:g v, 2y, 2y,
a, o el L@ o

3.5.5.velocity equation

_%y; oy,
oY oz
ay/l 51//3

0Z ox
oy, Oy,
W=—% "7

3.6 Heat transfer

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

One of the main objectives of studying natural convection in an enclosure is

to determine the rate of heat transfer .It thus involves the heat transfer into
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and out of the enclosure. Generally the heat flows from the hot surface to the
cold surface.

For practical emphasis, heat transfer is directed at the average Nusselt
number.

On the total non-dimensional heat transfer ®, the effect of the fluid motion
entering enclosure th\rough the heated portion of the driving wall is an

N

average Nusselt number namely:
o __[[0@

Nu = —I IWA

Where

00 -

5= is the local Nusselt number.
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CHAPTER FOUR
4.1 The numerical solution method
The systems of non-linear partial differential equations with appropriate
boundary condition present in chapter three were solved using finite
difference techniqué.
The method of false transient is used to convert the equations from elliptic to
parabolic form by addition of false transient derivative. This allows the
solution to be marched through time and later the equations are
approximated using the Samarkic Andreyev ADI scheme.
4.2 The method of false transient
This method involves the insertion of a frictious transient term to the energy
equation. Then the time derivative in the energy and momentum equations is

modified by the inclusion of the false transient coefficient. The false

transient coefficients used are -L, L and-L.
(047] ay/ a;

The rationale behind having the transient terms i. e o .oy o is that faster
convergence rates may be achieved with careful adjustment of these

coefficients. The selection of the transients o‘s determined the effective time
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step at which each equation is advanced i .e the smaller the a, the smaller
time step. It is however unfortunate that the choice of a’s cannot be

determined a-priori. However, typical values are ag=2.0,004=1.0 and

o =0.09.

This is because the energy equation is the most stable, while the vorticity
transport equation is the most unstable. On introduction of the false
transients variables, it was assumed that the steady state solution is
independent of transient path. |

4.3 Mesh definition and notation

The solution region is divided into rectangular elements and the mesh points

are denoted by dots in the figure below: \
: (Dt ) ‘ (1 Dy )

b0y 0 )

((5;.(“) . ] LB)&‘BZ)

Figure 4.1 Meésh notation



The value of all the variables (i.e £, ¥, v, 0 ) are calculated at the mesh
points. The number of nodes in the x, y and z direction are DyD, and D,
respectively and hx; hy; and hz, are the mesh spacing. The most common
mesh pattern is the uniform grid, where the nodes are equally spaced
throughout the solution region of interest. However, this grid pattern has two
main drawbacks. In problems with thin boundary layers, it is impractical to
use a uniform grid which gives sufficient resolution in the boundary layer
region due to computer storage limitations. If a uniform grid was used in
such a problem, the computation time per iteration would be substantial.
Phillip and Schmidt (1984) approximated that the computational time is
proportional to the square of the number of nodes used. Because of these
problems, a non-uniform mesh spacing that overcomes this situation is
considered, in this project. Thus hx; and hx,, as seen above need not to be
equal. It should be noted that there are mesh points on the boundary of the
model solution region. The non-uniform mesh approach is a common
approach, where the W-{ formulation is used and extended to the vorticity-
vector formulation.

4.4 Non-uniform mesh

In this approach, grid spacing are varied through the solution space. Smaller

‘spacing in regions where the flow gradients are high and larger spacing in

!

C
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regions where the flow gradients is not changing significantly. Finite
difference approximations to the governing equations are then developed,
noting that the grid spacing is not uniform.

Magnus and Yoshihara (1970) concluded that this approach results in the use
of fewer mesh points, which in turn results in a reduction of computer
resources used.

Important factors related to the use of non-uniform mesh spacing are the
orthogonality of the mesh pattern and the truncation error due to finite
difference approximation. Care must however be taken when specifying grid
spacing, because if the stretching is excessive, then the error due to the
truncation terms would be large (i. e of order o(h) ) Crowder and Dalton
(1971).

In applying the finite difference to the partial differential equations, mesh

points variables will be denoted by
=9,
¢ - ¢i+l,j,k

4.4.1 Truncation error
When a uniform mesh is used, the approximation to the first and second
~derivatives using a three-point central difference approximation results in a

truncation error of order o(h),
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When a non-uniform mesh is used however, the truncation error for the
second derivative may deteriorate to 0(h?). To guarantee 0(h?), truncation
error for the second derivative when using non-uniform mesh, the expansion
ratio are kept small and vice versa (Gatheri a/ et. 1994).

The numerical accuracy depends not only on having many grid points in the
region of high gradients but also the grid points need to be approximately
equally spaced as well.

—»X 4, P $2

< v P4 b P

Figure 4.2 Three point difference approximation

Using a Taylor series expansion about points 0 and 2 in the above figure

yields,
P@,=P*, ¢ +b2i¢" +%¢"’ (4.1)
¢0 - ¢r_h1¢’ +—},Z2L¢ —‘%—¢ (42)

Eliminating ¢ from above and rearranging the terms yields

46



b h-b\H-K)-oH [hzhl hlhz}g A
hhi+ b, hhi+hih;
Which in turn yields
¢h1¢% 14,1, vo(py?) term (4.3)
b +hh,

Thus the truncation error for the first derivative is always 0(]12).
Now considering the finite difference approximation to the second

derivative, if ¢ is eliminated from equations (4.1) and (4.2) and rearranged,

yields

| b8 hth)dh) hz)
hh+hh

+ HOT

Which basically is of first order

Considering the ¢mterm i.e the truncation error:

Let

hy=h+ah
%(hl —hz)Z%(hl‘hl“ahl)

= —§a hl
Where ¢ determines the degree of stretching.

Thus the truncation error is of order O(hz) if o is of the same order as &
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For an example, consider a one-dimensional problem with 41 nodes:

A typical step size ()= 4L0 =0.025

Let ¢ =0.1

reer

~.the truncation error = —%a o

= —%(0. 1Y0.025)9"

—-833x107%9"

=—(0.0288Y.60"

-4
Note
As the number of nodes is increasing, the truncation error due to grid
stretching decreases. Since the truncation error is dependent on the number
of nodes used as well as the degree of stretching, the truncation error has to
be calculated for each grid pattern to ensure that it is acceptable.
Thus the three-point central difference scheme has been used in this project
with the above restriction placed on the mesh stretching.
4.5 Summary of Finite Difference Approximation
Thé three point central difference approximations to the first and second
derivatives developed in the previous section will now be summarized.

Using central difference about point i, gives
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Figure 4.3 Three point central difference

3 :C3¢i+1+02¢i +Cl¢i—1

Where:

-
e T

e (17}2 = hzz+1)

£ (hi+1h12 +h; hi2+1)

2
o=+ "hi+1
2 2
: (hi+1hi + hihi+1)

and

<

¢" 5 C6¢,-+1+Cs¢,-+64¢'i»1

where

o
i (h;-+1h,2+hih?+1)

—_—

e ~ 2+ i)
(h,q_]h? + hi hi2+1)

»
hi+1 ,

(4.4)

(4.5)



Ca=1 2hi+1 o
2 2
(hi+1hi +hil’li+1)

When solving for points at the boundary, using three-point difference
approximation involves the placement of an imaginary node outside the
solution region. This method is commonly referred to as “mirror image
technique”. Though this method yields accurate results, it requires that the
boundary condition to be implicitly incorporated into the equation being
solved. This is easily implemented when a particular boundary is subjected
to only one set of conditions. An example is the vector potential where the
tangential components and the normal derivative of the normal component is
zero at the boundary.

However when solving for temperature at the boundary for example, there is
more than one set of conditions that exist and the implementation of the
mirror image technique becomes cumbersome. Thus a three-point forward
difference scheme will be used instead, in such a case. This method has the

advantage of being highly flexible and ease in programming.

Using a similar technique to that which was presented in section 4.5, the first

derivative may be approximated using forward differences.

50



\
D\ —

Figure 4.4 Three point forward difference:

¢ =cd+e.d, e, (46)

Where

e AP R]
] bﬂ(hﬁhz)z“(hﬁhz)hlzj

ot kh1+h2)2l .
: bﬂ(hﬁhz)z—(hﬁhz)hlzj

12

i rbll(hl + o)~y + hz)hﬂ

4.6 Finite Difference formulation of boundary conditions

4.6.1 Temperature boundary condition

The model developed in this project could allow four different types of
temperature boundary conditions. These are isothermal, heat flux, adiabatic
and convective surface conditions. However the present results have been

- obtained with the assumption that all the remaining walls are adiabatic.
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Figure 4.5 Thermal boundary conditions (sketch)

All other derivative boundary conditions may be expressed as,

% _cagr+cB 4.7)
on

If CA=CB=0, the boundary is adiabatic.

Equation 4.7 can be solved for¢l by either using central differences about

point 1(i. e the mirror image) or forward differences from point 1.

Although the former yields more accurate results than the latter, it requires
that the boundary condition to be implicitly incorporated into the equation
being solved. Thus the more flexible three-point forward difference scheme
has been used.

AI;plying a three point forward difference to equation (4.7) yields,

Cip+C.0,+C,p,=CA.¢ +CB (4.8)
Where C1, C2 and C3 are given in section 4.2.2

Rearranging equation ( 4.8 ) yields
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?- C,-C4

4.6.2 Vorticity boundary conditions

Woods (1954) obtained the finite difference approximation of the vorticity
boundary condition in two dimension. Later Méllinson (1973) successfully
extended this method to three dimensions from a Taylor’s series expansion
of the equation¢ =-V?y .This equation is valid at the wall and using » to
represent the coordinate normal to the wall , the vorticity between the wall

and the first internal point (see figure 4.6 ) may be approximated as:

*

Figure 4.6 vorticity boundary conditions (sketch)

: o2
s =-{ aff ] (4.9)

53



Where the subscript ‘1’ denotes the mesh point on the wall. Applying a

Taylor’s series expansion for y in n about the mesh point on the wall

yields

oo {an_m[fa":_n]}%aa“jn}ﬂor (4.10)

Where Arnis the mesh interval between the wall and the first mesh point.

3
0 .
Vin( 4n may be written as
on® \ 3

A"[a_gn] A"(a_gn] 4.11)

Applying equation (4.9), the term

Expanding é’ about the mesh point on the wall yields

] -t @12

3

The vorticity finite difference approximation then becomes

3 ow.| 1
é/nlenZ [—Wn2+An[ on J _Eé/rﬂ} (4.13)
1
" 0 P
The term ( (;/,: ”J is evaluated using the definition of the vector potential i,e
1
| V =Vxwn



4.6.3 Vector potential boundary conditions

In sectjon 3.3.3 it was shown that there are two conditions for the vector

potential at the boundary.

WaW,=0 (4.14a)
6[//n v
il (4.14b)

Application of the (4.14a) is trivial while the (4.14b) may be implemented
using either mirror image or three point forward difference. Unlike the
boundary conditions for temperature, the second condition is general since it
represents the impermeability condition and therefore the more accurate
mirror image method will be used.

In applying the mirror image method, an imaginary point is created outside

the solution region, as shown in the figure below:
Mirror

| | Imaginary point
!

|
’

v, v,

. Figure 4.9  Mirror image
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The boundary condition is written as,

oy _le_‘//zn

an”- 5% =0 (4.15)
and hence

Wy-W,=0 or y,=y, (4.16)

Equation (4.15) is then incorporated into the solution procedure for the
vector potential.

4.7 The ADI scheme

The time dependent parabolic equation may be advanced through a sequence

discrete time intervals over which each equation may be linearised that all

variables other than _that in the %term are independent of time. The general

form of this family of equation may be given as

1 o¢
EE:]‘(U,V,W,V 4’14’24’36) (4.17)

Where @ is unknown scalar transport, which may indicate the component of

vorticity ¢org and y is a false transient factor. The above equation can be

represented at each point in the solution field as

n+l n
%ﬂz(ax+ay+az)¢n+'gz (418)



where axayand g, are point operators representing the finite difference
approximation to the derivatives as indicated by the subscripts and 53 is a

source term. Ifg is written as a vector of the mesh point and A,, A, and A,

are matrices consisting of the point operators a,, a, and a,, equation (4.17)

may be written as

1) it 2 8 (s + Ay N8V +15,) (4.19)

ag At
Which can be rearranged as
{¢}n+1 ={g}" + ay At(Ax + A+ Azkgzﬁ}” + {5’¢}" (4.20)

By considering equation (4.18) the working of the Sarmarski-Andreyev

(ADI) scheme can be established. Surpose that

{k}= ] il (4.21)

and for a partial implicit scheme {p} the right hand side of the equation

(4.22) is replaced by

sy + (- s)g)" (4.22)

Where § is a weighting factor. When § =1the method is fully implicit ,and

& = 0the method is fully explicit, and when & =% the formulation reduces to

- Crank-Nicolson (1947) method.



Equation (4.19) hence reduces to
)=yt Ay + A0 + (- 8WoY )+ s, (4.23)

From the above definition (4.20), {#}"*! can be expressed in terms of {3} and

{k} so that equation (4.22) becomes

=+ 4y + Al ponlil+ o))+ s, f (4.24)

Which when rearranged gives

{’ ‘%M(Ax + Ayt Az)}ik} = (Ax ol AZ)W +1{s)" (4.25)
In which 7 is the identity matrix. The right hand side of (4.25) is known,

"+l can be obtained from equation (4.21)

hence {k}can be evaluated and {g}
by rearranging it as

Py =gy a + o)

Solving equation (4.25), inversion of the tri-diagonal matrix

{I ol o 5At(Ax + Ay ® Az)} becomes necessary. This can be attained by applying

the ADI scheme which can be written as

-yt aeF = (s + 4,+ AN (4.26a)
- apom 4 6™ = (4.26b)
- gom 4 Jo™ =16 (4.26¢)

where * is the intermediate value in the ADI scheme.

]
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The inversion of the tri-diagonal matrices of ‘locally one-dimensional
implicit equation (4.25) is solved using the highly efficient Thomas

algorithm (Thomas 1949) in each direction.

4.8 solution of parabolic equations

The finite difference approximation to the equations in chapter three 1 .e
partial differential equations in component form may be solved in a variety
of ways. For example if we consider the i-component of the vorticity-vector

potential equation (3.28 ) viz,

d o2 92 92
i G 4 W i W A 4 4.27
G @27)

Using the finite difference approximation for the first and second

derivatives, this becomes:

1 O
1 oW
a—w"57"§1+5xxl//l+5yyvfl+5zzl/f] (4.28)
where O, 1s the finite difference approximation to %
‘s the finite diff . . 5%
O 18 the Tinite difterence approximation to gx—z

Equation (4.27) can be solved using explicit methods such as the
Dufort-Frankel method or point iterative methods such as the Gauss-seidel

iteration. However (A D 1) methods are the most widely used in solving

“

DR
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numerical fluid dynamics problem. In these methods, each time step is
subdivided into three levels in the case of a three dimensional problem. The
A D I scheme which has been implemented in this project is the samarakii-

Andreyev scheme.

4.9 Finite difference equation in implicit form
Equation 4.30 has been written implicit in the X, y and z directions to allow
the one-dimensional equations to be solved using the highly efficient

Thomas algorithm (de Vahl Davis (1976))

y, » in the right hand side of equation (4.30) can be replaced by,

n+l1

y=oy; +0-o)y| (4.29)
where o is a weighting factor, between 0 and 1. I f ¢ =0.5, this becomes an

extension of the crank-Nicholson scheme (1947). Equation (4.29) can be

further manipulated as,

‘ n
W= awozlta) +y, -

In which,
Wn+] e l//n .
_71 :
® = dw 7 (4.30)

‘where ¢, is a false transient factor and A is the time step.
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Substitution of equation (4.30) into equation (4.29) yields
0=+ ay TS 0+ § )0+ 5 0)+ W+ 5 W+ 5] - (431
The Samarskii-Andreyev scheme now involves decomposing equation
(4.30) into three one-dimensional equations;
Implicit in x:
@ + ay, O'At(— 5xx(0*)= SV +S Wi +82W1 +C, (4.32a)
where ¢, is known as the source term for this equation;

Implicit in y:

0)**+ a!// O"A[(-— 5}’y a)**)= a)* (432b)

Implicit in z:

* %k ok

) +aWO'At(— 5220)***): a)** (432C)

and the updated value is given by:

n+l

it =y ra, d0” (4.33)

Eq;lations (4.32a), (4.32b) and (4.32c) are the three one-dimensional
equations, each to be solved implicit at the x y and z levels respectively. The

value of y/, at the new time step, ntl, is then evaluated using equation

(4.33). ‘
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4.10 Solution procedure.

The solution methods in the last section are designed to handle only one

problem in isolation, therefore the solution to the set of difference equation

must be sought by itérative method.

In this section a summary of the solution procedure to solve the five

equations ( §; , &y, &3, W, © ) is given. The procedure is marched through

time until convergence

1: Initialisation of all the variables and constants.

2: The components of the vector-potential are solved iteratively to

convergence over one time step

3: Calculation of the velocity from the vector potential is obtained.

4: The components of the vorticity transport equation are solved using the

ADI scheme.

e ppdating of the boundary conditions for vorticity is done.

6: Solving energy equatioﬂ using the ADI scheme.

7 Updatingl the boundary conditions for the energy equation.

The' procedure is repeated until convergence is obtained and the results
: Ly \

printed, however the process shall terminate when the iteration exceeds a

specific value.
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The above procedure has omitted details such as reading the input variables

(e. g Ra) and halting the solution procedure when the solution has diverged.

4.11 Stability, convergence and divergence

A solution is deemed to have converged when a steady state has been
reached. It is said to be in stead state when the value of the variables (e.g.®)
from one time step to another does not change. In a numerical procedure a
criterion must be defined to measure the rate of change of the solution. A
commonly used criterion is by de Vahl Davis (1976), which represents the
normalized averaged effective time rate of change of the variable considered
This is given by ,

ool i

=l =1 k= ay At
NX.NY.NZ max(©))

where c is the convergence criterion for ® . When the values of the variables
exceed a chosen value (e.g. 1000 for & ,¥ or © exceeds 1 ) then the solution

is said to have diverged.
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CHAPTER FIVE
Laminar natural convectioh in a rectangular enclosure
5.1 Introduction
Localized heating and cooling causes non-uniformity in the boundary
temperature of a single vertical wall resulting in a colliding boundary
condition. The geometry of the problem of interest in this project has been
outlined in chapter three. The rest of the walls have been assumed to be
insulated .The heater area has been kept constant and location fixed. It is the
purpose of this study to investigate the resultant thermal and flow fields and
the rates of heat transfer. Locallised heating and cooling include two
boundary layers that collide in the region between the window and the heater
hence we concentrate on the resultant flow fields.
In mar;y enclosures (room), both forced and free convection play an
important role in the determinatidn of the air movement and heat transfer of
the.indoor climate. The enclosure considered in this work is assumed to have
no fans and no inlets or outlets so that the flow is driven by buoyancy alone.
Although many heaters project from the wall, forming a passage between the
wall and the heater, in this study it is assumed that both the window and the

heater are built flush with the wall. Under winter conditions heat is usually
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transferred through the windows to the environment while the heater
provides a heat input to counter this loss.

3.2 The geometry and results discussion.

In the present study the effects of the existence of a cold isothermal window
and a hot isothermal heater of equal height along a single vertical wall in an
enclosure is investigated. The results have been obtained by solving the
vorticity transport eqﬁations and the energy equation together with the
various boundary conditions using a highly scientific fortran 77 computer
code. It is shown that the natural convection phenomenon evolving in the
enclosure differs fundamentally from the well-known results for the model,
which assumes that the two opposite vertical walls of the cavity are
differentially heated (Ostrach 1982, Bejan (1984)). In the enclosure when
the heater and the window are set on simultaneously, two large, equally
Sized, counter-rotating rolls are formed. The upper roll, driven by the cold

surface, and the lower roll, driven by the hot surface (Poulikakos (1985)).
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o The remaining walls

are all adiabatic

C-cold wall §
X /{

H-hot wall |. e

Figure 5.1 The schematic diagram for the case of colliding boundary layers
with buoyancy effects.

As mentioned earlier the Rayleigh number considered in this project was
Ra>5x10°, and as such, a numerical solutions could not be obtained with a
conventional false transient factor method. Only when the variable false
transient factors formulation was employed could solutions be obtained.
Thus the variable false transient factors has been used to maintain the
stability of the solution procedure and hence obtain converged solutions in a
reasonable time. This has resulted with converged solution for Rayleigh
number that was not possible when using the conventional false transient
method. However, the results for the highest Rayleigh number in the present
study (Ra=106) show increased waviness of the flow along the horizontal

mid-height.
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5.3 Flow and temperature fields: 10°<Ra<10°

The objective of this work is to understand the structure of the flow due to
the collision of two opposed natural convection boundary layers driven by
temperature difference along a vertical wall and the mechanism which
causes the formulation of vortical structures in the flow that jets away from
the wall. Solutions have been obtained for the Rayleigh number 10°<Ra<10°
and Pr=0.71.

For easy analysis of the results, all the vector plots shall be referred as CASE
1 and the isotherms, CASE 2.

CASE 1

To reveal the fine structure of the thermal boundary layers, most of the
vector plots in the x-z plane have been selected on the symmetry plane and
near the side wall. In the case of the x-y plane the vector plots near the
active wall and at the rear of the enclosure where most of the flow is
copcentrated have been selected. Vector plots in the y-z plane have been
selected along the borderline between the heater and window and at the
centre of the cold and hot rolls. Particle tracks are used to depict the flow
structure in the lower hot region and the upper cold region. Where the flow
crosses from the lower hot to the upper cold region particle tracks have been

used to trace the flow across the horizontal mid-plane.

N
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The heating over the lower half and cooling over the upper half creates an
unstable stratification of fluid at the colliding boundary layer. At sufficiently
high Rayleigh number (high temperature difference), a strong convective
motion develops and heat is transferred from the lower half to the upper half.
Fluid in the upper ﬁalf moves so that the cold fluid descends adjacent to the
walls and collides with the rising fluid from the lower half. This collision of
the boundary layer takes place halfway between the vertical wall. After
colliding, the boundary layers curve into the room and they join to form a
horizontal jet that moves across the cavity as shown in Figures 5.2 and 5.3.

As shown in Figures 5.2 and 5.3, the collision and deflection of the
boundary layers occur in the region where the cold and hot surface
converges. The deflection of the boundary layers could be the result of a
centrifugal instability as suggested by Floryan (1986). As illustrated in the
figures, fluid from the cold region descends along the wall meeting the fluid
ﬁ({m the lower half which rises along the wall. After collision, the two
boundary layers curve into the room where they join to form a horizontal jet
which penetrates into the enclosure. As the jet moves across the cavity, it
breaks up into two counter rotating rolls which moves in opposite directions.
One roll move upwards and returns to the cold window via the ceiling while

another roll move downwards and returns to the heater via the floor of the
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cavity. At any vertical cross-section the fluid motion appears to form closed
paths. Fluid in the upper half of the cavity rotates in an anti-clockwise
direction while the fluid in the lower side rotates in a clockwise direction.
The upper roll, driven by the cold window, on average is slightly below the
mean room temlz;erature ©,- Along the horizontal mid-plane the
dimensionless temperature is between 0.45 and 0.55.

Figure 5.3(a) shows an isometric view of the flow profile near the active
wall and parallel to the heater and window surfaces, and at the symmetry
plane. Near the rear wall the horizontal stream breaks up into two counter-
rotating rolls, which move in opposite directions.

The flow profile across the cavity in the plane parallel to the heater and
window is depicted in Figures 5.3(b) (see also Figure 5.2(b)). In these
figures, the flow is shown near the active wall, at the centre of the cavity and
near the rear wall. At the centre of the cavity, the flow near the ceiling and at
th; floor of the cavity moves towards the active wall where at the centre the
flow move towards the rear wall. The above figure are in different view

positions.
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Figure 5.2 Velocity vector plots at Ra =10’: (a) mid-plane at y=0.5
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Figure 5.2 Velocity vector plots at Ra = 10°: (b) end elevation at z=0.1 and

z=0.9.
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Figure 5.3 Velocity vector plots at Ra = 10°: (b) end elevation at the planes

z=0.1, z=0.5 and z=0.9 respectively.
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CASE 2 Isotherms

In case 2 the results and discussion of the temperature distribution in the
enclosure is presented. Similarly these isotherms have been generated by the
scientific fortran computer program and the results bounded between 0 and
1.Figures 5.4 show the temperature distribution at the lowest Rayleigh
number considered in this work while figures 5.5 are for the highest Raylegh
number in the project.
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0.8750
0.8125
0.7500
0.6875
0.6250
0.5625

0.5000

0.4375
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0.1871!
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i
- N Wb OO N®O DO O M

(a) (b)
Figure 5.4 Isotherms at Ra =5x10’; (a) side elevation at y=0.5, (b) end

elevation at z=0.1
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Figure 5.4 Isotherms at Ra=5x10’: (c) end elevation at z=0.5, (d) end

elevation at z=0.9.

In Figure 5.5(d) the concentration of the flow along the horizontal jet results
in a large volume of cold air trapped in the upper region and a similar large
volume of hot air trapped in the lower region.

At Rayleigh number 5x10° the flow intensifies. In the case of the

isotherms, there is a significant departure from the previous isotherms as
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shown in Figure 5.5. A very thin boundary layer is evident along the x-z
plane in Figure 5.5(a). Fluid from the lower region moves across the
horizontal mid-height to the upper region. This results in heat exchange
between the two regions. As shown in Figure 5.5(a), the larger volume of
cold area that was trapped in Figure 5.4(a) has decreased (compare isotherm
7 in both figures). Due to the transfer of heat across the horizontal mid-
height, the lower region of the enclosure is cooler (compare isotherm 9 in
Figures 5.4(a) and 5.5(a)).

The temperature distribution along the x-y planes is shown in Figures
5.5(b), (c) and (d). As shown in the figures, hot and cold patches of fluid
pass each other due to the heat exchange occurring between the two regions.
Because of the increased mixing process taking place within the enclosure
heat is transferred from the lower half to the upper half. Close to the active
wall (Figure 5.5(b)) there is a substantial hotter fluid in the upper region than
in Figure 5.4(b) (compare isotherm 7 in the two figures). The increased
interaction of fluid along the horizontal jet is also indicated by the isotherms
in Figures 5.5(b), (c¢) and (d).
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at z=0.9.
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As aresult of the heat exchange between the lower and upper region, the
cold air that was trapped in the upper half have been substantially reduced
with only a small region surrounded by warm fluid (see Figure 5.5(d)). In
the lower region there is a significant bulk of fluid trapped, however the
volume is smaller than in Figure 5.4(d).
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CHAPTER SIX

1.1 Conclusion

The objective of this project was to understand the structure of the flow due
to the collision of two opposed natural convection boundary layer driven by
temperature difference along a vertical wall. Since it was natural convection
problem the only internal force considered was the gravitational.

Solutions have been obtained for the Rayleigh number 10°<Ra<10® and
Pr=0.71.

The geometry considered was a three-dimensional rectangular enclosure in
form of a room containing a conventional heater mounted below a window.
A complete set of equations describing Newtonian fluid was presented in
general form and later recast in vorticity/vector potential formulation, thus
eliminating the need for solving the continuity equation.

The Boussinesq approximation was invoked, allowing the conservation
equations to be simplified. As a result of this, when considering air field
cavities the maximum allowable temperature difference is approximated
30K and for air field cavities it is 3K.

The governing equations with the boundary conditions were discretised

using a three-point central difference approximation for a non-uniform
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mesh. The resulting finite difference equations were then solved using the

method of false transients and the Samarskii-Andreyev ADI scheme.

As a results it was found that the flow is dominated by collision of the
boundary layers in the region halfway between the vertical walls and later
curve into the room, joining to form horizontal jets which move across the
enclosure. Collision and deflection occurs in the region where the cold and
hot surfaces converge. This deflection could be as the result of a centrifugal
instability as suggested by Floryan (1986). The results showed that the rate
of heat transfer is moderate at low Rayleigh number and tends to increase
substantial at higher Rayleigh numbers. Because of increased mixing
process between the warm and cold fluid, where heat is transferred from the
lower half to the upper half, it was found that there is less drought
experienced in the enclosure. This is as a result of the heating and cooling in
the same wall. These findings do agree with those found by de Vahl Davis
(1986) where he realized strong drought is experienced when heating and
cooling is not done on the same wall.

It is now clear that heating and cooling has a wide range of application in
engineering as earlier on stated, hence need for more research efforts to the

field is absolutely necessary. For my future extension of this work given

81



necessary resources, a more practical approach would be my focus of
interest by reducing the many theoritical assumption made to achieve the
current results. A systematic investigation of the heat transfer rates in an
enclosure at various Rayleigh numbers and the applicability of various

ranges of Rayleigh numbers is of much relevancy in my future reseach.

1.2 Recommendations for further research.

Due to time limitation, the following has been recommended as areas for
research in future.

-Investigation of buoyancy-driven Laminar natural convection in an
enclosure with various heater positions to determine the best location for
maximum heat transfer rates.

-Though expensive in term of time and money as earlier stated, there is need
for an Experimental approach to natural convection problems both at lower
and higher Rayleigh numbers in order to validate the numerical results.

-Use of other numerical methods such as the finite element method to solve

natural convection problems.
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