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ABSTRACT

L

Crystal field parameters and eiectronic energy states
of Ti%% ion in CdS crystal have been computed by taking into
account axial (CBV) distortion of tetrahedral symmetry.

~Crystal fields operators for CdS system, having Cq,, symmetry
have been obtained in point—ion'model. Radial wave function
of 3d-level has been expressed in terms of double =zeta

function.

Ryq(r) = alNere“qlr + aZNzrze_EZr
where N, and N, are expressed in terms of 51 and
’azzand aj. ag, &, &2 coefficienlts are determined
using parameterization condition. In weak crystal field the
total orbital angular momentum (L) and spin angular momentum
(S5) are good quantum numbers. Thus wavefunctions of the |
states are represented as WKLS M;Mg). which can be written as
product of single electron wavefunctions. Hence the angular
part of wave functions for 3d% - configuration has been
obtained in the form of Slater determinants in weak field
apprdiimation since crystal field splitting is much smaller
than the separation of different groups of multiplets. The
- calculated values of Dg = 338 cm”l, and B = 350 cm“I are close
to the experimental values which are 332 em™ ) and 360 cm™l
respectively. Since Cg,, distortion is very weak, the
calculated energy spectrum dcoes not concide with the
experimental one. So crystal field operator for Td symmetry

was obtained in point ion model. By diagonalizing the matrix



(vii) ’

of crystal field operator for Ty, the energy spectrum of Ti2*t

ion in CdS has been computed, which agrees well with *

experimental values.



INTRODUCTION

.
\]

The transition metals are those which have partially filled
shells of d-electrons. Titanium is one of them and its
configuration is 1522522P%3523p%45234%. It has two electrons
in the outermost d shell. When T12+ is added as an impurity
in CdS crystal, it occupies a subgtjtutional position by
replacing Cd2+ from its cite. The‘tetrahedral symmetry of Cd5
is slightly distorted along the Cg axis. Ti2+ is surrounded
by four sulphur ions situated approximately at the four corners
of tetrahedral.

2+ ion has degenerate states in crystals, the

Since Ti
ingeraction of electrons of the central ion with the surrounding
ligands leads to Jahn-Teller effect 1, which has been studied
by Boyn2 and Doda. At the same time introduction of T12+
ion impurity in CdS changes its physical properties and hence
application in different fields, quantum optics and crystal
spectroscopy. Because of wide application of the crystal, it
has been widely used and to make its optimum use a scientist

must study it thoroughly both experimentally and

theoretically.
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The aim of the thesis was to calculate the energy
states of Tizf ion in thé ddS crystal by using double z;ta
function, intréducted by Zhao et al 4 for the radial function
of 3d cutermost electron of T12+ ion. These are the
electrons which take part in optical transition, while the
inner electrons which are strongly bound to the nucleus are
inert. The results have been compared with the experimental

value determined by spectroscopic data. Our results are in

good agreement with experimental values.

In chapter one the theory of split of energy terms,
which depends upon the angular momentum of atom has been
sgiven. The energy of the terms due to the interaction between
the electrons of the centre ion are then expressed in terms

of racah parameters. f

Chapter two deals with the general theory of transition
metal ion in a crystal. A review of the literature on the
crystal field and ligands theory has been given in this
chapter. Secondly the Zhao double zeta wave functions have
been eleborated. The parameters a;, a,, ﬁl and
é;2 of double zeta functions have been obtained by using

the four parametrization conditions.

In chapter three the crystal field operator for the
axially distorted tetrahedral has been derived in point-ion

model by using group theory.




The wave functions of SF and °P terms of Ti%% in
crystal have been determined using lowering operator and

orthogonality principles respectively. .

In Chapter four the energy levels of Ti%* jon in CdS
crystal have been computed for both axially distorted and pure
tetrahedral symmetries. The crystal field matrix is then
diagonalized to obtain the eigen values in each case. The

[

results are then compared with experimental values.

The discussion and conclusion have been given in

chapter five.




CHAPTER ONE

THEORY OF FREE TRANSITION METAL ION

1.1 Energy States of Hydrogen-—-like Atom

The problem of the relative motion of an electron

(mass: m and charge: —e) and a Nucleus (mass: M and charge:

Ze) reduces, as is well known, to the problem of the
* Mm
of particle with an effective mass /Rr= —————— in
M+ m
Ze
Cuolomb potential of N s
_ -

,The Schrodinger equation for such a particle has the
+2 b Ze? |
(- —V - y- ey

2/& ¢

The wave function \+7, which is the solution of this

motion

the

form

sw = fdad}

equation, describes the stationary state with definite value

of E.

In the case of a centrally symmetric field the

angular

momentum is conserved. Because of that, we shall consider

stationary states which are characterized by definite values

of E, the square of angular momentum and the Z-component of

the angular momentum (L). The wave function q/ of these

stationary states are eigen functions of the operator L% and

L, and must therefore satisfy the equation



12¥= 10 + 1) kY C(1.2)
LY=mnh¥Y . %.(1.3)

where 1(1 + 1) b and mh are eigen values of the operator L2

and Lz. The discrete values of 1, the orbital guantum number,

are 0, 1, 2 ........... and that of m, the magnetic guantum
number, are 0, +1, +2 ........ with an additional condition
|m] < 1.

The sélution of Equation (1.1) is sought in the form
Y = Ry vy, (8®) H Co.(1.4)
where Y1m<e¢» are the spherical function, and the radial
part satisfies the equation
1 d _ dR 11+ DR 2p Ze?
e ¢ Sl T + -5 (B + —H = 0 L

r2 dr dr r2 14

(7

If E > 0, this equation has finite, continuous
solutions, for any value of E and 1. If E<C O, such sclution

are possible only at certain discrete values of energy

2 .4
E - -(1/2) R .. (1.6)

n? h2
where n, the so called principal guantum number, is an integer,
and alson > 1 + 1. For a given n, guantum number 1
can take values 0, 1, 2, ....., n-1. To each value of 1,
there corresponds (21 +1) states, differing by the values of

magnetic gquantum number m.



1.2 Central Field Approximation

.
]

For atom containing more than one electron, even for

the simplest ones, Schrodinger equation cannot be sclved
directly, either analytically or by numerical methods. A
suitable schematic treatment is one in which the concept of

the individual state of an electron in an atom is 5ccepted

and state of atom as a whole is determined by the set of the
states of the electrons, taking into account their

interaction. In the limit of this approximation, one succeeds in
~obtaining general information on the system of energy levels

possible for a given atom and on the relative position and

®
grouping of the levels.

To describe electron states in an atom, one proceeds
from the assumption that each electron moves in a certain
effective centrally symmetric field created by the nucleus
and all other electrons. This approximation called the self-—
consistent field approximation, is taken as the starting
poeint for calculation of the energy levels. This was
the theory originally established by Racah,5 Condon and

Shortley6 and Slater’.

In this approximation, total Hamiltonian is written as

1 e
H = - Z P2 4 Z-___ 4 i-__ . (1.7)
2m » .

L T oy i



e?
where E e is a two electron operator describing the
vy Tij .
)
mutual interaction between'ith and jth electrons, separated °*

This equation (1.7) is expressed as
- o)
H = E‘ H: ... (1.8)
"

where H? is a single electron Hamiltonian given by

by a distance rjj-

1 5 "
H = =—PZ + U(r) cox 4L 9)
' 2m ,
where U(r) is effective centrally symmetric potential, such

that Schrodinger equation becomes
h2

2
SR, ¢ umYyY = EVY ... (1.10)

2m
They, angular momentum is conserved for motion in a arbitrary
centrally symmetric filled, therefore each stationary state
can be characterized by the assignment of square of angular

th

momentum and its =z component 1.e. by the assignment of

quantum numbers 1 and m.

The wavefunctions for the stationary states have the
same form as equation (1.4). The radial part of the function
R(r) is defined by the equation

1 d dR 1(1+1) 2m

2 .
e pme P =) e R + -— (E-U(r)) R=0 e a1
r2 dr dr rz h

The equation has bound solution for definite values of E.
The set of these values determines the energy spectrum of

the particle.




1.3 Total Angular Momentum

The microstates are classified by the angular momentum of

states. In a many — electron system the angular momentum of
each single electron interact with others via the associated
magnetic properties. Just as a bar magnet is forced into a
certain direction by an outer magnetic field, each electron

is compelled to allign itself in the field of other electrons.
The orbital ana spin angular momenta of the indiQidual electron
are said to be coupled together. There are two ways to
calculate the momentum of the system. In the first case the
“interaction among all individual orbital angular momenta and
?mong all individual spin angular momentum are strong compared
with the interaction between spin and orbital angular momentum
of each electron. The orbital angular momentum 1 of all
electrons then couplé to give agtotal orbital angular momentum
]f, the spin angular momentum s also couple to give a total
spin angular momentum'§ 8'9. Quantum mechanics regquires
E? and ‘g’ to be quantized. This kind of coupling scheme is
chiefly applicable to the ligher elements for Z { 30. This

scheme is called L-S coupling or Russell — Saunders coupling.

The other limiting way to loock at atoms is to assume
that ?7 and 2 of each electron couple together to give
angular momentum ;i and all that j’'s couple to give the
total angular momentum 3: This j—J coupling appears to be a

reasonable approximation for excited states of the heavier

atoms.



For most elements the actual coupling of angular

momentum is somewhere between the two extremes.
o ®

Knowing the vectorial character of angular momentum, the
coupling may be considered by wvector addition. The total
7

orbital angular momentum , 1is then

=
1 =¥, L (1.12)
e L
where 1, is orbital angular momentum of single electron.

t

There is a considerable formal analogy between 1 and

—>
the resultant .. The later is related to a total angular

momentum guantum number L by

T - JT@ + v on ..(1.13)

L. can be zero or a positive integer (_<_2L1]-). Only certain
orientations in space are allowed for L, which are such that
the projection of the vector on a reference axis (e.g. the
z—axis) must be Mth . Where

M = L, L-1, L-2, ..... L L(1.14)

Due to the rule of vector addition and the restrictions
on my , it turns out that M; can always be calculated as the
17

algebraic sum of the m;, of the individual electrons
L

M, = Zomy, ... (1.15)
L v

This is explained in figure (1.1) below for two d-
electrons (1 = 2) where m; can have the values 2, 1, 0, -1,

—2s
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Vi A

Fig. 1.1 Vectorial addition of orbital angular momenta
1 of two d-electrons.




54

)
orbital angular momentum 1 of electron number 1, vector b

L]
that of electron number 2. The ordinate in Figure (1.1) mdrks

the projection of the vectors on the Z-axis in units of'ﬁ,

which is identical to the magnetic quantum number my. In

this case, electron 1 has my = 1 and electron 2 has my = 2.
) . —»

Vector ?results from the vectorial addition of 'é? and b,

it represents hence the total angular momentum L. Its

z-component gives M;, such that

M =mp+m, = 2+ 1 =3 ... (1.16)

Similarly the total spin angular momentum is given by
-
. CHEE .- s a2 1)
L™

with

Isl = s+ 1 b . .(1.18)

The total spin angular momentum guantum number S is
zero, positive or half integer. The allowed orientations of

S are such that the projection on the Z-axis are Méh with
Ms = 5, 5-1, 5-2 ...... 5 T «iw k1519)

and

M

5 “Fmg, ... (1.20)

When summing the individual orbital and spin angular
momenta, the completely filled shells and subshells can be
neglected, since their sum is always equal to zero. Take as

6

an example the completely filled 3p- subshells of a
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transition metal ion. There is only one possibility to

arrange the six electrons in the three 3p orbitals, two
: . ]

electrons with paired spin in each. The spins evidently

compensate to total spin zero. There are two electrons with

orbital angular momentum m =1, two with my= -1 and two
with my = 0 and therefore
M = 2x1+2x"(-1)+2x0=020

From equation (1.14) it follows, that the number of allowed
projection of L on the z axis is 2L + 1. Since for the 3p6
subshell only one projection (M =0) is possible, therefore
2L +1 =1, and hence L = 0. i.e. the orbital angular
*momentum of the filled subshell is also zerc. Thus the
electrons outside the completely filled shells take part in

determining the total angular momentum of the state which is

done as stated above.

1.4 The Free Icon Terms

The energy levels of many — electron system arise from
an electronic configuration with a partially filled ocuter
shell, because of the effects of inter—electronic repulsion.
The degenerate energy levels and their wave functions are
specified by a set of guantum numbers of single electron

states.
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A term (energy level) is characterized) by
(1) its total orbital angular momentum number,
L,-which ig zero or positive integer equivalent *
to sum of 1's for all electrons, and
(ii) 1its total spin angular momentum, S, which is zero,
a positive or half-integer equivalent to the
sum of quantum number s's for all electrons.
A term is labelled by means of its values of L. and S

in the following way.

(28 + 1)X .« (1 :21)
where X symbolises the orbital guantum number according to

jts value

L = 0 1 Z 3 4 5 6

X = S P D F G H I

The quantity (25 + 1) is known as the spin multiplicity
of the term i.e. possible values of My and is equal to the

number of unpaired electrons present plus one. Terms are

called

8 29 4+ 1
Singlet 0 1
doublet 1/2 2
triplet 1 3
quartet 3/2 4
quintet 2 5

sextet 5/2 6
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As discussed in the previous section the total number
of M. the value of Lz, is 2L+1, similarly number of MS,‘Qhe
value of Sz is 25+1, for each energy level, thus degeneracy

of the term is

(2L+1) (25+1) U &

In d2 system, there are tyo electrons in the d—shel].
There are always several possibilities to distribute the two
available electrons among the five d-orbitals. Each
arrangement is called a microstate. The rule of combination

tells us that there are a total of 45 microstates.

1.5 Russel l1-Saunders Term symbols

In this coupling scheme electronic configuration is
characterized with the help of two gquantum npumbers L and S,
specifying respectively the total orbital momentum and the

total spin momentum.

For a single electron L is of course, equal to 1, the
orbital momentum of a single electron, but for more thanvone
electron L is given by the addition of all the 1;'s. The
same holds true for S. Because of the restriction imposed
by the Pauli's exclusion principle however not all
combination of L and S can be obtained in many electron

system.
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In the 3d2 system both electrons have same principal
qﬁantum number n=3 and both have same orbital gquantum number
1=2. It is thus necessary that the two electrons should d{ffer

in either m and m We shall write down, the various

g
possibilities, and writing mg=1/2 as positive superscript and
ms=—1/2 as a negative superscript. We should further arrange

them in a scheme of classification according to the value of

L

M = Eiml and Mg =Zm,. .

The notation (2+ 17) means that electron one has

m, = 1/2 and m = 2 and that the electron two has
mg =-1/2 and mp = 1. The scheme then should be as shown in
Table 1.1.

According to Table 1.1 no state with Mg = #1 exists for
the highest M; value of ML=4. However, a state with M =0
does exist. This state must, therefore, belong to L>4 and S5>0.
4 being the highest value of M; and having no state for

M. >0, the state with M; =4 and Mg=0 can only belong

S

to L=4, S=0. For L=4, 53=0 there are in total nine states

with Mi=4.8. 2. 1. 0., -1, -2, 8, 4. Ms=~0.
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Table 1.1 MICROSTATES OF d°—CONFIGURATION
Ms 1 0 —1
P o Wwd .
4 r2¥2™
3 21 2t17y (271h (2717)
¢ (2*ot) (2%t07)
(2707)
(270
(117
(2*-17y (27-1h)
1 . EFFay it (170™) (170M) (27-17)
° (1707
0 (et (2¥-27) (27-2%
SR As (1*-17) (07gH (27-27) (17-17)

(-1%17)

(-2*17) (-271%H

=1 =271 t=1Te™y (-1*07) (-170%) (-2717)(-1707)
w2 (~270%) (=2%0™y (=770%)
(-2707)
(<1%-17
-3 (-2%t1h (-2%-17) (-27-17)
O W e,
- (-2*-27)
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The highest M; and My values of the remaining states
are M;=3 and Mg=1. They belong-apparently to L=3, 5=1. Foy
L=3, 8=1 there ade 21 states M=3, 2, 1, 0, -1, -2, -3,
Mo~1, B, =1. The state with My=2, M =0 has the highest
M énd Mg values of the remaining states. 1L=2, 5=0 belong to
it. The five states with M;=2, 1, 0, -1, -2, M_=0 are

likewise states of L=2, 5=0.

If the procedure described here is applied further, one
also finds the states with L=1, 5=1 and L=0, 8=0. The
totality of microstates belonging to a given L and S values

(and to a given configuration) is called a term.

Therefore, using this procedure it could be found that
the péssible terms in a d? system resulting from inter-—

electronic repulsion are:

L S Texm Number of states
4 0 g 9
3 1 3p 21
2 0 p 5
1 1 p 9
0 0 g 1
Total *_‘;; —————

This total number of states in dz—configuration is called its

statistical weight.
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1o 6 The Ground State of the d® Configquration

L]
Energy terms for a configuration has been discussed in

previous section. Their position in the energy spectrum is
important, especially the ground state. Hund's rules are
applied to determine the ground state term easily, as the
one, which ensures minimum repulsion between the electrons,

having them separated from each other as far as possible.

Hund's rules states that
(i) Out of all the terms of a configuration those

with maximum spin multiplicity tend to lie lowest.

* (ii) Out of all the terms with maximum multiplicity, that

with largest orbital angular momentum lies lowest.

£

Based on these rules, the following procedure allows one
to write down rapidly the ground state of a a" configuration.
Horizontally is listed the m; values of the orbitals of the

relevant incomplete shell in the Table 1.2.

These orbitals are filled with available electrons
starting from the left. Single electron is added to each
orbital first, if pairing is necessary, start from the right.
This step takes care of Hunds rule. The m; values of unpaired
electrons are then added algebraically, that gives total values
of L. The number of unpaired electron plus one gives the

multiplicity.
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TABLE 1.2: THE GROQUND TERM OFmgn CONFIGURATION

N
s
(oo
|
-

Configuration ,my —2 L Ground .
term
al 2 2D
4% 3 SF
3 9

—— = —>

e
T T T o

(n1
W
—_—— = = >

Hence for a 3d2 system the ground term is 3F.
Similarly using the Hund's rules the other energy terms for
d2 configuration in increasing order of energy are obtained,

which are 3p, 16, 1p and ls.

1.7 Term Energies in Terms of Interaction Parameters

In order to solve the Schrodinger equation for
Hamiltonian H (eg. 1.8) the matrix elements of the following

form are to be evaluated.

YR ¥ ) = <‘V0<|H' Yp )
+<\“»h Ve

where lti and \(ﬁ are the wavefnncflons for first and second

. £4 . 23)

electrons respectively.
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The first term of the equation (1.23) has the following

important properties: - °
(1) Only di‘agonal matrix elements (0<=ﬂ) are

non—zerc in a free ion configuration basis.

{1i1) all the matrix element of type
< LP \ \ kh’o> ‘ .. (1.24)

belonging te the same configuration i.e. for same

n and 1 are equal.

. This means that the first term of equation (1.23) in
the Hamiltonian will cause a uniform energy shift to all the
terms arising from a given conﬁiguration i.e the single
electron-Hamiltonian is not responsible for any term

splitting.

Thus the term splitting originates from the

interelectronic repulsion operator, the second term of
equation (1.23) i.e.
= L% =

E \ Ya7

The wavefunction \Féare the many-electron component

-41.25)

invelving products like CPI ‘#’2 ~~~~~~ 4’n' where the ¢/9

are spin-orbitals for single electron.
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The fundamental indistinguvishability of electrons

demands that term functions be used, which involves all ®

.

permutations of the n—-electrons amongst the n—-electron spin-

orbitals, as well as it is an antisymmetric wave function.

(Pauli's exclusion principle is obeyed).

The usual way of doing this is to write as a Slater-—

determinant

A =8

The matrix elements (1 25) 1is fhereforp written as

= A A
ﬁ_!’<¢|u)¢c:h)-, - (n) ' ‘4;\.) \#}U) .ct%\(,n) >

NP & W 4
el
Now :EE; w> 7~ operates on two electrons at a time so that
D*j 'le

equation (1.27) breaks down into the following products

B ¢ p
<Folenr<E ey
5 f o
X<4>U) Lﬂ)\«%——-\t\)}t) C}de')> ... (1.28)
A p
- X< k| )

The matrix elements involves the products in which

electrons 1 and 2 are placed in the different orbitals 4)1

and (Pj and so a sum over all electrons is not required
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because of the orthogonality of single-electron function
and the matrix elements are non zero only if W;k euui*kﬁ
differ by no more than two functions and so we need not sum

over all orbital pairs in equation (1.28) either.

If the central integral in equation (1.28) is non—zero,
then on interchanging q& and S*L ,it remians non—zerc. Such
an example of orbitals corresponds to an odd permutation of the
Slater determinant (eq. 1.26) and so a minus sign appears in the
general expression for the case where these C?ﬁ-have been

interchanged.

L] Therefore

<‘+o(\ < H’F7 = [(@PL)CP(?—)\ \d)\l) d)(a)'}
Y;s

—_ <<b 1)43(2)(-————\Ct’“3 C()d("7>_] ... (1.29)

The + signs outside the whole expression reflects the
fact that an even or odd permutation may have been necessary
to bring the Slater determinants L‘k;and 4? into the same
standard order in which electrons (1) and (2) occupy the non-

identical orbitals of the two determinants.

We get a slightly different expression if %; and 42

differ by only one orbital.
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The integrals in eq. (1.29) involve pairs of orbitalsb I1f

X B
we regard #a as the 'odd one out' in ‘ﬁ; and #) in 4%

Ly - TR B £ ot

. £1.30)
& 5. p °<1
— < gl = |ghod)

X : X
the 4) may be paired with (n-1) other ¢>$'in these integrals.

The expression for \ :7 now involves a sum o
p <:ﬁa RZTWLYE ver

all these possibilities.

o &
o & |
2
.\h& :\q’ffbi‘ AR q)’”\ .. (1.31)

Finally we have the diagonal case in which Lt& and Wﬁ are

the same say,

Ll'q:%ﬁ: \c‘%\c\%—‘ S -*th\ ... (1.32)

The same number of permutation is required to send each Y
and q% into a common order so that there is only a positive
(+) sign ocutside the whole expression. Thus considering
any two 9&’5 at a time the sum over all possibilities which
are distinct is taken, to do so we keep a<b in sum over pairs

of orbitals & and b.



The first term in equation (1.33) is called the Coulomb
integral, J(ab), and the second the exchange integral,

K(ab).8 thus

J(ab) = ;(‘#a t#b l——i—.— ‘1’6 <Pb> .+ o {1.58)
» K(ab) = <¢b (',Fa \—zi—._ 4’0‘ 4>_l,> <« k1 .35)

Thus for diagonal matrix elements the following

expression is obtained

2 n
e
< x| — ““/o( > = 2 {J(ab) - K(ab)] ... (1.36)

The matrix element equation (1.36) evaluated above is
related to interaction parameters, Fk's and for

equivalent electron e.g. d-d transition the relationship

ise.

ae
J (ab) = ?oak FX
- 2L | .. (1.37)
K (ab) = &(5,5,) = b*F¥

kK=o
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k and bk are coefficients and

where a
Fk(abcd) = Rk(abcd) are interelectronic repulsion .

parameter and ES(saSb) is a kroniker delta notation

where
ezrk

<
RK(abed) = < R,y R, | -z=7—- R, 1 R

R s w0 €1 38)
nO%IC‘l-_. nbl~ 1ﬁ}§+1 Nes g ndt.d bg

From equation (1.37), it is 'clear that sums are taken
over evéen values of k only. This means F° , F2,
F4, Fo etc. are required and by using the vector triangle

rule, F©, F2 and F4 are needed for d—-d transitions.

The term energies are thus expressed i1n terms of the
interelectronic repulsion parameters (Fk's), called Condon-

Shortley parameters6.

Racah 10,11

chose some other parameters, A, B and C,
called Racah parameters, to represent linear combination of
the Condon-Shortley parameters in such a way so as to make the

separation between terms of maximum multiplicity as a

function of one parameter only.

A, = F° - (1/9)F?

.. (1.39)
B, = (1/49)F? - (5/441)F%
¢, = (35/441)F%

These parameters are simpler ones and accepted as the

most standard ones to express Lhe energy terms.



energies of the terms are obtained in terms of interacttion

26

Taking into account interelectronic repulsion the

1

parameters and are given in table 1.3.

TERM ENERGIES OF d2-CONFIGURATION

TABLE (1.3)
Term Condon-Shortley Racah

1 o 2 ; 4

S FO + 14/49 F% + 126/441F A, + 14B, + 7C,
1 e} 2 4

G F® + 4/49 F% + 1/144 F Ao + 4B, + 2C
3p FO + 7/49 F% - 84/441 F° Ay + 7B,

1 o _ 2 4 o

D F 3/49 F2 + 367441 F A, — 3B, + 2C,
3F FO - 8/49 FZ - 97441 F4 A_ - 8B
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CHAPTER TWO

L}

THE THEORY OF TRANSITION METAL ION IN A COMPLEX

2.1 Review of Theory

This theory is based on the crystal field approach,
namely, thap the metal ion iﬁ'the complexes, 1s subjected to
an’electric field originating from the ligands. Thus the
Hamiltonian fbr the electrons of the metal ion consists of
two terms

H = Hp + V. vew kBt )
Here Hp is the Hamiltonian for the free ion (equation 1.7)
and V. is the potential due to su&rounding ligands.
The potential V. is regarded as the perturbation‘which
determines the electronic motions and the term values of the

metal ion of the complex.

The basic idea of the crystal field theory is due to

112, which was further developed into a theory by

Beaquare
Bethe13 in the same year. Bethe investigated by means of
symmetry concepts, how the symmetry and strength of a
crystalline field affect the electronic levels of the gaseous
metal ions. In doing so, he laid down the foundation for all

14 succeeded

further study in the field. 1In 1930, Cramers
in proving a very important result that the electronic levels
in molecules containing an odd number of electrons must

remain at least two fold degenerate, provided that no
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‘magnetic field is present.

°
The first' application of the new theory to chemistry®

was made by Van Vieck!?. By realizing that the quenching

of the "orbital angular momentum would be a consequence of
the crystalline field model, he succeeded in explaining why
the paramagnetism of the complexes of first transition series

correspond to a "spin-only" value.

The field model was able to predict the cases in which
there would be small deviations from the empirical rule.
These predictions were completely justified by the

116

calculations done by Schlapp and Penney et and by
jbrdahl et a1l7, They showed that both the aniscotropy and
variation of magnetic sugceptibility with temperature could
be easily predicted and calculated. Their very important
papers directly confirmed the basic idea in the crystal
field approach, namely, that the crystal field reduces the
degeneracy of the electronic levels of the gaseocus metal
atom. Later Gorterl® showed that the crystal field of

a regular telrahedron will produce the same levels as

those produced by a regular octahedron but with the level
order inverted. In the years before World War II the efforts
were mostly concentrated on explaining and calculating the
magnetic behavour of complex ions. Later Van Vieck!®
treated the problem of absorption bands of inorganic
complexes. He pointed out that it i1s necessary to couple

the electronic wave functions with the odd vibrations
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of a molecule in order to get band intensities different from
zero, if one assumes that the absorption bands are due tg
transitions be&ween various split 3d" or 4f" configuratiogs.
Jahn and Teller} had shown in 1937 that no non-linear
molecule could be stable in a degenerate state. If therefore
a certain configuration is predicted to give rise to an
electronic degeneracy, such a configuration must immediately,
distort via nuclear displacemenés in the molecule in such a
way that the degeneracy if removed. In the same period

Van Vleck's?0 investigated into the Jahn-Teller

theorem as applied to octahedral molecules. He calculated
the Jahn-Teller distortions for octahedral molecules of

the form XYg and showed that the configurational

instability affected the magnetic moment of the molecules.

The development of the spectrophotometer and of the
paramagnetic resonance technique after the war brought new
life into theoretical and experimental development of the

crystal field theory. This led to a steadily increasing
flood of papers dealing with the subjects. Blearney and
Stevens21 have reviewed the detailed theory and the
experimental techniques associated with paramagnetic
resonance, with particular emphasis on the application

of the method to salts containing transition group ions.
In these complexes the paramagnetism arises from

electrons in an unfilled d or f shell.
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Bowers and Owen reviewed a report which is a

complementary to that of Bieéney and Stevens. The - :
complementary purpose of the report is to collect together
the available paramagnetic resonance data on these salts, and
to present in fairly simple way such part of the theory as,
is necessary for understanding the results. In general these
data give valuable information on some properties of
transition group ion in crystal e.g. susceptibility,

specific heat, hyperfine structure, lowest electronic energy

levels and width of absorption lines etc.

The manifestations of the Jahn-Teller effeclt in the
optical spectra of impurity have received growing interest in
r&cent years. In particular such phenomena have been
discussed for transition metal ion in group TI-IV compounds

3.23-23 pp interesting problem, on

by many investigators
which information can be obtained from experimental spectra,

is the magnitude of the coupling to the modes of various
symmetry and the types of impurity centres. For centres with
tetrahedral symmetry including substitutional impurities in
zinc blend and Wutzite type IT7-VI compounds, this problem have
received less attention than in the case of octahedral centres.
The properties of cadmium sulphide have already been
extensively investigated by spectroscopic method, both for

26'28. These measurements

emission and absorption spectra
were as a rule directed to the intrinsic absorption edge and
its fine structure. Numerous data are also available on

emission properties at different temperatures. Those
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studies did not extend far beyond the wavelength limit
of visible light. Collinszg was the first to give o
informatioﬁ on fundamental modes of vibration of the

lattice by studying the optical absorption.

Rosenfield et a12 made study of electron—phonon
interaction of Tiz+ ion with the ligands in CdS and CdSe
by analysing the temperaturé dependence of absorption bands
of these systems. The Absorption bands were discussed on
the basis of cluster model involving coupling of the impurity

ion and ligands in harmonic approximation.

The earlier works investigated the quantitative
relationship between spectra and crystalline parameters on
the basis of Slater orbital7, Richardson's double-

zetaao"aa and Watson's self consistent field (SCF)34.

% B ol Slater35 proposed a kind of radial function in
which he gave, a set of emperical rule for taking into
account the influence of shielding effect. The Slater
orbitals ére the rough approximations and are totally in-
adequate for accurate calculation of electron distribution.
Thus to find a way of solving the schrodinger equation

36 introduced the method of self

numerically, Hartree
consistent fields, which was modified by Fock37 and

Slater38 to include the effect of electron exchange.
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The orbitals by this method are called Hartree Fock self

consistent field.

In general‘the Slater orbital's are not capable of
vielding good spin—-orbit fine structures. On the other hand
Watson's SCF d-orbitals are not in good agreement with the
experimental crystal field splittings but yields a good spin—
orbit coefficient.

Therefore Zhao et a139741 jntroduced double—zeta

parametrilization functions, which must satisfy some
parametrilization conditions in order to be consistent with
thé d-orbital theory of Slater and Watson. These double zeta
orggtals give a good agreement between the experimental
spectra and the crystal field parameters.

¢

2.2 The Theory of d-electron States in Crystal

For the a" configurations, the d electrons experience
the coulomb action of the nucleus and also the electrostatic
actions of various inner shell electrons. 1In the central
field approximation, the effective potential consists of the
spherical shell potential, the coulomb potential and the
potential arising from the uniform electric charge

41

distribution and can be expressed by’ ~.

Vilr ) = Cg + cir;1 + Cory + carf L (2.2)

where C's are the coefficients.
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The exponential function of the double — zeta type
satisfies the physical requirement expressed by equation

: L]
(2.2).  This will be proven as follows; In a central field,

the wavefunction of a single d-electron is approximately

given by
1 rge R
[- - -—— + 3r 2 - V(r)- ElrRyq(r) = 0 s €2.3)
2 a
2 dr .
in atomic unit. The double zeta exponential function 39-41
is
Ragq(r) = a;Nyrlexp(~§,r) + a,Nrlexp(-£,r) (2.4)
3q (Y aiNyreexp (-§;r oNo p(-f, (2.
where
R and j = 1,2 ... (2.5)
6!
and

Vo
a? + a3 - Zalaz[ 2%, ] -1 ... (2.6)

substituting equation (2.4) into (2.3}, one obtains

1 a2 3
S o e g . S T c RS
2 ar? 1 22

+ B(alNle“'EJ\+ azNzre—ﬁir)

~(V(r) + B) (agNyrde” 5T 4 a2N2r3e’Ezr) =0 (2.7

Hence the effective central potential can be expressed as



34.

r aN e_glr +aN e_gzr
11 )
a N &% E1r + a N Eze E2r -
1 11 227 - bk
—2‘ __g "E (28)
aNe ™" +aNe 2
11 2

Expanding equation (2.8) into series, collecting the like terms

together and simplifying, one obtains

‘ 2 2 2
%%Waﬁégf%) 1 %M€1+a§§2
V(r)= - - E

(a N +aN )2 2 aN +aN
11 2 11 2 2

151+ a N E
N + a N
2 2

d|w

aNaN (E E )

1172 2
- on s an ) {alNl(El-252)+ a2N2(€2~ 261)} r
11 22

ufee)
a € -€
" l : 1 2 - [alNl— alNz] [€1+ EZ]

Lan+an)®
i 2 2

« (2,9)
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The expression of equation (2.9) have the form of
equation (2.2) which is consistent with the physical mgde}.
Therefdre it is seen that the adoption of the exponentigl
function of the double zeta type as the radial d-orbital is

reasonable.

2.3 Spin—-0Orbital Coupling Coefficient

D

The electrostatic interaction in an atom or ion is
responsible, for the break up of a given orbital
configuration into a number of levels or terms, each

characterized by the given L and S (L-S coupling). Each
of orbit lists some of this degeneracy, giving rise to a

multiplet or set of fine structure components in each term.

The Hamiltonian operator (Hgg) of spin-orbital

interaction of an n-electron system is given by 41‘43.
“ _
HSO = .z-_ Hl ...(2.10)
=1
2 2
with  H; = H40r) 1; s .. (2.11)
ﬁ e d
and (r;) ser——m—m —— V(r;) «us LBeX2)
d
! 2m2c?r  dr !

where ¢ is the speed of light and H; is the Hamiltonian
operator for spin orbital interaction of single electron and
Virg) is the effective potential due to the atomic nucleus

and all the other electrons of the system acting on the
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ith electron, which is given by eqguation (2.9).

For a d-orbital, the spin-orbit coefficients §4 is

ﬁ<1 - ®2 < Rd(r)‘ ﬁd(r) l Rq(r)>
: eh? 1 4
= ememema— e . R (r) \ =5 - V ‘ R (r) >
& 2m2c:2 & r dr {2 d

Using eéquations (2.4) and (2.9) in equation 2.13, an

expression is obtained for qcb which is

q e‘h alNléil + azN')ﬁZ
= ————= =3(
" o 2m2c2 alNl + a2N2
2n2 2n2
aiNyd: a3t o
(2§ )4 b e

+  —m————————— ]

&1 + &)

asN,a-N é; —ﬁ )2
11527211 Z
(alNl + azNz)B

{alNl(E,l—Zﬁz) + azNz(qz"qu)]
2\ 2e 2w2
i AL L Gt U S

e oo $28. 330
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3
L o & abiegNplibe Bpic  tetiolz 1R
4 (a;Ny + ézNé)a

4
1 ajNjagN; §1-6)) 7
.y -
2 (aqNq + ayNy)

[ — ol . e ————————— 1 ..« (2.14)

Substituting the values of e, h, m and ¢ the above

equation is simplified and expanded in units of cm—'1 as

252 252
B4 = 5.844167[-( Ses g o )
8 &1 By By *+&3)

Gy -2 |
Gy +§2)°

Thus _E}d is expressed in terms of a,, aj, E\l andﬁ,z

+ 1231N132N2 v.a (215)

2.4 Racah Electrostatic Parameters

The Hamiltonian operator of electron-electron repulsion

interaction can be written as

1 ’

- 1= < | %S:’w%3 = e A
Ho = 25 W%

s

5w w Law ok )
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The contribution of the electron—electron interaction
to levels of the d” system can be described in terms of R§c§h

parameters, as discussed in chapter one.

In equation (1.39) s are expressed as

.80

K - o2 2 g T 2 -
F* = g* rirs ——;£+1R3d(rl)Rad(rz)drldrz v (84 360

.0/
where Rg4(rq)., Raq(r,) are the double zeta orbitals for f%h
and r%h electrons.

Thus the Racah parameters can be computed once Fk’s are
kn®bwn. Using the known formuladl 42,

(%
X 6. 6 P sy et
JUAB) = rirs ——- ;E+l? ' e 2 drqydr, =
/s
G
K
(64k)!  (5-k)! SX= M (5K 4+ m)!

S ST - s 6-xim ] #

p x mzo M! (B +L)07HM

LK

(6+k)!  (5-K)! %* X" (5-k+m) !
TSR { e - : 6—k+m} T, (2418)
X g mzg M, (p+x)

a general expression for FX's can be obtained
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k.2 2ai N (,Ei+k)!7 . (5-—1()(!5 - g
(2¢ ) * (26 )°"

6+k

}: (251) (5-k+m)!
m ! (4& 1)6—k+m

m=1

6 +k

iy (B! [ (5-k) ! _}: (267 (5-k+m)1
22 7+k 6-k m ! 6-k+m
(2¢ ) (2¢ ) (ag )

+ 2

m=0

(€1+€2) (€1+€2)
B6+k m
2 (€1+Ez) (5-k+m)! }
m ! B-k+m
m=0 (2€ 1+§ 2)
(2&5) (2% )
B6+k m
Z (251) (5-k+m)! jl
m! B-k+m
s (2€ 1+2€ 2)

6+k

(6+K)! [ (5-K)! _E: €))7 (5-k+m)! } }
7+k 6-k m ! 6-k+m
(2€ ) (2¢ ) (2€ +2€))

m=0
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& 4a1N1aZN23 [ (8+k)!7+k [ Skt 6-k .
. (2.52) (€1+€2)
®
6+k m
Z (5-k+m) ! (262) J
(6-k+m) m !
m=0 (€1+3€2)
" B+K m
, (B+K)! [ (5-k)! Z (€,*6)  (5-kem) } ]
7-k 6-k m ! 6-k+m
(E1 +Ez ) (252) e (2Ejl+€2)
+ 423% N { (B+k)! - [ (5—1():;_k B
(§1+€2) (2&1)
B6+k m
Z (€*€.)  (5-km)! ] . (B+K)! [ (5-k)!
m ! 6-k+m 7+k 6-k
- (3§+€ 2) (ZE1 ) (€1+€2 )
B+k m
- Z (28) (5-k+m)! } ] }
m ! 6-k+m
m=0 (3% +% )
(2.19)

Hence using equation (2.19) the expression in FO,FZ, and

F4 can be computed in terms of al,az,g1 and 52 for the corresponding

values of k=0,2 and 4.
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2.5 Analvytical Approximation of SCF d-orbit

L]
To dbtain the double zeta parameterization function for
Ti%* the coefficients ay. ap.Eq and §, are

to be determined using the following mathematical condition?.

(1) The overlap condition between Ry and Rg is given by

<Rq |RY > =1 002, 20)

where Ry is the double zeta function given by eguation (2.4)
and Rg is the Watson's SCF d-orbit. Using the expression

for Watson's function36'45

RY(r) = 1.628901r%el-7316% 4 14 714366r2e™3 42767 4

28.997185r2~0-4619Y | 13 p10719r2e~11-9171 .. (2.21)

equation (2.20) becomes

alNl azNZ
1172.8087 [~————"-——m + )
g+ 1.7316)7 (E,+ 1.7316)
Syl A
+ 10594.344 [-———-F—-—m + ]

&+ 3.4276)7 G+ 3.4276)7
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aiNg
+ 20877.973 |- -
§q+ 6.4619)
a.N
- 9367.344 | L

£+ 11.9171)7

substituting the values of Nl

from equation (2.5), eguation

7]
(€2+ 6.4619)

apN;

1

]
€+ 11.9171)7
... (2.22)

and N, in terms ofg,l and & 5

(2.22) becomes

| 7/2 7/2
a8’ 3252
494 .49954 i =
(£, + 1.7316) €, + 1.7316)
. &1 42
7/2 77
%151 , ag§2
PR 1 . S — g + - s
&, + 3.4276) (§, + 3.4276)
7/2 7/2
ag’ azgs’
+ 8802.9254 it - e vnen
&, + 6.4619) &, + 6.4619)
7/2 742
2.5} a
+ 3949.7764 - - # 252

(g, + 11.9171)7

(E, + 11.9171)7

o« ks 23)
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(ii1) @& spin-obit coefficient condition given by

av
%3 = < Ry | (¢h?/2m?c?) (a/ry —— [Ry >
a a d
dr
av
= < rRY|(eh?/2m2c?) (1/v) — [RY>
dr

w5 (2+24)

Here experimental value of spin-orbit coefficient gdflzo em ™t
has been taken as parameter of the theory, so using double
zeta—d—-orbital in eguation (2.24) one obtains
7/2
alﬁl : azﬁz + e 3 +
(;1 * ﬁz)
2
e (6, - &p)
— aja,(§,8,)7/? i = = 102.66647
3 (51 + Bp)
... (2.25)

(iii) The third parameterization condition is given by

< Ry| r?|Ry > = <RY

r4, RY >

Using equation (2.4) and 2.21) one obtains

7/2
4096 a,a,(E4E,)
af/ed + a%/83 + 28 212201520 7 0.0453761

(&, + it

« (4:26)
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qd6.47

With the help of numerical metho a system of non-

linear equations (2.6), (2.23), (2.25) and (2.26) in a;, aj,

31-52 are solved on IBM computer and hence values obtained

are

a; = 0.58
62 = 0.56
1 = 3.8900 '
£; - 1.6656
Thus exact double zeta radial 3d-function for T12+ is
expressed as -
. 7.78 -
Rag(r) = 0.58 [————————- 1172 r2 exp (-3.8900r)
64
]
3.33127
TR 7o [ — 11/2 +2 exp (~1.6656r) ...(2.28)
6!

f
This radial function will be used for computation of energy

states of Tis* in CdS crystal.
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CHAPTER THREE

CRYSTAL FIELD OPERATOﬁ AND d“ WAVE FUNCTION

3.1 Expansion of Functions

The crystal-field model considers isolated molecules or
complex—ions in which the central electrons are subjected to
an electric field originating from the surrounding ligands.
The electric field of the ligand ions produces V., which acts
as a perturbation on the electrons of the central ion, such
that energy operalor of the system is

A A n

’ H= H, + V, A

H, is the unpertubed Hamiltonian. Energy calculations of
crystal—-field splittings require evaluation of matrix
elements of the form

‘ A |
vl v, oy dt - Ly Ve Ve >

« x s (3. 2]

in which \V's represent wave functions of central ion.
To solve the integral (3.2), V. is expressed in explicit

form using the expansion theorem.

Any functions of a set of variables may be expressed as
a linear combination of a complete set of eigenfunctions, of

the same variables of any operator.
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For example

f(Xl)(z ....Xn) = 31&'1()(13(2 ....... Xn) + o
3262()(1)(2 ....Xn) + ————— + a.d (Xl,XZ ““““ Xn)
« 5 « B0
where f is a function of the variables (xl,xz e Xp) expanded

in terms of the &'s, with expansion coefficients a;, where

v,

the &'s forms.a complete set of eigenfunctions of some

: A
operatorsz., such that
J;l@j = ‘Aj&j ... (3.9

Any other way of loocking at the expansion theorem is by
L]
noting the close mathematical functions and vectors. We may
write a vector A as a linear cgmbination of the base vectors

3
- -3 -
R = by¥} + by%, + by Xg = Z},_l b3y oo (8. 5)

where the base vectors are independent and orthogonal. The
coefficients by determines the value of each base vector in
A. They are the projection of A on the base vectors and

given by the dot product

and so equation 3.5 may be written as



47

3 > ¥
A= 2 X (%;.A)- , (3
- kzl

Both of these have a formal analogy in the expansion of

functions. So f(x) is expanded as

f(x) = a1 (x) + aydy(x) + ... + a,6,(x) ...(3.8)
We have exp?essed the functions of f(x) in terms of

basic functions &(x). We could equally well expand them in

terms of any other basis e.g.

f(x) = by (x) + by Wo(x) + .... 4+ b Y, (x) v : (8.9}
]
The bases must be complete. In the case of vectors in
three—-dimensional space we require three basis vectors.
There may be more, even an infinite number as in the many-

dimensional Hilbert space.

The analogy between vectors and functions extends also
to coefficients a, and bj. Thus premultiplying equation

(3.8) by 6; and integrating one obtains,

By, (x) f(x)dx = als-éz(x)ﬁl(x)dx - aZS B () By (x)dx + ...+
a (&) (x)8, (x)dx ... (3.10)

So that, the orthogonality of the basis functions ®q,'s gives
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ap = | B fxax =< & {f > ..(3.11)
- i L]

The integral 3<énlf} corresponds to the dot products of the

vectors xy, and A in equation (3.6), and substituting equation

(3.11) in eguation (3.8), f(x) can be expressed as

n
f(x) == [ 0<ay |£> . ... (3.12)

This relationship will be utilized to determine the

crystal field potential V.

e & The Crystal-Field Potential

The potential V., is set up by an arrangement of ligands
around a central metal. To solve the integral of the form of
(3.2), V. operates on electronic wavefunctions of

the metal ion, which are referred to a single origin of the

central metal ion.

It is therefore convenient to express V. in the form
referred to the same origin. The usual way of doing this is
to expand the potential V. as series of spherical harmonics

44. Normally a ligand is regarded as

centred on the metal ion
a point charge or collection of point charges. The electronic
potential set up by these ligands is inversely proportiocnal

to the distance of the charges from the central ion. The

potential or rather the sum of the potentials from all the
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ligands is expressed in a coordinate frame whose origin lies
elsewhere on the metal ion. This can be done with the help
of the expansion theorem. Since the potential occurs in ’ .
three dimension space, the three coordinates for the basis

functions are required in the expansion. It is particularly

convenient to deal with spherical polar coordinates such that

Ve is expressed as 48.49
=0 &
Ve = Z;:; CHRy (r) Y} (68) ... (3.13)

where Cﬁ's are expansion coefficients of V. with respect to
the basis functions Rk(r)Yﬁ (6d). Note that the basis
fungtions involves all three coordinates r, 6, & even though
they have been separated as spherical harmonics Yﬂ (6d) and
radial functions Ry (r). To be quite clear equation (3.13) is
expanded as

_ O o 1 1 ~—1 =1 2 2
VC = COROYO + C1R1Y] + C 1R1Y 1 + C2R2Y2 R ... (3.14)

this includes harmonics from Yg to YSZ but symmetry and

group theory impose an early termination of these harmonics.

The power of group theory is only realised in the
present problem when the operator is viewed in context in
which it is to be used. Matrix elements are the observable

quantities, not the operators. The matrix element of
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intergral (3.2) may be faclorized into radial and angular
parts. Let R(WO and A(ﬁ? stand for the radial and angular * B
parts of L?respectjvely and R(V.) and A(V,) for radial and
angular part of V.. Then a typical matrix element is factorized

as

vl =R IRV [ROE > x <A [AVO A >
... (3.15)

Substituting egquation (3.15) into equation (3.14), one obtains an

expression for matrix element as

WV [ )= Cod R Rol RO DS AW Y [A G >
C GSR) IR RE) YA Y A S

4 CHORG)| R R YA | YT A) >+

For a particular problem, if any of these angular
integrals vanishes by virtue of symmetry then there is no
point in knowing the associated radial integral and more so,
no point in knowing the asscciated expansion coefficient Cﬁ.
Thus by locking at the group theoretical behaviour of the
angular parts of the matrix-elements of VC the number of
terms are restricted and hence VC shall have only limited

terms in its expansion.



4.3 Series Termination

°
A most useful series terminator is derived from the .

specification of the wave function q/. If LVi' \Vj are metal
d-orbitals, the angular part of matrix elements of equation (3.16)

vanish for Yﬁ with K>»4, which can be seen as follows: The

wave function expressed as

m_ ( 3
ROW)HYD = R\‘STJGLQM‘P) ...(3.17)
where v, 6, & are spherical coordinates of the electron.

For the d-orbitals the angular part of the wavefunction
has the spherical harmonics Yg. Thus matrix elements in

L ]
equation (3.16), therefore, involve angular integral of the form
m m
<y gy ... (3.18)

The letters k and q have been used to label 1 and m
guantum numbers of the harmonics appearing in the potential.
The YT'S in equation (3.18) refer to the orbitals of the
electrons. The matrix elements of equation (3.18) vanishes
unless a vector triangle can be constructed from the three
indices 1{ k, and 1.

/
For d-orbitals, 1 = 1 = 2, thus the matrix element

Y Yd Y] sinededs = o ... (3.19)
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for K>21. Thus it will be non—-zeroc for K=0, 2, and 4.

L

In spherical symmetry the representations have dimensions
of the order of 1,3,5 ....(21 + 1) corresponding, for example,
to s, p, d orbital sets as bases. Such representations are

written as Dy, Dy, Dy ...... D correspeonding to 1 = 0, 1,

Suppose a spherical atom or ion has electrons which
respectively belong to the representations Dk and Dl (say &
d-electron). Then what representations of the spherical group
'do these electrons, as a pair, span? That is, the product of
wave functions of the type *’i(l).%g(Z) etc. or

vl(1y.¥l(2) is to be considered.

Taking the direct product of the individual electron
representations the coefficients a; are determined by
reducing it.

DkA Dl = Zi aj Dl' ...(3.20)

A well known result that the character of the direct

product representation equals the product of the individual

48,49

representation’'s character i.e.

x(D; D) = X(D;)X(Dy) ... (3.21)
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Considering electronic wavefunctions transforming in the

spherical group in the representation D;, which is expressed
. ®
as ¥ .

. ~

... (3.22)

e—lla

= J

the character of D; is obtained as the sum of diagonal

-elements.

X(D;) = (eMld 4 QgtU-L)a . L. ye"tay 1 (3.23)

On substituting in equation (3.21), one finds

X (D ADy) = (eika , Gi(k-1)a , , -ikay
(ella L, i(1-Da .~ , g-ila )
= (ei(k+1)a it ei(k+l—1)a + ... e_i(k+1)a) 4

(eilkel-1)a . i0+152)a , - Fi(easUN, oo

y (eik-Da , Jik-1-Da . -1 (k=1)4,;
... (3.24)
X(DADy) = X(Dyyp) + X(Dpyp_q) + —+ X(Dp_y) ... (3.25)

Thus
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Hence equation (3.26) shows that the product wavefunctions
span representation with suffices ranging from sum to the

differences of original representations.

Now in the matrix element of the type (3.18)

/
Moo= < YR | YR YT >, ... (3.27)

if any two are coupled together (because the spherical
harmonics commute) and the span of the product is deduced,
then _Yﬁ!YT) gives rise to harmonics Y% in which L takes

all values from |k+1| to {k-1| because of the orthogonality

of sphgrical harmonics.

Therefore
M= C1<Y’i3-l|¥k+l> + C2<Y']'}/|Yk+l_1> + - 4 cn<y’{§ly(k_l)>

« {3 .28)
‘The individual matrix elements in eguation (3.28) may vanish
because of the orthogonality in the guantum numbers. It is
demanded that l{ k and 1 in equation (3.27) form at least a
vector triangle. In this way, for crystal field matrix
elements between d-orbitals, the‘terms in the potential V.
of order k greater that 4 are in-aoperative. The second
generally useful series terminator for eguation (3.18) is

‘derived from the parity of the three functions in

v b v
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The general rule is that the triple product of the

functions under the integral sign in these matrix element
c )

must be of even parity. Since inversion operator inverts
only the electrons, the above parity rule remains pertinent

even for molecules which lack centre of symmetry.

For example, if ‘Pi and ﬂ{j are both d-orbitals, Yﬂ
must have k even, for the matrix elements not to vanish and this
is true'regardlesé of the symmetry of the molecule. So far,
by noting the spherical basis of the functions used and
their parity, the series in equation (3.16) is greatly
shortened.

]

For matrix elements of d-electrons, the effective
potential is reduced to terms involving Y?, Yg and Yg and
further limitations are imposed by the requirements of
ligands arrangement round the metal ions that is by the site

symmetry.

3.4 Axial Distortion

Returning to the crystal-field potential in Cj,,, symmetry
the transformation properties of the harmonic set
Yg are considered, using the well know formula for character
of a spherical representation under a rotation

sin (1 +1/2)X

X ) = . ... (3.29)

sin (1/2)X
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X{1=2) 5 =] 1

and thus from the character table of Cqy. the irreducible
components of Y? in Cgy are 3A1 + E. Here it can be seen
that totally symmetrical representation are involved and so

Y%'s appear in the potential V..
From the set Yg the character table is as follows

E 2Cq 36
X(1=4) 9 0 1

which gives the irreducive components of Yg's in V. as 2R + Ry
+ 3E. Thus two linear combination of the Yﬂ's transforming

as A, and one as AZ occurs in the potential.

By specific investigation of the transformation properties
of the individual spherical harmonics in Cyy symmetry, it can
be determined that which representation is involved. A case
is considered in which the system is quantized along the
three fold C3 axis, that is the C3 corresponds to the Z—axis

to which the spherical harmonics is referred.
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In this case, rotations about axis parallel to Z only

affects the & function, transforming e'™® into o im(&+00
e )
Hence : . .
Cy A& _ 41 (8+2T73)
¢, o3I o G3i(@2T3)

Now it is required that V. is to be transformed as Aj

Gv

and A5, ‘which are:totally symmetrical representation and so

A A
Cq V= Wiwhich will only be true if

Vo, = dY$ + bY§ + c(Y3 + Y72) ... (3.30)

In case of a tetrahedron transforming under C5 axis
the ratio c/b is fixed. This happens because there is only one
A, combinations of the YQ which exists and so it is defined
completely. But in the present case of the Cj,, symmetry
there are two Ay representations and hence the ratio of /b
cannot be fixed. Thus no relationship between d and b or d
and ¢ are defined by symmetry as there are no symmetry
operations which can transform one order of harmonic into an
other e.g Yg into Yg. Thus Cg3,, symmetry defines potential
involving three unknowns as distinct coefficients or
parameters. These coefficients are determined easily in
point charge model of the crystal fie1d48'49. Actually this
only involves relating d, b, and ¢ of equation (3.30) and it
is with this aim in view that the determination of V., in the

av
point charge model are made in next section.
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3.5 The Point-Charge Model

%

The structure of Cadmium Sulphide can be viewed as a
cubic~packing of Cdz+ cations with SZ— anions occupying all
the tetrahedral holes, isostructural with the Cadmium
Fluorite>0-°1, ‘Based on X-ray struqture data”? the lattice
constant of tetrahedrally coordinated sulphide is given as
5.78 A and, the distance of the nearest neighbour, R = 2.524.
The figure 3.1 shows CdS structure with tetragonal and
triagonal system of coordinates. If figure 3.1 is viewed from
Z—difection, it looks like figure 3.2 below, where X,Y,Z forms

a trigonal coordinate system.
L ]

The spherical polar coordinates of the point charges in
trigonal systems of coordinates are shown in table 3.1 where
elis the angle of ligand with Z-axis and é/the angle of
projection of ligand on XY plane from X—-axis, r is the
distance of the neighbour which is 2.52A for CdS. Here
sperical polar coordinates of electroﬁ of metal ion are

/
expressed as (r, 8, &) while that of ligands as (r. &, &).



(T1 -12)

(1,=11)

(100

Figure 3.1 Tetrahedral Cubic Structure for CdS
0-Cd; -5, with tetragonal coaordinate
system (x,y,z) and trigonal coordinate
system (X,Y,Z).
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Figure 3.2

Trigonal (X,Y,Z) coordinates system for

T4—symmetry.
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Table 3.1: Spherical polar coordinates for ligands

with Ty symmetry

Ligand r/ 9/ @J

1 o - . : 0 S ; ————————
P R 1)
. T
e T o

Potential experienced by the central ion electrons is
equal to sum of Coulomb potentials due to ligand ions

surrounding metal ion.

If ?ﬁ is the position vector of the ith ligand from
the coordinate origin (the metal ion) and ?z is that of
electron of central ion, the crystal potential may be written

as

1 4 % Ze
Vg o = Z ——————— iw v 03 31)
pe 4
411'20 i=1 §=i lrl-—rj|

where Z is the charge of ligand and e is charge of electron.
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1
The expansion theorem for IrTj P—el allows equation (3.31)
. i j
to be expressed as a linear combination of functions of the £8rm

q
R (r) Y, (o¢)

where Y: (e¢) are the spherical harmonics

Thus one obtain —°
4 [o0] k 4
ze Pk 4
Z — _)__. = Z Z 1) Z zev(zn )[2k+1]
%, 7 .
i=1 1y k=0 q=-k F=k
q* q
T (0! ¢!) (Vom )[ék_—] L lag) vo o (3432)

Equation (3.32) and (3.13) are nearly equal to make them look

more alike, regrouping is done as follows

4 [+¢] k 4
Z Z Z [ Z ze Tq*(e’qsi)
'—;g, 2k+1 kK it
i i=1

i=1 k=0 qg=-k

r* 1
o (kD) k te ¢))]
a ~a
}: }: R(r) Ck Tk (ei¢j)
k=0 q=-k

. (3.33)
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s o, e
C‘L BT ZQZTK (@L ¢’ ) .

v K K A1 v=1t

where

K
Q - ,\‘( ... (3.34)
7y ~' (k1D

However the expansion of equation (3.32) has specified the
unknown in equation (3.13) as per equation (3.33), which are
calculated explicitly by substituting the explicit.values

of (rgegég) for the four ligands as in figure 3.1 in
equation (3.34). With the help of group theorx,equation (3.32)
for Cg,, symmetry is expressed as
4 2o Lo o L oo,
Y - = = €5 R + Gy R

= = =2/ 2/

_3 _3
3 3 Co M.
+ Cp Rl W b Sy Setly
where Yg has been ighored because it just gives the shift of

all the energy levels and

are spherical harmonics for central electron. In general

normalized functions qu(e) and 6q(¢) are expressed as

1 .
§, = —— ei9® (q = 0,41,42...) ... (3.36)

T e
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_.ya [ 2k+1  (k-q)!] La
ekq = (-1) [ 5 T Pk (cos @) (g =0) .
and ‘
_ [ 2k+1)  (k=|q|)! .a
g = [ 5 ] (ke [q ! P (cos @) (g=0)
. (3.37)
where P: (cos e) is legendre polynomial.
Thus the explicity form of these spherical harmonics for the
ligand ions are 9
0, 4,y _ 1 VB
T2(91¢1) “ver V2 (3 cos @ 1)
Ol gy y o L 3 4 ., 2
T4(ei¢i) = g g (35 cos ° 30 cos ei+3)
Tis(e’¢’)= + 71- 9435 sin e cos o'e” aLg
tl e : (3.38)

by using equation (3.34) one obtains

1
2

4
&7 R (r) = ze [~] Z [3 cos®e —1] r
2 4 R 3

1
- 4
0 rt n? 4 2
C R (r)=ze — —= E: {35 cos ©’'- 30 cos ef+3]
4 4 ] i i

...a

1 1
i=1 ....(3.39)
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Therefore

1
2 =

_ . [m)e 2. 0
Vs zeR3 {;] (3 cos o 1)Y 5

+tze——

N|m|»

i=1

4
}: [ 35 cos e -30 cosae +3] 2

= a
r* (35m)°
+ ze——

+ o f -
_— sinsef cos e’e'si¢ Y 3—T3
RS 6 i i 4

4
i=1

..(3.40)
Using the values of e; and ¢; from table (3.1), one obtains

1

Ve = -ze —— [%lz (0.4049445)Y°
3v 3 51 2

4
i ze £ W2 44 508452)y°
5 12 4
R
1
. rt (35)°

297 (0.2320577) |Y>-v
RS 6 a 4

This expression for Vc allows to do numerical calculations

of
the energy levels of T12+ions in CdS having Cgvsymetry
distortion.
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"3.6 Electronic State of Ti%* Ton in T, Crystal Field

Ti2* free ion has two electrons in its unfilled
d-orbitals, having ground state as 3F and first excited triplet
states 3?. In CdS crystal sz+ ion replaces central Cd ion

in the lattice. This leads to a week axial distortion along

Cq axis of Ty symmetry. This configuration belongs to point

group Ca,,.

The wavefunctions for these terms are constructed in
weak_crystal field approximation, since for first transition
series, this holds good53. For the 3F term, there are seven
orbital functions. The seven orbital functions are
constructed from information found in Table 1.1. The Mj
values for a 3F term run from +3 to 43 and from the Table of
a2 configuration, the corresponding products are found.

For two electron system of Tiz+ ion, in the weak field
scheme, the corresponding wave functions are given in
Table 3.2, where d,, d4, d,. d_q, dp specify the hydrogen
like d-wave functions as designed by the m; quantum number

used as a subscript. Their explicit form are

dy = RpY,,(68)
d; = RyY,y(63)
d, = RyY,q(88) ... (3.42)
d_y; = R,Y, 4(68)

d_,2 = R2Y2_2(96)
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TABLE 3.2 POSSIBLE d—ORBITAL FOR DIFFERENT VALUES

OF M; FOR®F TERM

* .

M d-orbitals
3 (dpdq)
2 (dpd,)
1 (dod_q), (dqdy) ...(3.43)
0 (dpd_5), (dqd2y)

-1 (dqd_5), (dod_q)

-2 (dad_9)

=3 7 (d_4d_5)

* Representing two—electron wave functions as (L Mp), it

is readily seen that four of the functions are

Y33) = (dyd_y)
Y2y = dydy) ... (3.44)
Yi3-2) =  (dyd_yp
Vi3-3) = (d_qd_p)

These are the only products of one—electron
wavefunctions which give the appropriate M; value. ©Since the
one—electron d—functions are normalized, so the resultant

products are also normalized.

However a problem exists with respect to the “/(3,1),
+43,0) and \P(B-l) functions. Since there are two products
of one electron functions which have the requisite M; values,

there is no good reason for choosing one of these functions
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over the other. Therefore a linear combination of both
o ®

functions is taken. .
A ]

To do this the raising or lowering operators can be
used. But for this calculations, the lowering operator L_,

which is defined as

L Y (LM = VLM +D) (L + M) W (L. M -1)
has been used.

Starting with 41(32) = dpd operating the eguation by

0'
b_, one obtains

Left hand side

L_Y32) =V (62 3+2) Y31

...(3.45)
and
Right hand side
L_ (dydy) =V (2-2+1) (2+2) \(d,d,)
+ (z-0+D) (2+0) ! (dpd_yp) ... (3.46)

equating equations (3.45) and (3.46) one gets

Y (31) =V2/5'dqa, + ¥3/5'dyd_y

Repeating the same procedure for the others, one obtains the

seven orbital function for 3F as follows
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Y(33) =  dya

VY(32) = dyd, o .
V(31) = 2/5 dqdg + 3/5 dyd_4 ... (3.47)
Vi30) - a/5 dgd_q + 3/5 dod_y

—_—

T

—
it

2/5°d a4+ 3/5 dqd_o

=
€3]
e

St
I

dod—z

<
~~
w
&
Nt
I

d_,d_4
For the 3p term there are three orbital functions.

Since the three orbital functions‘y(ll),\v(lo). W%1~1) have
same M; as with the orbital functions ¥(31), ¥(30), Y(3-1)
for 3F term, therefore they are obtained from the same
products of hydrogen like d wave functions. But since 3p
and 3F are different terms then the orbital fuhctions
can'% be same but they are othogonal thus using orthogonality
relationship

xaU * ﬁﬁ: = 0
where C& and d'are coefficient for SF orbital functions and ﬁ

o

/
and,p are coefficients‘for the “p orbital functions.

Finally the following orbital functions for 3p term are
obtained

(11) = V2/5'd,d_, — V3/5 dyd,

(10) = Ya/5%d,d_, - ¥1/5'd4d_4 ... (3.48)

(1-1) V2/5'd_nd; ~ ¥3/5%d_yd,

The equations (3.47) and (3.48) represent the two electrons

2+

wavefunctions of Ti ions, which will be used for energy

calculations.
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CHAPTER FOUR .

COMPUTATION OF ENERGY STATES OF Ti%* ION IN cds

4.1 Term Energies

The energyzlevels of a configuration (terms) are given
as a function of the three racah parameters A, B, C which are
related to Fk‘S through the equation (1.39). Using equations

(2.19) and (2.27) one obtains the following values of FX'g

FO - 144944 cm™ 1
F2 = 53270 cm 1 ... (4.1)
F4 - 34146 cm 1 ‘

2.19474 x 10° cm~ ! has been

Here conversion factor 1 a.u

used. Using equation (1.39), one obtains

A, = 141150 cm?

B, = 700 ocm} .. (4.2)
and

c, = 2710 ol

where A, , B, and C, are electrostatic parameters in the free

o

state. Thus the energy terms of 3F and 3P have the values

(from Table 1.3)

3f 135550 cm™ L

... (4.3)
3p = 146050 cm 1
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- *
- The two particle operator parameters B and C describing

]

electron—electron repulsion would be reduced in crystal44 as

B = N%B
4 ...(4.4)

L = NCy
where N4 denotes the average covalency reduction factor and B
and C denote Racah electrostatic parameters in the crystal.
The reason behind the reduction is the possibility of the
polarization 'of the ligand. The role of polarisable ligands
in the spectroscopy of transition metal clusters has been

extensively investigated44.

For the Ti?t-g2~ cluster524, the value obtained is

N4 = 0.5.

Hence
B = 350 cm
...(4.5)

C = 1355 cm™!

For the same reason the single particle operator
parameter describing crystal field would be reduced in
crystal as

<dIvid> = N&dividy,, ... (4.6)

equivalently, <r"> will be reduced as

<ry

I

N<dlrM|d>,

= N&rP> .. (4.7)
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where <r"> and <rn>o denote expectation values in the crystal
o

. .

field and free state respectively.

Therefore crystal field parameter Dg, in tetrahedral

crystal field, is obtained using.

Dg = ~——= <rd> ' ... (4.8)

with
<r?> = N2>,

and

<rds =U[r6|R3d(r)|2dr .. (4.9)

¢

where Rgq(r) is given by equation (2.28). The value obtained
is

Dq = 338 cm } .. (4.10)

4.2 Integrals Involving Three Spherical Harmonics

It is well known that the integral
e 2w

-
MQ\ My ML’ ™ , & =
Y Y, "Y A = AN A¢ =0 ... (4.11)
. (‘ 2 L3 O

/
only if m = m + m +m =0

o

Applying this type of integral for our case of V.,
3v

crystal operator, which is given by
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Ve =d Y$ + by + c(Y3 + Y°3) - (4.12)

Al

(1) Consider the matrix elements of Y3, YZ of the type

v
x l‘ﬂl‘

o s |
% \ykx \(igg 6Q4> /
°

which is non—zero, when

This shows that the matrix element arising from these
terms of potential, i.e. from Y5 and Y3

are diagonal.

(ii) The integral involving Yg are zero unless

*
m + 3 +m =0
L Iy
—mI‘ + m13 =0
ml' = m13 + 3

These are <2,-1> and <1,-2>

(iii) Also integrals involving Y_S are zero unless

*
m - 3 +m = 0
], lg

-m + my, =3
L 13

mI‘ <= ml - 3
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Thése are <-1 2> and <-2 1>. Thus total number of matrix
elements of V. for d-configuration are reduced.

v

4.3 Matrix Elements of Single Electron Operator

According to degenerate perturbation theory the secular
equation
W EEg\E \ =0
v A} ... (4.13)
is to be sclved in order to obtain the energy levels. Here
H is the Hamiltonian, E 1is the eigen value and(g;j is
Kroni}.ﬁer 6 symbal, having values 8“ = 1 and 81'_-; = 0,

Thus the integrals of the form

W?‘\';Lviol*c: 44";,{0\‘{3’> ...(4.14)

are to be evaluated.

In the weak-field approximation, the basis set of wave
functions are expressed as
N R(r) e(©)$@)
where N is normalization constant.

Thus the integrals of the type

< R QC@)CP(‘(’)\\/GG@\Q@) 9(®)¢(£p)> .. (4.15)

are to be evaluated.

Evaluation of one of the matrix elements is
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illustrated as follows

<d_|v |d> :
24 ¢ 2 .
where
d2=R__ (r)r:‘
....(4.18)
=R_ (r)e’®
3d 272
since . d = : e21¢
2 Vor
Then
d = 1 R (r)ezeZiw
2 V2m 3d 2 ....(4.18)

Taking the expression of Vc3v equation (3.41), one obtains

N 1 2 zwl - 0.4049445x%
<d2 Ivcsv Id2>—<R3d (r) vor %°

1 2 -2i@
R (r) e e >
3 Vem 2 ...(4.19)

while the contribution due to Yz and Y;a will be zero
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1
" _ze . m)2 2
<d12|\,c3 |d >= =1 0'404-9445)%} <R _ (r)|r?|R

d(r‘)>

L]
)

2, 0; 2. 1_ 2ip, 0ip, -2ip 1
x<92|92|92>2—<e e " |e >~

NI =

ze T 4
+ 11.508452 5 1z <R (r)|r|R (r)>x

1

20 O 2
<@2|94|92> 2nv2n

<ezup|eow|e—2w) N

... (4.20)
but

. 21[ n
<ezw|eow|e—zw) >=’|' Q219 0ip -2ip do
0

em .
= e (pdqo
0

= 2n

00
2 2 4
<R3d(r)|r- |R3d(r)> = L |R3d(r')| r dr

® 228 2€
- r
= | (a’Nre ™™
1.9
)

228 E&r
+ - 8 -
azNzr etz 2a1N1a2N2r e (Ef'E 2T )dr

... (4.21)
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By integrating, one gets [}

<RI\ 41

e Usagn [aFN‘z L 07;’\);- e SLQ.N,O\J_NQJ
B o
(28! (28" (&%) .

Substituting the values of aj,.Nj, ay, N, from (2.27) the value

obtained is

<Ryf¥M r2 | Ry{¥)> = 2.533221 a.u

= 555976 cm +

Eimilarly oD
= car
<R vt Ry ) = g | 2@\ ¥

QQ(M‘ 0\1 N'l—

Q Nl + Q’%'\)L -

00O 1

gi?& @i‘)“ Clg'_\_> @\*En.)

= 15\2as24 Q.U
3 ggg}qgo CJ:\ . (4.23)

and

,_\96\9::> = 15yl S (:scosl@ S ©
2. -—-Ct‘:“ o

.(4.24)

o 55\\q55c;:)<:x69

Using the formulas

Ala

n~1\ w =
2w § (oS
(®)

- (4.23)
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and
]
2 (2,2) =T(2)(E@) |
— .. (4.26)
1
where | j = (j - 1)! ... (4.27)
and :
.
\ Gy =1 (25 - 1) ...(4.28)

Integral (4.24) can be evaluated and thus substituted

'in equation (4.20) to obtain

* ' ' — —1

<d2'VC3V'd2> = 1876 cm

Similarly
23S -1

<dq | VCSV[ dy> = -2632 cm

o | Vg, | do> = 1260 cm ! ... (4.29)
- -

<d_q | vcw] dy> = =622 cm
% =4

<dq | VCBV { d_p>= 622 cm

The effective nuclear charge, Z for the sulphide ion,

used in the calculation has been determined by using the

Slater ru1e53.

The crystal field calculation in the weak field scheme

for two (or more) d-electrons proceed essentially in the same

manner as that described for one d-electron. The seven
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orbital wave function for the 3F ground state of the free ion
‘ ’ L]
are used in phe perturbation calculation with the triagonal

crystal field potential.

The crystal field potential energy operator for two
electron system is written as

\ . =
=+ \/Cgv ... (4.30)

Ve

—

v C3v
where the superscripts designate the electrons 1 and 2.

Recalling that the summation (=) in equation (3.31) was

over the number of two electrons.

The seven orbital wave functions for d2—configuration

have already been constructed in equation (3.47).

The seven orbital wave functions for OF state need to be
modified to meet the requirements of the Pauli's exclussion
principle, which stipulates that there must be a change in
the sign of the wave functions if the coordinates of any two

electrons are interchanged.

The general expression for N electron wave function,
which obey the Pauli's principle, is given by Slater

determinants.
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ln Lom > n 1 m >2
1 1
> = 1 *
vV NI *
|n i mo>t |ﬁ i m >" ... (4.31)
N'N N N NN

) designates the

where the superscript j on the ket In111%_>
electrons, whose coordinates are to appear in the orbital

designated by the indicated quantum number (nlllna).

One of the °F functions Y(33) can now be expressed for two

electron, d2~brbita1 as

Y(33) = dld2
didf
Y(33) = 1 -
V2 dzdz
Therefore 1 5
1 2 1 %_%_ 1 2
W[V, + V7 [pE3)>=< s | [V V)
3v cSv dzd2 CSv 3v
1.2
d1d1 1 S
q'g? V2
22
=l ocdr @ -al @t v @ d? -l dd> L (4.32)
2 1 2 2 1 C C 1T i 2 1

3v 3v
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1 2 iy 1 2.1 2.1 2 21 "
= — {< +
2 { dz d1|VE Id2d1> <d2d1|Vc |d2d1 g
3v 3v
2.1, 1 2.1, . 21 2 2.1
-<d’d |y |d°d >-<d"d |y |d7d_ > »
2 1'Ve 12 2 1Ve 1 2
' 3v 3v .

~<dld?®|}  |dPal>-<dld®|\S  |d%dl >
2 1% % 21 2 1° Ve 21
v v

+<dldzlvl |d1d2>+<d2d1IV2 ledl %
21 c 2 1 2 1 (o 21
3v 3v
....(4.33)

The crystal field potentials operates only on one electron,

for example
<didzlvl ld1d2>=<d1|v1 |d1><d2d2 N
21lVe 121 2 ., 2 11

1, 1 1
=<
dly, ld4,> ... (4.34)
3v

Since <df:df>=1 by normalization.

Using the same procedure the non-zero matric

elements for two-electron system are

«@(33) |y + . |¥(31)>=1002 cm”’
3

v 3v

<w(32) |y, + . [¥(32)>=3136 om
3v 3v

@D |y + 2 [w(31)>=1002 cn

3v 3v



W(30) |y, +y° |w(30)>=-3461cm’

3v
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3v

1

© <w(33) |y, + 2 |¥(3,0)>=835 cm”’

3v

3v

W@2) |y, + . |¥(3-1)>=393 om ™’

3v

3v

@B |y, +° [¥(3-2)>=-393 cm '

3v

3v

¥,

"Equations ‘(4.27) and (4.28) were used for calculating these

values

Hence to obtain the eigen values the determinant

matrix bacomes

Since square matrices have the

3 2 1
—-756-E
3136-E
1002-E
835
393
=393

835
393
-3461-E
-1002-E
835

—393

3136-E

of the

835

=756=F

same eigen value as a

triagonal matrices then its necessary to triagonalize the matrix,

so that it is easier to find the determinant®®.




83 .

The triangular matrix looks like

M 3

3 —756—ﬁ
0 835
=3 0

-2

e ) |

-2

+1

EN—— Ea—

[}

0 3 -2 +1 -2 LA
835 0 ]
-3461-E 835
835 ~756-E

=21 36-~E =393

=393 102-E

Finding the determinant of the triangular matrix, the

values obtained are

E1=

]
W
Il

t
(&)}
Il

-512 cm !
~756 cm L
3904 cm L

932 cm 1
3206 cm !

E7=O

Thus the 3F term is split into five states in axial

A
crystal field V.

v

The crystal field calculation for the 3p term yield only

the diagonal elements. Calculation of one of the matrix

elements are as follows



84

< (o | Vc;v"' VC‘;LV l w() >
= B L E (- 4nds)

— L [0 (442 40l | v rven 1 5 VB (bt o)
1G>

Out of all the matrix elements the following diagonal matrix

elements are non—zero.

BLAA AL+ <2t A >
b ATV >+ b les V]

- =11 26 CM:‘

Similarly
- |

: \ %
< L\’("*)\Vcﬁ-i-\fgﬁ\ WC\-&)) = — 126 en

e ¥ ’ ~\
WG Vg Ve, | Yho) = 1946 e

Equation (4.29) were used to calculate this values.

The matrix obtained should be

My 1 0 -1
1 ~1126-E 0 0
0 0 1949-E 0
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Solving the matrix by equating determinant to zero, the eigen

values obtained are

Eg = -1126 cm .
Eqg = 1949 cm™!
Ejg = 1126 cm™!

Finally the splitting of the 342 configuration of T12+ in

the axially distorted crystal field (neglecting—-spin—orbit-—

interaction) has been shown in figufe 4.1.

The calculated spectrum of Ti2* ion in axially

distorted crystal field (VCBV) is a fine spectrum which does not

agree with the observed spectrum. ©Since the distortion along

Cq,, axis is small this splitting is not observed

Vo e

experimentally.

Thus in the next section the tetrahedral symmetry for

T12+ in CdS has been taken into accountl.

4.5 Energy Spectrum in Tetrahedral Symmetry

Since in the case of the present complex the electronic
states are essentially localized on the Ti ion and the four
S ligands are arranged nearly in the form of a regular
tetrahedral in Cd5, the deviation from the real Wurtzite
structure is very small??. Tt will be a good approximation

N
to consider crystal field operator V_, in Ty symmetry, and to

neglect the trigonal (Cg,,) component . This approximation is




meV meV

1376
1270
1220
3P
995
141
882
745
710
665
. 599
3'33;
445
412
390
0 0
W) )

Fig. 4.1 Energy spectrum of T52+ ion in CdS (a) in

Cqy symmetry (Db) experiment.
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.impurities in CdS investigated so far which can be understood
on the basis of a cubic crystal field?? . "
In the point charge model, expressing crystal field
potential as Coulomb potential between central electron and
ligands and using symmetry, one obtains a crystal field

operator for Ty symmetry as

Ze\(‘\(SN ({5 )LT LQ-\'YQ')J.

. (4.35)

° Using the group theory, the matrix elements that do not

vanish for single electron are
(i) diagonals and

Using equations for single electron complex, the matric element
4 Qr ¥
¥ .1;@

<°‘3.\\/m\°‘“"> - g g iﬁ?smer_{_\e fe K

9 ©

(-2 )(?F‘ ) (35(,0&"9 3@(,03(9“‘_3)(‘r 'vo\o

~lal
X Lyis Sw a\r.l;@ sme dodqdy
a ... (4.36)
Which has computational values as |

<<CIQ\'\4Q‘(*AT>.: ‘*ES%Q’(lﬁ;
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Similarly ‘

<7ll \\/leﬁi»|>: <d-1\\4c{ \OL‘>: 1352Cw

L)

LAal Vi ldhS = —teqd cun

. ~ 1
< e VTO\\As-> = =opabk e .. (4.37)

As done in section 4.4, the matrix element for two—electrons

system are obtained as :
L wen | Vo Vo | ey = e IVgrvia] $Gp>=totem

< W (32) \ \/.‘.;'1’ V-r:;l Yen>= 4@ —.1)\\/%; \/T; \ \{/(3~,z)>; ~13 Cotid
CY¥ED |V VE| YG-2) > = ~teqo

LHE) VLT VE] wi s = S0l rvs | wao) = 330
Y@V V2| Y aed> = 2028 e

<W6n | vl VvE ] Y30 > =< 69D 1AV 4@ = 13090

The matrix element of single electrons complex (equation 4.37) has

been used to calculate the above values.

Thus the matrix obtained for 3F state will be

My 3 2 1 0 -1 3 Ly
3 ‘ 1014-E 1309

2 A ~2366-F ~1690

1 } 338-E ' 1309
0 i 2028-E

= \ 1309 338-E

=2 ~1690 ~2366-E

-3 i 1309 1014-E
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Converting the above matrix into triangular matrix form as

done in section 4.4, one obtains ' .

ML I 3 "1 2 —2 O "'3 1

3 1014-E 1309

-1 1309 338-E

2 ' , -1690-E -2366

-2 —-2366 -1690-E

0 2028-E

-3 1014-E 1309

1 1309 338-E
T A

Solving the above triangular matrix, the following values

were obtained

E, = 2028 om !
E, = -676 cm !
E; = -4056 cm -

Repeating the same procedure for 3p state, it is found that
<Y3n) Vg, I Y31)> = <Ys-1) | VTo\l\f’(S—-l)>
=< (¢ (30) | V1) tY0) > =0

Thus 3p term does not split in the Ty symmetry.

Therefore the spectrum obtained is as in figure 4.2.
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m eV meV
s - ®
. 1270
— 1220 -
3p 1954
4 745
. 665
419 412
3'F-
()] 0
@ (b) (c)

Fig. 4.2 Energy spectrum of Ti2* in CdS (a) Free ion

(b) 1in Td symmetry (c) experimental value24
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Since 1S, 1G, 1D states are spin forbidden states, hence

tﬁeir calculation were not done by usual method applied. But
C ®

the energy states, have been calculated using Dq parameter for

tetrahedral symmetry,'which has been calculated to be 338 cm L.

In the weak crystal field all the energy states of Ti2+

ion are expressed in terms of Dg (Table 4.1). Thus the

calculated values are

' E(lTy) = 1255 em?
ElE) = -193 em?
E(lTl) = —676 cm )

'p o EdTy = 773 om™?

» EdE)y = -1159 em?

15 E =0

The !S and %P term do not split in Ty symmetry.
Using Dg, the energy states of 3F and 3P were also
calculated, which concide with the values calculated by the
matrix method. This supports that our calculation of
energies for 1G, 1D and ]S terms are logical.
All the calculated parameters are given in table 4.2.

2+ ion in CdS is given

A complete energy spectrum of Ti
in figure 4.3. This calculated spectrum agrees well with

the observed spectrum.
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TABLE 4.1 TERM ENERGIES OF TETRAHEDRALLY BOUND 44

SYMMETRY IN WEAK FIELD®3 .
Terms of the Term Splitting of Terms Tetrahedral
Free ion energy in Tq symmetry split
3 A-8B e 6Dq
| §T2 -2Dq
AS -12Dg
3p A+ 7B Ty 0
ls A+ 14B + 17C g 0
ih- 1
’ A - 3B + 2C T, ~ 16/7Dq
g ~24/7Dq
lg A + 4B + 2C It, 26/7Dq
1@ -4/7Dq
by ~2Dg
T ~4Dg
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TABLE 4.2 PARAMETERS FOR Ti%' ION IN CdS CRYSTAL

Parameters Observed Calculated
(cm™1) (cm™1)
Fe = 144944
Fu 32206 34146
Fy 54206 53270
A - 141150
Bo 720 700
Co 2629 2710
%4 120 120
Dgq 282 338
A — 70575
B 360 350
C ~ 1355
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N ; CALCULATED(meV/) OBSERVED(meV)
T N T R W e R R S K
1
T, (o) 1515
£ (1p)- 1338
111 (49 . 1276 1270
STB (o) , 1192 1220
T )= A
ty, ('b)
v o ‘ . 960
) 912
3 *
T, Gr) 754 b 745
. 710
. . 665
3T2 (3¢) : 419 412
3Aa (3F) 0 Q'

Fig. 4.3 Calculated and observed energy level of Ti2+

(3d2) jons in the tetrahedral crystal field

in CdS.
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CHAPTER FIVE

, DISCUSSION AND CONCLUSION .

Several attempts have been made to calculate the energy
spectrum of impurity ion in different crystals. These attempts
have been based on the ways of expressing the radial function
of the electrons of impurity. The Aifferent radial functions
proposea were by Slater7, Richardson32, Watson34
and Zhao39*41. Slater's function describes well the
crystal splitting parameter Dg, while it gives bad calculation
for spin orbit interaction, on the other had Richardson and
Watgon's Radial wavefunction give opposite results. Zhao's

double zeta function has been found to give good results for

Dg and and spin orbit interaction parametereid44.

From the absorption spectra of tetrahedral or
quasitetrahedral transition metal ion complexes, it is
possible to determine the values of theﬁcrystal field
parameter Dq for central ions. This is done graphically by

use of energy fterms diagrama.

Boyn et alz, who studied absorption spectra for
cds:Ti2* system,used a number of parameter of theory to

compare their observed spectrum with the calculated one.
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In this study all calculation have been performed

for the system using Zhao double zeta function. .

The calculated values of crystal field parameter Dg, Racah
parameters A, B and C, and interaction parameter F©, FZ,
F4, have been given in Table 4.2 along with the experimental
value. The agreement between the two values is fairly good.

2 ion in axially distorted

Energy spectrum of Ti
tetrahedral CdS was obtained by diagonalizing the matrix
chv for 5P and °F states. The obtained energy
states were more than the observed one. This indicates that
axial distortion is so small, that it is not observed. By
neglecting the distortion, matrix for Vp was obtained
and diagonalized. The agreement between the observed and

f
calculated energy states is good as shown in Fig. 4.3.

The small deviation of the theoretical values from the
experimental results can be attributed to the approximation

applied in the calculation, which are:

(1) The crystal field operator has been obtained in

point—-charge model.

(2) The interaction of the optical electrons (electrons of

the 1impurity centre) was considered with first nearest

e—— -1 5 ) L% L 8 L £ ettt ———
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In conclusion it is found that

i. Zhao double zeta function describes the 3d—rad?a}
function for transitional metal ion well,

2 The weak crystal field approximation, which has
been used to calculate the wave functions of 3d%-
configuration is a good one,

3 Point—-charge model is'a good approximation to

express the crystal field operator for Wurtzite

type crystals

This is validated by a good agreement between calculated and

2+

observed values of energy spectrum of Ti ion in €43

crystal.
]

Suggestions for further research
(1) It is possible to include interactions of other

neighbours with the optical electrons.

(2) The electron—phonon interaction can be included

in crystal operator.
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