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ABSTRACT 

Owing to Casson nanofluids’ enhanced thermophysical properties, it has a wide range of applications in the 

fields of mining, drilling operations, material science, metallurgy, food manufacturing, and nanotechnology 

and bio-engineering. Casson fluid is frequently modelled since the model has a great agreement with the 

rheological evidence about human blood. Some of its applications in technological, industrial, mechanical, 

and scientific disciplines include; grain storage, geothermal energy production, designing warm protectors, 

artificial dialysis, catalytic converters, circulation of water in reservoirs and fermentation processes. On the 

other hand, radiation heat transfer mechanism has an immense impact in industries, engineering, 

technological fields where apparatus operate at extremely high temperatures. In this paper, the effects of 

thermal radiation on Darcy Forchheimer flow of a two- dimensional, steady, incompressible flow of Casson 

Nanofluid over a linear stretching surface are studied. The equations governing the fluid flow are 

formulated, then transformed to a system of ordinary differential equations using similarity variables then, 

the resulting ordinary differential equations are solved using the fourth order Runge- Kutta Method. The 

model is simulated using MATLAB bvp4c to demonstrate the impact of pertinent parameters on the 

temperature, velocity, and concentration of the fluid. It was observed that an increase in the thermophoretic 

parameter leads to an increase of the temperature at the boundary. The concentration of the fluid decreases 

with an increase porosity parameter value. Increasing the Brownian Motion parameter leads to an increase 

in concentration. An increase in Schmidt number leads to a decrease in temperature. Schmidt number 

increases with a decrease in concentration. The velocity and temperature profiles decrease with an increase 

in porosity parameter and an increase in thermal radiation leads to an increase of heat energy on the 

surrounding of a system leading to a decrease in fluid’s flow temperature. 

Keywords: Thermal Radiation, Casson Nanofluid, Darcy Forchheimer flow, Thermophoresis diffusion, 

Brownian Motion, Porous media permeability. 

 

INTRODUCTION 

Nanofluids popularity in the recent decade has increased. Recent advancements in nanoscience have 

resulted in enhancement of thermophysical properties of nanofluids. This is beneficial in the industrial 

sector, its various applications of nanofluids include the reduction of friction, solar absorption, nuclear 

cooling, and delivering nano drugs among others. It has also led to the adoption of environmentally friendly 

renewable energy sources such as solar energy whereby a Parabolic Trough Solar collector puts to use the 

energy from the sun by reflecting and focusing sunlight using a concave mirror onto a tube containing a 

fluid which in turn absorbs the heat and changes it into usable energy. Das et al.,[3], Wang and Mujumdar 

(2008) and Murshed et al., [11] all concluded that the rate of thermal conductivity increased when the 

nanoparticles were mixed with other fluids. Dogonchi et al.,[4] examined the MHD Go-water nanofluid 

flow and heat transfer in a porous channel in the presence of the thermal radiation effect and found out that 

decreasing the radiation parameter increased the Nusselt number, temperature profile and solid volume 

fraction. Chamka et al., [1] used the control volume based on the finite element method and conducted a
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study on the natural convection of a magnetohydrodynamic nanofluid in a thermally radiated enclosure. The 

study found that while the local and average Nusselt numbers fall with a decrease in the Hartmann number 

and increase with a rise in the Rayleigh number, radiation parameter, and nanofluid volume. Mukhopadhyay 

et al., [10] conducted a study on Unsteady Casson fluid flow past a stretching surface and came to the 

conclusion that increasing the unsteady parameter leads to a reduction in the fluid’s velocity profile and a 

significant drop in temperature. They also concluded that when the temperature and Casson parameter value 

are increased it leads to a decrease in velocity profiles. Mukhopadhyay and Mandal [9] carried out a study 

on a two-dimensional flow of Casson fluid in the presence of suction and injunction effects in a symmetric 

wedge. They came to the conclusion that the Casson parameter had a substantial impact on the rate of heat 

transmission. Similar results were obtained by Nadeem et al., [14] after conducting an investigation on 

magnetohydrodynamic Casson Nanofluid on a stretching sheet subjecting the lower surface of the wall 

containing a hot fluid to a convective boundary condition. Oleyakin et al., (2016) explored the effects of 

thermal radiation on unsteady Casson nanofluid flow over stretching sheet The mass and energy flux 

brought on by variations in temperature and concentration differences is represented by Soret and Dufour. 

They came to the conclusion that a decrease in the temperature profile was caused by an increase in 

parameter-generating heat. Similar analytic results were obtained by Ullah et al., (2017) when they 

examined how chemical reactions affect the flow of an unstable Casson Nanofluid. Noor et al., (2020) 

conducted a study on MHD squeezing flow of Casson nanofluid with chemical reaction, thermal radiation 

and heat production or absorption and concluded that increasing the fluid temperature and thermophoresis 

parameter leads to a decrease in nanoparticle concentration and increasing the radiation parameter leads toa 

decrease in fluid temperature decreases. 

Darcy [2], developed the idea of a fluid flowing continuously through the permeable media whereby 

Darcy’s law is put into consideration when looking at the flow in a permeable media. Muskat [13], provided 

a detailed study of homogeneous flow of a fluid through a porous media and inferred the thought that 

Forchheimer’s term is important in cases of a high Reynolds number. In technological, industrial, 

mechanical, and scientific disciplines including grain storage, geothermal energy production, 

designing warm protectors, artificial dialysis, catalytic converters, circulation of water in reservoirs and 

fermentation processes, fluid flow resulting from porous medium is significant. Pal and Mondal (2012) 

examined the species of hydromagnetic convective diffusion in a Darcy Forchheimer porous medium with a 

non-uniform heat source or sink and concluded that a decrease in nanoparticle concentration resulted to an 

increase in the electric field parameter. Ganesh et al.,[6] investigated the thermally stratified porous medium 

with MHD Darcy Forchheimer nanofluid flow past a stretching or shrinking surface and a viscous 

dissipation effect in both the stretching and contracting sheets caused an increase in the temperature profile. 

The thermal boundary layer thickness in both stretched and contracting sheets is lowered by the presence of 

thermal radiation. Hayat et al.,[7] investigated Cattaneo-Christov expression and the Darcy Forchheimer 

flow of a Maxwell fluid subjected to thermal conductivity and concluded that raising the Prandtl number 

causes a decline in both the temperature profile and the thickness of the thermal boundary layer. Also, with 

increasing porosity parameter values, the velocity profile and thickness of the momentum boundary layer 

are both reduced. Muhammad et al., (2017) examined the convective boundary conditions applied to Darcy 

Forchheimer Maxwell nanofluid over a stretchable sheet. The presence of porous media enables the 

temperature and nanoparticle profile to increase as the porosity variable’s value is raised and higher Biot 

number results in thicker temperature boundary layers and higher temperature fields. 

The flow of heat energy from a hotter region to a colder region is referred to as the heat transfer mechanism. 

According to the second law of thermodynamics, heat moves from a body with a high temperature to a 

different body with a low temperature. The mechanism of heat transfer occurs in four means; convection, 

radiation, conduction and evaporation. Radiation is a process whereby energy is emitted by a heated surface 

and it travels to its point of absorption in connection to the speed of light. There is no medium of 

transmission for radiation; rather, it depends on variables like temperature, the characteristics of the 

absorption surface, or the emittance of heat. It’s well known that if the temperature is high the rate of 

radiative spread will be high if the temperature spread is low radiative spread will be low. Ramesh (2018)
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studied the Darcy Forchheimer Casson Nanofluid flow over a porous medium with a heat source/sink 

utilizing the Darcy Forchheimer model effectively with a convective boundary condition. According to his 

research, increasing the Casson parameter decreased the velocity and temperature at higher fields. A drop in 

velocity and a rise in the speed of temperature and the nanoparticle portion were caused by the near 

proximity of the Forchheimer parameter and porosity parameter. Additionally, the temperature and 

nanoparticle partition were improved by the higher Biot number. Similar theoretical findings were obtained 

by Sreenivasulu et al., (2019). Rafique et al., (2019) utilized the Keller Box method when conducting a 

study on a Casson Nanofluid flow and the impact of chemical reactions and magnetic force. They concluded 

that a decrease in velocity was caused by an increase in the Casson and Magnetic parameters. A higher 

inclination parameter results in a smaller velocity outline. When the radiation parameter is increased, the 

temperature profile rises. Finally, by increasing the Brownian motion factor, the fluid’s mass diffusion and 

energy increase. This was similar to the findings of Jamsheed et al., [8]. In the presence of thermal radiation, 

Essam and Abedel-Aal [5] studied the convection flow and heat transfer in a nanofluid via a porous plate. 

The results showed that thermal radiation increases the rate of heat flux and the flow of mass. The intensity 

of the thermal radiation and heat source causes an increase in shear stress at the walls. The velocity ratio 

parameter increases velocity while decreasing temperature distribution and the percentage of nanoparticle 

volume. 

This study intends to investigate the effects of thermal radiation on a Darcy Forchheimer flow of a Casson 

Nanofluid along a linear stretching surface due to its significance in energy sustainability and improvement 

of thermal device performances which is mainly an area of concentration in manufacturing, industrial, 

technology and engineering fields, such as generation of electricity, microelectronics devices, systems of air 

conditioning and magnetic fusion confinement.Using similarity transformation the formulated model is 

transformed into its dimensionless form. The effect of relevant parameters on temperature, velocity, and 

concentration are illustrated through graphs and discussed. 

 

MODELLING 

Here, we intend to examine the two-dimensional, steady, incompressible flow of a non-Newtonian 

nanofluid, whose base fluid is the Casson fluid and which fills a porous area by a Darcy Forchheimer 

connection, will flow in both directions along a linear stretching surface, as illustrated in Figure (1). A 

magnetic field of strength B0 is applied parallel to the flow along the x- axis. 

 

Figure 1: Flow prototype. 
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Approximations of boundary layers continuity equation, momentum equation, energy equation and 

concentration equation are, respectively as follows in order to correct the dimensionless units and account for 

the effects of various parameters. 

 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                                                                                                (1) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
=

𝜇𝑛𝑓

𝜌𝑛𝑓
[1 +

1

𝛽
]

𝜕2𝑢

𝜕𝑦2 −
𝜎𝑛𝑓𝐵0

2𝑈

𝜌𝑛𝑓
−

𝜇𝑛𝑓𝑢

𝜌𝑛𝑓𝑘
− 𝐹𝑢2,                                         (2) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓

𝜕2𝑇

𝜕𝑦2
+

𝑄0

(𝜌𝐶𝑝)𝑛𝑓

(𝑇 − 𝑇∞) + 𝜏 [𝐷𝐵𝑟
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
+

𝐷𝑇ℎ

𝑇∞
(

𝜕𝑇

𝜕𝑦
)

2
] −

1

(𝜌𝐶𝑝)𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
,  (3) 

𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
=  𝐷𝐵𝑟

𝜕2𝐶

𝜕𝑦2
+

𝐷𝑇ℎ

𝑇∞

𝜕2𝑇

𝜕𝑦2
.                                                                                              (4) 

Subject to the boundary conditions 

when 𝑦 = 0; 𝑢 = 𝑈𝑤 = 𝑑𝑥, 𝑣 = 0, 𝑇 = 𝑇𝑤, 𝐶 = 𝐶𝑤                                                       (5) 

as 𝑦 → ∞:   𝑢 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞                                                                                           (6)     

where u, v are components in the x, y axis of velocity, a, b are positive constants, B0 is the magnetic field 

strength, F is the coefficient of inertia, C is the concentration of Nanoparticle, T is the temperature, ϱ∗ is the 

coefficient of mean absorption, ρ is the density of the fluid density, Cb is the fluid’s drag coefficient, τ is the 

shear stress, Cp is the specific heat capacity, Q0 is the dimensional heat generation or absorption coefficient, β is 

the Casson fluid parameter, α is the thermal diffusivity of the fluid, k is the porous media permeability, DTh  is 

the coefficient of Thermophoresis Diffusion, DBr  is the coefficient of Brownian Motion, σ is the electrical 

conductivity, qr is the thermal radiation coefficient, μ is the dynamic viscosity coefficient of the fluid, δ is the 

Stefan Boltzmann Constant, Cw, C∞ are the wall and ambient concentration, Tw, T∞ wall and ambient 

temperature , 𝜙 is the solid volume fraction, where the thermal diffusivity of the base fluid, the ratio of 

effective heat capacity, kinematic viscosity of the fluid and the thermal radiative flux is given as, 

 are given as; 

𝛼 =
𝑘𝑓

(𝜌𝐶𝑝)𝑓
 , 𝜏 =

(𝜌𝐶𝑝)𝑝

(𝜌𝐶𝑝)𝑓
 , 𝐹 =

𝐶𝑏

√𝑘
,

𝜕𝑞𝑟

𝜕𝑦
= −16

𝛿𝑇∞
3

3𝜚∗

𝜕2𝑇

𝜕𝑦2
                                                      (7) 

Setting similarity variables and quantities as follows; 

𝜂 = 𝑦 (
𝑑

𝑣
)

1
2⁄

,ψ=√𝑑𝑣𝑥𝑓(𝜂), u = 𝑑𝑥𝑓′(𝜂), 𝑣 = −(𝑑𝑣𝑓)
1

2⁄
𝑓(𝜂), 𝜃 =

𝑇−𝑇∞

𝑇𝑊−𝑇∞
, ϕ=

𝐶−𝐶∞

𝐶𝑤−𝐶∞
, 

𝑀 =
𝜎𝑛𝑓

𝜌𝑛𝑓
𝐵0

2 ,𝐹1 = 𝐹𝑥, 𝐾1 =
𝑣

𝑑𝑘
, 𝑃𝑟 =

𝑣𝑏𝑓

𝛼𝑏𝑓
 , 𝑁𝑏 =

𝜏𝐷𝐵𝑟

𝛼𝑏𝑓

(𝐶𝑤 − 𝐶∞), 𝑁𝑡 =  
𝜏𝐷𝑇ℎ

𝛼𝑏𝑓𝑇∞

(𝑇𝑤 − 𝑇∞), 

𝑅𝑑 =
16𝛿𝑇∞

3

3𝜚∗𝑘𝑓
, 𝐻 =

𝑄0

𝑑(𝜌𝐶𝑝)𝑛𝑓
, 𝑆𝑐 =

𝑣𝑏𝑓

𝐷𝐵𝑟
,𝑁𝑏 =

𝜏𝐷𝐵𝑟

𝛼𝑏𝑓

(𝐶𝑤 − 𝐶∞), 𝑁𝑡 =  
𝜏𝐷𝑇ℎ

𝛼𝑏𝑓𝑇∞
                             (8)                                                                                  
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Where the stream function ψ is given as 

 𝑢 =
𝜕𝜓

𝜕𝑦
= 𝑑𝑥𝑓′;𝑣 = −

𝜕𝜓

𝜕𝑥
= −(𝑑𝑣)

1

2𝑓                                                                                    (9) 

Substituting equation (8) into equations (1) - (6), we obtain the dimensionless equations as follows; 

(1 +
1

𝛽
) 𝑓′′′(𝜂) − 𝑀(𝑓′) − 𝐾1𝑓′ − 𝐹1(𝑓′)2 − (𝑓′)2 + 𝑓𝑓′′ = 0 

𝐷1𝜃′′ + 𝑃𝑟𝐻𝜃′ + 𝑃𝑟𝑓𝜃′ + 𝑁𝑏𝜙′𝜃′ + 𝑁𝑡(𝜃′)2 + 𝑅𝑑𝜃′′ = 0                                                          (10)     

𝜙′′ + 𝑆𝑐 𝑓𝜙′ +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0 

Subject to the boundary conditions 

 

at     𝜂 = 0,   𝑓(0) = 0, 𝑓′(0) = 1, 𝜃′ = −𝐵𝑖(1 − 𝜃),   𝜙(0) = 0                                                     (11) 

as𝜂 → ∞,    𝑓′(0) → 0,   𝜃 → 0,    𝜙 → 0.                                                                                            (12) 

 

Where Pr is Prandtl number, Sc is Schmidt number, Rd  is Radiation parameter, H is dimensionless heat source 

or sink parameter, M is Magnetic parameter,F1  is the local inertia coefficient, K1  is the Porosity Parameter,  Nb  

is Brownian motion parameter, Nt  is Thermophoresis parameter, Bi is the  Biot number. 

NUMERICAL APPROACH 

By utilizing the shooting technique in addition with the Runge-Kutta method (RK4), the nonlinear boundary 

value problems (BVP) for the system of first-order ordinary differential equations labeled from (13) to (20) are 

numerically solved. The boundary value issues are specifically converted into a collection of initial value 

problems (IVP) with unknown initial circumstances using the shooting approach. After that, the resulting initial 

value problems are numerically solved using the Runge-Kutta technique (RK4) until the boundary conditions 

are met. 

Setting 

𝑋1 = 𝑓,𝑋2 = 𝑓′,   𝑋3 = 𝑓′′,   𝑋4 = 𝜃,    𝑋5 = 𝜃′,𝑋6 = 𝜙,    𝑋7 = 𝜙′,    

So that the equations become 

𝑋1
′ =  𝑋2,                                                                                                                                       (13) 

𝑋2
′ =  𝑋3,                                                                                                                                      (14) 

𝑋3
′ =

1

(1+
1

𝛽
)

(𝑀𝑋2 + 𝑘1𝑋2 + 𝐹1(𝑋2)2 − 𝑋1𝑋3),                                                                           (15) 

𝑋4
′ =  𝑋5,                                                                                                                                      (16) 
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𝑋5
′ =  

1

𝐷1+𝑅𝑑
(−𝑃𝑟𝐻 − 𝑃𝑟𝑋1𝑋5 − 𝑁𝑏𝑋5𝑋7 − 𝑁𝑡(𝑋5)2),                                                              (17) 

𝑋6
′ =  𝑋7,                                                                                                                                       (18) 

𝑋7
′ =  −𝑆𝑐𝑋1𝑋7 −

𝑁𝑡

𝑁𝑏
𝑋5

′ .                                                                                                           (19) 

With initial and boundary conditions as 

𝑋1(0) = 0, 𝑋2(0) = 1, 𝑋5(0) = −𝐵𝑖(1 − 𝑋4), 𝑋6(0) = 0,                                                     (20) 

𝑋2(∞) → 0, 𝑋4(∞) → 0, 𝑋6(∞) → 0, 𝑋8(∞) → 0.                                                         

Subject to the initial conditions 

𝑋1(0) = 0, 𝑋2(0) = 1, 𝑋3(0) = 𝑠1, 𝑋4(0) = 0, 𝑋5(0) = 𝑠2, 

𝑋6(0) = 0, 𝑋7(0) = 𝑠3, 𝑋8(0) = 0.                                                                                        (21)            

 

RESULTS AND DISCUSSION 

Velocity Profiles 

 
The effect of the porosity parameter (K1) on the fluid’s velocity is presented in figure (2). The fluid’s 

velocity slows down with an increase in the porosity parameter. A rise in the fluid’s resistance causes the 

flow of the fluid to slow down at larger porosity parameter values. The increase of the porosity parameter 

values indicates an increase in the porous size, which results in greater resistance, decreased fluid flow and 

the boundary layer thickness decreases. Figure (3), (4), (5) and (6) shows that the fluid’s velocity profile has 

no effect on the Brownian Motion parameter, Thermophoretic parameter, Radiation parameter and Schmidt 

number. 

 

Figure 2 : Variation of fluid’s velocity with Porosity parameter 
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Figure 3 : Variation of fluid’s velocity with Brownian Motion parameter 

 

Figure 4 : Variation of fluid’s velocity with Thermophoretic parameter 
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Figure 5 : Variation of fluid's velocity with Radiation parameter 

 

Figure 6 : Variation of fluid's velocity with Schimdt number 

 

Temperature Profiles 

The effect of porosity parameter on the temperature profile is as depicted in Figure (7). An increase in the 

porosity parameter values leads to a decrease in the temperature profile. Figure (8) shows that the Brownian 

Motion parameter has no effect on the temperature profile. An increase in the Thermophoretic parameter leads  
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to an increase of temperature at the boundary layer. This is due to a high thermophoretic force brought about by  

a larger thermophoretic parameter value in the fluid’s flow as depicted in Figure (9). A rise in thermal radiation 

leads to an increase of heat energy on the surrounding of a system. This causes the fluid’s flow temperature to 

decrease as seen in Figure (10). An increase in Schmidt number leads to a decrease in temperature as seen in 

Figure (11). This occurs when nanoparticles are unable to diffuse deeply into a fluid with a higher Schmidt 

number due to the fluid’s poorer diffusion coefficient resulting in a reduced temperature penetration depth. 

 

Figure 7 : Variation of temperature with Porosity parameter 

 

Figure 8 : Variation of temperature with Brownian Motion parameter  
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Figure 9 : Variation of temperature with Thermophoretic parameter 

 

Figure 10 : Variation of temperature with Radiation parameter 
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Figure 11 : Variation of temperature with Schmidt number 

Concentration Profiles 

The effects of the various parameters on concentration are as depicted below. Figure (12) shows the variation 

of porosity parameter with concentration. The concentration of the fluid decreases with an increase porosity 

parameter value. Increasing the Brownian Motion parameter leads to an increase in concentration at the 

boundary layer brought about by energy emitted by collision of nanoparticles. This is leads to the movement of 

nanoparticles away from the surface hence reducing the concentration of nanoparticles as seen in Figure (13). 

An increase in Thermophoresis parameter leads to a decrease in concentration as shown in Figure (14). This is 

due to the concentration of nanoparticles been blown away by the thermophoretic effects leading to collection 

of a loose amount of the nanoparticles at the surface. An increase in thermal radiation leads to an increase in 

the fluid’s flow. This leads to a decline in the nanoparticle concentration in the fluid as depicted in Figure (15). 

Figure (16) Schmidt number increases with a decrease in concentration. This is due to the reliance of the 

Schmidt number upon the diffusivity of molecules which reduce with a reduction in concentration and an 

increase in Schimdt number.  

 
Figure 12 : Variation of concentration with porosity parameter 
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Figure 13 : Variation of concentration with Brownian Motion parameter 

 

Figure 14 : Variation of concentration with Thermophoretic parameter 
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Figure 15 : Variation of concentration with Radiation parameter 

 

Figure 16 : Variation of concentration with Schimdt number 

 

CONCLUSIONS 

The Thermal radiation on Darcy Forchheimer flow of a two-dimensional, steady, incompressible Casson 

nanofluid is examined over a linearly stretching sheet is analyzed in this project. After formulating the 

governing equations and non dimensionalizing them using similarity variables, a system of ordinary 

differential equations is developed, which is them solved using fourth order Runge- Kutta Method. The 

results are represented graphically and the following are observed. 
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1. The fluid’s velocity and temperature decrease with increasing porosity parameter values. 

2. An increase in the radiation parameter leads to a decline in the fluid’s temperature and concentration. 

3. Increase in Schmidt number leads to a decrease in fluid temperature and concentration. 
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