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ABSTRACT 

The natural convection on a surface depends on the geometry as well as its orientation. In natural 

convection, the motion of the fluid takes place by natural means such as gravitational force and 

buoyancy. Turbulent natural convection in an enclosure has been studied in the past but so far the 

prediction of heat transfer within an enclosure has not been completely established. The aim of 

this study is to predict the transfer of heat as a result of natural convection inside a square cavity 

filled with air using k-omega. Natural turbulent convection in square air cavities having isothermal 

vertical wall and highly-heat conductivity horizontal wall was carried out. The distribution of the 

temperature and velocity in the enclosure was determined for various Rayleigh numbers .The 

process involved numerically simulating the flow of the fluid inside an enclosure using the k-

omega turbulence model and since pressure gradient was considered in the momentum equation 

the PISO Method was used. It was found out that in an enclosure environment, the natural 

turbulence flow is responsible for temperature distribution.  Temperature profiles are important 

for thermal comfort (including air velocity, temperature and humidity levels), efficiency of energy 

balance and the effectiveness of the ventilation system when modeling air flow in buildings.   
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CHAPTER ONE 

INTRODUCTION 

1.1 Background 

Fluid mechanics deals with changes and behavior of a material. A fluid flows if a small force is 

applied and as a result there will be acceleration. 

In an incompressible fluid flow, its density remains the same over the flow path while in a 

compressible flow its density depends on temperature and pressures in the flow field. In a laminar 

flow, fluids move on a smooth path and hence do not interfere with each other while a turbulent 

flow is a flow that is characterized by irregular flow and occurs in situations where the fluid's 

velocity is high. There are whirlpools in a turbulent flow. A steady flow is one in which the fluid 

properties such as velocity, pressure, temperature, and density are independent of time while in an 

unsteady flow the fluid properties are functions of time. Specifically, this study will be based on 

turbulent flow. The flow of heat moves from the object with the higher temperature to the one with 

a lower temperature. 

Convection is an efficient way movement of fluids takes place when differences in temperatures 

in varying areas of the fluid is considered. Precisely, convection occurs when cooler fluids occupy 

the place for the warmer fluid resulting in a continuous circulation of fluids. In radiation, the flow 

of heat does not depend on the availability of any contact between the objects or fluid for heat to 

be transferred. This study will mainly be concerned with movement of heat through convection. 

In a natural convection, the occurrence of motion of a fluid results from the gravitational field that 

occurs due to differences in density resulting from varying temperatures.  

Along these lines, there will be buoyant force causing dense fluid parts to move to the lower region 

while the less dense fluid parts will move upwards.  
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The movement of fluid in an enclosure caused by a difference in fluid density is known as natural 

convection. These differences may be caused by temperature, concentration, or decomposition 

gradients. Natural convection in an enclosure is complicated by the fluid's relationships with the 

borders. At the same time the complexity of this phenomenon is linked to our relative inability in 

determining interactions in an enclosure, therefore convections occurs due to orientations and 

surface geometry, temperature changes and velocity distributions. When convections occurs 

naturally, the movement of fluid is as a result of buoyancy and thus low velocity and low heat 

movement in the fluid.   

When studying naturally occurring convective flows, the Rayleigh number is very important 

because it indicates the strength of the buoyancy force that maintains the equilibrium of the fluid 

flow. The force is due to density variation associated with temperature gradient within the flow 

domain. The Rayleigh number is thus a function of the thermal conditions of the confining walls 

.The non-dimensionless number incorporates the properties of the fluid and flow conditions into 

single parameters. For  𝑅𝑎 ≤ 104, movement of heat mechanics is mainly conduction while  

104 ≤ 𝑅𝑎 ≤ 109 , heat transfer is predominantly by laminar natural convection. For𝑅𝑎 ≫ 109  

movement of heat is turbulent.The fluid flows that are used in technical and industrial areas are of  

high viscosity that is the reason why we find turbulent flows in engineering applications. 

1.2 Statement of the Problem 

Previous research has been conducted on simulating turbulent natural convection fluid flow in an 

enclosure. Most researchers used vorticity-vector potential formulation to eliminate the pressure 

term in momentum equation. The current study simulates natural convections with primitive 

variables   that is, to be able to solve for pressure gradient which is in the momentum equation 

using the PISO Method. 
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1.3 General Objective 

 

 To simulate natural turbulent convection in an enclosure using two equation  𝑘 − 𝜔  turbulence 

Model and PISO method. 

1.3.1 Specific Objectives 

1. To simulate data for 𝑘 − 𝜔 model for the velocity and temperature inside the enclosure. 

2. To determine the effects of varying the Rayleigh number on the velocity and temperature 

distribution. 

3. To determine change in velocity profiles, temperature profiles, convergence time, stability 

and accuracy when PISO method is used to solve for pressure term. 

1.4 Significance of the study 

 

This study will be applicable to various engineering practices. As such, the model can be used for 

saving on the computing requirements that could be needed for the solution of large turbulent 

flows. In addition, the results from this study could be used in the determination and control of 

micro-climate by ventilation, heating, and/or cooling of thermal comfort in a poultry house. 

Furthermore, the data from this study could be applied in the determination of optimum 

temperatures and/or velocity in a manufacturing plant for effective storage and preservation. 
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CHAPTER TWO 

LITERATURE REVIEW 

The naturally occurring convections that are turbulent finds applications in different engineering 

fields and attracts many researchers due to its importance. This study investigates numerical 

simulation of naturally occurring turbulent convections. Many studies have been done on natural 

convection in an enclosure. 

Awuor (2012) investigated the performance of three numerical models namely k-ε, k-ω and k-ω 

SST with the aim of ascertaining the better approximation of experimental data in the process of 

predicting heat transfer profiles in an air-filled cavity. In the study, the author used Vorticity   

vector formulation in solving the momentum equation. It was noted that k-ε was not an effective 

model in the case where the temperature gradient at the boundaries is high but is useful in the free 

stream flows. In addition, it was deduced that k-ω SST model gives accurate predictions under 

adverse pressure gradient and accounts for the transport shear stress. In terms of the convergence 

time, he found that k-ω SST model is a more accurate model to be used in layer Simulation at a 

high temperature gradient in comparison to k-ε model and k-ω model. He further obtained 

numerical data using k-ω SST model  

Edward et al. (2013) undertook a study on naturally occurring turbulent flow with a 3- dimensional 

boundary that had heaters on opposite sides of two windows placed opposite to each other. The 

velocity profile and the temperature distribution results in the room were presented in graphs. The 

governing equations of Newtonian fluid and the boundary conditions are discretized using three- 

point central difference approximation for the non-uniform mesh. The authors noted that the room 

is divided into numerous regions with the regions close to the heaters having higher temperatures 

as compared to the regions near the windows. 
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Goodarzi et al. (2014) have also investigated the effectiveness and accuracy of numerical method 

for simulation of natural convection heat transfer. The discretization of the LBM equations is done 

using the finite difference method. FLUENT was used for comparison purpose in the simulation 

of the problem. The results derived from the model were compared with the experimental data. It 

was noted that less CPU usage time is required for the cases of using finite volume methods in 

comparison with LBM. Furthermore, the authors espoused that there is a faster convergence and 

higher accuracy when using a combination of the first order upwind and SIMPLEC. The 

convergence of the FVM discretization and pressure velocity linking methods converged after a 

closely similar number of iterations. 

Zimmerman and Groll (2014) undertook a numerical study in naturally occurring convections with 

huge turbulations. In the study, the acceleration in natural convection is driven by the differences 

in local densities and pressure gradient. The increase in temperature gradients is used in 

determining the temperature distribution in the heated walls. In the numerical model, they 

considered the change in density to occur due to change in temperature difference. The author 

made a comparison of the numerical results with the data from an experimental setup. It was noted 

that the temperature and the velocity showed an asymmetry as a result of effects on fluid non-

Boussinesq. In the study, a recommendation for the study of an incompressible turbulent model 

simulation is made. 

Wu and Lei (2015) studied turbulent natural convection in 2D and 3D with and without radiation 

transfer in heater cavities. Various Reynolds Average Navier- Strokes (RANS) turbulence model 

and the Discrete Ordinates radiation model were used in the numerical investigation. Further, Wu 

and Lei (2015) used quantitative and qualitative data for demonstration of the effects of three-

dimensionality, thermal buoyancy condition and radiation transfer in surfaces that are horizontal.  
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Sajjadi and Kefayati (2015) carried out the Boltzmann mesh simulation with huge eddy 

simulations on turbulence natural convection in high enclosures that are filled with Air (Pr= 0.71) 

High Rayleigh numbers ranging from 107and 109and an aspect ratio between 0.5 and 2 were used 

in performing the calculations. The authors concluded that the average Nusselt number increases 

with the augmentation of Rayleigh numbers leading to a declination in the heat transfer in varying 

aspect ratios. The spectral-element method with high polynomial order was used to solve the 

unsteady time average governing equations. The results show the effect of the Rayleigh number 

on the local Nusselt number on the cold enclosure walls and the centrally located hot cylinder. 

According to the findings, the average and peak Nusselt numbers nearly double for each order of 

magnitude increase in the Rayleigh number for all radii. They also show how the average Nusselt 

number and Rayleigh and aspect ratio are related (Aithal 2016). 

Kimunguyi (2016) undertook a computational investigation in natural turbulent convective flow 

using primitive variables in the solution of the time average equations governing the flow instead 

of making use of the vorticity- vector potential formulation. In this study, he carried out a non- 

dimensionalisation of the governing equations, the non- dimensional equations were then 

discretized using FVM and PISO and SIMPLEC algorithms were involved in the solution of these 

equations. The results of the study indicated that PISO method helps in the improvement of 

convergence time and speed. The method as well reduced the computational effort and there is a 

faster removal of the absolute error in the solution of flow. The author  concluded that the obtained 

velocity profiles and temperature profiles were vital for use in ventilation systems for instance in 

the process of modelling of the flow of air in a room. 

Josephs et al (2018) carried out a numerical investigation of Turbulent Natural convection in 3-D 

enclosure using 𝑘 − 𝜔    𝑆𝑆𝑇 Model and SIMPLEC Method.  The average statistical procedure of 



7 
 

mass, dynamics and energy governing equations adds unknown twisting correlations in the mean 

flow equations representing a turbulent transport of dynamic, heat and mass models by means of 

𝑘 − 𝜔    𝑆𝑆𝑇  model. They find that the non-dimensional temperature 0.5 at the cabin center and 

almost null at cold and the natural turbulent flow was responsible for the temperature distribution, 

both experimental data and the simulation using SIMPLEC. 

In the current study we are investigating the simulation of natural convections with primitive 

variables in solving the pressure gradient which is in the momentum equation. The governing 

equations, turbulence, non-dimensionalisation and methodology for this particular numerical 

investigation of air is discussed in chapter three.  
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CHAPTER THREE 

MATHEMATICAL FORMULATION 

3.1 Governing Equations 

3.1.1 Introduction 

This Chapter discusses governing equations, turbulence, non-dimensionalisation and methodology 

for this numerical investigation of air in a 3-D enclosure. 

The equations that govern the flow of an incompressible Newtonian fluid are deduced from 

equations that impose mass, velocity, and energy conservation. Equations governing natural 

convection in turbulent flow are represented by partial differential equations. These equations are 

then decomposed by expressing fluid properties as the sum of a mean and a fluctuating value. 

3.1.2 Equation of Continuity 

The law of conservation of mass is used in this equation. The rate of mass rise within a controlled 

volume is equal to the net rate of influx through the controlled surface, according to the law. The 

general equation of continuity in Cartesian tensor notation according to Curie (1974) is; 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗) = 0          (3.1)                                   

Where j is 1,2,3,… 

For steady state, equation (3.1) reduces to; 

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗) = 0           (3.2) 

This equation expresses the fact that, as fluid flows, matter is neither created nor destroyed and 

that mass is conserved. The equation is applicable to any type of flow, compressible or 

incompressible. 
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3.1.3 The Momentum Equation 

The sum of forces acting on a control volume must equal the rate of rise in fluid speed within the 

control volume, according to Newton's second law of motion. In differential form, the Navier-

Stokes equations can be expressed as; 

𝜕

𝜕𝑡
𝜌𝑢𝑖 +

𝜕

𝜕𝑥𝑗
𝜌𝑢𝑖𝑢𝑗 = 𝜌𝐹𝑖 +

𝜕

𝜕𝑥𝑗
(𝜋𝑖𝑗)       (3.3) 

Where 𝜌𝐹𝑖 represents the body force per unit volume and 𝜋𝑖𝑗 is the stress tensor, which for a 

Newtonian, according to White (1974), can be decomposed to; 

𝜋𝑖𝑗 = −𝑃𝛿𝑖𝑗 + 𝜏𝑖𝑗          (3.4) 

in which  𝛿𝑖𝑗 is the Kronecker delta and 𝜏𝑖𝑗 is the viscous stress tensor, which is given by; 

𝜏𝑖𝑗 = 𝜇 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗

𝜕𝑢𝑘

𝜕𝑥𝑘
        (3.5) 

Where 𝜇 and 𝜇𝑠are the first and second coefficient of viscosity respectively. Therefore;  

𝜏𝑖𝑗 = −𝑃𝛿𝑖𝑗 + 𝜇 (
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗

𝜕𝑢𝑘

𝜕𝑥𝑘
      (3.6) 

Electromagnetic forces are not considered in this work and the force of gravity is the only body 

force. Hence, in equation (3.3), putting 𝐹𝑖 = 𝑔𝑖 where 𝑔𝑖 is the force due to gravity in the 𝑥𝑖 

direction. Substituting equation (3.6) into (3.3) yields the momentum equation; 

𝜕

𝜕𝑡
𝜌𝑢𝑖 +

𝜕

𝜕𝑥𝑗
𝜌𝑢𝑖𝑢𝑗 = −

𝜕𝑃

𝜕𝑥𝑖
+ 𝜌𝑔𝑖 +

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗

𝜕𝑢𝑘

𝜕𝑥𝑘
]  (3.7) 
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3.1.4 The Energy Equation 

The first law of thermodynamics is used to obtain the energy equation. It states that the rate of 

energy rise in a system is equal to the sum of the heat added to the system and the work performed 

on it and is often written according to Curie (1974) as; 

𝜌
𝐷ℎ

𝐷𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑢𝑗h) =

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝑢𝑗р) −

𝜕𝑞𝑖

𝜕𝑥𝑗
+Ф     (3.8) 

Where; 

Ф = 𝜏𝑖𝑗
𝜕𝑢𝑖

𝜕𝑥𝑗
           (3.9) 

is the dissipation function, h is the specific enthalpy and 𝑞𝑗 is the local rate of heat transfer per unit 

area. In equation (3.9), the heat produced by the external forces has been neglected. The heat is 

modeled by Fourier’s law, namely; 

𝑞𝑗 = −𝜆
𝜕𝑇

𝜕𝑥𝑗
           (3.10) 

in which 𝜆 is the thermal conductivity. Equation (3.8) can be simplified using the definition for 

specific enthalpy given as; 

ℎ = 𝑒 + 𝑝 𝜌⁄           (3.11) 

Where 𝑒 is the specific internal energy. In differential form, equation (3.11) becomes; 

dℎ = d𝑒 + 𝑝d(1 𝜌⁄ )         (3.12) 

Using the first and the second law of thermodynamics (Hatsopolous and Keenan, 1965), the change 

in specific enthalpy can be expressed as; 

d𝑒 = 𝑇d𝑠 − 𝑝d(1 𝜌⁄ )         (3.13) 
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Where 𝑠 is the entropy. Substituting equation (3.13) into equation (3.12) yields; 

dℎ = 𝑇d𝑠 + 1 𝜌⁄ 𝑑𝑝         (3.14) 

Because entropy depends on the pressure and temperature, it can be written as; 𝑠 = 𝑠(𝑇, 𝑃) 

d𝑠 = (
𝜕𝑠

𝜕𝑝
)
𝑇
d𝑃 + (

𝜕𝑠

𝜕𝑝
)
𝑝
d𝑇        (3.15) 

and using the general thermodynamic relations (Hatsopolous and Keenan, 1965); 

(
𝜕𝑠

𝜕𝑝
)
𝑇

= −
𝛽

𝑝
,    (

𝜕𝑠

𝜕𝑝
)
𝑝

=
𝐶𝑃
𝑇
,    (

𝜕 [
1
𝜌
]

𝜕𝑇
)

𝑇

= −
𝛽

𝑝
   

Hence equation (3.15) simplifies to; 

d𝑠 = −
𝛽

𝑝
d𝑃 +

𝐶𝑃

𝑇
d𝑇         (3.16) 

in which 𝛽 is the volumetric coefficient of expansion and 𝐶𝑃 is the specific heat at constant 

pressure. Substituting equation (3.16) into equation (3.14) results to; 

dℎ = 𝐶𝑃d𝑇 +
1

𝜌
(1 − 𝛽𝑇)𝑑𝑝        (3.17) 

substituting equations (3.17) and (3.10) into equation (3.8) makes the final form of the energy 

equation to be; 

𝜕

𝜕𝑡
(𝐶𝑃𝜌𝑇) +

𝜕

𝜕𝑥𝑗
(𝐶𝑃𝜌𝑢𝑗𝑇) =

𝜕

𝜕𝑥𝑗
(𝜆

𝜕𝑇

𝜕𝑥𝑗
) + 𝛽𝑇 (

𝜕𝑝

𝜕𝑡
+
𝜕𝑢𝑗𝑝

𝜕𝑥𝑗
) +  Ф   (3.18) 

Equations (3.1), (3.7), (3.18) and the equation of state relating the local density to the local values 

of temperature and pressure, coupled with appropriate boundary conditions discussed in section 
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3.10, can be used to determine the velocity component 𝑢𝑗 and fluid properties 𝜌, 𝑝 and 𝑇 in both 

laminar and turbulent flow.  

3.2 Turbulence Modelling 

3.2.1 Reynolds Decomposition 

Exact modeling of turbulent flow requires the exact solution of the Continuity and Navier-Stokes 

equations which can be extremely difficult and time consuming due to the many scales involved. 

To reduce the complexity, an approximation to the Navier-Stokes equation was developed by 

Osborne Reynolds (1894) called the Reynolds-averaged Navier-Stokes equations (or RANS 

equations). The concept entails decomposing the instantaneous fluid flow quantities in the Navier-

Stokes equations into mean value and fluctuating value. 

Modeling of turbulence is based on the concept that fluid properties at a given point exhibit a net 

mean behavior with small fluctuations about it as a function of time. The instantaneous fluid 

property 𝜑 as a function of time t is, at a given point is shown in figure 3.1 below where an arbitrary 

flow property 𝜑 is shown at some location in the flow: 
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Figure 3.1 Fluid property of turbulence as a function of time t 

 

The property 𝜑  is the instantaneous quantity which could be a velocity components, pressure 

component, fluid temperature or any other fluid property. We define the time average variable 𝜑̅ 

as; 

𝜑̅ ≡
1

𝑇1
∫ 𝜑𝑑𝑡
𝑇1
0

          (3.19) 

Where 𝑇1 is a time large enough such that 𝜑̅ is the same for any larger time for a steady mean flow. 

The overbar denotes the time average of𝜑. The instantaneous quantity 𝜑 may be written in terms 

of a time average 𝜑̅ and a fluctuating quantity, as;  

𝜑 = 𝜑̅ + 𝜑′           (3.20) 

Similarly, for scalar quantities;  
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∅ = ∅̅ + ∅′           (3.21) 

Where ∅′denotes a scalar such as temperature, energy, pressure or turbulent quantities. 

3.2.2 Instantaneous Equations of Motion 

A turbulent flow instantaneously satisfies the Navier-Stokes equations. The method of developing 

these equations of motion involves, first writing the equations for the instantaneous quantities. 

Then we take the time average of both sides, noting that if the quantity is valid instantaneously 

then it is also valid on the average for some period of time. Finally we simplify the equations such 

that only the average quantities appear. We take the assumption that the variation of densities are 

caused by fluctuations of temperature. Under the Boussinesq (1903) approximation, the equations 

of motion for the instantaneous variables are found from equations (3.1), (3.7) and (3.18) which 

become; 

𝜕𝜌̃

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
(𝜌̃𝑢̃𝑗) = 0          (3.22) 

 

𝜕

𝜕𝑡
𝜌̃𝑢̃𝑗 +

𝜕

𝜕𝑥𝑗
𝜌̃𝑢̃𝑖𝑢̃𝑗 = −

𝜕𝑃̃

𝜕𝑥𝑖
+ 𝜌̃𝑔𝑖 +

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕𝑢̃𝑖

𝜕𝑥𝑗
+
𝜕𝑢̃𝑗

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗𝜌

𝜕𝑢̃𝑗

𝜕𝑥𝑘
]  (3.23) 

 

𝜕

𝜕𝑡
(𝐶̃𝑃𝜌̃𝑇̃) +

𝜕

𝜕𝑥𝑗
(𝐶̃𝑃𝜌̃𝑈̃𝑗𝑇̃) =

𝜕

𝜕𝑥𝑗
(𝜆

𝜕𝑇̃

𝜕𝑥𝑗
) + 𝛽𝑇 (

𝜕𝑝̃

𝜕𝑡
+
𝜕𝑢̃𝑗𝑝̃

𝜕𝑥𝑗
) +  Ф  (3.24) 

The mean flow equations are obtained by substituting the Reynolds decomposition to the 

instantaneous continuity equation (3.22), momentum equation (3.23) and energy equation and 

taking the average of the equations. From equation (3.22), we decompose the variable 𝑢̃𝑗  and 𝜌̃ 
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into time average variables plus fluctuating components as given by equation (3.20). That is 𝜌̃ =

𝜌̅ + 𝜌′, 𝑢̅𝑗 + 𝑢𝑗
′. 

3.2.3 Averaged Equations of Motion 

 

a) Continuity equation for Turbulent flow 

This equation is valid for turbulent flow, and the dependent variables represent instantaneous 

quantities. Decomposing instantaneous continuity equation into its mean and turbulent part yields;  

𝜕

𝜕𝑡
(𝜌̅ + 𝜌′) +

𝜕

𝜕𝑥𝑗
(𝜌̅ + 𝜌′)(𝑢̅𝑗 + 𝑢𝑗

′) = 0      (3.25) 

 

Time averaging the entire equation gives; 

𝜕

𝜕𝑡
(𝜌̅ + 𝜌′) +

𝜕

𝜕𝑥𝑗
(𝜌̅ + 𝜌′)(𝑢̅𝑗 + 𝑢𝑗

′)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

=
𝜕

𝜕𝑡
(𝜌̅ + 𝜌′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
+

𝜕

𝜕𝑥𝑗
(𝜌̅ + 𝜌′)(𝑢̅𝑗 + 𝑢𝑗

′)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

= 0  

Where 

𝜕

𝜕𝑡
(𝜌̅ + 𝜌′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
=
𝜕𝜌̅ + 𝜌′̅̅ ̅̅ ̅̅ ̅̅

𝜕𝑡
=
𝜕𝜌̅

𝜕𝑡
+
𝜕𝜌′̅

𝜕𝑡
=
𝜕𝜌̅

𝜕𝑡
 

Because; 

𝜕𝜌′̅

𝜕𝑡
= 0 

𝜕

𝜕𝑥𝑗
(𝜌̅ + 𝜌′)(𝑢̅𝑗 + 𝑢𝑗

′)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

=
𝜕

𝜕𝑡
(𝜌̅𝑢̅𝑗 + 𝜌̅𝑢𝑗

′ + 𝜌′𝑢̅𝑗 + 𝜌
′𝑢𝑗
′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
 

Taking the time average, expanding and simplifying equation (3.28), we obtain;  
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𝜕

𝜕𝑥𝑗
(𝜌̅𝑢̅𝑗 + 𝜌̅𝑢𝑗

′̅ + 𝜌′̅𝑢̅𝑗 + 𝜌
′𝑢𝑗
′̅̅ ̅̅ ̅̅ ) =

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢̅𝑗 + 𝜌

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ) 𝑠𝑖𝑛𝑐𝑒 𝑢𝑗

′̅ = 𝜌′̅ = 0 

Given that the terms which are linear in fluctuating quantities become zero when time averaged. 

Therefore the time averaged continuity equation becomes;  

𝜕𝜌̅

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢̅𝑗 + 𝜌

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ) = 0        (3.26) 

b) Momentum Equation for Turbulent Flow 

Decomposing the instantaneous dependent variables of the momentum equation (3.23) into their 

mean and fluctuating parts yields;  

𝜕

𝜕𝑡
(𝜌̅ + 𝜌′)(𝑢̅𝑗 + 𝑢𝑗

′) +
𝜕

𝜕𝑥𝑗
(𝜌̅ + 𝜌′)(𝑢̅𝑖 + 𝑢𝑖

′)(𝑢̅𝑗 + 𝑢𝑗
′) 

= −
𝜕(𝑃̅ + 𝑃′)

𝜕𝑥𝑖
+ (𝜌̅ + 𝜌′)𝑔𝑗 +

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕(𝑢̅𝑖 + 𝑢𝑖
′)

𝜕𝑥𝑗
+
(𝑢̅𝑗 + 𝑢𝑗

′)

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗𝜌

𝜕(𝑢̅𝑘 + 𝑢𝑘
′ )

𝜕𝑥𝑘
] 

 

Averaging each term on both sides; 

𝜕

𝜕𝑡
(𝜌̅ + 𝜌′)(𝑢̅𝑗 + 𝑢𝑗

′)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

=
𝜕

𝜕𝑥𝑗
(𝜌̅𝑢̅𝑗 + 𝜌̅𝑢𝑗

′̅ + 𝜌′̅𝑢̅𝑗 + 𝜌
′𝑢𝑗
′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
 + 

𝜕

𝜕𝑡
(𝜌̅𝑢̅𝑗 + 𝜌̅𝑢𝑗

′̅ + 𝜌′̅𝑢̅𝑗 + 𝜌
′𝑢𝑗
′̅̅ ̅̅ ̅̅ ) 

=
𝜕

𝜕𝑥𝑗
(𝜌̅𝑢̅𝑗 + 𝜌

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ) 

𝜕

𝜕𝑥𝑗
(𝜌̅ + 𝜌′)(𝑢̅𝑖 + 𝑢𝑖

′)(𝑢̅𝑗 + 𝑢𝑗
′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
=

𝜕

𝜕𝑥𝑗
(𝜌̅ + 𝜌′)(𝑢̅𝑖 + 𝑢𝑖

′)(𝑢̅𝑗 + 𝑢𝑗
′)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅   

Where; 

(𝜌̅ + 𝜌′)(𝑢̅𝑖 + 𝑢𝑖
′)(𝑢̅𝑗 + 𝑢𝑗

′) = (𝜌̅𝑢̅𝑗 + 𝜌̅𝑢𝑗
′ + 𝜌′𝑢̅𝑗 + 𝜌

′𝑢𝑗
′)(𝑢̅𝑗 + 𝑢𝑗

′)  
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= 𝜌̅𝑢̅𝑗𝑢̅𝑗 + 𝜌̅𝑢̅𝑗𝑢𝑗
′ + 𝜌̅𝑢𝑗

′𝑢̅𝑗 + 𝜌̅𝑢𝑗
′𝑢𝑗
′ + 𝜌′𝑢̅𝑗𝑢̅𝑗 + 𝜌

′𝑢̅𝑗𝑢𝑗
′ + 𝜌′𝑢𝑗

′𝑢̅𝑗 + 𝜌
′𝑢𝑗
′𝑢𝑗
′  

And; 

(𝜌̅ + 𝜌′)(𝑢̅𝑖 + 𝑢𝑖
′)(𝑢̅𝑗 + 𝑢𝑗

′)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜌̅𝑢̅𝑗𝑢̅𝑗 + 𝜌̅𝑢𝑗
′𝑢𝑗
′̅̅ ̅̅ ̅̅ + 𝜌′̅𝑢̅𝑗𝑢𝑗

′̅ + 𝜌′𝑢𝑗
′̅̅ ̅̅ ̅̅ 𝑢̅𝑗 + 𝜌

′𝑢𝑗
′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅̅  

So that; 

𝜕

𝜕𝑥𝑗
((𝜌̅ + 𝜌′)(𝑢̅𝑖 + 𝑢𝑖

′)(𝑢̅𝑗 + 𝑢𝑗
′))

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
=

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢̅𝑗𝑢̅𝑗 + 𝜌̅𝑢𝑗

′𝑢𝑗
′̅̅ ̅̅ ̅̅ + 𝜌′̅𝑢̅𝑗𝑢𝑗

′̅ + 𝜌′𝑢𝑗
′̅̅ ̅̅ ̅̅ 𝑢̅𝑗 + 𝜌

′𝑢𝑗
′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅̅ )  

𝜕

𝜕𝑥𝑗
= (𝜌̅𝑢̅𝑗𝑢̅𝑗 + 𝜌

′̅𝑢̅𝑖𝑢̅𝑗) 

And; 

𝜕(𝑃̅+𝑃′)

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅
=
𝜕(𝑃̅+𝑃′)

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅
=
𝜕(𝑃̅+𝑃′)

𝜕𝑥𝑖
=
𝜕(𝑃̅)

𝜕𝑥𝑖
  

(𝜌̅ + 𝜌′)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝑔𝑗 = (𝜌̅ + 𝜌
′)𝑔𝑗 = 𝜌̅𝑔𝑗 

 

Therefore; 

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕(𝑢̅𝑖 + 𝑢𝑖
′)

𝜕𝑥𝑗
+
(𝑢̅𝑗 + 𝑢𝑗′)

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗𝜌

𝜕(𝑢̅𝑘 + 𝑢𝑘
′ )

𝜕𝑥𝑘
]

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
=
𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕𝑢̅𝑖
𝜕𝑥𝑗

+
𝜕𝑢̅𝑗
𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗

𝜕𝑢̅𝑘
𝜕𝑥𝑘

]  

Therefore, the Reynolds form of the equation becomes; 

𝜕

𝜕𝑡
(𝜌̅𝑢̅𝑗 + 𝜌

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ) +

𝜕

𝜕𝑥𝑗
(𝜌̅𝑢̅𝑗𝑢̅𝑗 + 𝜌

′̅𝑢̅𝑖𝑢̅𝑗) = −
𝜕(𝑃̅)

𝜕𝑥𝑖
+ 𝜌̅𝑔𝑗 +

𝜕

𝜕𝑥𝑗
(𝜏̅𝑖𝑗 − 𝑢̅𝑗𝜌

′𝑢𝑗
′̅̅ ̅̅ ̅̅ − 𝜌𝑢𝑖

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅ − 𝜌′𝑢𝑖

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅̅ )             

         (3.27) 

In which; 
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𝜏𝑖𝑗 = 𝜇 (
𝜕𝑢̅𝑖

𝜕𝑥𝑗
+
𝜕𝑢̅𝑗

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗

𝜕𝑢̅𝑘

𝜕𝑥𝑘
        (3.28) 

c) Energy equation for Turbulent Flow 

Similarly, the energy equation (3.24) can be decomposed using equation (3.21) and the resulting 

equation is time averaged and simplified by eliminating terms known to be zero to yield; 

𝜕

𝜕𝑡
(𝐶𝑃𝜌̅𝑇̅ + 𝐶𝑃𝜌

′𝑇′̅̅ ̅̅ ̅̅ ) +
𝜕

𝜕𝑥𝑗
(𝐶𝑃𝜌𝑢𝑗̅̅ ̅̅̅𝑇̅) =

𝜕𝑝̅

𝜕𝑡
+

𝜕𝑝̅

𝜕𝑥𝑗
+ 𝑢𝑖

′ 𝜕𝑝
′

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅
+

𝜕

𝜕𝑥𝑗
(𝜆

𝜕𝑇̅

𝜕𝑥𝑗
− 𝐶𝑃𝜌̅𝑢𝑖

′𝑇′̅̅ ̅̅ ̅̅ − 𝐶𝑃𝜌
′𝑢𝑖𝑇

′̅̅ ̅̅ ̅̅ ̅̅ ) +

Ф̅           (3.29) 

Where; 

Ф̅ = 𝜏𝑖𝑗̅̅ ̅
𝜕𝑢̅𝑖

𝜕𝑥𝑗
+ 𝜏𝑖𝑗

′ 𝜕𝑢𝑖
′

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅̅
         (3.30) 

 

The 𝜏𝑖𝑗 in the equation (3.30) should be evaluated as expressed in equation (3.28). 

The mean continuity and momentum equations adds unknown quantities which represent the mean 

effect turbulence. These terms enter the governing equations as turbulent transport terms, such as 

𝜌′𝑢𝑖
′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅̅  and density generated terms as 𝜌′𝑢𝑗

′̅̅ ̅̅ ̅̅  and 𝜌′𝑢𝑖
′̅̅ ̅̅ ̅̅ . In the mean energy equation, the time 

averaging process introduces unknown turbulent correlation between temperature fluctuation 𝑢𝑖
′𝑇′̅̅ ̅̅ ̅̅  

or 𝑢𝑗
′𝑇′̅̅ ̅̅ ̅̅  which, when multiplied by density 𝜌, they represent transport of heat or mass due to 

fluctuation motion. The term −𝜌𝑢𝑖
′𝑇′̅̅ ̅̅ ̅̅ ̅is the transport in the direction 𝑥𝑖 or rather the turbulent heat 

flux. Mass weighted averages eliminate the mean mass term 𝜌′𝑢𝑗
′̅̅ ̅̅ ̅̅  and some momentum transport 

terms such as 𝜌′𝑢𝑖
′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅̅  across mean streamline (Cebeci and Smith, 1974). 
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Equations (3.26), (3.27) and (3.29) are equations generally accepted as governing the mean flow 

quantities 𝑢̅𝑖 and fluid properties 𝜌̅, 𝑝̅ and temperature 𝑇̅. 

3.3 Reynolds Stress Equations  

Let us refer to the time averaged continuity equation (3.26) and Navier-Stokes equation (3.27), in 

which upper and lower case of letters would be used to refer to mean and fluctuating quantities for 

the case of velocity components, written in Cartesian tensor below; 

𝜇
𝜕𝑃

𝜕𝑡
+ (𝜌𝑈̅𝑖),𝑖 = 0          (3.31) 

𝜕𝜌𝑈̅𝑖

𝜕𝑡
+ (𝜌𝑈̅𝑖𝑈̅𝑗),𝑗 = −𝑃̅,𝑖 + [𝜇(𝑈̅𝑖,𝑗 + 𝑈̅𝑗,𝑖) − 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅]

,
𝑗    (3.32) 

3.3.1 Boussinesq Assumption 

 

The turbulent viscosity is used in eddy viscosity turbulence models to link the Reynolds stresses 

to the velocity gradients (i.e., the eddy viscosity principle assumes a similarity between molecular 

motions, which leads to Stoke's viscosity law in laminar flow, and instantaneous turbulent motion). 

The Reynolds stress tensor in the time averaged Navier-Stokes equation (3.32) is replaced by the 

turbulent viscosity multiplied by the velocity gradients in the Boussinesq assumption. 

This is demonstrated by introducing this assumption for the diffusion term on the right-hand side 

of Equation (3.32) and making an identification; 

[𝜇(𝑈̅𝑖,𝑗 + 𝑈̅𝑗,𝑖) − 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅]
,
𝑗 = [(𝜇 + 𝜇𝑡)(𝑈̅𝑖,𝑗 + 𝑈̅𝑗,𝑖)],𝑗      (3.33) 

Equation (3.33) on expansion and re-arrangement gives; 

𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ = −𝜇(𝑈̅𝑖,𝑗 + 𝑈̅𝑗,𝑖)         (3.34) 

If we do a contraction in equation (3.34) (i.e. Setting i=j) the right-hand side gives; 
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𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ ≡ 2𝑘           (3.35) 

Where The turbulent kinetic energy is denoted by k. Using the continuity equation (3.31), on the 

other hand, the right-hand side of the equation (3.34) is reduced to zero. 

3.3.2 The Eddy Viscosity Concept – The closure Problem 

To validate equation (3.34) upon contraction, we add  
2

3
𝛿𝑖𝑗𝜌𝑘  to the right-hand side of equation 

(3.34) so that; 

𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ = −𝜇𝑡(𝑈̅𝑖,𝑗 + 𝑈̅𝑗,𝑖) +
2

3
𝛿𝑖𝑗𝜌𝑘       (3.36) 

Note that the contraction of 𝛿𝑖𝑗 gives; 

𝛿𝑖𝑖 = 𝛿11 + 𝛿22 + 𝛿33         (3.37) 

Equation (3.36) can likewise be written as; 

𝜏𝑖𝑗 = −𝜌𝑢𝑖
′𝑢𝑖
′̅̅ ̅̅ ̅̅ ̅ = 𝜇𝑡 (

𝜕𝑢̅𝑖

𝜕𝑥𝑗
+
𝜕𝑢̅𝑖

𝜕𝑥𝑗
) +

2

3
𝜌̅𝑘𝛿𝑖𝑗      (3.38) 

Where: 

- 𝜇𝑡 is the turbulent or eddy viscosity, the proportionality parameter that links the turbulent 

stresses and the mean flow velocity gradient (or the mean strain rate). Like molecular 

viscosity, its unit is Pascal seconds. 

- Turbulent viscosity is not homogenous, i.e. it varies in space. It is however assumed to be 

isotropic.  

- k is kinetic energy of the turbulent velocity fluctuations given by; 

𝑘 =
1

2
𝑢𝑖
′𝑢𝑖
′̅̅ ̅̅ ̅̅            (3.39) 
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This method was first postulated by Boussinesq (1903) and consequently denoted the 

Boussinesq hypothesis. 

 

Further; 

−𝜌𝑢𝑗
′𝑇′̅̅ ̅̅ ̅̅ ̅̅ =

𝑘𝑡

𝐶𝑃

𝜕𝑇

𝜕𝑥𝑖
          (3.40) 

𝑘𝑡 is the turbulent conduction coefficient. In contrast to molecular viscosity 𝜇 and thermal 

conductivity of the fluid 𝜆 in laminar flow, 𝜇𝑡 and 𝑘𝑡  are not fluid properties but flow 

properties. The problem at the moment is to device means of solving the turbulent stress, 𝜏𝑖𝑗 

and the turbulent heat 𝜌𝑢𝑗
′𝑇′̅̅ ̅̅ ̅̅ ̅̅ . In this study, a two-equation model, 𝜅 − 𝜔 SST model, is used 

to solve this problem. This is actually one of the most commonly used turbulence model. In 

this model, the idea is to express turbulence viscosity as a function of 𝜅 and 𝜔 and then derive 

PDEs of 𝜅 and𝜔. Relationships for eddy viscosity 𝜇𝑡 and turbulent specific dissipation 𝜔 are 

required for closure. 

The square root of the turbulent kinetic energy 𝜅
1

2 can be used to represent a velocity scale for 

the large scale turbulent motion. Accordingly, the eddy viscosity is considered proportional to 

a velocity characterizing the fluctuating motion and to a typical length of this motion which 

Prandtl (1945) called; mixing length. Using this equation, an eddy viscosity relation yields; 

𝜇𝑡 ∝ 𝜅
1

2𝑙           (3.41) 

𝜇𝑡 = 𝐶𝜇𝜅
1

2𝑙           (3.42) 
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Where l the turbulent length is scale and 𝐶𝜇 is a constant which has to be determined 

empirically. From the definition of turbulent length scale; 

𝑙 =
𝜅
1
2

𝜀
            (3.43) 

Hence 

𝜇𝑡 = 𝐶𝜇𝜅
1

2𝑙 = 𝜇𝑡 = 𝐶𝜇𝜅
1

2
𝜅
1
2

𝜀
= 𝐶𝜇

𝜅2

𝜀
        (3.44) 

Where 𝜀 is turbulent dissipation. 

The turbulent variable 𝜔 was defined by Wilcox (1998) as: 

𝜔 =
𝜀

𝐶𝜇𝜅
           (3.45) 

Hence from equation (3.45) above, 𝜀 = 𝐶𝜇𝜅𝜔 

The eddy viscosity for the formulation, Wilcox (1998), using equation (3.44) where 𝜇𝑡 = 𝐶𝜇
𝜅2

𝜀
   

is  

𝜇𝑡 =
𝜅

𝜔
           (3.46) 

And 

𝜅𝑡 =
𝜇𝑡𝐶𝑝

𝑃𝑟
           (3.47) 

The model includes two transport equations to represent the turbulent properties of the flow. 

The first transport variable is the turbulent kinetic energy𝜅. The second transport variable is 

the specific dissipation𝜔. It is the variable that determines the length scale the turbulence. 
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3.3.3 The Exact Kinetic Energy Equation 

The equation for turbulent kinetic energy 𝑘 =
1

2
𝑢𝑖
′𝑢𝑖
′̅̅ ̅̅ ̅̅   is derived from the Navier-Stokes 

equation, assuming steady, incompressible constant viscosity, reads; 

 

(𝜌𝑈𝑖𝑈𝑗),𝑗 = −𝑃,𝑖 + 𝜇𝑈𝑖,𝑗𝑗.        (3.48) 

Where, j denotes derivation with respect to 𝑥𝑗. 

The time averaged Navier-Stokes equation is; 

(𝜌𝑈̅𝑖𝑈̅𝑗),𝑗 = −𝑃̅,𝑖 + 𝜇𝑈𝑖,𝑗𝑗 − (𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅)
,𝑗

      (3.49) 

Subtracting equation (3.49) from equation (3.48), multiplying by 𝑢𝑖 and time averaging 

resultant equation yields; 

[𝜌𝑈𝑖𝑈𝑗 − 𝜌𝑈̅𝑖𝑈̅𝑗],𝑗𝑢𝑖
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = −[𝑃 − 𝑃̅],𝑖𝑢𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝜇[𝑈𝑖 − 𝑈𝑖̅],𝐽𝐽𝑢𝑖
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 𝜌𝑢̅𝑖𝑢̅𝑗],𝑗𝑢𝑖̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅                                     (3.50)  

The left hand-side can be written as; 

𝜌[(𝑈̅𝑖 + 𝑢𝑖)(𝑈̅𝑗 + 𝑢𝑗) − 𝑈̅𝑖𝑈̅𝑗],𝑗
𝑢𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜌[𝑈̅𝑖𝑢𝑗 + 𝑢𝑖𝑈̅𝑗 + 𝑢𝑖𝑢𝑗],𝑗
𝑢𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅          (3.51) 

Using the continuity equation, (𝜌𝑈̅𝑗),𝑗 = 0, , the first term is re-written as; 

𝜌(𝑈̅𝑖𝑢𝑗),𝑗𝑢𝑖
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅𝑈̅𝑖,𝑗         (3.52) 

We obtain the second term (𝜌𝑈̅𝑗),𝑗 = 0  from; 

(𝜌𝑈̅𝑗𝑘),𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑈̅𝑗𝜌 [

1

2
𝑢𝑖𝑢𝑗]

,𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
=
1

2
𝜌𝑈̅𝑗{𝑢𝑖𝑢𝑖,𝑗 + 𝑢𝑖𝑢𝑖,𝑗},𝑗𝑢𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑢𝑖(𝜌𝑈̅𝑖𝑢𝑗),𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅    (3.53) 
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Using the same technique as in equation (3.53) where[
1

2
𝑢𝑖𝑢𝑗]

,𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
=
1

2
{𝑢𝑖𝑢𝑖,𝑗 + 𝑢𝑖𝑢𝑖,𝑗},𝑗𝑢𝑖
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ , the 

third term in equation (3.51) can be written as; 

1

2
(𝜌𝑢𝑗𝑢𝑖𝑢𝑗)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

,𝑗
          (3.54) 

The first term of equation (3.51) on the right-hand side has the form; 

−𝑃,𝑖𝑢𝑖̅̅ ̅̅ ̅ = −(𝑃𝑢𝑖)̅̅ ̅̅ ̅̅ ̅
,𝑗          (3.55) 

The second term on the right-hand side of equation (3.51) read; 

𝜇𝑈𝑖,𝑗𝑗𝑢𝑖̅̅ ̅̅ ̅̅ ̅̅ = 𝜇 {(𝑢𝑖,𝑗𝑢𝑖),𝑗 − 𝑢𝑖,𝑗𝑢𝑖,𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅}       (3.56) 

Using the approach as in equation (3.53),  

where [
1

2
𝑢𝑖𝑢𝑗]

,𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
=
1

2
{𝑢𝑖𝑢𝑖,𝑗 + 𝑢𝑖𝑢𝑖,𝑗},𝑗𝑢𝑖
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅                                                                            ( 3.57) 

the first term becomes; 

𝜇(𝑢𝑖,𝑗𝑢𝑖)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅

,𝑗
= 𝜇

1

2
(𝑢𝑖𝑢𝑖)𝑗𝑗̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜇𝑘𝑗𝑗        (3.58) 

The last term on the right-hand side of the equation (3.50) is zero. 

We can now put together the transport equation for turbulent kinetic energy. Equations (3.52), 

(3.53), (3.55), (3.56), (3.57) give; 

 

(𝜌𝑈̅𝑗𝑘),𝑗⏟    
= −𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅𝑈̅𝑖,𝑗⏟      − [𝑢𝑗𝑃̅̅ ̅̅̅ +

1

2
𝜌𝑢𝑗𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅ ̅̅ ̅̅ − 𝜇𝑘𝑗]

,𝑗⏟                
− 𝜇(𝑢𝑖,𝑗𝑢𝑖)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
,𝑗⏟      

   (3.58) 

      I           II          III           IV 
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The terms in equation (3.58) are: 

I. Convection. 

II. Production. 

III. The three terms in this term are; turbulent diffusion by pressure-velocity fluctuations, 

velocity fluctuations and viscous diffusion in that order. 

IV. Dissipation. 

3.3.4 The Modeled k-Equation 

 

The exact kinetic energy equation (3.58) has unknown terms. 

 Inserting equation (3.38) in the production term in equation (3.58) we have; 

𝑃𝑘 = −𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅𝑈̅𝑖,𝑗 = 𝜇𝑡(𝑈̅𝑖,𝑗 + 𝑈̅𝑗,𝑖)𝑈̅𝑖,𝑗 +
2

3
𝛿𝑖𝑗𝜌𝑘𝑈̅𝑖,𝑖    (3.59) 

For incompressible flow, the last term in equation (3.59) is zero due to continuity, as shown in 

equation (3.31). 

i. A gradient law is used to model the triple correlations in term III of equation (3.58), where 

we assume that k is diffused down the gradient. This yields; 

1

2
𝜌𝑢𝑗𝑢𝑖𝑢𝑖̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =

𝜇𝑡

𝜎𝑘
𝑘, 𝑗         (3.60) 

Where 𝜎𝑘 is the turbulent Prandtl number. The pressure diffusion term in equation (3.58). 

is small and hence its negligible. 

ii. The dissipation term in equation (3.58) is estimated as; 

𝜀 = 𝑂
𝑢2

𝑙 𝑢⁄
= 𝑂

𝑢3

𝑙
         (3.61) 

where O is the order of the function 
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which is a relation for the cascade process and 𝜀 = (𝑚2 𝑠3⁄ ) is the energy per unit time per 

unit mass.  

Therefore, as per equation (3.61), the velocity scale is now; 

𝑢 = √𝑘          (3.62) 

Therefore; 

𝜀 = √𝑢𝑖,𝑗𝑢𝑖,𝑗 =
𝑘
3
2

𝑙
𝑣 =

𝜇

𝜌
        (3.63) 

Where 𝑣 =
𝜇

𝜌
 

Hence; 

𝜇𝑢𝑖,𝑗𝑢𝑖,𝑗̅̅ ̅̅ ̅̅ ̅̅ = 𝜌𝜀 = 𝜌
𝑘
3
2

𝑙
         (3.64) 

The modeled k equation can now be assembled to give; 

(𝜌𝑈̅𝑗𝑘),𝑗 = (𝜇 +
𝜇𝑡

𝜎𝑘
) 𝑘,𝑗 + 𝑃𝑘 − 𝜌

𝑘
3
2

𝑙
       (3.65) 

An additional transport equation is required to compute l. In the 𝜅 − 𝜔 model, the length 

determining equation 𝜔 is used. This quantity is often called specific dissipation from its 

definition which is; 

𝜔 =
𝜀

 𝜅
          (3.66)  

The modeled 𝜅 and 𝜔 equations are respectively; 

(𝜌𝑈𝑗𝑘),𝑗 = [(𝜇 +
𝜇𝑡

𝜎𝑘
) 𝑘,𝑗]

,𝑗
+ 𝑃𝑘 − 𝛽

∗𝜔𝑘      (3.67) 

(𝜌𝑈̅𝑗𝜔),𝑗 = [(𝜇 +
𝜇𝑡

𝜎𝑘
)𝜔,𝑗]

,𝑗
+
𝜔

𝑘
(𝐶𝑤1𝑃𝑘 − 𝐶𝑤2𝜌𝑘𝜔)    (3.68) 

Where; 

𝜇𝑡 = 𝜌
𝜅

𝜔
          (3.69) 
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𝜀 = 𝛽∗𝜔𝑘          (3.70) 

The constants are determined from experiments. 

𝑘𝑤𝑎𝑙𝑙 = 0 is the turbulent kinetic energy's wall boundary condition. Because the turbulent 

kinetic energy at the wall is zero, then the eddy viscosity is also zero at the wall. Hence 

from the definition of the specific dissipation𝜔, (𝜔 =
𝜀

𝐶𝜇𝜅
) it implies that 𝜔 should go to 

infinity at the wall since k tends to zero. Basing on asymptotic arguments, Wilcox (1998) 

suggested that it be given the value 𝜔𝑤𝑎𝑙𝑙 =
60𝑣

𝐶𝜇(∆𝑦
2)

 at the wall where ∆𝑦 is the normal 

distance to the first point off the wall. Free stream boundary conditions; 

𝑉𝑡∞

𝑉∞
= 0.0001,           𝜔∞ = 10

𝑈∞

𝑙
          𝑘∞ = 𝑉∞𝜔∞     (3.71) 

3.4 Final Set of Equations 

 

For simplicity, from thus point onwards, the over-bar indicating time mean values of the 

variables and the prime indicating the fluctuating quantities will be replaced by the upper 

and lower case letters respectively. The final set of equations for turbulent natural 

convection flows is: 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑗 + 𝜌𝑢𝑖̅̅ ̅̅̅) = 0        (3.72) 

𝜕

𝜕𝑡
(𝜌𝑈𝑖 + 𝜌𝑢𝑖̅̅ ̅̅̅) +

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖𝑈𝑗 + 𝑈𝑖𝜌𝑢𝑖̅̅ ̅̅̅) = −

𝜕𝑃

𝜕𝑥𝑖
+ 𝑝𝑔𝑖 +

𝜕

𝜕𝑥𝑗
(𝜏𝑖𝑗 − 𝑈𝑖𝜌𝑢𝑖̅̅ ̅̅̅ − 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ −

𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅ ̅)  (3.73)  

𝜕

𝜕𝑡
(𝐶𝑃𝜌𝑇 + 𝐶𝑃𝜌𝑇̅̅̅̅ ) +

𝜕

𝜕𝑥𝑗
(𝐶𝑃𝜌𝑢𝑗𝑇̅̅ ̅̅ ̅̅ ) =

𝜕𝑝

𝜕𝑡
+ 𝑈𝑗

𝜕𝑝

𝜕𝑥𝑗
+ 𝑢𝑗

𝜕𝑝

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅
+

𝜕

𝜕𝑥𝑗
(𝜆

𝜕𝑇

𝜕𝑥𝑗
− 𝐶𝑃𝑢𝑡𝑇̅̅ ̅̅ ̅ −

𝐶𝑃𝑢𝑖𝑇̅̅̅̅̅) + Ф          (3.74) 

Where; 
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𝜏𝑖𝑗 = 𝜇 (
𝜕𝑈𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑗

𝜕𝑥𝑖
) + 𝜇𝑠𝛿𝑖𝑗

𝜕𝑢𝑘

𝜕𝑥𝑘
       (3.75) 

Ф = 𝜏𝑖𝑗 +
𝜕𝑈𝑖

𝜕𝑥𝑗
+ 𝜇 (

𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
)
𝜕𝑢𝑖

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
       (3.75) 

𝜕

𝜕𝑡
𝜌𝑘 +

𝜕

𝜕𝑥𝑗
((𝜌𝑈𝑖𝑘)) = 𝑢𝑗

𝜕

𝜕𝑥𝑗
𝜇
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑖

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
−
1

2

𝜕

𝜕𝑥𝑗
𝜌𝑢𝑖𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅ ̅̅ ̅̅ − 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅

𝜕𝑢𝑖

𝜕𝑥𝑗
+ 𝜌𝑢𝑖̅̅ ̅̅̅𝑔𝑖 − 𝑢𝑗

𝜕𝑝

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅
  

(3.67) 

𝜕𝜔

𝜕𝑡
+ 𝑈𝑖

𝜕𝜔

𝜕𝑥𝑗
= −

𝜕

𝜕𝑥𝑖
[(𝜇 +

𝜇𝑡

𝜎𝜔
)
𝜕𝜔

𝜕𝑥𝑗
] + [𝛽 −

𝑘2

𝜎𝜔√𝑐𝑢
]
𝜔

𝑘
𝑃𝑘 − 𝛽𝜔

2                                 (3.77) 

3.5 Non- Dimensionalisation 

A suitable substitution of variable is used to remove units from an equation containing physical 

quantities, either partially or completely. This method can be used to simplify and parametize 

problems involving measured units. In fluid mechanics, the adoption of a suitable non-dimensional 

scheme is important, Jiyuan et al. (2012). An appropriate scheme does the following:- 

i. It expresses experimental and analytical results in the most efficient form. 

ii. Makes the solution bounded for instance, temperature can be non-dimensionalized such 

that it varies from 0 to 1. 

All the dependent and independent flow variables can be derived by valid and significant constant 

quantities to obtain the non-dimensional form of the governing equations (and boundary 

conditions). All velocities 𝑈∗ can be grouped by a reference velocity  𝐿0  (which is the inlet 

velocity), pressure by 𝑃0 = 𝜌𝑈∗
2 (which is twice the dynamic pressure for the channel), and 

temperature by a suitable temperature difference (which is {𝑇 − 𝑇∗}/∆𝑇∗ for the enclosure). The 

mean variables and their corresponding fluctuating quantities have the scaling variables and so 

non-dimensionalization is based on the following set of general scaling variable; 
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𝑋𝑗 = 𝑋𝑗
′                      𝑈𝑗 = 𝑈𝑗

′𝑈∗                     𝑃 = 𝑃
′𝑃𝑜               Θ =

𝑇 − 𝑇∗
∆𝑇∗

            

𝐾 = 𝐾′𝑈∗                   𝜀 = 𝜀
′ 𝑈∗

3

𝐿𝑜
                      𝑡 = 𝑡′  

𝐿𝑜

𝑈∗
              𝜇 = 𝜇′𝜇0      (3.78) 

𝜇𝑠 = 𝜇𝑠
′𝜇0             𝑉 = 𝑉

′𝜇0𝜌 = 𝜌
′𝜌0 = 𝐶𝑅𝐶𝑃𝑃                             𝜆 = 𝜆′𝜆0 

In which 𝐿0 is the characterized length, ∆𝑇∗  is the characterized temperature difference and 𝑇∗ is 

a convenient temperature that will result in Θ being bounded in the solution region. The prime 

denotes a no-dimensional quantities and the subscript ∗ denotes a variable that can be arbitrarily 

defined to specify a non-dimensional scheme. The main rationale behind non-dimensionalisation 

is to reduce the number of parameters, (Jiyuan et al., 2012). To apply these variables in the 

continuity equation (3.72) gives the following equation; 

𝜕𝜌

𝜕𝑡
=
𝜕𝜌

𝜕𝜌′

𝜕𝜌′

𝜕𝑡′

𝜕𝑡′

𝜕𝑡
=
𝑃0𝑈∗
𝐿0

𝜕𝜌′

𝜕𝑡′
 

𝜕𝑈𝑗
𝜕𝑥𝑗

=
𝜕𝑈𝑗
𝜕𝑈𝑗′

𝜕𝑈𝑗′

𝜕𝑥𝑗′

𝜕𝑥𝑗′

𝜕𝑥𝑗
=
𝑈∗𝜕𝑈𝑗′

𝐿0𝜕𝑥𝑗′
 

𝜌
𝜕𝑈𝑗
𝜕𝑥𝑗

=
𝑈∗𝜌′𝜌0
𝐿0

𝜕𝑈𝑗′

𝜕𝑥𝑗′
 

𝜕𝜌

𝜕𝑥𝑗
=
𝜕𝜌

𝜕𝜌′

𝜕𝜌′

𝜕𝑥𝑗′

𝜕𝑥𝑗′

𝜕𝑥𝑗
=
𝜌0
𝐿0

𝜕𝜌′

𝜕𝑥𝑗′
 

𝑈𝑗
𝜕𝜌

𝜕𝑥𝑗
=
𝜌0𝑈𝑗′𝑈∗
𝐿0

𝜕𝜌′

𝜕𝑥𝑗′
 

But; 
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𝜕(𝜌𝑈𝑗)

𝜕𝑥𝑗
= 𝜌

𝜕𝑈𝑗
𝜕𝑥𝑗

+ 𝑈𝑗
𝜕𝜌

𝜕𝑥𝑗
 

Therefore; 

𝜕(𝜌𝑈𝑗)

𝜕𝑥𝑗
=
𝑈∗𝜌′𝜌0
𝐿0

𝜕𝑈𝑗′

𝜕𝑥𝑗′
+
𝜌0𝑈𝑗′𝑈∗
𝐿0

𝜕𝜌′

𝜕𝑥𝑗′
=
𝜌0𝑈∗
𝐿0

(𝜌′
𝜕𝑈𝑗′

𝜕𝑥′𝑗
+ 𝑈′𝑗

𝜕𝜌′

𝜕𝑥′𝑗
) =

𝜌0𝑈∗
𝐿0

𝜕(𝜌′𝑈′𝑗)

𝜕𝑥′𝑗
 

Similarly; 

𝜕(𝜌𝑈𝑗)
̅̅ ̅̅ ̅̅ ̅

𝜕𝑥𝑗
=
𝜕(𝜌𝑈𝑗)
̅̅ ̅̅ ̅̅ ̅̅ ̅

𝜕𝑥𝑗
 

But; 

𝜕(𝜌𝑈𝑗)

𝜕𝑥𝑗
=
𝜌0𝑈∗
𝐿0

𝜕(𝜌′𝑢′𝑗)

𝜕𝑥′𝑗
 

Therefore; 

𝜕(𝜌𝑈𝑗)
̅̅ ̅̅ ̅̅ ̅

𝜕𝑥𝑗
=
𝜌0𝑈∗
𝐿0

𝜕(𝜌′𝑢′𝑗)
̅̅ ̅̅ ̅̅ ̅̅ ̅

𝜕𝑥′𝑗
 

Adding all the non-dimensional form for continuity equation yields; 

𝑃0𝑈∗
𝐿0

𝜕𝜌′

𝜕𝑡′
+
𝜌0𝑈∗
𝐿0

𝜕(𝜌′𝑈′𝑗)

𝜕𝑥′𝑗
+
𝜌0𝑈∗
𝐿0

𝜕(𝜌′𝑢′𝑗)
̅̅ ̅̅ ̅̅ ̅̅ ̅

𝜕𝑥′𝑗
= 0 

This simplifies to; 

𝑃0𝑈∗
𝐿0

𝜕𝜌′

𝜕𝑡′
+
𝜌0𝑈∗
𝐿0

𝜕

𝜕𝑥𝑗
(𝜌′𝑈′𝑗 + 𝜌′𝑢′𝑗̅̅ ̅̅ ̅̅ ) = 0 

Diving through by 
𝑃0𝑈∗

𝐿0
 yields; 
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𝜕𝜌′

𝜕𝑡′
+

𝜕

𝜕𝑥𝑗
(𝜌′𝑈′𝑗 + 𝜌′𝑢′𝑗̅̅ ̅̅ ̅̅ ) = 0                                                                                                  (3.78) 

The same procedure is applied to the mean momentum equation (3.73), the mean energy equation 

(3.74), the turbulent kinetic equation (3.76) and the specific dissipation equation (3.77) yielding 

the following equations respectively; 

𝜕

𝜕𝑡
(𝜌𝑈𝑗

′ + 𝜌𝑢𝑖
′̅̅ ̅̅̅) +

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖

′𝑈𝑗
′ + 𝑈𝑖

′𝜌′𝑢′𝑗̅̅ ̅̅ ̅̅ ) = − {
𝑃0

𝑃0𝑈∗
2}
𝜕𝑃′

𝜕𝑥𝑖
′ + {

𝑔𝐿0

𝑈∗
2 } 𝜌𝑔𝑖

′ +
𝜕

𝜕𝑥𝑗
({

𝜇0

𝑃0𝑈∗𝐿0
} 𝜏𝑖𝑗 −

𝑈𝑗
′𝜌′𝑢′𝑗̅̅ ̅̅ ̅̅ − 𝜌′𝑢𝑖

′𝑢𝑗
′̅̅ ̅̅ ̅̅ − 𝜌′𝑢𝑖

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅̅ )                                                                                                    (3.79) 

𝜕

𝜕𝑡′
(𝑐𝑃
′ 𝜌′Θ + 𝑐𝑃

′ 𝜌′𝜃̅̅ ̅̅ ) +
𝜕

𝜕𝑥𝑗
′ (𝑐𝑃𝜌′𝑈𝑗

′Θ̅̅ ̅̅ ̅̅ ̅̅ ) = {
𝑃0

𝑐𝑃0𝜌0∆𝑇∗
} [
𝜕𝑃′

𝜕𝑡′
+ 𝑈𝑗

′ 𝜕𝑃′

𝜕𝑥𝑗
′ + 𝑢𝑗

′ 𝜕𝑝′

𝜕𝑥𝑗
] +

𝜕

𝜕𝑥𝑗
′ ({

𝜆0

𝑐𝑃0𝜌0𝑈∗𝐿0
} 𝜆

𝜕Θ

𝜕𝑥𝑗
′ − 𝑐𝑃𝜌′𝑈𝑗

′θ̅̅ ̅̅ ̅̅ ̅ − 𝑐𝑃𝜌′𝑈𝑗
′θ̅̅ ̅̅ ̅̅ ̅) + {

𝜇0𝑈∗

𝑐𝑃0𝜌0∆𝑇∗𝐿0
} ∅  

                                                                                                                                                (3.80) 

𝜕

𝜕𝑡′
𝜌′𝑘′ +

𝜕

𝜕𝑥𝑗
𝜌′𝑈𝑗

′𝑘′ = {
𝜇0

𝜌0𝑈∗𝐿0
} 𝑢𝑗

′ 𝜕

𝜕𝑥𝑗
′ 𝑢𝑗

′ (
𝜕𝑢𝑖

′

𝜕𝑥𝑗
′ +

𝜕𝑢𝑗
′

𝜕𝑥𝑗
′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
− 𝜌′𝑢𝑖

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅ 𝜕𝑈𝑖

′

𝜕𝑥𝑗
′ −

1

2

𝜕

𝜕𝑥𝑗
𝜌′𝑢𝑖

′𝑢𝑗
′̅̅ ̅̅ ̅̅ ̅
+ {

𝑔𝐿0

𝑈∗
2 } 𝑝

′𝑈𝑖
′ −

{
𝑃0

𝑃0𝑈∗
2} 𝑢𝑗

′ 𝜕𝑃
′

𝜕𝑥𝑗
′

̅̅ ̅̅ ̅̅ ̅
                                                                                                                            (3.81) 

𝜕

𝜕𝑡′
𝜌′𝜔′ +

𝜕

𝜕𝑥𝑗
𝑃′𝑈𝑗

′𝜔′ = −{
𝜇0

𝜌0𝑈∗𝐿0
}
𝜕

𝜕𝑥𝑘
′ (𝜇

′𝜇𝑘
′ 𝜕𝜇𝑖

′

𝜕𝑥𝑗
′

𝜕𝜇𝑗
′

𝜕𝑥𝑗
′

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
+ 2 {

𝑃0

𝑃0𝑈∗
2} 𝑣

′ 𝜕𝜇𝑘
′

𝜕𝑥𝑙
′

𝜕𝑃′

𝜕𝑥𝑙
′ − 𝜇

′ 𝜕𝜀
′

𝜕𝑥𝑘
′

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
) −

2 {
𝜇0

𝜌0𝑈∗𝐿0
} 𝜇′

𝜕𝑢𝑗
′

𝜕𝑥𝑘
′

𝜕𝑢𝑖
′

𝜕𝑥𝑗
′

𝜕𝑢𝑘

𝜕𝑥𝑗
′

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
− 2 {

𝜇0
2

𝑃0
2𝑈∗

2𝐿0
2} 𝑃′̅ (𝑣

′ 𝜕2𝑢𝑖

𝜕𝑥𝑘
′𝜕𝑥𝑗

′) + 2 {
𝜇0

𝜌0𝑈∗𝐿0
} 𝜇′

𝜕𝑢𝑗
′

𝜕𝑥𝑘
′ (
𝜕𝑢𝑖

′

𝜕𝑥𝑗
′

𝜕𝑢𝑘
′

𝜕𝑥𝑗
′ +

𝜕𝑢𝑖
′

𝜕𝑥𝑖
′

𝜕𝑢𝑗
′

𝜕𝑥𝑘
′

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
) −

2 {
𝜇0

𝜌0𝑈∗𝐿0
} 𝜇′

𝜕2𝑢𝑖

𝜕𝑥𝑘
′𝜕𝑥𝑗

′ 𝜇𝑘
′ 𝜕𝑢

𝜕𝑥𝑗
′

̅̅ ̅̅ ̅̅ ̅
                                                                                                        (3.82) 

From this point, all equation and variables referred will be non-dimensional. To avoid ambiguity, 

the primes that indicate non-dimensionality have been avoided for the remainder of this work. 
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Using a non-dimensional scheme presented above, equations (3.78), (3.79), (3.80), (3.81) and 

(3.82) in general from becomes 

𝜕𝜌

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖 + 𝜌𝑢𝑗̅̅ ̅̅̅)               (3.83) 

𝜕

𝜕𝑡
(𝜌𝑈𝑖 + 𝜌𝑢𝑗̅̅ ̅̅̅) +

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖𝑈𝑗 + 𝑈𝑖𝜌𝑢𝑗̅̅ ̅̅̅) = −𝑁1

𝜕𝑃

𝜕𝑥𝑖
+ 𝑁2𝑝𝑔𝑖 +

𝜕

𝜕𝑥𝑗
(𝑁3𝜏𝑖𝑗 − 𝑈𝑖𝜌𝑢𝑖̅̅ ̅̅̅ − 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅ ̅ −

𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅) = 0                                              (3.84)                                                                                     

𝜕

𝜕𝑡
(𝑐𝑃𝜌Θ + 𝑐𝑃𝜌Θ̅̅ ̅̅ ) +

𝜕

𝜕𝑥𝑗
(𝑐𝑃𝜌𝑈𝑗Θ̅̅ ̅̅ ̅̅ ̅) = 𝐿1 [

𝜕𝜌

𝜕𝑡
+ 𝑈𝑗

𝜕𝑝

𝜕𝑥𝑗
+ 𝑢𝑗

𝜕𝑝

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅
] +

𝜕

𝜕𝑥𝑗
(𝐿2𝜆

𝜕Θ

𝜕𝑥𝑗
− 𝑐𝑃𝜌Θ̅̅ ̅̅ + 𝑐𝑃𝜌Θ) +

𝐿3∅                                                                                                                                      (3.85) 

𝜕

𝜕𝑡
𝜌𝑘 +

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖𝑘) = 𝐴1𝑢𝑗

𝜕𝜇

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅
(
𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
) −

1

2

𝜕

𝜕𝑥𝑗
𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅̅ ̅

𝜕𝑈𝑖

𝜕𝑈𝑗
+ 𝐵2𝜌𝑢𝑖̅̅ ̅̅̅𝑔𝑖 − 𝐵3𝑢𝑗

𝜕𝑝

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅
             (3.86) 

𝜕

𝜕𝑡
𝜌𝜔 +

𝜕

𝜕𝑥𝑗
(𝜌𝑈𝑖𝜔) = −

𝜕

𝜕𝑥𝑘
(𝐵1𝜇𝑢𝑘

𝜕𝑢𝑖

𝜕𝑥𝑗

𝜕𝑢𝑖

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
+ 2𝐵2𝑣

𝜕𝑢𝑘

𝜕𝑥𝑖

𝜕𝑢𝜌

𝜕𝑥𝑖
− 𝐵1𝜇

𝜕𝜔

𝜕𝑥𝑘
) − 2𝐵1𝜇

𝜕𝑈𝑖

𝜕𝑥𝑗
(
𝜕𝑢𝑖

𝜕𝑥𝑗

𝜕𝑢𝑘

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑗

𝜕𝑢𝑖

𝜕𝑥𝑘
) − 2𝐵1𝜇

𝜕2𝑈𝑖

𝜕𝑥𝑗𝜕𝑥𝑘
𝜇𝑘

𝜕𝑢𝑖

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅
                                                                                                  (3.87) 

Where the coefficients; 

𝑁1 , 𝑁2, 𝑁3, 𝐿1, 𝐿2, 𝐿3, 𝐴1, 𝐴2, 𝐴3, 𝐵1, 𝐵2, 𝐵3, and 𝐵4 are indicated in table 3.1 below. 

Symbol Coefficient Scheme 

𝑈∗  √𝑔𝛽∆𝑇𝐿0 

𝑁1 
−

𝑃0
𝑃0𝑈∗

2
 

𝐸𝑈∗𝐹0
𝜁𝜂

 

𝑁2 𝑔𝐿0
𝑈∗
2

 
1

𝜁𝜂
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𝑁3 𝜇0
𝑃0𝑈∗𝐿0

 
1

√𝐺0
 

𝐿1 𝑃0
𝑐𝑃0𝜌0∆𝑇∗

 
𝐸𝜇𝐸𝐶 

𝐿2 𝜆0
𝑐𝑃0𝜌0𝑈∗𝐿0

 
1

𝑃𝑟√𝐺0
 

𝐿3 𝜇0𝑈∗
𝑐𝑃0𝜌0∆𝑇∗𝐿0

 
𝐸𝜇𝑅𝑒

−1 

𝐴1 𝜇0
𝜌0𝑈∗𝐿0

 
1

√𝐺0
 

𝐴2 𝑔𝐿0
𝑈∗
2

 
1

𝜁𝜂
 

𝐴3 𝑝0
𝜌0𝑈∗

2
 

𝐸𝜇𝐹0
𝜁𝜂

 

𝐵1 𝜇0
𝜌0𝑈∗𝐿0

 
1

√𝐺0
 

𝐵2 𝜇0𝑃0
𝑈∗
2𝐿0𝑈∗

2
 

𝐸𝜇

√𝐺0
 

𝐵3 
(

𝜇0
𝑃0𝑈∗𝐿0

)
2

 
1

√𝐺0
 

𝐵4 𝑔𝜇0
𝑃0𝑈∗

3
 

𝐹0

√𝐺0
 

 

Table 3.1 Coefficient for Non-dimensional Governing Equations (3.84) – (3.87) 

 

The non-dimensionalized problem will now only have three parameters (Re, Ra, and Pr) due to 

the aggregation of the non-dimensional parameters.  
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3.6 Model Description  

In this project, a numerical investigation of turbulent natural convection flow within a 2-D is 

conducted. The geometry is illustrated in figure 3.3. It consists of a hot surface, located on the left 

side of the square cavity wall, and a cold surface on the right side. The enclosure is heated on the 

hot wall (Red color) and cooled on the cold wall (blue color).The walls measure 1m by 1m. The 

hot and cold walls were maintained at 313K and 293K respectively. Each of the remaining walls 

were adiabatic. The Rayleigh number was varied from 109  to   1011 . 

All boundaries of the enclosure are stationary, non-slip, rigid and impermeable. The fluid to be 

used is air. Aspect ratio A=H/L=1, where H is the height and L is the length of the enclosure. The 

characteristic length is taken to be the size of the enclosure in the x – direction. 

Initially, air is motionless the temperature of which is equal to the average temperature of the 

vertical walls. The temperature of the hot wall and that of the cold wall were varied such that 𝑇ℎ > 

𝑇𝑐   where 𝑇ℎ is the temperature of the hot wall and 𝑇𝑐  the temperature of the cold wall. This implies 

that the density gradient of the internal air is normal to the gravity and the buoyancy- driven natural 

convection starts immediately the heat is applied. Due to the buoyancy, a fluid motion is induced 

in the enclosure depending on the enclosure geometry (i.e. aspect ratio A=H/L), the working fluid 

(which in this study is air) and temperature difference ∆𝑇 = 𝑇ℎ − 𝑇𝑐. 
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Fig. 3.3 Geometry of the 3-d numerical model 

We use the PISO algorithm and the finite Volume Method to numerically investigate the velocity, 

temperature and pressure profile of air in this 2-d enclosure, any change in terms of accuracy and 

convergence time and any additional profile. 

3.7 Boussinesq Approximation  

The Boussinesq approximation is used if the mach number of the flow is small, no sound or shock 

wave propagation is considered, the vertical scale of flow is not too great, and temperature 

differences in the fluid are small (Boussinesq 1903). The following Boussinesq assumptions are 

made. Except for the density in the buoyancy, all physical properties of the fluid are constant. 

i. All physical properties of the fluid are constant except the density in the buoyancy 

𝑇ℎ 𝑇𝑐  

1 m 

1 m 

1 m 
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ii. The fluid is Newtonian (i.e. exhibits a linear relationship between the shear  stress and the 

velocity gradient) and that there is no internal heat source 

iii. The variation of density is small hence negligible, however even weak density variations 

are important in Buoyancy and so we shall retain variation in density due to buoyancy 

forces in the vertical equation of motion. We define buoyancy as; 

𝑏 = 𝑔
(𝜌 − 𝜌0)

𝜌0
 

Where (𝜌 − 𝜌0) is the density variation due to buoyancy force 𝜌0 the constant fluid density and 

𝑔 the gravitational force. 

i) The variation of density 𝜌 due to buoyancy forces is propotional to the temperature 

difference ∆𝑇.  

ii) The viscous dissipation effect may be neglected 

Since the density in the buoyancy term varies only with temperature and this variation is small, 

it follows that;  

𝜌 = 𝜌0 + (𝑇 − 𝑇0)(
𝜕𝜌

𝜕𝑇
)𝑇0                                                                                                (3.89) 

The coefficient of the expansion at constant pressure is defined as  

𝛽0 =
1

𝜌0
(
𝜕𝜌

𝜕𝑇
)𝑇0                                                                                                                     (3.90) 

Re-arranging Eq. (3.90) yields; 

𝜌0𝛽0 = (
𝜕𝜌

𝜕𝑇
)𝑇0                                                                                                                     (3.91) 
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Substitution of Eq. (3.91) into (3.89) 

𝜌 = 𝜌0 + 𝜌0𝛽0(𝑇 − 𝑇0)                                                                                                   (3.92) 

Further re-arrangement of Eq. (3.92) using equation (3.91) 

𝜌 = 𝜌0[1 + 𝛽0(𝑇 − 𝑇0)]                                                                                                  (3.93) 

3.8 Simplifying Governing Equations 

Using the Boussinesq approximation and making use of the figure (3.93) into the governing 

equations, the equation governing natural convention of air in the enclosure are presented in 

non-dimensional for an incompressible turbulent flow as follows: 

The continuity equation (3.83) becomes 

𝜕𝑈𝑗

𝜕𝑥𝑗
= 0                                                                                                                                (3.94) 

The momentum equation (3.84) becomes 

𝜕𝜌𝑈𝑗

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
𝜌𝑈𝑖𝑈𝑗 = −

𝜕𝑃

𝜕𝑥𝑗
+ 𝜌0[1 + 𝛽0(𝑇 − 𝑇0)]𝑔𝑖 +

𝜕

𝜕𝑥𝑗
[𝜇 (

𝜕𝑈𝑖

𝜕𝑥𝑗
+
𝜕𝑈𝑖

𝜕𝑥𝑖
) − 𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅]             (3.95) 

The energy equation (3.85) becomes; 

𝜕𝑇

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
𝑈𝑗𝑇 =

𝜕

𝜕𝑥𝑗
(

𝜆0

𝑐𝑃0𝜌0𝑈∗𝐿0

𝜕𝑇

𝜕𝑥𝑗
− 𝑢𝑗𝑇̅̅̅̅̅)                                                                           (3.96) 

The turbulent kinetic energy equation (3.86) simplifies to 

𝜕𝑇

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
𝑈𝑗𝑘 =

𝜇0

𝑃0𝑈∗𝐿0
𝑢𝑗

𝜕

𝜕𝑥𝑗
𝑣 (

𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
−

𝜕

𝜕𝑥𝑗
𝑢𝑗 (

𝑢𝑖𝑢𝑖

2
+
𝑃

𝜌
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
− 𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅

𝜕𝑈𝑗

𝜕𝑥𝑗
+
𝑔𝐿0

𝑈∗
2

𝜌𝑢𝑗̅̅ ̅̅ ̅𝑔𝑖

𝜌
         (3.97) 

Or 
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𝜕𝑘

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
𝑈𝑗𝑘 = 𝑢𝑗

𝜕

𝜕𝑥𝑗
𝑣 (

𝜕𝑢𝑖

𝜕𝑥𝑗
+
𝜕𝑢𝑗

𝜕𝑥𝑖
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
−

𝜕

𝜕𝑥𝑗
𝑢𝑗 (

𝑢𝑖𝑢𝑖

2
+
𝑃

𝜌
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
+ 𝑃𝑘 + 𝐺𝑘                                 (3.98) 

Where:  

𝑃𝑘 = 𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅
𝜕𝑈𝑗

𝜕𝑥𝑗
, and 𝐺𝑘 =

𝜌𝑢𝑗̅̅ ̅̅ ̅𝑔𝑖

𝜌
                                                                                            (3.99) 

Specific dissipation equation (3.87) becomes;  

𝜕

𝜕𝑡
(𝜌𝜔) +

𝜕

𝜕𝑥𝑖
(𝜌𝜔𝑢𝑖) =

𝜕

𝜕𝑥𝑗
[(𝜇 +

𝜇𝑡

𝜎𝜔
)
𝜕𝜔

𝜕𝑥𝑗
] + 𝐺𝜔 − 𝑌𝜔 + 𝐷𝜔                                        (3.100) 

Where 𝐺𝜔̃ represents the generation of turbulent kinetic energy that arises due to mean velocity 

gradient and 𝐺𝜔 is the generation of 𝜔 which are defined in the exact manor as the K - epsilon 

model. 𝑌𝑘 and 𝑌𝜔 represent the dimension of 𝜅 and 𝜔 due to turbulence. 𝛼𝐾 and αω are 

turbulent Prantl numbers for 𝑘 and ω respectively. Although the density variations are 

neglected everywhere in our case we note that where they cause buoyancy forces, like in the 

𝐺𝑘 term of equation (3.99) they are not neglected. These terms contribute to the generation of 

motion and thus cannot be neglected (Gatheri, 1994). 

𝜎𝜔,1 = 2.0, 𝜎𝜔,2 = 1.168 , 𝜎𝑘,1 = 1.176, 𝜎𝑘,2 = 1.0 , 𝑎1 = 0.31, 𝛽𝑖,2 = 0.0828, 

𝛽𝑖,10.075  (3.101) 

The transport equation for the SST 𝜅 − 𝜔 model can also be written in terms of effective 

diffusivity of 𝜅 and𝜔, as;  

𝜕

𝜕𝑡
(𝜌𝜅) +

𝜕

𝜕𝑥𝑖
(𝜌𝜅𝑢𝑖) =

𝜕

𝜕𝑥𝑗
[Γ𝜅

𝜕𝑘

𝜕𝑥𝑗
] + 𝐺𝜔̃ − 𝑌𝑘 + 𝑌𝑘                                                   (3.102) 

𝜕

𝜕𝑡
(𝜌𝜔) +

𝜕

𝜕𝑥𝑖
(𝜌𝜔𝑢𝑖) =

𝜕

𝜕𝑥𝑗
[Γ𝜔

𝜕𝜔

𝜕𝑥𝑗
] + 𝐺𝜔 − 𝑌𝜔 + 𝐷𝜔 + 𝑆𝜔                                     (3.103) 
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Where Γ𝜅 and Γ𝜔 represent the effective diffusivity of 𝜅  and 𝜔, respectively, which are given 

as;  

Γ𝜅 = 𝜇 +
𝜇𝑡

𝜎𝜔
 

Γ𝜔 = 𝜇 +
𝜇𝑡
𝜎𝜔

 

3.9.1 Dissipation of 𝜿 

The term 𝑌𝜅 represent the dissipation of turbulence kinetic energy, and is defined in a similar 

manner as in the standard 𝜅 − 𝜔 model. The difference is as follows: 

- In the standard 𝜅 − 𝜔 model, 𝑓𝛽∗ is defined as a piecewise function. For the SST 𝜅 − 

𝜔  Model, 𝑓𝛽∗ is a constant equal to 1. Thus; 

𝑌𝜅 = 𝜌𝛽
∗𝜅𝜔 

3.9.2 Dissipation of 𝝎 

The term 𝑌𝜔 represents the dissipation of 𝜔 and is defined in a similar way  as in the standard 

model 𝜅 − 𝜔 model. The difference is as follows; 

- In the standard 𝜅 − 𝜔 model, 𝛽𝑖 = 0.072 and 𝑓𝛽 is defined in the equation (3.105) as; 

 

𝑓𝛽 =
1+70𝑥𝜔

1+80𝑥𝜔
 

𝑥𝜔 = |
Ω𝑖𝑗Ω𝑖𝑗Ω𝑖𝑗

(𝛽∞
∗ )3

| 

Ω𝑖𝑗 =
1

2
(
𝜕𝑢𝑖

𝜕𝑥𝑗
−
𝜕𝑢𝑗

𝜕𝑥𝑖
)                                                                                                             

 

(3.104) 

 

(3.105) 
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For the SST 𝜅 − 𝜔 model, 𝑓𝛽 is a constant equal to 1. Thus, 𝑌𝜔 = 𝜌𝛽
∗𝜔2  becomes 

𝑌𝜔 = 𝜌𝛽𝑓𝛽∗𝜅𝜔
2                                                                                                                    (3.106) 

Instead of having a constant value, 𝛽𝑖 is given by; 

𝛽𝑖 = 𝐹1𝛽𝑖,1 + (1 − 𝐹1)𝛽𝑖,2                                                                                                    (3.107) 

3.10 Boundary conditions 

The following boundary conditions will apply for PISO algorithms. 

3.10.1 Temperature Boundary conditions  

The choice of the non-dimensional Θ temperature will be such that0 ≤ Θ ≤ 1; where Θ =

(𝑇 − 𝑇∗) ∆𝑇∗⁄  so Θ is set at 1 on the hot wall and Θ is zero at the cold wall. ∆𝑇∗ is the characteristics 

temperature difference between the hot and  cold surfaces, i.e ∆𝑇∗ = 𝑇ℎ − 𝑇𝑐 in which 𝑇ℎ is the 

temperature of the hot wall  and  𝑇𝑐  is the temperature of the cold wall. 

3.10.2 Thermal Boundary conditions  

The problem at hand involves heating the left part of one wall and cooling on the right part of the 

same wall, the two thermal conditions that were used are 

- Isothermal – for the vertical walls, represented by the equation Θ = Constant. On the 

hot wall  and the cold wall , the Dirchlet boundary condition apply in which Θℎ𝑜𝑡 = 1 

and Θ𝑐𝑜𝑙𝑑 = 0. 

- Adiabatic –The temperature of the remaining upper and lower walls were kept constant 

-  

3.10.3 Velocity Boundary conditions 

 

No slip boundary condition is used. This implies at the solid boundary, the viscous fluid will have 

zero velocity relative to the wall this is because, the particles of air close to the surface will not 
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move along with the flow, given that the adhesive force is greater than the cohesive force 

consequently, the outermost molecule of the fluid are stuck to the surface upon which it flows. 

Hence 𝑢 = 𝑣 = 𝑤 = 0 at the surface 

Free slip boundary condition is used. In this square enclosure, each boundary is assumed 

impermeable. This implies the component of velocity normal to the surface/boundary is zero 

justifiably mass cannot penetrate an impermeable solid surface.  

3.10.4 Pressure Boundary conditions for the Pressure-Correction Equation 

Let the guessed pressure field 𝑝∗ = 760𝑚𝑚𝐻𝑔. Then the value of 𝑝′at the boundary will be zero. 

It is useful to start from 𝑝′ = 0 as the guess for all points, so that the solution for 𝑝′ does not 

acquire a large absolute value. 
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CHAPTER FOUR 

THE NUMERICAL METHOD 

4.1 Introduction 

After the conservation laws governing heat transfer, fluid flow and other related processes are 

expressed in differential form and modeled inform of temperature and velocity, they can be solved 

using numerical methods, rather than analytical methods, determine pressure, temperature and 

mass flux for various boundary conditions. 

A discretized equation is an algebraic relationship that connects the values of the dependent 

variable to a group of grid points within a control volume. Due to computational limitations, the 

number of locations is finite.  

Our method for deriving the discretization is control volume formulation. To ensure that the 

discretization equation results are not dependent on the profile assumptions, the solution is checked 

for mesh independence. In the iterative process for solving a discretization equation, it is desirable 

to use over-relaxation and under-relaxation factors in order to speed up and slow down the changes, 

from iteration to iteration, in the values of the dependent variable. This is to avoid divergence 

rather improve convergence ability. 

4.2 Discretization of the Solution Domain 

The procedure of dividing the computing domain into a finite number of contagious control 

volumes, and the statements that result expressing the exact conservation of associated properties 

for each control volume, is known as space discretization. Variable values are calculated at the 

centroid of each control volume, variable values at the control volume surface are expressed in 

terms of center values using interpolation, and surface and volume integrals are approximated 

using suitable quadrature formulae.. 
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Fig. 4.1 Control-volume element. 

 

4.3 Discretization of the Continuity Equation by FVM 

Consider the continuity equation (3.94) integrating the equation and applying Gauss’ divergence 

theorem to the volume integral, we get: 

1

∆𝑉
∫ 𝑉̅. 𝑈𝑑𝑉
𝑣

=
1

∆𝑉
∫ 𝑈𝑑𝐴
𝐴

           (4.1) 

Assuming that the velocity variable on the face is represented by its centroid value, we may write: 

1

∆𝑉
∫ 𝑈𝑑𝐴
𝐴

=
1

∆𝑉
∑ 𝑈𝑖𝐴𝑖𝑖        (4.2) 
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For a derivative of first order of U in two dimensions, the term along the x direction represented 

in equation (3.94), can be written as; 

(
𝜕𝑢

𝜕𝑥
) =

1

∆𝑉
∫

𝜕𝑢

𝜕𝑥
𝑑𝑉 =

1

∆𝑉
∫ 𝑢𝑑𝐴𝑥
𝐴

≈
1

∆𝑉
∑ 𝑢𝑖𝐴𝑖

𝑥𝑁
𝑖=1𝑉

       (4.3)  

 

Where N is the number of bounding surfaces on the elemental volume and 𝑢𝑖 is the velocity 

variable. In the same way, a first-order derivative of U in the y direction can be calculated and 

written as; 

(
𝜕𝑣

𝜕𝑦
) =

1

∆𝑉
∫

𝜕𝑣

𝜕𝑦
𝑑𝑉 =

1

∆𝑉
∫ 𝑢𝑑𝐴𝑦
𝐴

≈
1

∆𝑉
∑ 𝑣𝑖𝐴𝑖

𝑦𝑁
𝑖=1∆𝑉

       (4.4) 

 

It follows from equation (4.2) the derivative of first order of U in the z direction can be written as; 

(
𝜕𝑤

𝜕𝑦
) =

1

∆𝑉
∫

𝜕𝑤

𝜕𝑦
𝑑𝑉 =

1

∆𝑉
∫ 𝑊𝑑𝐴𝑧
𝐴

≈
1

∆𝑉
∑ 𝑊𝑖𝐴𝑖

𝑧𝑁
𝑖=1∆𝑉

       (4.5) 

For our considered mesh (orthogonal) in figure 4.2, using equations (4.2), (4.3) and (4.4), we get:  

(𝑢𝑒 − 𝑢𝑤)∆𝑦 + (𝑣𝑛 − 𝑣𝑠)∆𝑥 = 0        (4.6) 

In 3-D, equation (4.6) becomes; 

[(𝜌𝑢)𝑒 − (𝜌𝑢)𝑤]∆𝑦∆𝑧 + [(𝜌𝑣)𝑛 − (𝜌𝑣)𝑠]∆𝑧∆𝑥 + [(𝜌𝑤)𝑡 − (𝜌𝑤)𝑏]∆𝑥∆𝑦 = 0    (4.7) 

4.5 Discretization of the Momentum Equation by FVM 

 

Consider the 2-D rectangular domain shown in figure 4.2. Assume that; 

i. The velocity vector U and the pressure P are stored at the cell centroids. 

ii. A steady state. 



45 
 

The momentum equation in equation (3.95) in x and y may be written as; 

∇. (𝜌𝑉𝑢) = ∇. (𝜇∇𝑢) − ∇𝑃. 𝑖 + 𝑆𝑢        (4.8) 

∇. (𝜌𝑉𝑣) = ∇. (𝜇∇𝑢) − ∇𝑃. 𝑖 + 𝑆𝑣        (4.9) 

Each of the momentum equations contains a pressure gradient term, a source term (𝑆𝑢 𝑎𝑛𝑑 𝑆𝑣) 

which contains the force term as well as the stress tensor term's remnants 

Let's look at the x-direction pressure gradient definition. We combine the governing equations 

(4.8) over the cell volume to derive discrete equations. To integrate the pressure gradient over the 

control volume, we apply the gradient theorem, which yields; 

 ∫ ∇𝑃𝑑𝜗
𝐴

= ∫ 𝑃𝑑𝐴
𝐴

= (𝑃𝑒 − 𝑃𝑝)𝐴𝑒        (4.10) 

Assume that pressure at the face centroid represents the mean value on the face, 𝑃𝑃 − 𝑃𝐸  represents 

the pressure difference, and 𝐴𝑒 represents the pressure difference's acting region. For the diffusion 

terms expressed in the momentum equation (4.8), a second order derivative along the x direction 

can be calculated as follows: Consider the generic variable's ∅steady-state diffusion in a one-

dimensional domain. The equation that governs such a process is given by; 

𝜕

𝜕𝑥
(Γ

𝜕∅

𝜕𝑥
) + 𝑆∅ = 0          (4.11) 

Where 𝑆∅ is the source sentence and Γ is the diffusion coefficient. Equation (4.11) can be 

approximated by using equation to apply finite-volume discretization to the gradient term (4.3). 

This gives;  

𝜕

𝜕𝑥
(Γ
𝜕𝑢

𝜕𝑥
) + 𝑆𝑢 
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 = 
1

∆𝑉
∫ [

𝜕

𝜕𝑥
(Γ

𝜕𝑢

𝜕𝑥
) + 𝑆𝑢] 𝑑𝑉𝑉

 

 = 
1

∆𝑉
∫ (Γ

𝜕𝑢

𝜕𝑥
) 𝑑𝐴𝑥 +

1

∆𝑉
∫ 𝑆𝑢𝑑𝑉∆𝑉𝐴

≈
1

∆𝑉
∑ (Γ

𝜕𝑢

𝜕𝑥
)
𝑖
𝐴𝑖
𝑧2

𝑖=1 +
1

∆𝑉
∫ 𝑆𝑢𝑑𝑉∆𝑉

  (4.12) 

Where, A𝐴1
𝑥 = −𝐴𝑊 and 𝐴2

𝑥 = −𝐴𝐸 ,  are used to represent the projected regions 𝐴𝑖
𝑥 in the one-

dimensional case, and the source term 𝑆𝑢 is believed to be constant within ∆𝑉,, which is the finite-

control volume. The discretized equation's final form is as follows: 

1

∆𝑉
(Γ

𝜕𝑢

𝜕𝑥
)
𝑒
𝐴𝐸 −

1

∆𝑉
(Γ

𝜕𝑢

𝜕𝑥
)
𝑤
𝐴𝑤 + 𝑆𝑢 = 0       (4.13) 

 Expressing equation (4.13) in algebraic form becomes; 

Γ𝑒𝐴𝐸

∆𝑉
(
𝑢𝑒−𝑢𝑝

𝛿𝑥𝐸
) −

Γ𝑤𝐴𝑊

∆𝑉
(
𝑢𝑝−𝑢𝑤

𝛿𝑥𝑊
) + 𝑆𝑢 = 0        (4.14) 

Equation (4.14) is the discretized equation and possesses a clear physical interpretation. It can be 

rearranged as; 

1

∆𝑉
(
Γ𝑒𝐴𝐸

𝛿𝑥𝐸
+
Γ𝑤𝐴𝑤

𝛿𝑥𝑤
) 𝑢𝑝 =

1

∆𝑉
(
Γ𝑒𝐴𝐸

𝛿𝑥𝐸
) 𝑢𝐸 +

1

∆𝑉
(
Γ𝑤𝐴𝑤

𝛿𝑥𝑤
) 𝑢𝑤 + 𝑆𝑢     (4.15) 

As above, by identifying the coefficients of 𝑢𝐸 and 𝑢𝑤 in equation (4.15) as 𝑎𝐸 and 𝑎𝑊 and the 

coefficient of 𝑢𝑝 as 𝑎𝑝, the algebraic form can be written as; 

𝑎𝑝𝑢𝑝 = 𝑎𝐸𝑢𝐸 + 𝑎𝑤𝑢𝑤 + 𝑏         (4.16) 

Where; 

𝑎𝐸 =
Γ𝑒𝐴𝐸

∆𝑉𝛿𝑥𝐸
   𝑎𝑤 =

Γ𝑤𝐴𝑤

∆𝑉𝛿𝑥𝑤
  𝑎𝑝 = 𝑎𝐸 + 𝑎𝑤  and  𝑏 = 𝑆𝑢 
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The discretized form for equation (4.16) is represented by the finite-volume approach (4.11). 

Because ∆𝑦 and ∆𝑧 have unit length dimensions, the face regions 𝐴𝐸 and 𝐴𝑤 are unity for the one-

dimensional problem considered here; the finite-control volume ∆𝑉 is therefore the width ∆𝑥. 

 

 

                                                                                                      

      

 

 

 

Fig 4.2 The Staggered Grid     
𝝏𝒑

𝝏𝒙
=
𝑷𝑬−𝑷𝑷

(𝝏𝒙)𝒆

𝝏𝒑

𝝏𝒙
=
𝑷𝑵−𝑷𝑷

(𝝏𝒚)𝒏
 

 

Let 𝑎𝐸𝑢𝐸 + 𝑎𝑤𝑢𝑤 = 𝑎𝑛𝑏𝑢𝑛𝑏, using equations (4.8), (4.10) and (4.16), and a displaced or staggered 

grid for the velocity components as in figure 4.3, as used by Harlow and Welch (1965) in their 

MAC method, the resulting discretized momentum equation, in x-direction, can be written 

𝑎𝑒𝑢𝑒 = ∑𝑎𝑛𝑏𝑢𝑛𝑏 + 𝑏 + (𝑃𝑃 − 𝑃𝐸) 𝐴𝑒       (4.17) 

u 

Main Control Volume U - Control Volume V - Control Volume 



48 
 

The number of neighbor terms will be determined by the problem's dimensionality. Six neighbor 

𝑢′𝑠 would be included in this three-dimensional case, where 𝑎𝑒  is the primary grid point 

coefficient and 𝑎𝑛𝑏 are the neighbor coefficients that account for the combined convection-

diffusion at the control-volume faces. The principal grid point is denoted by the letter P. Its faces 

are located between the point e and the sites of the neighboring 𝑢′𝑠. The faces regular to that 

direction pass through the major grid points P and E, so the staggering is only in the x direction. 

Advantage – the difference 𝑃𝑃 − 𝑃𝐸 can be used to calculate the pressure force acting on the control 

volume for the velocity u; 𝑏 = 𝑆𝑐∆𝑥∆𝑦 + 𝑎𝑃
𝑜∅𝑃

𝑜  in which 𝑆𝑐 is the source term quantity; 𝑎𝑃
𝑜 =

𝜌𝑃
𝑜∆𝑥∆𝑦∆𝑧

∆𝑡
, ∅𝑃

𝑜  is known value of the unsteady term at the time t i.e., at the beginning of the time 

step. The pressure term gives rise to the last term in equation (4.13). Since the pressure field will 

also be ultimately calculated, it is convenient to bury the pressures in the source term. The term 

(𝑃𝑃 − 𝑃𝐸)𝐴𝑒 is the pressure force acting on the u control volume, 𝐴𝑒 being the area which the 

pressure difference acts. For three-dimensional case, 𝐴𝑒 will stand for ∆𝑦∆𝑧. 

In a similar way, the momentum equations for the other directions are dealt. The y-direction 

momentum equation, for example, is staggered in the y-direction. Hence the discretization 

equation for 𝑣𝑛 is given as; 

𝑎𝑛𝑣𝑛 = ∑𝑎𝑛𝑏𝑣𝑛𝑏 + 𝑏 + (𝑃𝑃 − 𝑃𝑁) 𝐴𝑛       (4.18) 

Where (𝑃𝑃 − 𝑃𝑁)𝐴𝑛 is the pressure force acting on the v control volume, where 𝐴𝑛 is the area 

which the pressure difference acts. (For 3-D case, 𝐴𝑛 stands for ∆𝑥∆𝑧.) Similarly, the z-direction 

momentum equation is staggered in the z – direction and given as; 

𝑎𝑛𝑤𝑡 = ∑𝑎𝑛𝑏𝑤𝑛𝑏 + 𝑏 + (𝑃𝑃 − 𝑃𝑡) 𝐴𝑡       (4.19) 
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Where (𝑃𝑃 − 𝑃𝑁)𝐴𝑛 is the appropriate pressure force. Where the location t, lies on the z – direction 

grid line between grid points P and T, Pantakar et al (1980), where; (𝑃𝑃 − 𝑃𝑡)𝐴𝑡 is the pressure 

force acting on the w control volume, where 𝐴𝑛 is the area which the pressure difference acts. (For 

3 – D case, 𝐴𝑡 stands for ∆𝑥∆𝑦). Only when the pressure field is known or estimated can the 

momentum equations be solved. 

Using the  pressure field 𝑢∗, 𝑣∗and 𝑤∗ , the resulting velocity field satisfies  the continuity 

equation. Based on the guessed pressure field p*, The starred velocity field will result from the 

solution of the following discretization equations; 

𝑎𝑒𝑢𝑒
∗ = ∑𝑎𝑛𝑏𝑢𝑛𝑏

∗ + 𝑏 + (𝑝𝑃
∗ − 𝑝𝐸

∗ ) 𝐴𝑒       (4.20) 

𝑎𝑛𝑣𝑛
∗ = ∑𝑎𝑛𝑏𝑣𝑛𝑏

∗ + 𝑏 + (𝑝𝑃
∗ − 𝑝𝑁

∗ ) 𝐴𝑛       (4.21) 

𝑎𝑡𝑤𝑡
∗ = ∑𝑎𝑛𝑏𝑤𝑛𝑏

∗ + 𝑏 + (𝑝𝑃
∗ − 𝑝𝑇

∗ ) 𝐴𝑡       (4.22) 

Where the location t lies on the z – direction grid line between grid points P and T. 

4.6 The Pressure and Velocity Corrections  

Our aim is to find a way of improving the guessed pressure 𝑝∗ such that the resulting starred 

velocity field will progressively get closer to satisfying the continuity equation. Let the correct 

pressure 𝑝 be obtained from; 

𝑝 = 𝑝∗ + 𝑝′                                                                                                                    (4.23) 

Where 𝑝′ is the pressure correction. Next, we need to know how the velocity components respond 

to this change in pressure. The corresponding velocity corrections 𝑢∗, 𝑣∗, 𝑤∗ can be introduced in 

a similar manner; 

𝑢 = 𝑢∗ + 𝑢′ ,         𝑣 = 𝑣∗ + 𝑣′  ,            𝑤 = 𝑤∗ + 𝑤′                                                      (4.24) 
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When we subtract equations (4.20) from (4.17) we have;  

𝑎𝑒𝑢𝑒 − 𝑎𝑒𝑢𝑒
∗ = {∑𝑎𝑛𝑏𝑢𝑛𝑏 + 𝑏 + (𝑃𝑃 − 𝑃𝐸)𝐴𝑒} − {∑𝑎𝑛𝑏𝑢𝑛𝑏

∗ + 𝑏 + (𝑝𝑝
∗ − 𝑝𝐸

∗)𝐴𝑒}         (4.25) 

Which results to;  

𝑎𝑒𝑢𝑒
′ = ∑𝑎𝑛𝑏𝑢𝑛𝑏

′ + 𝑏 + (𝑝𝑝
′ − 𝑝𝐸

′ )𝐴𝑒                                                                               (4.26) 

 

The PISO scheme we shall use approximates equation (4.26) by dropping of the term ∑𝑎𝑛𝑏𝑢𝑛𝑏
′  

from the equation for the following reasons; 

i. PISO algorithm is an improvement on SAMPLE, which uses semi-implicit approach by 

dropping any term that would have an indirect influence of pressure correction on velocities 

ii. On convergence, all the corrections tend to zero and there is no error induced on dropping 

∑𝑎𝑛𝑏𝑢𝑛𝑏
′  for obtaining the pressure equation. 

iii. For computational convenience. 

iv. Because PISO is an iterative method, there is no need for the formula used to forecast to 

be physically accurate. 

v. To expedite the convergence of the velocity field to a solution that satisfies the continuity 

of equation, we are allowed to construct a formula for 𝑝′ that is simply a numerical artifice. 

The omission on equation (4.26) results to;  

𝑎𝑒𝑢𝑒
′ = (𝑝𝑝

′ − 𝑝𝐸
′ )𝐴𝑒                                                                                                              (4.27) 

Dividing equation (4.27) through by 𝑎𝑒 yields  

𝑢𝑒
′ = 𝑑𝑒(𝑝𝑝

′ − 𝑝𝐸
′ )                                                                                                                 (4.28) 
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In which case 

𝑑𝑒 ≡
𝐴𝑒

𝑎𝑒
                                                                                                                                  (4.29) 

Equation (4.28) will be called the velocity-correction formula. Using equation (4.24) we have; 

𝑢𝑒 = 𝑢𝑒
∗ + 𝑢𝑒

′                                                                                                                    (4.30) 

Replacing 𝑢𝑒
′  in equation (4.30), from equation (4.28) results to; 

𝑢𝑒 = 𝑢𝑒
∗ + 𝑑𝑒(𝑝𝑝

′ − 𝑝𝐸
′ )                                                                                                    (4.31) 

This shows how the starred velocity 𝑢𝑒
∗  is to be corrected in response to the corrections to 

provide 𝑢𝑒. The correction formulae for the velocity components in other directions can be written 

similarly: 

𝑣𝑒 = 𝑣𝑛
∗ + 𝑑𝑛(𝑝𝑝

′ − 𝑝𝑁
′ )                                                                                                     (4.32) 

𝑤𝑡 = 𝑤𝑡
∗ + 𝑑𝑡(𝑝𝑝

′ − 𝑝𝑇
′ )                                                                                                     (4.33) 

4.7 The Pressure Corrections Equation 

We'll now convert the continuity equation into a pressure correction equation. For the purposes of 

this three-dimensional derivation, we will assume that density does not directly depend on 

pressure. 

The continuity equation (3.1) can be written as; 

𝜕𝜌

𝜕𝑡
+
𝜕(𝜌𝑢)

𝜕𝑥
+
𝜕(𝜌𝑣)

𝜕𝑦
+
𝜕(𝜌𝑤)

𝜕𝑧
= 0                                                                                       (4.34) 
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We shall integrate equation (4.34) over the shaded control volume in figure 4.2 with the following 

assumptions; 

i. For the integration of the term 
𝜕𝜌

𝜕𝑡
 we shall assume that the density 𝜌𝑃 prevails over the 

control volume. 

ii. Velocity components such as 𝑢𝑒 located on a control volume surface will be supposed to 

govern the mass flow rate for the whole face. 

With these assumptions, the integrated form of equation (4.34) becomes; 

(𝜌𝑃−𝜌𝑃
0)∆𝑥∆𝑦∆𝑧

∆𝑡
+ [(𝜌𝑢)𝑒 − (𝜌𝑢)𝑤]∆𝑦∆𝑧 + [(𝜌𝑣)𝑛 − (𝜌𝑣)𝑠]∆𝑧∆𝑥 + [(𝜌𝑤)𝑡 − (𝜌𝑤)𝑏]∆𝑥∆𝑦 = 0  

(4.35) 

Substituting for all the velocity components the expression given by the velocity-correction 

formulas, such as in equations (4.30)-(4.32) yields; 

(𝜌𝑃−𝜌𝑃
0)∆𝑥∆𝑦∆𝑧

∆𝑡
+ [𝜌𝑒{𝑢𝑒

∗ + 𝑑𝑒(𝑝𝑝
′ − 𝑝𝐸

′ )} − 𝜌𝑤{𝑢𝑤
∗ + 𝑑𝑤(𝑝𝑤

′ − 𝑝𝑃
′ )}]∆𝑦∆𝑧 + [𝜌𝑛{𝑣𝑛

∗ +

𝑑𝑛(𝑝𝑝
′ − 𝑝𝑁

′ )} − 𝜌𝑛{𝑣𝑠
∗ + 𝑑𝑠(𝑝𝑠

′ − 𝑝𝑃
′ )}]∆𝑧∆𝑥 + [𝜌𝑡{𝑤𝑡

∗ + 𝑑𝑡(𝑝𝑝
′ − 𝑝𝑇

′ )} − 𝜌𝑏{𝑤𝑏
∗ +

𝑑𝑏(𝑝𝐵
′ − 𝑝𝑃

′ )}]∆𝑥∆𝑦 = 0                                                                                              (4.36) 

Re-arranging equation (4.36) results to; 

(𝜌𝑃−𝜌𝑃
0)∆𝑥∆𝑦∆𝑧

∆𝑡
+ [(𝜌𝑢∗)𝑒 − (𝜌𝑢

∗)𝑤]∆𝑦∆𝑧 + [(𝜌𝑢
∗)𝑛 − (𝜌𝑢

∗)𝑠]∆𝑧∆𝑥 + [(𝜌𝑢
∗)𝑡 − (𝜌𝑢

∗)𝑏] −

𝜌𝑒𝑑𝑒𝑝𝐸
′ ∆𝑦∆𝑧 − 𝜌𝑤𝑑𝑤𝑝𝐸

′ ∆𝑦∆𝑧 − 𝜌𝑛𝑑𝑛𝑝𝑁
′ ∆𝑧∆𝑥 − 𝜌𝑠𝑑𝑠𝑝𝑆

′∆𝑧∆𝑥 − 𝜌𝑡𝑑𝑡𝑝𝑇
′ ∆𝑥∆𝑦 −

𝜌𝑏𝑑𝑏𝑝𝐵
′ ∆𝑦∆𝑧 = −(𝜌𝑒𝑑𝑒∆𝑦∆𝑧 + 𝜌𝑤𝑑𝑤∆𝑦∆𝑧 + 𝜌𝑛𝑑𝑛𝑝𝑁

′ ∆𝑧∆𝑥 + 𝜌𝑠𝑑𝑠𝑝𝑆
′∆𝑧∆𝑥 + 𝜌𝑡𝑑𝑡𝑝𝑇

′ ∆𝑥∆𝑦 +

𝜌𝑏𝑑𝑏𝑝𝐵
′ ∆𝑦∆𝑧)                                                                                                             (4.37) 
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Multiplying equation (4.37) by  negative one yields;  

(𝜌𝑃−𝜌𝑃
0)∆𝑥∆𝑦∆𝑧

∆𝑡
+ [(𝜌𝑢∗)𝑤 − (𝜌𝑢

∗)𝑒]∆𝑦∆𝑧 + [(𝜌𝑢
∗)𝑠 − (𝜌𝑢

∗)𝑛]∆𝑧∆𝑥 + [(𝜌𝑢
∗)𝑏 − (𝜌𝑢

∗)𝑡] +

𝜌𝑒𝑑𝑒𝑝𝐸
′ ∆𝑦∆𝑧 + 𝜌𝑤𝑑𝑤𝑝𝐸

′ ∆𝑦∆𝑧 + 𝜌𝑛𝑑𝑛𝑝𝑁
′ ∆𝑧∆𝑥 + 𝜌𝑠𝑑𝑠𝑝𝑆

′∆𝑧∆𝑥 + 𝜌𝑡𝑑𝑡𝑝𝑇
′ ∆𝑥∆𝑦 +

𝜌𝑒𝑑𝑒𝑝𝐸
′ ∆𝑦∆𝑧 = −(𝜌𝑒𝑑𝑒∆𝑦∆𝑧 + 𝜌𝑤𝑑𝑤∆𝑦∆𝑧 + 𝜌𝑛𝑑𝑛∆𝑧∆𝑥 + 𝜌𝑠𝑑𝑠∆𝑧∆𝑥 + 𝜌𝑡𝑑𝑡∆𝑥∆𝑦 +

𝜌𝑏𝑑𝑏∆𝑥∆𝑦)𝑝𝑝
′                                                                                                              (4.38) 

Re-arranging equation (4.38), we obtain the following discretization; equation for 𝑝′; 

𝑎𝑃𝑝𝑃
′ = 𝑎𝐸𝑝𝐸

′ + 𝑎𝑊𝑝𝑊
′ + 𝑎𝑁𝑝𝑁

′ + 𝑎𝑆𝑝𝑆
′ + 𝑎𝑇𝑝𝑇

′ + 𝑎𝐵𝑝𝐵
′ + 𝑏                                                (4.39) 
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Where; 

𝑎𝐸 = 𝜌𝑒𝑑𝑒∆𝑦∆𝑧 

𝑎𝑊 = 𝜌𝑤𝑑𝑤∆𝑦∆𝑧 

𝑎𝑁 = 𝜌𝑛𝑑𝑛∆𝑧∆𝑥 

𝑎𝑆 = 𝜌𝑠𝑑𝑠∆𝑧∆𝑥 

𝑎𝑇 = 𝜌𝑡𝑑𝑡∆𝑥∆𝑦 

𝑎𝐵 = 𝜌𝑏𝑑𝑏∆𝑥∆𝑦 

 

𝑏 =
(𝜌𝑃 − 𝜌𝑃

0)∆𝑥∆𝑦∆𝑧

∆𝑡
+ [(𝜌𝑢∗)𝑤 − (𝜌𝑢

∗)𝑒]∆𝑦∆𝑧 + [(𝜌𝑣
∗)𝑠 − (𝜌𝑢

∗)𝑛]∆𝑧∆𝑥

+ [(𝜌𝑤∗)𝑏 − (𝜌𝑤
∗)𝑡]∆𝑥∆𝑦 

Since the values of the density 𝜌 will normally be available only at main grid points, the interface 

densities such as 𝜌𝑒 may be calculated by any convenient interpolation.  It can be seen from 

equation (4.40) that the left-hand side of the discretized continuity (4.35) evaluated in terms of 

getting the starred velocities is simply (the negative of) the term b in the pressure-correction 

equation As a result, we've written down all of the equations used to calculate the velocity 

components and pressure. In section 4, the PISO algorithm is used to solve equations (4.17), (4.18), 

and (4.19) discussed in  (4.90). 

  

(4.40) 
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4.8 The PISO Solution Algorithm  

4.8.1 Predictor Step 

The momentum equations can be solved only when the pressure field is given or is somehow 

estimated to initiate the PISO calculation process. The pressure field is estimated as 𝑝∗ and the 

discretized momentum equations (4.17), (4.18) and (4.19) solved to yield an approximate velocity 

field component denoted by 𝑢∗, 𝑣∗ and 𝑤∗ as follows; 

The initial guess for the pressure may be correct or not. 

4.8.2 Corrector Step 1 

Velocity component obtained from predictor step may not satisfy the continuity equation, so we 

define correction factor 𝑝′, 𝑤′, 𝑣′ and 𝑢′ for the pressure field and velocity field. Subtract the 

guessed pressure field 𝑝∗ from the correct pressure field 𝑝∗∗ to get the pressure correction factor 

𝑝′ as an equation (4.44); 

𝑝𝑖,𝑗,𝑘
′ = 𝑝𝑖,𝑗,𝑘

∗∗ − 𝑝𝑖,𝑗,𝑘
∗                                                                                                             (4.44) 

Using equation (4.28), (4.43) and applying the pressure correction factor to solve the momentum 

equation (4.17), the correction velocity components 𝑢∗∗ , 𝑣∗∗  and 𝑤∗∗  are found as follows  

𝑢𝑖,𝑗,𝑘
∗∗ = 𝑢𝑖,𝑗,𝑘

∗ + 𝑑𝑖,𝑗,𝑘(𝑝𝑖−1,𝑗,𝑘
′ − 𝑝𝑖,𝑗,𝑘

′ )                                                                             (4.45) 
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𝑣𝑖,𝑗,𝑘
∗∗ = 𝑣𝑖,𝑗,𝑘

∗ + 𝑑𝑖,𝑗,𝑘(𝑝𝑖,𝑗−1,𝑘
′ − 𝑝𝑖,𝑗,𝑘

′ )                                                                              (4.46) 

𝑤𝑖,𝑗,𝑘
∗∗ = 𝑤𝑖,𝑗,𝑘

∗ + 𝑑𝑖,𝑗,𝑘(𝑝𝑖,𝑗,𝑘−1
′ − 𝑝𝑖,𝑗,𝑘

′ )                                                                             (4.47) 

Where 𝑝𝑖,𝑗,𝑘
∗∗ ∗∗

, 𝑢𝑖,𝑗,𝑘
∗∗ ∗∗

, 𝑣𝑖,𝑗,𝑘
∗∗ ∗∗

, 𝑤𝑖,𝑗,𝑘
∗∗ ∗∗

: Correct pressure field and velocity components in the 

𝑥, 𝑦 and 𝑧 directions respectively. The first discretized pressure equation is deduced from the 

momentum equations and the continuity equation and can be expressed as, Pantaker (1980); 

𝑎𝑃𝑝𝑃 = ∑𝑎𝑛𝑏𝑝𝑛𝑏 + 𝑏𝑃                                                                                                      (4.48) 

In this particular case the, basing on equation (4.48), the first correction equation into which mass 

fluxes as found at equations (4.45),(4.46), (4.47) are to be substituted to give the pressure 

correction factor, will be;  

𝑎𝑖,𝑗,𝑘𝑝𝑖,𝑗,𝑘
′ = 𝑎𝑖+1,𝑗,𝑘𝑝𝑖+1,𝑗,𝑘

′ + 𝑎𝑖−1,𝑗,𝑘𝑝𝑖−1,𝑗,𝑘
′ + 𝑎𝑖,𝑗+1,𝑘𝑝𝑖,𝑗−1,𝑘

′ + 𝑎𝑖,𝑗−1,𝑘𝑝𝑖,𝑗−1,𝑘
′ +

𝑎𝑖,𝑗,𝑘+1𝑝𝑖,𝑗,𝑘+1
′ + 𝑎𝑖,𝑗,𝑘−1𝑝𝑖,𝑗,𝑘−1

′ + 𝑏𝑖,𝑗,𝑘
′                                                                                                        

(4.49) 

With coefficient as given in equation (4.70) 

4.8.3 Corrector Step 2 

Using operator splitting technique, the second velocity correction field can be found as follows; 
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Note that the velocity in term on the right hand side and in the term on the left hand side are 

evaluated at different iteration levels, hence the algorithm is called “operator splitting PISO 

algorithm”. Subtracting equations (4.50), (4.51) and (4.52) from equation (4.53), (4.54) and 

(4.55) respectively yields; 

 𝑎𝑖,𝑗,𝑘𝑢𝑖,𝑗,𝑘
∗∗∗ − 𝑎𝑖,𝑗,𝑘𝑢𝑖,𝑗,𝑘

∗∗ = ∑(𝑎𝑛𝑏𝑢𝑛𝑏
∗∗ − 𝑎𝑛𝑏𝑢𝑛𝑏

∗ ) + (𝑝𝑖−1,𝑗,𝑘
∗∗∗ − 𝑝𝑖,𝑗,𝑘

∗∗∗ )𝐴𝑖,𝑗,𝑘 − (𝑝𝑖−1,𝑗,𝑘
∗∗ −

𝑝𝑖,𝑗,𝑘
∗∗ )𝐴𝑖,𝑗,𝑘 + 𝑏𝑖,𝑗,𝑘 − 𝑏𝑖,𝑗,𝑘                                                                                                   (4.56) 

𝑎𝑖,𝑗,𝑘𝑣𝑖,𝑗,𝑘
∗∗∗ − 𝑎𝑖,𝑗,𝑘𝑣𝑖,𝑗,𝑘

∗∗ = ∑(𝑎𝑛𝑏𝑣𝑛𝑏
∗∗ − 𝑎𝑛𝑏𝑣𝑛𝑏

∗ ) + (𝑝𝑖,𝑗−1,𝑘
∗∗∗ − 𝑝𝑖,𝑗,𝑘

∗∗∗ )𝐴𝑖,𝑗,𝑘 − (𝑝𝑖−1,𝑗,𝑘
∗∗ −

𝑝𝑖,𝑗,𝑘
∗∗ )𝐴𝑖,𝑗,𝑘 + 𝑏𝑖,𝑗,𝑘 − 𝑏𝑖,𝑗,𝑘                                                                                                   (4.57) 

𝑎𝑖,𝑗,𝑘𝑤𝑖,𝑗,𝑘
∗∗∗ − 𝑎𝑖,𝑗,𝑘𝑤𝑖,𝑗,𝑘

∗∗ = ∑(𝑎𝑛𝑏𝑤𝑛𝑏
∗∗ − 𝑎𝑛𝑏𝑤𝑛𝑏

∗ ) + (𝑝𝑖,𝑗,𝑘−1
∗∗∗ − 𝑝𝑖,𝑗,𝑘

∗∗∗ )𝐴𝑖,𝑗,𝑘 − (𝑝𝑖,𝑗,𝑘−1
∗∗ −

𝑝𝑖,𝑗,𝑘
∗∗ )𝐴𝑖,𝑗,𝑘 + 𝑏𝑖,𝑗,𝑘 − 𝑏𝑖,𝑗,𝑘                                                                                                   (4.58) 

 Equation (4.56), (4.57) and (4.58) simplifies to;  

𝑎𝑖,𝑗,𝑘𝑢𝑖,𝑗,𝑘
∗∗∗ = 𝑎𝑖,𝑗,𝑘𝑢𝑖,𝑗,𝑘

∗∗ + ∑𝑎𝑛𝑏 (𝑢𝑛𝑏
∗∗ − 𝑢𝑛𝑏

∗ ) + (𝑝𝑖−1,𝑗,𝑘
∗∗∗ − 𝑝𝑖,𝑗,𝑘

∗∗∗ )𝐴𝑖,𝑗,𝑘 − (𝑝𝑖−1,𝑗,𝑘
∗∗ −

𝑝𝑖,𝑗,𝑘
∗∗ )𝐴𝑖,𝑗,𝑘 + (𝑝𝑖−1,𝑗,𝑘

∗∗ − 𝑝𝑖,𝑗,𝑘
∗∗ )𝐴𝑖,𝑗,𝑘 + 𝑏𝑖,𝑗,𝑘 − 𝑏𝑖,𝑗,𝑘                                                         (4.59) 

𝑎𝑖,𝑗,𝑘𝑢𝑖,𝑗,𝑘
∗∗∗ = 𝑎𝑖,𝑗,𝑘𝑣𝑖,𝑗,𝑘

∗∗ + ∑𝑎𝑛𝑏 (𝑣𝑛𝑏
∗∗ − 𝑣𝑛𝑏

∗ ) + (𝑝𝑖,𝑗−1,𝑘
∗∗∗ − 𝑝𝑖,𝑗,𝑘

∗∗∗ )𝐴𝑖,𝑗,𝑘 − (𝑝𝑖,𝑗−1,𝑘
∗∗ −

𝑝𝑖,𝑗,𝑘
∗∗ )𝐴𝑖,𝑗,𝑘 + 𝑏𝑖,𝑗,𝑘 − 𝑏𝑖,𝑗,𝑘                                                                                                   (4.60) 
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𝑎𝑖,𝑗,𝑘𝑤𝑖,𝑗,𝑘
∗∗∗ = 𝑎𝑖,𝑗,𝑘𝑤𝑖,𝑗,𝑘

∗∗ + ∑𝑎𝑛𝑏 (𝑤𝑛𝑏
∗∗ − 𝑤𝑛𝑏

∗ ) + (𝑝𝑖,𝑗,𝑘−1
∗∗∗ − 𝑝𝑖,𝑗,𝑘

∗∗∗ )𝐴𝑖,𝑗,𝑘 − (𝑝𝑖,𝑗,𝑘−1
∗∗ −

𝑝𝑖,𝑗,𝑘
∗∗ )𝐴𝑖,𝑗,𝑘 + 𝑏𝑖,𝑗,𝑘 − 𝑏𝑖,𝑗,𝑘                                                                                                  (4.61) 

Further simplification of equations (4.59), (4.60), and (4.61) results to;  

Where 𝑑𝑖,𝑗,𝑘 =
𝐴𝑖,𝑗,𝑘

𝑎𝑖,𝑗,𝑘
; 𝑝∗∗∗, 𝑣∗∗∗, 𝑢∗∗∗ are correct pressure field and velocity components 

respectively and 𝑝′′, 𝑣′′, 𝑢′′ are second correction pressure and velocity field respectively.  

Therefore using equations (4.44), (4.45), (4.46) and (4.47) pressure and velocities are corrected as 

follows;  

𝑝𝑖,𝑗,𝑘
∗∗∗ = 𝑝𝑖,𝑗,𝑘

∗ + 𝑝𝑖,𝑗,𝑘
′ + 𝑝𝑖,𝑗,𝑘

′′                                                                                                (4.65) 

𝑢𝑖,𝑗,𝑘
∗∗∗ = 𝑢𝑖,𝑗,𝑘

∗ + 𝑑𝑖,𝑗,𝑘(𝑝𝑖−1,𝑗,𝑘
′ − 𝑝𝑖,𝑗,𝑘

′ ) +
∑𝑎𝑛𝑏(𝑢𝑛𝑏

∗∗ −𝑢𝑛𝑏
∗ )

𝑎𝑖,𝑗,𝑘
+ 𝑑𝑖,𝑗,𝑘(𝑝𝑖−1,𝑗,𝑘

′′ − 𝑝𝑖,𝑗,𝑘
′′ )            (4.66) 

𝑣𝑖,𝑗,𝑘
∗∗ = 𝑣𝑖,𝑗,𝑘

∗ + 𝑑𝑖,𝑗,𝑘(𝑝𝑖,𝑗−1,𝑘
′ − 𝑝𝑖,𝑗,𝑘

′ ) +
∑𝑎𝑛𝑏(𝑣𝑛𝑏

∗∗ −𝑣𝑛𝑏
∗ )

𝑎𝑖,𝑗,𝑘
+ 𝑑𝑖,𝑗,𝑘(𝑝𝑖,𝑗−1,𝑘

′′ − 𝑝𝑖,𝑗,𝑘
′′ )              (4.67) 

𝑤𝑖,𝑗,𝑘
∗∗ = 𝑤𝑖,𝑗,𝑘

∗ + 𝑑𝑖,𝑗,𝑘(𝑝𝑖,𝑗,𝑘−1
′ − 𝑝𝑖,𝑗,𝑘

′ ) +
∑𝑎𝑛𝑏(𝑤𝑛𝑏

∗∗ −𝑤𝑛𝑏
∗ )

𝑎𝑖,𝑗,𝑘
+ 𝑑𝑖,𝑗,𝑘(𝑝𝑖,𝑗,𝑘−1

′′ − 𝑝𝑖,𝑗,𝑘
′′ )             (4.68) 
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The discretized second pressure correction equation is deduced from the momentum equations and 

the continuity equation and can be expressed as, Panteker, (1980). In this particular case then, 

basing on equation (4.48), the second pressure correction equation into which mass fluxes as found 

at equation (4.66), (4.67), (4.68) are to be substituted to give the pressure correction factor, will 

be; 

𝑎𝑖,𝑗,𝑘𝑝𝑖,𝑗,𝑘
′′ = 𝑎𝑖+1,𝑗,𝑘𝑝𝑖+1,𝑗,𝑘

′′ + 𝑎𝑖−1,𝑗,𝑘𝑝𝑖−1,𝑗,𝑘
′′ + 𝑎𝑖,𝑗+1,𝑘𝑝𝑖,𝑗+1,𝑘

′′ + 𝑎𝑖,𝑗−1,𝑘𝑝𝑖,𝑗−1,𝑘
′′ +

𝑎𝑖,𝑗,𝑘+1𝑝𝑖,𝑗,𝑘+1
′′ + 𝑎𝑖,𝑗,𝑘−1𝑝𝑖,𝑗,𝑘−1

′′ + 𝑏𝑖,𝑗,𝑘
′′                                                                                                          

(4.69) 

 

 

 

 

 

 

 

 

  



60 
 

Where; 

𝑎𝑖+1,𝑗,𝑘 = (𝜌𝑑𝐴)𝑖+1,𝑗,𝑘 

𝑎𝑖−1,𝑗,𝑘 = (𝜌𝑑𝐴)𝑖−1,𝑗,𝑘 

𝑎𝑖,𝑗+1,𝑘 = (𝜌𝑑𝐴)𝑖,𝑗+1,𝑘 

𝑎𝑖,𝑗−1,𝑘 = (𝜌𝑑𝐴)𝑖,𝑗−1,𝑘 

𝑎𝑖,𝑗,𝑘+1 = (𝜌𝑑𝐴)𝑖,𝑗,𝑘+1 

𝑎𝑖,𝑗,𝑘−1 = (𝜌𝑑𝐴)𝑖,𝑗,𝑘−1 

𝑎𝑖+1,𝑗,𝑘 = 𝑎𝑖+1,𝑗,𝑘 + 𝑎𝑖−1,𝑗,𝑘 + 𝑎𝑖,𝑗+1,𝑘 + 𝑎𝑖,𝑗−1,𝑘 + 𝑎𝑖,𝑗,𝑘+1 + 𝑎𝑖,𝑗,𝑘−1 

𝑏 = (
𝜌𝐴

𝑎
)𝑖,𝑗,𝑘∑𝑎𝑛𝑏 (𝑢𝑛𝑏

∗∗ − 𝑢𝑛𝑏
∗ ) − (

𝜌𝐴

𝑎
)𝑖+1,𝑗,𝑘∑𝑎𝑛𝑏 (𝑢𝑛𝑏

∗∗ − 𝑢𝑛𝑏
∗ )

+ (
𝜌𝐴

𝑎
)𝑖,𝑗,𝑘∑𝑎𝑛𝑏 (𝑣𝑛𝑏

∗∗ − 𝑣𝑛𝑏
∗ ) − (

𝜌𝐴

𝑎
)𝑖,𝑗+1,𝑘∑𝑎𝑛𝑏 (𝑣𝑛𝑏

∗∗ − 𝑣𝑛𝑏
∗ )

+ (
𝜌𝐴

𝑎
)𝑖,𝑗,𝑘∑𝑎𝑛𝑏 (𝑤𝑛𝑏

∗∗ − 𝑤𝑛𝑏
∗ ) − (

𝜌𝐴

𝑎
)𝑖,𝑗,𝑘+1∑𝑎𝑛𝑏 (𝑤𝑛𝑏

∗∗ − 𝑤𝑛𝑏
∗ ) 

The solution algorithm can be summarized in a flow chart as illustrated in the next section. 

 

  

(4.70) 
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Yes 

4.9 PISO Flow Chart 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 4.3 PISO Algorithm flow chart 
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CHAPTER FIVE 

RESULTS AND DISCUSSION 

The results presented here were obtained by solving equation (4.65), (4.66), (4.67) and (4.68) by 

PISO for turbulent natural convention of air in a 2-D enclosures of  Rayleigh numbers between 

109𝑡𝑜 1011  .The numerical results we have found with these boundary conditions are numerical 

solutions for variables in 𝜅 − 𝜔 model. 

1.1 Grid Convergence  

          

          

          

          

          

          

Fig 5.1 grid 40x40 

In these validations, the grid shown in figure 5.1 is the standard grid. The staggered and grouped 

computing grids towered over the walls. Scalar variables such as pressure, temperature, density, 

and turbulent quantities are stored in the control volume's cell centers, while vector variables such 

as velocities and velocity are stored in the cell faces. This would result in a robust coupling between 

pressure and velocities. As a result of the odd-even decoupling, a discretization error that causes 

checker-board patterns in the solution, convergence occurs.  The flow of turbulent natural 
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convention in an enclosure is characterized by a thin boundary layer along the walls, while the 

core is thermally stratified, so grids are grouped towards the wall. The flow gradients in the 

boundary layer are very large, necessitating a huge number of computing grids, the values of which 

must be determined in order to capture the flow physics. 

5.1 Isotherms 

Isotherm is a line of equal or constant temperature. It is a curve on a graph that connects points of 

equal temperature. In the fig.5.11 the maximum temperature is 285K, in fig 5.12 the maximum 

temperature is 254K and in fig 5.13 the maximum temperature is 227K. 

There is high temperature on the left side of the wall. There is also rising up of hot less dense 

particles which loses its heat with distance as shown by change in colour. In between the two 

isotherm walls, there is mixing of air particles which is a relatively warm region achieving 

temperature uniformity. Therefore, maximum temperature decreases with increase in Rayleigh 

number as evident from the figures (fig 5.11, fig 5.12 and fig 5.13) shown below. 
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Fig 5.11 Isotherms of Rayleigh number  𝟏𝟎𝟗
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Fig 5.12 Isotherms of Rayleigh number  𝟏𝟎𝟏𝟎 

 

 

 

 

 

 

 



66 
 

Fig 5.13 Isotherms of Rayleigh number  𝟏𝟎𝟏𝟏 

 

 

 

5.2 Contours of Velocity Magnitude 

In fig 5.2.1, the highest velocity of air particles is 0.837m/s, in fig 5.2.2, the highest velocity is 

1.25 m/s and in fig 5.2.3 the highest velocity is 1.87m/s, in fig 5.2.1 the highest speed is at the 

middle at the mixing region. Vortices are more in 5.2.1 which becomes parallel as the Rayleigh 

number increases in fig 5.2.3.The vortices are parallel than any other set-up in this study and at 

this point it is evident that as the Rayleigh number increases the flow becomes less turbulent. 
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Fig 5.2.1 Contours of velocity magnitude Rayleigh number 𝟏𝟎𝟗 
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Fig 5.2.2 Contours of velocity magnitude Rayleigh number 𝟏𝟎𝟏𝟎 
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Fig 5.2.3 Contours of velocity magnitude Rayleigh number 𝟏𝟎𝟏𝟏 
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5.3 Streamline Distribution 

Streamline is an imaginary line in a fluid such that the tangent at any point shows the path of the 

speed of an element of the fluid at that point. The lowest value indicated is of the Rayleigh number 

𝟏𝟎𝟗which is 0.09kg/s followed by that of Rayleigh number 𝟏𝟎𝟏𝟎which is 0.154kg/s.This value 

increases as the Rayleigh number increases as depicted by that of a Rayleigh number 𝟏𝟎𝟏𝟏 which 

is 0.852kg/s, In the fig.5.3.1, the vortices are big in size and they assume a circular part which 

deforms as distance increases from their centers. In fig 5.3.2, the radius of center circle reduces 

which as well decreases as the Rayleigh number increases to as seen in fig 5.3.3 
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Fig 5.3.1 Contours of streamline of Rayleigh 𝟏𝟎𝟗 
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Fig 5.3.2 Contours of streamline of Rayleigh 𝟏𝟎𝟏𝟎 
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Fig 5.3.3 Contours of streamline of Rayleigh 𝟏𝟎𝟏𝟏 

 

 

5.4 Conclusions  

Based on the data from the simulations, the following conclusions were obtained;  

a) Different temperature conditions resulted in two large cells in circular motions, both of which 

rotate in a clockwise direction.  

b) Temperature profiles are important for thermal comfort (including air velocity, temperature and 

humidity levels), efficiency of energy balance and the effectiveness of the ventilation system when 

modeling air flow in buildings.  

c)  The flow is characterized by low Reynolds turbulence intensity and thermal stratification which 

provides thermal options of keeping items at the stated temperature in an enclosure without the 

use of an internal heat source.  
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d) The results obtained in the contours of velocity magnitude shows that as the Rayleigh number 

increases the flow becomes less turbulent. 

 

5.5 Recommendations 

Further investigations are recommended for; 

1. Rectangular cavity using compressible fluids.  

2. Enclosures with a two dimensional configurations 
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