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INTRODUCTION
In classical pure mathematics, the objects of

considerable interest were quadratic forms; that is the
mappings of the form x r-> <Tx,x>, where T is an nxn
matrix, say T = [a.], x is an n-vector and < I > is theC)

usual inner product.

<x,y> = x,~ + •••• + x~ ~
of the unitary space lC II and x = (x,

J
...., xI} )

y = (y'J ••• , Y'l). It is easily shown that in this case
n n

the quadratic form <Tx,x> = :2 < cL'J Xi Xj
(~I j:'1

Quadratic forms nowadays play secondary role in
Hilbert space theory, although the notion of quadratic
forms is not really obsolete. The set {<Tx,x>: IIxlI = 1}
where IIx I1.2.

range of T.

It 2.
= ;:: IIxl.II , is called the numerical

l -:./

It is clear that if the numerical range of
a matrix T is known, then the value of the quadratic form
x --> <Tx,x> is known at all x f tt 11 •

Notwithstanding the fact that the numerical range
is still a useful tool for the study of finite matrices,
the scope of the concept of numerical ranges has been
enlarged by its usefulness in the study of operators in
infinite dimensional spaces.

In the following pages we present an expository
material on numerical ranges of linear operators in a
Hilbert space.
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In section 1.1 W2 define the basic concepts of

numerical range, numerical radius and other essentials -

of operator theory. Subsequently, we obtain elemtary

consequences and properties along with a few examples

pertinent to our study.
.We study the essential properties of the spectrum

of a bounded operator on a Hilbert space, as it relates

to the numerical range of the same operator, in section

1.2.

In section 1.3 we present some key resJlts of

Hildebrandt and J.P. Williams on numerical range of an

operator similar (in the obvious sense) to a bounded

operator on a Hilbert space.

Some special points of the numerical range of a

bounded operator on a Hilbert space, are discussed in

section 1.4. We obtain in this section, a sufficient

condition under which a bounded compact operator on a

Hilbert space has a closed numerical range.,

In section 1.5, we give an elementary proof of a

proposition about the power inequality of numerical

radius of a bounded operator on a Hilbert space.

In the caSB of an unbounded operator on a Hilbert

space it is not true in general to say that the spectrum

of such an operator is contained in the closure of the

numerical range (this is shown to be true in the case of
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bounded operators, see section 1.2). However in certain

cases, it is possible to extend such operators to other

linear operators about which the said result is true.

This problem is dealt with in great details in the rest

of the study starting at section 1.6. We give seperate

treatment to special cases.

A glossary of symbols used throughout the text is

given at the end (see table of content). The reader

should assume the usual meanings for symbols not included
there. Otherwise the meanings of symbols used will be

clear from the context.
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1.1 Elementary Consegue~ces and properties of Numerical
Range

In this Section, and unless otherwise stated in

the subsequent sections, the Symbol H will always

represent a Complex Hilbert space with the inner product

<, >: HxH --> ¢ and the symbol I I. I I is the norm

determined by the inner product. The symbols S,T,V

will represent elements of B(H), the Banach algebra of

all the bounded linear operators on H to H, I represents
the identity operator and T?t represents the adjoint of

T in B(H). The symbol 0 is the zero vector in H. For

a subset A of <t and for any <\" E: C we shall mean by the

symbo 1s A + <t' (= Ci( + A), I{"A and (A)>¥the subsets {z« 0(- : z

is in A}, ~z : z is in A} and {z,: z is in A}

respectively, where z is the conjugate of the complex

number z.

For any T in B(H), the function ¢:HXH --> t
defined by

p(X,y) = <Tx,y> for all x,y in H is sesquilinear
1\ tand ¢: H ---> defined by

,A.

4> (x) = <Tx,x> for all x in H is the quadratic

form associated with T (and cp ) .
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Definition 1.1 Let T be in B(H). The numerical range.

W(T) of T is the subset of € given by

W (T) = {<Tx ,x > : x E. H and I Ix I I = 1}.

The number, w(T) = sup {I ~ : A€. W(T)} is called

the numerical radius of T.

It is clear that if W(T) is known, then so is the

range of the quadratic form ~ associated with T.

We collect a few useful results in the following

Proposition 1.2. Let T be in B(H). Then

(i) W( ~T + ,dI) = O(W(T) + 13 ("'<,/3 € ~ )

(ii ) W (T ~) = {A: A €: W (T )\ \Le . W (T w- ) = ( W (T )~ }

(iii) w(T) ~ II T II.

(i v ) I < Tx ,x > I ~ w(T) IlxliZ for all x in H.
(v) W(U* T U) = W(T) for unitary U in B(H).

2-
(vi) If T ~ 0, then IITxl I < w(T)<Tx,x> for all

x in H.

Remark 1.3 An operator T in B(H) is said to be

positive in symbols T > a , if <Tx,x> > 0 for each

x in H. A linear operator U in B(H) is unitary if

<Ux,Uy> = <x,y> for all x,y in H, and U is surjective.

standard results in operator theory will be assumed in

the sequel and the reader may particularly refer to [1]
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Proof (of proposition 1.2)

= { ~ < Tx, x > +!3

x is in H and I Ixl I =1}.

x is in H and I Ixl I =1}

(i) W(O(T+,6I)= {« ~T + IJI)x,x>

= ~W(T) + f3

(ii) Since <~x,x> = <x,Tx> = <Tx,x> for all x in H,

W(T") = {<T-ofx,x> : x is in Hand IIxll = 1}

= {<Tx ,x> : x is in H and II x II = 1 }

={). :>.isin W(T)}

(iii) By the Cauchy - Schwarz inequality,
2

I <Tx, x >I .5.. I IT I I I Ix I I •

Now if Ilxll = 1, we obtain I <Tx,x> I .5.. IITII;

thu s if A E W(T), then I x I .5.. I IT I I •

Thus W(T) is contained in the closed neighbourhood

of radius I ITI I centred at 0 and hence is a bounded subset

of cr . By the completeness axioms for ~ it follows

that sup{ I A I : ). E W(T)} exists; thus w(T) .5.. IITII.

(iv) The result holds trivially when x = 0

suppose x =I 0 and put x'
-1

= IIxll x ,

Then Ilx'll = 1 and <Tx,x> = IlxI12<TX' ,x'>.

Then
2-

I <Tx,x> I < l l=l l sup{<Ty,y}: y is in Hand

l lv l l = 1}.

= Ilxllc-w(T).
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(v) Now

<U ~ TUx,x> = <T(Ux) ,Ux> for each x E- H.

since U is unitary, the range R(U) ot U is H itself

and

II Ux II = II x II for all x E H.
Hence (putting Ux = y)

{<UltTUx,x> x is in H and I Ixl I = 1}

= {<Ty ,Y >: y E H and IIy II = 1 i ,

Le. W(U~TU} = W(T).

(vi) Since T > 0, the sesquilinear functional

defined by

¢(x,y) = <Tx,y> for all x,y t H.

is positive (i.e. ¢(x,x) ~ 0 for each x fH) and hence

(see [1 ]. p. 372),
2-

<P(x,x) CP(y,y)I' I ¢(x,y)1 < for all x,y €-H.-
")

Thus I<Tx, Y > 1'- < <Tx,x><Ty,y> for all x,y t::- H.-
Putting y = Tx, we get

IITxl14 < <Tx,x> <T~x,Tx> for all x ~ H ,

and using proposition 1.2 (iv), we obtain
IITx 112. < <Tx,x> w(T). if TXfo

The inequality holds trivially when Tx = 0

Lemma 1.4 If T > 0 and <Tx,x> = 0

Then Tx = o.
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Proof: Indeed since <Tx,x> = 0, Proposition 1.2(vi)

gives Tx = 0

Corollary 1.5 W(T) C f1\ if and only if ~T = T.
Proof: Suppose T = Tjt and )'E W( T) •
Then )..

= <Tx,x> for an x e H with II x" = 1. Now

A = <Tx,x> = <x,Tx>

= <T-Jo:x,x>

= <Tx,x>

= .A

and this shows that AE:: tK Thus W(T) S fR.

Conversely, Suppose W(T) ~ II( Then for each x '"' H

satisfying II x II = 1,

<(T-T It- )x, x > = <Tx,x) - <T ~x,x> = (Tx,X) - (x,Tx)

= <Tx,x> - <Tx,x>

= 0 since <Tx,x> is in ~.

Thus the Self-adjoint operator i(T-T *) is positive and so,

by lemma 1.4, we have i(T-T*)x = 0 for all x EH •

with II x II = 1, Consequently T-T* = 0 ie T = T..It-

Corollary 1 .•6 W(T) C IR-t = {x l:: fR :x ~ o} if and only

if T > o.

Proof: Follows from corollary 1.•5.

We recollect that a subset M of a linear space X

is called convex if for all x,y in M, the segment {Ax +

(1- J.. )y : 0 ~~ ~ 1} is also contained in M.

If M is any subset of a linear space X the ,convex

hull of M, represented by conv M, is the smallest convex
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subset of X containing M and is thus the intersection

of all the convex subsets of X that include M since the

intersection of any arbitrary family of convex subsets of

X is convex. It can be shown that

Conv M = { "IX. + • • • + AnXn x" ••• , x E M,
t1

I]

0 < ;, : and :L. ~. = 1 }.
J J.,;..1 J

It is a non-trivial fact of finite-dimension Euclidean

geometry that a convex hull of a compact set is closed

and the most useful formulation of this fact is that the

convex hull of a compact subset of <C is the intersection

of all the closed half planes that include it. It is

easy to prove that the closure of a convex set is convex.

Also closed convex subset of the plane is the

intersection of all closed discs containing it. The

reader may refer to [2] for all these.

A non - trivial property of the numerical range of

an operator T in B(H) is the Hausdorff Toeplitz

theorem:

Proposition 1.7 (Hausdorff - Toeplitz). W(T) is a

convex subset of C
Proof: Let ~= <Tx,x> and f-- = <Ty,y>, where x and y

are vectors of unit norm in H. We need to show that the

segment joining A and fl is contained in W(T). If
). = fA. there is nothing to prove. Let A"* f-l Then
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there aLe complex numbers cy and ~ such that

= 1 and C(~ + 1= o.

It is sufficient to prove that the unit interval [0,1]

is included in W( ,\:,T+f3I) (note: W( ~T+ pI) =~W(T) +~

by proposition 1 .2(i~. For if tis in [0,1 ], then .

t = t.1 + (1-t )•0 = t [ ~ <Tx ,x >+fiJ +( 1-t )[~"<Ty ,Y >+ ~ ]

= ~{t<Tx,x> + (l-t)(Ty,y)1+ f3

= 4'{tA +" (1-t)fL} +,8

and tA + (1-t)~ is a point in the segment joining) and

Hence, without loss of generality, we may

assume that A = 1 and fl = o , Write

T = P + i Q (cartesian decomposition), where P and Q

are self-adjoint operators in B(H). Since <Tx,x> = 1 and

<Ty,y> = 0 it follows that <Q x,x> and <Qy,y>

are both zero. If we replace x by ~.x where I C( I = 1,

then <Tx,x> remains unchanged in value for <T (~x), x>
1= I ~ I <Tx,x> = <Tx,x>, where as <Qx,y>, becomes

0( < Qx ,y > • We may now choose ~ such that I 0( I = 1 and

<Qx,y> is purely imaginary. Therefore without loss of

generality, we may assume that <Qx,y> is purely

imaginary. Let h(t) = tx + (1-t)y for 0 < t < 1. Then

h (t) ::/= 0 in fact the set {x,y} is linearly

independent. This is a consequence of <Tx,x> 1<Ty,y>.

For if x,y were linearly dependent then, since they are
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unit vectors, either one can be written as a linear

mul tiple of the other, say x = fJY. Then I -& = 1, and

Consequently <Tx,x> = <Ty,y> !! a contradiction, since

<Q h(t), h I f ) > =

=

<Q(tx+(1-t)y), tx +(1-t)y>
t 2.. <Qx ,x > + t (1-t ){<Qx ,y > + <Qx ,y > }

+ (1-t )Z <Qy ,y >

the relations

<Qx,x> = <Qy,y> = 0 and Re <Qx,y> = 0 give

<Q h(t), h(t» = 0 for are t in [0,1], and hence that
I<T h(t), h t t ) is real for all t in [0,1].

Now the function

t --> <Th(t), h(t» t is in (0,1]

II h (t) II
\

is real - valued and continuous on the closed interval

[0,1]. Its value at 0 and 1 are 0 and 1 respectively.

Hence the range of the function contains every number in

~ the interval [0,1].

We close this section with a few illustrations

of numerical ranges.

Example 1.8 Let H be the two-dimensional HdLbe rt

space <t..i? with inner product <z ,w> = ZI W; + Zz wz
where Z = (z, \z.! ) and w = (w ) w~ ) .

I ~

(a) Consider the operator T whose matrix with

respect to the standard basis {(1,0), (0,1)} is
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[: :]
Then W(T) is the closed interval [0,1] For, let

.l. 1.2. + 1 z ; 1::2.
( ~ J z... be in ~ and 1 Z I ..•.

When ZL = 0, we have 1 z,

= < (z. ' 0) , (Zj , z) > =
:J..

1 = 1 and z, = 0

= 1.
.2

Z, 1 ~ 1 •

Z =
Then Tz = (~!o) and <Tz,z>

gives
L.

1 z 1 = o ,
I

Therefore W(T) is a subset of [0,1] and

contains 0,1. Since W(T) is convex, we get W( T) =
[0,1 ]

(b) If T has the matrix

[~ . :]
With respect to the standard basis of (2. , then

1 z I
12.

1 z.l.
a,

W(T) = {z,Z.l where + 1 = 1}

= { >.. t t and 1 ).. 1 < 1 }-
~

"
i.e W(T) is the closed disc with centre 0 and radius =1.

2
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1.2. Numerical range and the Spectrum

Seme of the most important applications of the

numerical range concern the Spectrum of T. This is the

set Sp(T) of all ,.\E: <t for which ~I-T does not have

a bounded inverse in B(H). The set of all eigenvalues' of

T, which is a subset of Sp(T) is called the point

spectrum of T and represented by Sp (T) • The set

complement of Sp(T) in ~ ~.e ~'Sp(T) is called the
resolvent of T and we represent it by r:'(T).

It is easily seen that if T is in B(H), then

~ E p(T) if and only if AI - T has a bounded inverse on

the range R( j.,I-T)of At - T and R()\I-T) = H.

Of course AI - T has a bounded inverse on its range

R( >-1 - T) if and only if it is bounded below i.e. If

and only if II (,).I-T)xll2. kllxll for all XE H and for some

~ positive real k. Thus A~f(T) if and only if ~I-T is bounded

below and

R (>-.1 - T) = H. ( 1 • 1 )

In our discussions be ow, we need to characterize

two more subsets of Sp(T), namely, the approximate point

spectrum apSp(T) of T and the residual spectrum

RSp(T) :

A point A E- ~ belongs to apSp(T) if and only if

there exists a sequence (xn of unit vectors of H
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such that lim II( ~I - T)x~
n--> ""

II = o. (This is clearly

equivalent to the requirement that for every positive

real t there exists a non-zero vector x such that

11/\1 - T )xll < ellxll.)
A point )..t q: belongs to RSp (T) if and only if .

R ("\1 - T) is not dense in H and "I - T has bounded

or unbounded inverse on R( ~I - T). It is clear that

pSp(T) C. Sp (T) • To see that apSp(T) C Sp(T) we

observe that if ),~ Sp (T) , then ( )..I - T fJ is in B(H)

and consequently we have

Ilxll = II( AI _ T)~1 ( AI - T)x II <

II( -1
II II( AI - T) xii/\1 - T)

for every vector x in H. This implies that

II( AI - T) x II > E IIx II,
with c = II( A I - T) --1 I1- t

for every x e H, and hence that .x 1 apSp (T) •

Lemma 1.9 pSp(T) ~ W(T).
.

Proof: Let A €-. pSp(T). Then there exists an x in H

such tha t IIx II = 1 and Tx = A x Thus
< Tx ,x > = < J.. x ,x > = ). IIx I1:1 = Ai. e ~ E W (T )

Lemma 1.10 apSp(T) Co W(T) •

Proof: Let A. E- apSp (T) • Then there exists a Sequence

of unit vectors in H such that lim II( AI - T)xl I
n-- > ('<>

= o. Now
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IA-<TXO'X'1 >1 = A<x", ,XI1>-<Txr'J,x,,>1

= 1< (AI - T)x'1 ,xI') >1

< 1 1 ( ).. I - T) X'I") 1 1 - - > 0 as n - - > 00

This shows that ,\ E. W(T)

Lemma 1. 11 RSp (T ) c. W(T) •

Proof: If A is in RSp(T), then R(AI - T) ~ H.

- ,~

i.e (N( A I - T ~ » :::f H. (Where N(T) represents the

kernel of the opera tor T). since N ( A I - T 1t-) is a

closed lihear subspace of H, we have.

N ( X I - T ~ ) = ( N ( X I - T'" )~.L t H.J.. = {o} •

i.e ~ is an eigenvalue of T ?\- • This is equivalent to

the assertion that A is in pSp(T). But pSp(T) S: W(T)

by lemma 1.9. Hence A is in W(T).

Thus RSp(T) <;; W(T).

Lemma 1.12 A belongs to Sp(T)- if and only if A
belongs to Sp(T *).

Proof Suppose A ¢ Sp(T), i.e. ). is in P(T).

Now ,A is in p(T) if and only if there is an S E B(H) such

that

S( A I - T) = I = ( .AI - T) S.

Taking adjoints in the provious line, we get

( j.I - T'" )S~ = I = s " ( XI - T~ )

i.e .A is in ~T >\'), i.e ).. is not in Sp(T ~ ).

Remark 1.13 Thus Sp(T~) = (Sp(T»~

Lemma 1.14 Sp (T) = (pSp (T~).)">¥U apSp (T)

= pSp(T) V (apSp(T~)t
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Proof,' Since

pSp(T) = apSp(T) C Sp(T) (1 .2 )

We obtain

pSp (T ;if.) S ap Sp (T ~) C Sp (T ~) . (1.3)

Thus (taking "Conjugate Complexes" in the last line)

ex : A is in pSp(T..r)} 5:: {X:;\ is in apSp(T~) }=Sp(T) (1.4)

Using Lemma 1.12.

From (1.2) and (1.4) we obtain

apSp(T) U (pSp (T *' ))* .s. sp(T) (1 .5)

and

(apSp (T.,o; )~U (pSp (T)) C. Sp (T) ( 1 .6 )

We must now establish the reverse set inclusion in

(1 •5) and (1. 6 ) •

Let A be in Sp(T), i.e A does not belong to f(T). By the

remark at (1.1) it follows that

either R( A I - T) I H or AI - T is not bounded

below. If R( ~I - T) f H, then from the well - known

relation
.j" -

R( )...1 - T) = N(T~ - AI).

It follows that N(T~ - ~ I) -t { 0 }, so A E pSp(T'" )

i.e A: (! pSp(T).

On the other hand, if AI - T is not bounded below it

follows that )..-{ apSp (T) • Thus
1t .

Sp(T) S: (pSp(T 'lit)) U (apSp(T)) ( 1 • 7 )
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(1•7) and (1.5) give

Sp(T) = (pSp(T'Ji-))'k U (apSp(T)

Replacing T by T*" in (1.8) and using (TJI'-).J\'- = T
(1.8 )

we get

SP (T .*") = ( pSP ( T) )* U (apsp (T *) )

But Sp(T i(-) = (Sp (T»)~ (Lemma 1.12)

( 1 • 9 )

Taking complex conjugates of the subsets in ( 1 • 9 ) • \Ve

get Sp(T) = pSp(T) U (apSp(T *»*

Proposition 1.15: Sp (T ) c. W ( T )

Proof: Let A t Sp(T). Then by lemma 1.14

A E: oSp (T ,If ) or A l:: apSp (T) •

If \ E apSp(T), then there is a sequence (xn) of unit vectors

in H such that II (AI - T) x n II -- >' 0 as n -- > 000 •

Thus

x > - A<X x >1n /)1 'l

< I I (T- AI)xn II II x n II
--> 0 as n __ > 00

Since I I x i1 I I = 1 for all ncM , it follows that

< Tx", x > e W (T) ; thus it follows that A E: \'1 ( T ).
11

.- -;it pSp (T .~) c:. W(T -.If )If .A E Sp(T ) , then since (see

lemma 1 .9 ) and W (T .f.: ) = (W(T) r" (the proposition 1 .2

(ii. ), we get A E. W (T) . Consequently ').. ~ W (T) , the

closure of W(T) Hence we obtain

Sp(T) c::. W(T)
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Proposition 1.16: Conv Sp(T) c.. WTT) •

Proof: Since W(T) j.sa convex subset of ~ ,so is
W(T). By proposition 1.15, sp(T) C W(T). Hence
conv Sp(T) C W(T)

We note that the closure of the numerical range can.be
very much larger that Sp(T). In this connection, see
example 1.8 (b) where we saw that when

T: ~ 2__ > ~.l. had "thematrix

the numerical range W(T) = {Al:-(: I ~ I < 1 }
a

= . N(o, 1 );
2

however, it is easily seen that Sp(T) = { 0 } in this
case. Among hypernormal operators such extreme examples
do not exist; for them the closure of the numerical range

~ is as small as the universal properties of spectra and
numerical ranges permit.

We recall that an operator T in B(H) is called
hypernormal if II T* x.11 < II Tx II for each x in H. It
is easily seen that T is hypernormal if and only if
T T ~ < T -;i T. Obviously normal operators in B(H) are
hypernormal. The spectral radius r(T) of an operator
T in B(H) is the real number r(T) = sup { I .A I
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II " II rJ..is in Sp(T)} and it is a well-known fact that lim T-' "'
n __> 410

exists and equals r(T).

Proposition 1.17: If Tf B(H) is hypernormal, then

Conv.Sp(T) = W(T).

Proof: If T is hypernormal then for all Ac ~ , it

can be verified that T - ~I is hypernormal and

r(T) = IITII (see [4], p10 for details). In view of

proposition 1.16, we need show that
W(T) c.. Conv (Sp(T»

In view of the characterisation of Convex hulls in terms

of closed discs, the desired result can be formulated

this way: If a closed disc includes Sp(T), then it

includes W(T). Let N ( A', k) represent the closed disc

in the complex plane with centre A and radius k and
suppose Sp(T) c.. N(,A.,k). Then

Sp(T - )1) = Sp(T) - A S. N(o,k)
I'

and so r(T x I) < k (by definition of spectral

radius). But T - ).1 is hypernormal, and so r(T - AI) =

II T - ,\1 I I .
Consequently I I T - ~I I I < k and by proposition 1.2

(iii) it follows that

W (T- A I ) c. N' (0, k ) i

But this means W(T) - A c.. N(o,k), i.e.

W(T) c... which is what we set to show. Thus
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every closed disc containing Sp(T) contains W(T). Thus

W(T) C Conv Sp(T)

for conv( Sp(T») is the intersection of all the closed

discs containing Sp(T). Since Sp(T) is a compact

subset of ~ ' conv Sp(T) is closed (See remarks on

Convexity following corollary 1.6). Hence

W(T) C Conv Sp(T)

Remark 1.18: The proposition is obviously valid when

T E B(H) is normal operator since normal operators are

hypernormal.
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1.3 Similarity and Numerical range.

We have seen in Proposition 1.2(V) that for a

T in B(H) the numerical range W(T) is a unitary invariant.

However it is far from being a similarity invariQnt. We

recollect that operators in B(H) are said to be

similar to each other if there is an S in B(H) which is

invertible, i.e. S -1 exists and belongs to B(H) and is

such that ~I T2. S T, What thereforeS = we are

asserting is that W(T) and W( S'~IT S) are different

subsets when S is not unitary. In this connection we

prove a result due to S. Hildebrandt (1966) and provide

a proof due to J.P. Williams [13]. Some basic material

is pertinent to our discussions, which we present first.

Let H be a Hilbert space and let

e;(H) = H ~ H ~ •••
t\Q

be the Hilbert space of all sequences x = (x'1 ~ = I

II X 11.2
0-

112of vectors x" in H such that = ~ollx., < ('<>.
,-

The unilateral shift operator Ur on t(H) is defined
T

by

U.f x , ••• )e.
The multiplicity of Ut is the cardinal number

n = dimH. It is easily seen that

U./, (1' Xc.? , ••• ) = (x~, X ~ ) ••• ).

and that unilateral shift operators are unitary
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equivalent if and only if they have the same

multiplicity. The operator u-o\-
t- is called the backward

shift.

We cite next a few well known definitions. A

closed linear subspace M of H is invariQnt with respect

to an operator T if Tx t M for each x in M. An

operator T is called a contraction if IITI I ~ 1 and

a strict contraction if IITI I < 1. A part of an operator

is a restriction of it to any invariant subspace.

If M is an invariant subspace for the unilateral

shift u, then u.q"" is again a unilateral shift.

is invariant for u: we ask ourselves,Since

what can be said about the operators u I{ l+ M~
? A

remarkable answer was due to Rota [8].

Proposition 1.19. Any strict contraction is similar to

an operator of the form u;rM
Proof: Let T be an operator in a Hilbert space H with

IITI I < 1. Define a map S: H -->
>S x = (x , Tx , T'" x,'-)•

Clearly S is linear, one-to-one and bounded, since

because

0'" 1..
L IITl'ixll
>? :.,

=(1-IITII2. )-1 Ilxlle.

z= IIT 1121') is a geometric series of commonfl(-'i
ratio less than one which convages to (1 _ IIT 112 )-1

= <
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obviously. Since 2-
IISX II > IIx lit! for all x in H, it

follows that S is bounded from below and consequently

its range R(S) is a closed linear subspace of t/(H).
(see, Halmos [6], p 37) For each x in H, we have

S T x = (T x, T 2. x .... ),
~ (x, Tx, T2. x, ••• )= U-t-

= U* (Sx)+

Thus S T = U ~ S.,. . This shows that if y ~ R(S)

(i.e y = Sx for some x in H) then U:(y) = STx = S(Tx)

i.e U.: (y) is also in R(S), hence R(S) is invariQnt

with respect to U*
t Since S is bounded from below,

its inverse S-I exists on R(S) and is bounded i.e
S -1 f- B ( R ( S ) , H ) ( = rtormed algebra of all bounded

linear transformation on R(S) into H). From S T =
V ~ U°l( \+ S ,we get S T = S

+ R.(Sj

T = s-IU~I S
+ ~(S) •

~ which shows that T and U: I~(SJ are similar

Proposition 1.20: (Rota [8]) Any operator with spectral

radius less than 1 is similar to a part of the backward

shift.

Proof: We observe that the hypothesis IITI I < 1 was

useQ in proposition 1.18 only to ensure that S is

bounded. However, for the latter it is obviously

(
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sufficient to have the convergence of the series
2." II Th 112

n (;It-\

II~This Convergence is guaranteed if lim II Tn < 1 •
•.•-:l> (oQ

Since for any bounded operator T in B (H) ,

Iim II T 11 II~
n-- > (b

always exists and equals

the spectral radius r(T) (see [1], p 322 ) it follows

that if r(T) is less than 1, then

lim < 1 • This completes the
n-- > un

proof of this proposition.

Corollary 1.21: For any T in B(H),

r (T) = in f IIS -I T S II,

the infimum being taken over all invertible operators S.

Proof: Since r(T) < IITII for any TEB(H), for each

real t > 0, the operator (r(T) + t )-1 T has spectral

radius less than one and proposition 1.19 then shows

that (r(T) -I T is similar to a part of u*+ c )
,- t

Hence we can write
(r (T) + c' )8 - I TS = u.,lr, I (1 •10 )

+ D(.s)
Where 0 S is a closed linear subspace of f~(H) and

S: O(S) ---> H is onto, one-to-one and bounded. (See

proposition 1.19). Considering norms of both sides of

(1.10), we obtain

(r (T) + c: ) -/ I I S -I T S I I < II U••.1' I I I < I ,
1(S)

(
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i.e. I I 8-1 T 8 I I ~ r (T) + e .
8ince C > 0 is arbitrary, we get

118-1 T 8 II < r(T). (1.11)

Obviously, if we consider all bounded operators 8 from

closed subspaces of e:(H) onto H that have bounded

inverse, i.e are invertible, then from (1.11) we obtain

inf { I I 8-1 T8 II : 8 invertible} < r(T) (1.12)

The reverse inequality is seen thus: 8ince for any such

invertible 8

r(T) = r( 8 -/T 8 ) < II 8 -, T 8 II we get-
r(T) < inf { I I 8 --I T 8 II . 8 invertible}.- .

Proposition 1.22: (8 Hildebrandt). For any operator

T in B (H) ,

Conv (8p(T) = () {W(8 -I T 8): 8 invertible}

where W denotes the closure of the numerical range.

Proof: (due to J.P. Williams [13]).

For any operator A in B(H), we know from

proposition 1.15 that W(A) is convex and includes

8p(A) Ther,

8p(T) = Sp(S-i T 8)

and it easily follows that
Cony Sp (T) s n{ W(S-I T 8) S invertible}.

The proof of the reverse inclusion is based on the simple

fact that any closed convex subset of the plane is the
(
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intersection of all open discs containing it. Let D be

an open disc containing conv 8p(T) with centre A and

radius r. Then the spectrum of 1 (T
r

.AI) lies in

the open unit disc D(0,1), that is 1 (T - )1) is a
r

strict contraction. Hence by corollary 1.20 there is an

invertible operator 8 (from a closed linear subspace D(8)

of I}"(H) onto H) such that

II t- 8 -I (T - .AI) II < 1.

Thus it follows that
W( .l8-i(Tr AI) 8)

is contained in the open unit disc D(0,1 ) or

equivalently, using proposition 1.2 (1) W(8-'T 8) c P

J.P. williams ([13]) strengthened the above

result by proving that for each Convex set Z containing

8p (T) , there exists an invertible operators 8 on a
I'

closed linear subs pace of l;(H) onto H for which

z. We now give an exposition of the

proof of this result with relevant preliminaries beginnjn~

with the notion of dilations and compressions and some

important results concerning the same.

If M is a closed linear subspace of a Hilbert space

H and P is the orthogonal projection on H onto M.

The~ each operator T& B(H) induces in a natural wayan
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operator S in B(M) defined by
Sx = P Tx for all x in M.

The relation between S and T can also be expressed by
SP = PTP or S = PT I""

Under these conditions S is said to be a compression
of T to M and T is called a dilation of S to H.
Recall that (PT 1M )* * I."' = PT· M This geometric
definition of compression and dilation is to be
contrasted with the customary concept of restriction and
extension. If it happens that M is invaridnt under
T, then it is not necessary to project Tx back to M

(it is already there), and, in that case, S is a

restriction of T to M and T is an extension of S
to H. Restriction - extension is a special case of
compression - dilation, the special case in which the
operator in the larger space leaves the smaller space
invariant

The concept of operator matrices helps our
discussion. We restrict the dicussions with regard to
this to the case when the Hilbert space H is expressed
as the direct sum M @M~ where M is a closed linear
subspace of H. For Convenience, put Mt = M and

Let T be in B(H). For any x in H, we have the
unique decomposition, x = XI + xe where XI is in M, and
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x2is in M2 • Now Tx =Tx, + TX~, and since Tx , Tx are in H,
I i!

we can again write Tx· = x. + xi.?. where x..is in M., .1 l; "'
(i,j = 1 ,2 ) • Define maps T l j M. --> M. by

J I..

T -' (x . ) = xr : (i,j = 1 ,2 )
L J ) j J

It is a routine verification to see that T,. I S are
lJ

linear and bounded, namely, T·'fB(M" M.)
L J J t (i = 1,2).

Thus corresponding to each T in B(H), there is a matrix

[T~j] whose entry in row i and column j is the projection

onto the i component of the restriction of T to M'~

This correspondence from operators to matrices

(induced by a fixed direct decomposition) has all the

desirable and right algebraic properties. If T = 0,

then T..= 0 for all i,j; if'J T = I, then T..= 0 when
(j

= I, the identity on Mi. Moreover, the

linear operations on operator matrices are the obvious

ones. The matrix of T *" is the adjoint transpose of
the matrix of T, that is, the matrix of T ~ has the entry

T.·A-in row i and column j.
H

The multiplication T S of

operators T, S corresponds to the matrix product defined

by

(There being no convergence trouble here, but there may

be commutativity trouble and hence the order of the

factors must be watched with care ). The following
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situation is the one that occurs most often: A Hilbert

space H is given, and the role of what was H in the

above discussion is played now by the external direct sum

H (9 H, and operators on the direct sum are expressed as

two-by-two matrices whose entries are operators on H.

Lemma 1.23. Let T be in B(H), M be a closed linear

subs pace of Hand S ye in B(M). Then a neces~ary

and sufficient condition that T be a dilation of S is

that the matrix of T with respect to the decomposition

H = M(t)M have the form

[ S X ]Y Z

( Note Til = S

Proof: Suppose S in B(M) is a dilation of T. Then

S = P T
I""

Where P is the orthogonal projection on H onto M. We

stick to the notations employed earlier while

representing T by 2 x 2 operator matrix, [Tjj ] with

respect to the decomposition H = M 0M (where M = M
I ? I

and M ..• = M"') • Let x ~ M. If xI + x is the
c-: Co-

decomposition of x in M @ M..L.. Then x = x and x = o.
I If!

Writing x + x and x + x as decompositions
II Ii'!. 2, 22-

of Tx and Tx respectively in M 0 M.4 we at• 2..

once obtain

( = 0 = and X
II
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The latter implies T x = x Since Tx = x + x 1,-' is
"" "

the decomposition of Tx in M GM~ , we have

P T x = X
'1

Thus

T x = P Tx or Ti' x = P TI x.
II M

As this is true for any Yo: M, we get T

T = P TI i.e T = S.
•• Il

Conversely, Suppose T" = S, since T = PTI it
" ""follows that S = P T 1M i.e. T is a dilation of S

It is obvious that any compression of a unitary

operator is a contraction. Conversely, any contraction

has unitary dilation:

Proposition 1.24: Let T be in B(H)

(a) If IITII < 1. then T has a unitary dilation.

(b) If 0 < T < I, then T has a dilation which is

a projection.

Proof: (a). Firstly we note the following statements

are equivalent;

(i ) T is a contraction

(ii) T+T < I-
(iii) T T ..••< I-
( iv) "'" is contraction.T a

{indeed (i)~ (ii) and (i) ~ (iv) since

II T~' II = II T II and (iv) f=> (iii) }•

(
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Let S = Vr - T T~ and R = ..j I - T 1( T , where the

positive square root are meant; T being a contraction.

The desired dilation V can be defined on H EeH by

V =

That V is a dilation of T is clear from

Lemma 1.22. We will show that V is unitary. Since

V*'= [:~
-: J

We get through direct computation

V .• V = T·~ T + R T 4S - R T~

S T TR sc. + TT'"

V v " = TT oX. + S 2. TR ST
R T~ - T ~ S

Since S2 = I - TT and R2 = I - T~T, we have

TT;(. + S 2. = I = T *T + R2.. If we now show that

ST = TR, then taking adj oints we obtain T '"S = RT-.lt

whence it would follow that V" V = [~ ~] = V V"

i.e. V is unitary on H ~H. Now
T R2. = T (I - T -I( T) = T - TT ~ T = (I - TT ~) T = S 2. T,

and by induction it follows that
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l'1 .{Y)TR = S T for n=o, 1, 2 ••••

This implies that
T p (R2) = p(S 1.. )T.

for all polynomials p. Since the polynomials in x z, are

uniformly dense in C[0,1], it follows that TR = ST

(We consider the function f defined on [0,1] by f(x) =x,

and obtain T f(R) = f(S) T ).

(b). Given T with 0 < T ~I,we see that T(I-T) > 0,

let R be the positive square root "T (I - T) and

let

v = [ T R ]

R I-T

be an operator on H CD H. Clearly V = V +- and V,2 = V.

Thus V is an orthogonal proj ection on H 4l H. That V is

a dilation of T is obvious from Lemma 1.22

Remark 1.25 Part (b) of proposition 1.23 asserts that

the compressions of orthogonal projections may be

identified as the class of all positive contractions.

Now if T is a dilation of S, it is not

necessarily true that TC is a dilation of SL , i.e if

S = PT INt ' it need not be true that S 2 = PT:l.I~

(M is a closed subs pace of H) • In particular if T is a

unitary d i La t.Lon of S = PTI4 it need not be true

that S1 = PT 2 I~
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The following example substantiates, this statement.
The least unitary looking contraction is 0, but it

has a unitary dilation too. For instance

[: : 1
(see proof of proposition 1.23 in this connection) is a
unitary dilation of o. The square of this dilation is

which is not a dilation of the square of 0 (by Lemma 1.22)
We have a general definition:
Let H be a Hilbert space and M be a closed subpace of
H. An operator T in B(H) is said to be a power dilation
(Sometimes called a strong dilation) of S in B(M) if

= PTtJl
M

for all integers n > 0,

P being the orthogonal projection on H onto M.
It is a well-known result stated in the next

Proposition 1.26: Every Contraction has a unitary power
dilation.
Proof The following proof is due to J.J. Schaffer [9]
Though it is not the most revealing proof, it is
certainly the shortest and serves our purpose (A little
knowledge of infinite operator matrices is necessary, and
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the discussion already provided above can easily be

adopted to this situation without much ado).

Given a Hilbert space H, let K be the dirrect
sum of countably infinitely many copies of H, indexed by

all integers (positive, negative, zero); then e~ch

operator on K is an infinite operator matrix, and in

particular, the projection P from K to H is given by

P =

(the parentheses indicate the entry in position <0,0»

Given a contraction T on H, put
,

0 0 0 0 0 0 0

I 0 0 0 0 0 0

V = 0 I 0 0 0 0 0

0 0 S (T) 0 0 0

Ii: R0 0 -T 0 0 0

0 0 0 0 I 0 0

0 0 0 0 0 I 0
/'

o 0 0'
o (I) 0

000

Where R and ~ are as in the proof of proposition 1.23

Since V is triangular, its powers are triangular, and the
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diagonal entries of the powers are the corresponding
powers of the diago~al entries of V. This makes it
obvious that V is a power dilation of T. The proof
that V is unitary is an obvious computation (which uses
the results of proof of proposition 1.23)

A closed subset X of the complex plane is called a
spectral set for an operator T in B(H) if it contains
Sp(T), and if for any rational function f with poles
lying outside of X,

Ilf(T)11 ~ Sup {If(z)1 : z is in X}.
(Note: f is a bounded rational function on X).
Proposition 1.27: The closed unit disc D(o,1) is a
spectral set for any contraction T.
Proof: Let f be holomorphic in a region containing
"0(0,1) and let V be a strong unitary dilation of T.

('0La., z ?
GO a TnIf f(x) = then z converges

'ln~u n=-o

in norm to a bounded operator f(T) and
f(T) ()O tJ I P f(V) It-(= 2: a~(PV =no~ H

Now from the spectral mapping theorem
Sp(f(V)) = f (Sp(T)) c:..

{ f(z): z is in "0(0,1)},
(

and since the normality of f(V) (note: V is unitary
~ V is normal; since f is holomorphic, fey) is normal.
These verifications are routine), implies that
IIf(V)I I = r(f(V)), the spectral radius of f(V). Thus it
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follows that

II f (T) II ~ II f (V) II ~ sup {I f (z) I: z is in D (o,1)}
We now reach the goal, namely, to prove J.P. William's

strengthening of the result in proposition 1.21.

Proposition 1.28: (J •P • Will iam s [13 ] if Z is a

closed convex set containing Sp(T) in its interior then

there is an invertible operator S such that
W (S -I TS) S Z.

Proof: The following result will be needed. If C is a

convex spectral set of T, then W( T) .£ C. It suffices to

prove this for C a closed half plane and by translation

and rotation it can be assumed that C = {z: Re z > o} •

It must be shown that Re<Tx,x> > 0 for all x in H. Since-
I (1-z) (1+z) -; I ~ 1 for all z in C, it follows from the

definition of spectral set that

I I (I-T) (1+T )+! I I < 1 (1.13)

This is equivalent to

II (1-T)x II < II (I+T)x II for all x in H (1.14)
Indeed (1.13) implies that for all y in H, II (I-T) (I+T)-',j/l

~ l lv l l . Putting y = (1+T)x, We get (1.14) •

(Note that (1+T)~ exists, since -1 is not in C) Conversely

(1.14) implies (1.13).

Squaring and expanding both sides of (1.14) gives

Re <Tx,x> > o.

as required. Thus W(T) C C = {z: Re 22,. 0 }.
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Now let V be the interior of Z, let f be a conformal

map of the open unit disc D(0,1) onto V, and g be the

inverse map. Then D(0,1) contains the spectrum of g(T).

(note: Ig(z)1 ~ 1 for all z in v) and so by corollary

1.21 there is an invertible operator S (from a closed

linear subspace D(S) of f;(H) onto H) such that

II S-'g(T)SII = r < 1.

Let n, (o,r) be the closed disc of radius r. By

proposi tion 1.27, D, (0,r) is a spectral set

g(S-iTS) = S-I g(T) S. But f is a uniform limit of

polynomials on

that f (D; (0, r)

S-1 TS.

D, (o,r) from which it follows readily

is a spectral set for f (g(S-'TS))

Since Z contains f(D. (o,r» it is also=
a spectral set and since it is convex the assertion made

in the begining of the proof, gives W(S-ITS) ~ z
1.4 Closure of Numerical range; and some special points

of ~
If dim H < t=o and T: H ---> H is a linear operator,

we know that T is bounded. Moreover the subset

~D = {x in H: IIx II = 1 } is compact. Hence the map
f: ~ D --> <t defined by f(x) = <Tx,x> for all x ~ 21 D

is continuous on ~ D. Indeed, if x is any given

element of a D and e > 0 is given, then for any y ~ <I D

satisfying IIy - x II < t we have
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If(y)-f(x)1 = I<Ty,y>-<Tx,x>I<I<Ty,y>-<Tx,y>I+I<Tx,y>+<Tx,x>1

< IIT II IIy-x II IIy II + IIT II IIx II IIy-x II

< 211T I 1£ ( I Iy II = 1 = IIx II )
Thus f is continuous (with norm topology in H and the

usual topology in (: ). Hence the range of f, namely, the

numerical range W(T) is a compact subset of c and hence W(T)

is closed.

However the numerical range of an operator T in B(H) in

the case of an infinite dimensional H is not always closed,

not even if the operator is compact. We see fIrst a

Lemma 1.29: If T is in B(H) and A f. tt is a complex number

such that 1/\ 1= IITII and A E: W(T), then ,\is an
eigenvalue of T.

Proof:- If A is in W(T), then;\= <Tx,x> for some x t H with

IIx II = 1 ; then

IIT II = I A I = I<Tx ,x > I~ I I Tx II Ilxll ~ IITII 2IIx II = IITII.
so that equality holds everywhere. We know that in the

Cauchy-Schwarz inequality.

<x,y> ~ IIxliii y II·
the equality holds if and only if {x,y} is linearly dependent

(over q:. ).

Hence, in the above case we have Tx = A x for some
a

~t cr- , and this in turn implies that

/\.- = /\ < x,x> = < A x,x> = < Tx,x> = Ao" t>

So that ;,~ is in Sp(T)
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It follows from Lemma 1.29 that if )..is in W( T)

Such that I).. I = IIT II and A is not an eigenvalue of T

(and in particular, if T has no eigenvalues), then A does

not belong to WeT). In view of this statement, we can
construct examples of operators whose numerical range. is

not closed.

Example 1.30: We have seen that if T is in B(H), then

pSp(T) C WeT) (Lemma 1.9).

For a normal T in B(H), we know that

IITII = Sup {1<Tx,x>l: x is in Hand Ilxll = 1} =
Sup {I A I: A E: W (T) }

(See [1], ~3~a) Hence, there always exists a
f.. ~ WeT) such that I).. I = II T I I • It follows that

if a normal operator has sufficiently many eigenvalues to

approximate its norm, but does not have one whose modulus

is as large as the norm, then its numerical range will

not be closed. As an instance of this, we can take a

diagonal operator such that the modulus of the diagonal

terms does not attain its supremum.

Example 1.31 Consider T: L~(¢ ) --> 2-e ( f-) whose

matrix with respect to the standard orthonormal basis is

a diagonal with diagonal { 1,1, 1, ... }, i.e.
2 3"

Tx = (Xi' xJ.
2

,Xl , ••• ) if x =
T

(x , x , x
3
' ...) E: -t.L( ~ ) •

I e.
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Clearly T is one-to-one, positive and 0 is not in WeT).

In fact WeT) = (0,1 J. Now T is compact. This shows that

the numerical range may fail to be closed even for compact

operators.

Example 1.3. Consider the unilateral shift operator

on 12 ( f) i.e. U
L

(x ,x" ••• ) = (0, x , x ,••• )
r I I- ~ C

for all x = (x
I '

X ,
X3 ' ...) E: l,.L(<t). Then

L

U~ (x =.,~ , ...) = (x ,x , ...). It can be seen
1" I .1 J

that every ;\ in the open unit disc D(0,1 ) is an

eigenvalue of Uit Indeed, let /1( ).x hold for. Ctx = at

\{q: and x 4= 0 Putting x = ( xI ,~ ,x3 ' ••• ) I we

have x = Ax for all nf"'l. Take x, =t- o
1"\+\ I")

Then x = x (1, ~ , )..L ",3 , ...) If x must be in
I

[2 ( f.- ) , we must have >- ()./2'1 < GO, which holds if and
/1;'1)

only if I ).. I < 1 • Also since x1 f=- 0, x t o. Thus

it follows that for each A f. f. satisfying IAI < 1,there

is a non-zero x in ll.( If-) such that U;(X) = .A x ,

Thus the open unit disc D(0,1) is contained in W(U+* ).

Since W(ut It follows that W(U+ is

contained in D(0,1). But Ut has no eigenvalues. Hence

by lemma 1.29 and the fact that I I~I I = 1, it follows

that W(Ut) cannot contain any number of modulus 1. Thus

W(Ut) is the open disc D(0,1); and hence not closed.
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Now the number 0 plays a special role with respect

to the spectrum of a compact operator. That it does play

an equally special role with respect to numerical range

was shown by G.De Barra, J.R. Giles and B. Sims in 1972.

Their result is stated as the next

Proposition 1.32: If T in B(H) is compact and

o is in WeT), then WeT) is closed.

Proof: We note that if 0 is in WeT), then <Tx,x> is in

WeT) for every x in 0 (0,1 ) (and not only for the unit

vectors, indeed if IIx II = 1, 0 < t < 1, then

<T (tx), tx> = 2t<Tx,x> = t~TX,x> + (1-f). 0 is in WeT)

by convexity of WeT)

However, the argument in the previous paragraph does

not need compactness of Tj It goes through for every

operator.

We next show that in the presence of compactness of

T the quadratic form x~--> <Tx,x> is weakly continuous on

bounded set. Indeed if (x~) is a bounded net weakly

convergent to x, then

I<Tx,",,x.,> - <Tx,x> I < I<Tx'l,xI)> - <Tx,x"l>I + I~Tx,xl'»
- <Tx ,x> I;

the first summand tends to 0 (by compactness of T).

Since x~ -~> x implies TX~-~> Tx, and the second summand

tends to 0 because x~ --> x weakly.
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If both the hypotheses are satisfied (0 is in W(T)

and T is compact) then

W (T) = { <Tx, x>: II x II < 1} J so that W (T)

is the image of a weakly compact set D(0,1)

(See Halmos, [6]) under a mapping that is weakly

continuous on the set (See preceeding paragraph).

Hence W(T) is compact and hence closed •

Lemma 1 .29 is the simplest result of the kind where

we show that certain points of the numerical range are

eigenvalues. A more interesting result of this kind was

proved by W.F. Donoghue (1957).

Given a complex set K of f, a point A.f. K is

called a corner of K if K is contained in an angle with

vertex at A and magnitude less that TI radians.

Proposi tion 1.33 Let ). be a corner of W (T), then

A \: Sp (T) • If also ). is in W (T) then Ji is an

eigenvalue of T.

Proof: By proposition 1.2(i), we may suppose that

~ =0 and that there exists S > 0 such that
ReW(e t'(?- T) C fRt- (- S ~ 0< 6) (1.15)

Where Re W (e i';"'" T) denotes the set of real parts of the
'80-elements of W(e1 T). Let S = T+T*'

Since <Sx,x> = 2 Re <Tx,x>, relation (1.15) gives

W (S) ~ II< + , and so S 2.. o , -Since a is in W(T), there
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exists vectors XiI such that

lim < Tx~,xn> = o. Therefore
n-- > CoJ

lim < SXI1 ,

n--> eo

have

x,,> = o. By proposition 1 .2 (Vii ), we
z:IISXIl II < w (S) < SXq' x" >

and so s - lim Sx~ = 0, i.e.
n -- > .,.,

s - lim (T+T~) xn= o.
n -->""

By (1.15), we may replace T by e i e- T with - J < ~ < J

and so
1' (L'ffS - lm e

n-- > ""
Therefore s - lim

n -- > •..00

-i f) ,,.T + e T )xn = 0 for all such

Tx >1 = 0, i. e . s - lim (T - o.I)Xn= o.
n --- > ""

This shows that

o is in apSp(T) ~ Sp(T).

If also 0 is in W(T), the sequence (xn) is replaced by

a vector x with IIxl I 1 and <Tx,x> = o. So we obtain

Sx = 0 and finally Tx = 0 as required.

Let S be a subset of a linear space X. A point

~ z in S is called an extreme point of S if the conditions,

x,y in S and z = rx + ( 1 - r)y for some 0 < r < 1

together imply that x = y = z. We represent the set of

all extreme points of S by Ext (S ); geometrically,

z belongs to Ext(S) if and only if z does not lie on

any open segment whose end points are in S. Thus if S

is a triangle in I~with vertices x,y,z, then Ext(S)

{x,y,z}. If D is the closed unit disc in ~2

with p-norm, then for p = 1, Ext(C)
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consists of the four points (1,0), (0,1), (-1,0) and
(0,-1); for p = co , Ext ( D ) is the set

{(1,1), (1,-1), (-1,1), (-1,-1)};

while if P = 2, then Ext (~) is the unit circle which is
the boundary of D •

It is clear that the cornersof a convex subset K

of (; are extreme points of K.

We refer to example 1.8 (b) where we saw that the
operator

T =

: J on the Hilbert

space 4? 2. had

W(T) = {z E-f. . I z I < 1 }., Sp(T) = {o}
2

Thus Ext (W(T) = { z f- f. I z = 1 } and we see that
2

extrem points of W(T) do not belong to Sp(T)
However, for certain classes of operators, the

extreme points of W(T) are eigenvalues. In this
connection, consider the class of bounded self-adjoint
operators.
Proposition 1.34 If T in B(H) is self-adjoint, then

Ext (W (T» C pSp (T)•
Proof: Let be in Ext(W(T». Then ~ is a corner of
W( T) •



- 42 -

By proposition 1.2 (i) , we may suppose that ) = 0

then it follows from the proof of the second part of'

proposition 1.33 !hat

T* = T , 0 is in Ext (w (T) ), < Tx ,x > = 0 ~ Tx = 0 (1.16)

.i.e. x ~ p Sp(T).

A deeper result of this kind was proved by

C.H. Meng (1957), namely, that

Ext (W(T» C p Sp(T)

for normal T in B(H). Then J.G. Stampfli [11]. obtained

the same conclusion for the wider class of hypernormal

operators.

Proposition 1.35: Let T ~ B(H) be hypernormal. Then

Ext(W(T) L pSp(T).

Proof: The proposition follows from (1.16) above which was a

special case of proposition 1 .33
We prove first that for all T E B(H), we have

Im(W(T) C fR.+ , <Tx,x> = 0 ~ T*x = Tx (1.17)

Where rm (W(T» = { 1m). : A is in W(T)} i.e. the set of

imaginary parts of the elements of W(T). For all

y in H, we have,

<1 (T-T >,: ) y ,y > = 1 (Ty ,Y > - <Y ,Ty » = 2 Irn <Ty ,Y >•
i i

Given that Em W(T) c:;. Ii!.. -t and <Tx,x> = 0, this shows that
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1 (T - T ~) > 0 and tha t < 1 (T - T *") x ,x> = o ,
i i

Thus Lemma 1.4 gives 1 (T - T-4) X = 0 and hence (1.17)
i

is proved.

Suppose now that T is hypernormal. Then

Tx = T~x => T T~x = T~Tx (1.18)

Indeed, <(T*'r - T T'jC..)x,x> = <Tx Tx> - <T ..•.x, T~> = 0

But T"""T - T T~ > 0, since T is hypernormal, and so Lemma

1 .4 implies (1.18).

Let N = { x in H: T~x = Tx}: We claim that N is a

reducing subspace for T and the restriction TI~ is

self-adjoint. For let x be in Nj then by (1.18). We get

T T~x = T~x. But also
T(T'Jt:x)= T(Tx) and T~(T.,j(x)= T"""(Tx)

Since T .•..x = Tx. Therefore T~(Tx) = T (Tx)

Which shows that Tx is in Nj and T~(T~x) = T(T~), giving

T.tx EN. Thus N is an invariant subspace for T and T ~ ,

this means that N reduces T. It is now clear from the

definition of N that TINis self adjoint.

Since ~I + ~T is hypernormQ( for all complex

numbers C-¥, f3 ' we may assume that o is in Ext(W(T», that

1m W(T)~ i~f and that <Tx,x> = 0 for some vector x with

IIxl 1= 1, and complete the proof by showing that

Tx = o. By (1. 17) , x is in N. Let S = T I ; then S is
N
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self-adjoint,
<Sx,x> = o.

Thus by (1.16) above, Sx = 0, i.e. Tx = 0

o is in Ext (W(T)) (Since W (S) S W (T)) and

x t- p Sp( T).
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1.5 Numerical radius, power inequality

In Section 1.1 we introduced the term numerical

radius w{T) of a T in B(H): w(T) = sup {p I;,H W(T)}. It

is easily seen that the function w: B(H) --> ~ satisfies

the following properties:

(i) w(T) > 0 (ii) T = 0 implies w(T) = 0

(iii) wP(T) = I~I w(T) for each scalar ~ Et and (iv)
w(S+T) c:::.w(S)+ w(T).

the last inequality being a simple consequence of the

inclusion W(S + ~) c W(S) + W(T).

If we prove that w(T) = 0 implies T = 0, then it

would follow that w is a norm on B(H).

Lemma 1.36 For any T in .B(H) ,

l11T11 ~w(T) ~ IITII
2

(1.19)

The constant 1 on the left hand side is the best
2

possible.

Proof: If ¢: HxH --> ~ is a sesquilinear functional
1

and ¢:H --> ~ is the associated quadradic from i.e.
-'\.

cp (x) = ¢(x,x) for all x in H, then we know that 1is
~

bounded if and only if f is bounded and
A

II c:P II < II cP II < 2 II 4> II (1 .20) .

[we recollect that II ¢ II = Sup {I 1> (x,y) I: x,y are in H
A.

and IIx II = IIy II = 1} ; II cP II = Sup {1 cp (x)1: x is

in H and IIx II = 1}]
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(See Halmos [b ], p , 37).

Now set cp (x,y) = < Tx,y >. It is then known that

¢ is bounded and liP II = IITII. Therelations (1.20)
then yield

w(T) < IITII < 2 w(T).

from which (1.19) follows easily.

Consider the operator ~ J of example 1.8

(b). In that case we have w(T) = 1, whereas IITI I = 1.
2"

This proves the second assertion.

If T f B(H) is self-adjoint, then we know that

~ :HxH --> r defined above by ¢(x,y) = <Tx,y> is
. A

symmetric. For a symmetric ¢ we have II 1> II = II ~ II

(see Halmos, [E,]. p.37). This shows that w(T) = IITII.

From the part of the inequality

1 IITII < w(T)
2

in (1.19) we get

w(T) = 0 implies T = o.

and thus we conclude that the function w:B(H) --> ~ is

indeed a norm and result (1.19) then shows that the norm

is equivalent to the ordinary operator norm in the sense

that each is bounded by a constant multiple of the other.

Since Sp(T) c... W(T), it is readily seen that

r(T) ~ w(T) for all T in B(H).
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Nothing like the reverse of this inequality could be

true. (See for instance, Example 1.8(b) where r(T) = 0

and w (T) = 1 !).
2

Proposition 1.37: Let T be in B(H).

(a) If w(I-T)< 1, then T is invertible, i.e. T -If B(H).

(b) If w (T ) = IIT II, then r (T ) = IIT II•

Proof: (a) If T is not invertible, i.e. T-o.I is not

invertible, then 0 is in Sp(T)i so by the spectral mapping

theorem 1 is in Sp(I - T)i thus I ~ r(I-T) < w(I - T).

(b) Assume, with no loss of generality, that IITI I = 1

(For this, multiply by a suitable constant). The

hypothesis w(T) = IITI I then 9uarantees the existence of

a sequence (x '1 ) of uni t vectors in H such that

I <TX(j , xI) > I --> 1 as n --> C'O. By proposition

1.2 (i), we may assume, without loss of generality) that

<Tx~ , x" > --> 1 as n --> ~ (multiply T by a suitable

constant of modulus 1). Since

I <Tx" 'xh > I ~ IITX..,II < 1 and < T~ ,x" > - - > 1
as n --> """ , it follows that IITx ..•II --> 1 as n --> oo

This implies that
1.. .2.

IITx '\-X '1 I I = IITx '1 II - 2 Re <Tx" ' xI-)> + 1 -- > a
as n --> ~ , so that 1 is in ap_Sp (T)i

but ap Sp (T) ~ Sp (T) ,)therefore

1 .

r(T) must be equal to
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The norm w has many other pleasant properties:

for instance, w(T ~ ) = w(T) (See proposition 1.2 iii))

and w is unitarily invariQnt in the

sense that w(U+ T U) = w(T) whenever U is unitary U:~ee

proposition 1.2 (v)). On the other hand the relations

between the numerical range and the multiplicative

properties of operators are less smooth. Thus, for

instance, w is certainly not multiplicative i.e.

w(ST) is not always equal to w(S) w(T) even if ST=TS.

This is illustrated in the following example with

commutative normal operators.

Example 1.38: Let

S = [~
0

J
T = l~0

10 , 1

then w(S) = w(T) = 1 and w(ST) = o.

The next best thing would be for w to be

submultiplicative (w(S T) < w(S) w(T)), but that is also

false,

Example 1.39: Let

S = T =

Then w(S) = w(T) = 1 and w(S T) = 1
2

Since w(ST) < IlsT11 < Iisil IITII, it follows

that for normal operators, w is submultiplicative

[because if Sand T are normal, then IIsl I = w(S) and
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IITI I = w(T)] and for operators in general w(ST)~4w(S)w(T)

[because IIs II < 2 w (S) and IIT II ~ 2 w (T) • by
Lemma 1.36]

It then follows from example 1.39 that the constant 4 is

the best possible here. Commutativity sometimes helps;

here it does not. Examples of Commutative operators S

and T for which w(S T) > w(S) w(T) are a little harder to

come by, but they exist. For instance, we have

Example 1.40: Let

s = [ ~

o
o
1
o

o
o
o
1

and 2T = S • It is easy to see that w (S 2.) = w (S 3) = 1.
2

The value of w(S) is slightly harder to compute, but it

is not needed; the almost obvious relation w(S) < 1 will

do. Indeed,

w(S T) = w(S 3) = .1 > w(S) 1 = w(S) w(T).
2 2

The above example shows that it is not even true that

for T in B(H). Consequently, there was some suprise when

C. Berger (see [4]) proved the following power

inequality.
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Proposition 1.14 For T in B(H)
weT t) ) < (w(T»~ , n = 1,2,3. (1.21)

Proof:
The following proof is adopted from Pearcy [ 7 l ,

First we see that (1.21) above is equivalent to
If weT) < 1 , then w (T '1 < 1 (1.22)- -

That (1.21) implies (1.22) is obvious. Conversely,
suppose (1 .22 ) holds. If weT) = 0, then T = 0 and
everything is trivial. If weT) r 0, then S = 1 T",

weT)
clearly w(S) ~ 1 Then, by (1.22), w(S'1 ) < 1, i.e.
w (T h ) ~ (w(T»11 •
Next we see that
weT) < 1 If and only if Re (I - zT) ~ 0 for Izl < 1,

i.e. iff Re «1- zT)x,x> ~ 0 whenever Izl < 1 (1.23).

To see this, let weT) ~ 1, i.e. I<Tx,x> I < 1 for x in H
I' and I 1 x II = 1. Then Re <1-zT )x ,x > = Re (1 - z <Tx ,x> )

= 1 - Re z<Tx,x>. Now if <Tx,x> ~ 1 and and Izi ~ 1,

then
IRe z <Tx ,x> I ~ Iz <Tx ,x > I = Iz II<Tx ,x > I < Iz I• Hence
1 - Re zc Tx, x > ~ 1 - Iz I > o , i•e. R~ < (I - z T) x, x > ~
o , Conversely, suppo se Pe c Lt - z T)x,x> > 0 when [z] < 1

and x is in H.
2.

Thus Re(1 Ixl I - z<Tx,x» > 0 when Izl < 1 and x is in H.
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Then this is true, in particular if z<Tx,x> =

tl<Tx,x>l, 0 < t ~ 1; since, therefore
Ilxll2.- t < Tx, x > I = Re (I Ix I12. - t I<Tx,x> I) > o.

.l.

tha t I<Tx ,x > I < IIx II •It follows (let t --> 1-)
This shows that

Sup { ~ Tx, x >1:x is in H and IIx II = 1} < 1 or w (T) < 1.
Now if w(T) ~ 1, then r(T) < 1

(This follows since for any T in B(H) r(T) ~ w(T)) Also
(I - zT) is invertible whenever r(zT) < 1, i.e.
Whenever Iz I - r (T) < 1, i •e • Whenever Izl < 1. An
invertible operator has a positive real part if and only
if its inverse has positive real part.
invertible then <S -/x,x> = <S-fX, S S-/x>

(If S is

= <S (S--'x), S'-I x»;
Hence it follows that

w(T) < 1 if and only if Re(1 - z T)-I~ 0

for Iz I < 1.
Next we observe that if n is a positive inte~er and u is
a primitive n-th root of unity (i.e. n is the smallest
positive inter such that u~ = 1), then,

1 = 1
n

n = 1

L
k = 0

1

1 (I- z K
1 - u z

for all z other than powers of u. This identity is) in
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fact, the partial fraction expression of the left side.
For a direct verification, multiply through by 1 - zn ,

and observe that the right side becomes a polynomial of
degree n-1 at most that is invariant under each of the n
substitutions

z--) ut..z (k = 0,1, •••, n-1).
and is therefore constant, and then evaluate the constant
by setting z equal to o. (This constant is clearly seen
to be 1).

The identity of the previous paragraph implies that
if w(T) < 1, then

(1 - z l') T" )-(
n-1

= ~ L
k=o

-I
(1 - u~ z T)

Whenever Izl < 1. Since each summand on the right hand
side has positive real part (because w(u I( T) < 1), it
follows that the left hand side has positive real part,

nand that implies that w(T ) ~ 1. In our argument above,
to prove an identity between operators by substitution
into an identity between rational functions we make use
of the functional calculus for rational functions.
Explicitly: If Q, and Q2 are rational functions whose
poles are not in Sp(T), so that Q, (T) and Q~(T) make
sense, then ffi~ same is true of each polynomial p in Q

I
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Q ~. If CP ( A ) = p (Q, ( .\ i. Q2. ( A) )

f(Q (T), Q (T))., 2..

(

then
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1.6 Unbounded operators in a Hilbert space

When we try to extend the concept of numerical

range to unbounded operators, we must proceed cautiously.

First, we can define <Tx,x> for x in D(T), the domain of T.

Hence W(T) = {<Tx,x>: x is in D(T) and IIxl I = 1}. Thus

W(T) if there exists a x in D(T) such that IIxl I = 1 . and

<Tx,x> = We are aware that for an operator T from

H to H with domain as a linear subspace D(T), the

adjoint T ~ can be defined in a unique way if and only if

D(T) is dense in H and then

<Tx,y> = <x, T + y> for each x in D(T) and y in D(T * ), where
D (T jIi..) = { y in H for which there exists a y -,If€- H such

that <Tx,y> = <x,y ~ > for each x in D(T) }.

It is well-known that T,Ifis closed and that N(T ~ ) =
R (T) ..l Moreover for any '" in t, (cr T) ~ = ~ T 7f

if C( f 0 and (T+). I)~ = Tlft.+.xl.
Suppose T is a closed linear operator in H with

domain D(T) dense in H. Then )..f- Sp(T) implies that

either T - }I is not bounded from below or R (T - )1)
t H. If T - ) I is not bounded from below, then either

there is an x in D(T) with IIxl I = 1 such that

Tx = ;\ x ( 1 • 24 )

or
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We have a sequence (Xq ) of elements of D(T) such
that l l=, II = 1 and (T - AI) x•.•_~> 0 as n -->00(1.25)

N(T'* - -:\ I) f {o} i.e.In case R(T - ,A I) -t H, then
there is an x C: D (T A ) such that

I Ix I I = 1 and T ~x = 1: x
In case of (1.24) we have <Tx,x> = A i.e.

/\ is in W(T) since x is in D(T) and Ilxll = 1.
In case of (1.25) we have

<Tx'l' x•.•>-->}. asn-->Go
Since xflisin D (T) and Ilxnll = 1 for all ne:!1/ , We

~get ~ E W(T) in this case. However (1.26) implies that
<T-r"x,x>= ). for an x in D(T*) with Ilxll = 1. This does
not imply that x is in D(T)" (of course if x is in D(T)
also, then <Tx,x> = }. , in which case we have .A E: W(T)).

Thus if T - .A I is not bounded from below, then
~ is in W(T). Hence WTT1 implies that T -) I is

bounded from below, i.e. T - ~ I is one - to - one and
R(T - ~I) is closed in H. We have thus proved
Proposition 1.42: If T is closed, densely defined
operator on Hand W(T) then T - AI is one-to-one
and R(T - AI) is closed in H.

In particular, it may very well happen that Sp(T)
--is not contained in W(T). As we see from proposition

1.42, the fault would be in R(T - ~I) not being large
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enough. The question tnus arises as to whether or not we

can enlarge D(T) in such a way to make Sp(T) ~W(T).

We see that this, indeed, can be done under very general

circumstances.

In the sequ~l, as usual H is a complex Hilbert

space. Let D(P) be a linear subspace of Hand

¢ :D ( ¢) X D ( P) -- > (: be a sesquilinear functional or

form. "We write ~(x) in place of ¢(x,x) where x is in

D( ~) and call D( 1» as the domain of <p .

Definition 1.43: The numer ical range W ( 4» of the

sesquilinear form ¢: D( ¢) X D( 1» --> tC, is the set of

scalars

"{¢(x): x is in D (4) ), II x II = 1}.

With any densely defined sesquilinear form cjJ(x,y)

we associate a linear transformation T on H as follows:
Let x be in D..Iot, if x is in D( P ) and there is a constant

c such that

I ¢(x,y)1

dJ;«(y) =
< c II y II for all y in D( 4» , (1 .27 )

ctefine

D *) 4,
D( 1> )

C!p(x,y). Then by (1.27), for each x in

is a bounded linear functional on D( 1).
qb~can be extended with preservation

Since

to a unique
.'\

(Thus 1;x. I
D(

element of H ~ Call this

of norm
1\

extension ¢~.
= H,
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A

II 12.. II = II ¢{ II). B:! the Riesz Representation Theorem,

there exists (unique) x' in H such that

"<p'(y) = <y,x' > for all y in H
l..
---

i.e. q;(x,y) = <y,xl > for all y in D(CP)'

(1 .28)

Hence ¢(x,y) = <x ' ,y> for x in D..f and y in D(1 ).(1.29)

The uniqueness of Xl in (1.29) (for a given x in D if )

follows from the denseness of D( ¢). Indeed if ¢(x,y) =
<x" ,y> also, then <x I - x" ,y> = 0; since D( 1» is dense

in H, we get x" ~Xl. ~Define a map T: D --> H by Tx = Xl.

Then T is linear. Indeed, if~, xi!are in D JI; and ~}~are

in if,then = <Tx
/

y>, = <Tx , Y > for ye.
in D( <p ) • We must first show that + is in

D..\- This . follows since ."', x, + 'Xl.x2. is in D( 4 )
and by (1.27) for constants c, and Cz.. we have

I ¢ (xj , y) I 5- -, I I y I I and

for all y in D( cp).

Thus by sesquilinearity of ~,

I ¢ ( ~,XI + ~~x2 ,y) I = I ~¢.(X1 ,y) + O{L<P (x~ ,y) I
< 10(,11 ¢(x; ,y) I + 10(2..11 ¢(x.! ,y) I.
< (I ~I I + I C\"~I) c II y II for all y in D( ¢ ).

<P (x.: ,y) I 5- c2.llyll

Where c = max {~ c~} , which shows that
J •.•.

. . D~·ct: x + ~, x., lS a n l.e././ __ c- D~ is a linear subs pace

of H. Consequently
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~
( O(x + '1" x ,y) = < T( 0(/ XI + '¥.l. X J. ) ,y>, I ..i. .2

But the left side is ",'<Tx,y> + C( < Tx~ ,y>
I I

J..

i.e. < :!, Tx/ + 'i'L Tx..l ,y>; hence

<T( 'Y' X + q-' X ),y> = <~Txl + ~~Tx.:t,y> for allI I L ~

y in D( ~). Since D( 'P )
T ( '<I XI + "LX" ) =

in D:.f-and ~'I ~'.l- c<t in

Thus D(T) = D~ •

is dense in H, we get

q~Tx..lfor all X
I

, X"-
and linearity of T follows.

We shall call the operator T as the operator

associated with the sesquiliner form cf( x, y) •

Next we prove the following

Proposition 1.44: Let P:HXH --> ~ be a densely defined

sesquilinear form with associated operator T. Then

(a) If A is not in W ('¢ ), then T - >. I is one-to-one and

IIx II <
If )...

c II (T - )I)x II, x E. D(T) (1.29)

is not in W(qD) and T is closed, then(b)

R(T -fI) is closed in H.

Proof:

(a) Since A is not in W( (j)), there is ad> 0 such that
'"I cp (x) - ,A 12. J for all x in D( ~) with

IIxll = 1 (1.30)
Thus

,"-cp(x) -.A Ilxl( I>

D((P )

IIx 112. for x in

(1.31)
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Now if x is in D(T) and (T - )I)x = z, then

4J (x,y) - A<x,y> = <Tx,y> - A<x,y>

= <z,y> for all y in D(</» (1 .32 )

In particular
I' 24> (x) - ;\ I I x I I = < ~ , x > ; So

I ¢ (x) - A IIxll2 I ~ IIzll IIxil (1 .33 )

Combining this with (1.31) we get

II x II < JJ;-ll

which is clearly (1.29). Now (1.29) implies th~t T - ~I

is one-to-one. Hence we have proved (a).

(b): To prove (b) we note from (a) that since A is not

in W(4), so T - ~I is one-to-one and bounded from below.

Since T is closed, so is T - AI and hence R(T )1) is

closed in H. (We know the result: If X is a Banach

space and T is a closed linear operator in X (with domain

D (T»)and T is bounded from below,

X) •

then R(T) is closed in

We recollect that a sesquilinear form ¢ (x,y) is

symmetric if f (x ,y) = ep (y, x) for all x,y in D(1).
An important property of symmetric forms is given by

Lemma 1.45: Let ¢(x,y) and 1f(x,y) be symmetric

sesquilinear forms satisfying
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'" A¢ (X) 1 < M"fi(x) for all Xl=- D( ¢) n D( Y;) (1.34)

(M a constant)

Then

2 ~ A "
1 ~(x, y) 1 < M t.jI(x), <f'(Y).

Proof: Assume first that ¢(x,y) is real. Then
..\ '" /\

~(x ± y) = lP(x) + 2 q;(x,y) + 1J(y).

A
and hence 4 ¢(x, y) = ¢ (x -v) - 1J(x_y) • Thus

41 cp (x,y) 1 < M[ 'f(x + y) + ''-/J(x - y]
,,,\ 1\

=2M[<j!(x)- <f'(Y)]

(1.36)

by (1.34) and (1.36). Replacing x by x and y by

y/t( , '( real and 1= 0, we get

21 ep(x, y)1 < M[
~ Aa? Y:;(X) + t;:(y)].

cY2
(1.37)

If ~(x) =0, we let £(-->60, showing that 1> (x,y) = o ,

~ (y) = 0, weIn'this case (1.35) holds trivially. If

let c( --> o , In this case as well, ¢(x,y) = 0 and

I' (1.35) holds. If neither vanishes, set a{it = ';'(y)
ljJ (x)

This gives (1.35). If rp(x,y) is not real,

then p (x, y) = e" 1 (jJ (x, y) 1 • Hence ¢( eJff x ,y) is

real.

Applying (1.35) to this case we have
- if)- 2. 2.. A1$( C2 x,y)1 <M 1fJ(

This implies (1.35) for x and y
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Corollary 1.46: If ~(x,y) is symmetric but ¢(x,y) is

not and (1.34) holds, then

1 /\ /\

I ~ (x,y) I < 4M if (x) 'l{J(y) , x, y

D(ep) () D(If)

Proof: Set cP,(x,y) = 1 [ ¢ (x,y) + r:p (x, y) ],
2

f!jJ (x,y) = _1 [1 (x,y) - ¢ (x,y)l.. 2i

in

(1.38)

(1.40)

Then
~

and (P1. are symmetric sesquilinear forms, and

¢ (x,y) = (A (x,y) + i 1>:;( x, y ) (1.41)

(The forms 11 and ¢;>. are known as the real and imaginary

parts of ~, respectively. Note that in general, they

are not real valued). Now by (1.34)
~ .~

¢J(x) I ~ M 'f(x), j = 1,2, x in D(¢) n D( '1').

Hence (see proof of Lemma 1.45)
" I/.. ."\ v1J: (x,y) I < M( ~ (x») ~ ( '+' (y» J.. •

J
I' i. e.

¢ (x,y) ~ 2 M( ~(xl'.l... ( Q (y) /~

Which implies (1.38).
Corollary 1.47 If CjJ (x,y) is symmetric sesquilinear

""

form such that 1jJ(x) > a for all x in D( tI' ), then
2. /\ AI 1p(x,y)1 < <.fI(x) 'V (y) for all

x, y in D ( 'P ) ( 1 .42 )
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and

( ~(x + y»¥~ <

Proof:

x,y f::- D( f')
We have I $ (x) I =

(1.43)
/'tj/(x)for all x t- D( 1fJ ).

Setting tp(x,y) = 'VJ(x,y) in Lemma 1.45, we get (1.42)

at once.

Lastly,
A " ..-1-if (x+y) = 'If!(x) + '\jJ(x,y)+ Ij/(y)

< ~ ( x) + 2 (r (x )jVl- ( tI (y ) ) II... +

= [( 1$(X»\I,l. + ( ~(y»~ ]2. ,

This proves (1.43).

1\
(y( y)

by (1.42) •

In passing we note the following criteria for

recorgnizing a symmetric sesquilinear form. (We are

assuming a complex Hilbert space).

Proposition 1.48: The following statements are

equivalent for a sesquilinear form.
I' (i ) 1; (x,y) is symmetric

A
(ii) Im ¢ (x) = 0 for all x in D( ¢ ).

(iii) Re tp(x,y) = Re ¢(y,x) for all x, y in D( ¢ ).

Proof: Trivially (i) implies (ii) To show that

(ii) implies (iii) note that
~ A

(:{J ( ix + y) = t(x) + i ~(x,y) - i ¢(y,x) +
1'\

q;(y).

Taking the imaginary parts of both sides and using (ii)
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we get (iii). To prove that (iii) implies (i), observe

that by (iii).

1m <p (x,y) = 1m (-i) cP (ix,y )

= - Re 1(ix,y )

= - Re cp (y, ix )

= - Re (-i) ¢(y,x)

= - 1m ¢(y , x )• .
This, together with (iii) gives (1)
Proposition 1.49: The numerical range of a sesquilinear

form is a convex set in the plane.

Proof: The proof is identical to that of Proposition 1.7

Lemma 1.50 A convex set in the plane which is not the

whole plane is contained ina half-plane.

Proof: We give an elementary proof. Let V be a convex

set in the plane which is not the whole plane. Then 'V

~ cannot be the whole plane either. (This result is

intuitively obvious and can also be easily proved).

Let P be a point not in V. If V is empty, there is

nothing to prove. otherwise, some ray from P intersects

V. The first part of V encountered by the ray is

boundary point of V.

Let U be the collection of all rays from P which
.•..

intersect V at a point not equal to P, and let M be the
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set of all points on these rays. Clearly M is convex
set. For if S, and S~ are points in M, then the rays

PS,} and PS-<.contain points Tj and T~ of V respectively.
Since V is convex, the segment T, T~ is in V and hence
all the rays between PSI and PS~ are in M. This
includes the points on the segment SI S~ • Now a convex
set of points consisting of rays from P is merely an
angle -e- with vertex at P. Clearly, -& < 11 for
otherwise one would have a line segment lying outside M
containing points of M. If one extends either of the
rays forming the sides of M, one obtains a half-plane
free of V
Lemma 1~51: If V is a closed convex set in the plane
which is not the whole plane, a half plane, a strip or a
line, then V is contained in an angle of the form

I arg (z - z, ) -- t:! I < -e < .!I"" -.::a.. (1.44)
(Here Zo is the vertex of the angle Go = amp Zo and -e
is a constant.)
Proof: We saw in the proof of lemma 1.50, that there is
a half plane U containing V such that the boundary line L
of U contains a point P of V. The line L is called a
Support Line for V. Suppose L ~ V. If V is not a
half-plane or a line, then the interior of U contains a
boundary point Q of V (see proof of Lemma 1.50). A
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support line L. through Q cannot intersect L for then we

would have points of V on both sides of Lj (namely, those

on L). Hence Lj must be parallel to L. Moreover, every

point in the strip between Land L1 is on the segment

connecting Q and a point on L. This would mean that V is

a strip, contrary to assumption. Hence L must contain a

point R not in V. Consequently, the ray emitted from R

away from P must be free of V.

For simplicity, assume that this ray is the

positive real axis, R is the origin, P is the point -c,

c > 0, and U is the upper half-plane. We can make the

assertion that there is a d> 0 such that V is

contained in the angle J < 8 < rr This would give

us exactly what we want. If this were not true, then,

for each E > 0, there would be a point z in V such that
o < c :r,.,z < t.' Re z ,

The segment connecting P and z must be in V. Moreover,

the distance from this segment to ~he origin is less

than

d = c Imz
c + Rez

< c Re z < e.
c + Rez

(The quantity d is just the distance from the origin to

the point where the segment intersects the imaginary

axis. Use similar triangles). Since this is true for

any E > 0, we see that there is a sequence of points of V
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converging to the origin, i.e. to R. Since V is closed

we must have R in V. But we took R not to be in V. This

contradiction proves the Lemma.

Some simple consequences of proposition 1.49 and

Lemma 1.51 are

domain D( f ).
Let ¢ be sesquilinear functional with

If W( ¢) is not the whole plane, a

Corollary 1.52:

half-plane, a strip or a line, then there are constants

r, k, kc such that Irl = 1, k > 0, ke is real and
. .'\

I it> (x) I < k [Re r ¢ (x) + k c IIx I12. i.

x is in Du1 ) (1.45)

Proof: By proposition 1.49 W( ¢) is convex set; hence,

so is r;iTW) • By lemma 1.51, W( ¢) must satisfy (1.44)

for some z ; ,~o J.f}. Now (1.44) is equivalent to
, '\IIm { e ,-'e.[ ¢ (x) - Z t: ]} I ~

-e "tan~Re{ e-le• <!p (x) - Z" ]} (1.46)
-i6, ) 1Set r = e '. Inequality (1.46 imp ies

A A
IIm r ¢ (x) I .s tan e [Re r ¢ (x) + kb i.

Ilxll = 1, x E D(¢),

Where

k = J Re rz., L±..J Im rZq Lc tan...e

This implies (1.45) with k = 1 + tan {7

Proposition 1.53 Let ¢ (x,y) be a sesquilinear form

such that W( p) is not the whole plane, a half-plane, a
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strip or a line. Then there is a symmetric sesquilinear

form ~ (x,y) with DUP) = D( ij;) such that there is a

constant C satisfying
C -/ I ¢ (x)

x in D( CP )

A
< ty(x) <

.A 2-
¢(x) I + cl ]x] ] ,

(1.47)

In particular, if (x~) is a sequence of points of D(¢ ),
5. .,I.,x in D(¢), x" --> x and ~ (x~ - x) --> 0, then

4J (x" ,y) --> ¢(x,y) for all y in D(P) (1.48)

Proof: By corollary 1.52, there are constants r,k, ko

such that (1.45) holds. Let ~(x,y) be the real part of
I

the sesquilinear functional r~(x,y) (see (1.40) in the

proof of corollary 1.46) and set

'f;(x,y) = tP,(x,y.)+ k l> < x,y>
I

Then by (1 .45 )

" .A

D( ¢)¢ (x) < k {fJ (x) for all x in-

(1.49)

Moreover by (1.49)
"" " 2-if; (x) = Re r ¢ (x) + k 0 I Ix I 12. .5.. I r¢> (x) + Ik 0 I I Ix I I

Thus (1.47) holds. To prove (1.48) note that by corollary

1 .46
L 2I tp (X., ,y) - ~(x,y) I = I ¢ (x" - x,y) I

2A
< 4C <f!(xy/ - x) rp(y)

< 4C 2. q; (y)[ I cP (x ; -x) I
+ C II x&, - x II '2... ]

--> 0 as n --> 90
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1.6.1 Closed Forms:

Definition 1.54: A sesquilinear form ~(x,y) will be

called closed if the conditions

x'l f D( 4> ); ~ :?-> x in H, ~(x - x ) --> 0 as't'" ,.,

m, n --> 0>0 imply that

Proposition 1 .55:

¢(x~ - x) --> 0 as n -->~

Let ¢ (x, y ) be a closed

XED(¢) and

sesquilinear form such that w( ~) is not a plane half-

plane, a strip or a line and such that 0 is not in w~.
Then for each linear functional F on D(~ ) satisfying

i /\
IF (y) I < C I tP(y) I for all y in D(</» (1.50)

there are unique elements z, x in D( ¢) such that

F (y) = ¢ (y,z ) for all, y in 0 ( cp ) (1 • 51 )

and

F(y) = ¢(x,y) for all y in D( ¢) (1.52)

Proof: Since ~(x,y) satisfies the hypotheses of

proposition 1.53, we know that there is a symmetric

sesquilinear form o/(x,y) such that D( I{/) = D( <p )
and (1.47) holds. Moreover, since 0 is not in W( ~ ),
there is a ~ > 0 such that

."\

I (j:>(x) 12- J > 0 for all x in D ( ¢),

II x II = 1 (1.53)

Hence
'"1> (x) > J'llxl12 for all x G D( 1» (1.54)
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Thus, there are constrants M , M , M~ such thatI j... ->

IlxlIZ.5.. M
j

tj;(X) < M2 I <$ (x) I .5..M39(x)

for all x in D( 1» (1.55)

Let X be the vector space D( ~) equipped with the scalar

product ~(x,y). We can show that X is a Hilbert space.

The only property that needs verification is

completeness.

Let (x Ii ) be strongly fundamental i.e. suppose

l{J(x '\ - x ) --> 0 as m,n
n __> 00 By (1.55) is

strongly fundamental in Hand rp (xn - x".,) -- > 0 as
m, n --> (ih Since H is complete, there is an element

x in H such that xn -~> x as n --> ~. Since ~(x,y) is

a closed sesquilinear form, we know that x is in D( T) and

¢(x" - x) --> 0 as n --> 00 • Thus '\f(x •..•- x) --> 0

by (1.55) and X is complete

Now for each z E X, the map G defined by

Gz = ~(y,z) for all y in X (1 .56 )

is a linear functional on X. It is bounded by (1.55)

and corollary 1.46. Hence by Riesz - Representation

theorem, there is an element Sz in X such that

Gy = f(Y,Sz) for all y in X. (1.57)

clearly S is a linear mapping of X into itself. It is

bounded since
A. ~

£.jJ (Sz)) = ~(SZ,Z))2

2. A A
< 4 M3 <fI(Sz) 'I!(z)



- 70 -

Whence
,-,\ /\.

<jJ(Sz) oS 4 M32.<f(Z) (1.58)

It is also one-to-one and has closed range, since
,"\

M,~( YJ(z»Z- <
,'\ '"

M/Y:;(z) 'ljI(Sz),

<

by (1.56), ( 1 • 57) and (1 • 58 ) , this

gives
(1.59)

We can show that R(S) = X. To see this, let u be any

element of X orthogonal to R(S), i.e. satisfying

~(u,Sz)= 0 for all z in X, Then by (1.56) and (1.57)

~(u,z) = 0 for all z in X.

In particular, this holds for z = u, showing
A

¢(u) = 0,

which implies u = 0 by (1.55). Now let F be any

functional on D( <p) satisfying (1.50).

bounded linear functional on X by (1.55).

Then F is a

Hence by

Riesz-Representation theorem, there is an element z in X
such that

Fy = ~(y,z) for all y in X

Since S is one-to-one and onto, there is aut X such

that Su = z

Hence

F(y) = ~(y,z) = ~(y,Su) = ¢(y,u) for all y in X.

Which proves (1.51) • The proof of (1.52) is almost

identical

The importance of closed sesquilinear forms may be seen

from the next
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Proposition 1.56 Let ¢(x,y) be densely defined closed

sesquilinear form with associated operator T. If W (<'j)

is not the whole plane, a half plane, a strip or a line,

then T is closed and

Sp(T) c ~ = WTT1 (1.60)

Proof: To see that T is closed, suppose (xn) is a
s ssequence of elements of D(T) and x~ --> X, TXn --> Z in

H. Then

I $ (X., - XIn )·1 = I<T(xn - xm),

< IITx n - TXml I II xn - xm II --> 0,

asm, n--> 00.

Since ~ is closed, this implies x is in D( CP) and that

~(X~ - x) --> o. Thus by proposition 1 .53 I

~ (xTJ ,y) --> <P( x,y) as n --> 00, Y in D( 1> ) (1.61)

Since cj>(XY),y) = <TXn 'y> for all y in D( </», we have in

the limit

1(X,y) = <z,y> for all y in D( 1) (1.62)

showing that x is in D(T) and Tx = z. Thus T is a closed

operator. To show that Sp(T) c wTI), let A be any

scalar not in W(~). Then by proposition 1.44 (a), T- ~I

is one-to-one and for all x in D(T) we have IIxl I <

for a constant C and I $(X) - '\llxll~

Set i(x,y) = q,(x,y) - ~< x,y>. Then
c I I (T - AI) x I I
> $lIxll:L.

~~ satisfies the hypotheses of proposition 1.55. If z is
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any element of H, then <y,z> is a linear functional on
~ z z

D (i) = D ( 1» and I <y, z > I ~ I Iy I I I Iz I I s.c I CPA (y) I by
relation (1.31).

Hence by proposition 1.55, there is an x in H such that

¢/\ (x,y) = <z,y> for all y in D( 1> )

This shows that x IE D(T) and (T - AI)x = z ,

(1.63)

Since z

was any element of H, we see that R(T - AI) = H, and

consequently, }..is in Sp (T) •

Lastly in order to prove w( 4> ) = W(T), we shall

show that

W ( T) s: W ( cp i s \VTT) (1.64)

The first inclusion is obvious since x is in D(T) implies
A

<Tx,x> = ~(x). To prove the second, we must show that

for each x in D ( <P), there is a sequence (xn) of elements
/.' '"

of D(T) such that ¢ (x
ll
) --> ¢(x). Let i{!(x,y)be a

symmetric sesquilinear form satisfying (1.47). Then by

corollary 1. 46
A ...
1> (y) - ¢ (x) < q>(y-x,y) I + I CP(x,y-x) I-

1\ ~ If (x»Yl.. ] '" y< 2 ct ( <f (y» + ( <f(y-x» 2..-
Thus it suffices to show that for each x in D( cP ) there is

a sequence (x 11 ) of elements of D(T) such that

ljJ(X'l - x) --> o.

Now consider D( <1 ) as a vector space with scalar

product ljI(x,y) + <x,y>. This makes D( if> ) into a normed
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linear space with norm (Actually,
X is a Hilbert space). We want to show that OCT) is
dense in X. If it were not, then there would be an
element u in X with positive distance from OCT). Then by
the Hahn-Banach theorem, there would be a bounded linear
functional F * 0 on X which annihilates OCT). Let .A be
any scaler in w~; and define ¢,(x,y) as above. Then

.A

~ satisfies the hypotheses of proposition 1.55. and by
relation (1.31) and (1.47)

2 /' ~IF (y) I 5..k [tJl(y) + l lv l l ] < k' I ~ (y) I ,
for all y in X.

Thus, by proposition 1.55, there is a u in X such that
F(y) = cp,. (y,u) for all y in X

Since F annihilates OCT), we have
(1.65)

<A (y,u) = 0 for all y in O(T).
This is equivalent to

«T - AI) y, u> = 0 for all y in OCT).
However we have just shown that R(T - AI) = H, so that
there is a y in OCT) such that (T - AI) y = u.
This shows that u = 0, which, by (1.35) implies that
F = 0, providing a contradiction. Hence OCT) is dense
in X and the proof is over
1. E>.~ Closed extensions:

Let T be a linear operator on a Hilbert space H.
We saw earlier that we may not have Sp(T) ~ WeT). In
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this subsection, we shall concern ourselves with the

question of when T can be extended to an operator having

this property.

It follows immediately from proposition 1.49 that

W(T) is convex.

Definition 1.57: A sesquilinear form ~(x,y) is called

an extension of a sesquilinear from ¢(x,y) if D( ~ )

contains D( ¢ ) and tf(x,y) = tp(x,y) for each,

D( ~ ) . A set U will be called dense in D( ¢ )

each z in D( 1> ) and each E > 0 there is a x in

that

x,y in

if for

U such

¢ (z - x) < [' and I I z - x I I < [,

Proposition 1.58: Let ,¢(x,y) be a densely defined

sesquilinear form such that wT<jJ) is not the whole

plane a half-plane, a strip or a line. Suppose that X 1'1

~->
A

is in D(4) ), x'1 0, ¢(xn - x".,) --> 0 imply ¢(xl1) --> o.,-

Then <j>(x,y) has a closed extension ¢e.(x,y) such that

D(P) is dense in D( ¢e) and W ( 1> ) C \'1 ( <PI!) S: W( 'f/')

Proof: Define ¢e.. (x,y) as follows: x is in D( ¢~) If there

is a sequence (x t"J of elements of D( ¢ ) such that

¢ (x 11 - xl'?) --> o and x _$_ > x in H. If (x'7) is such
'1

that a sequence for x and (yII ) is such a sequence for y,

then define

i (x,y) = lim
n __ > (.0

(1. 66 )
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This limit exists. To see this note that

- Y ) +,.., (xl')- x,...,y"1).
Now, by proposition 1.53, there is a symmetric

sesquilinear form satisfying (1.47). Hence by corollary

1 .46,
tf.(x ,y) - .J...(x,y)1 < 2C[
'f" 1\ '1 't' mm -

+ ( (';; ( x - x » Yl- ( IU (Y » Yl.. ]
..."""., '1'1')

This converges to zero by (1.47). Moreover the limit in

(1.66) is unique (i.e. it does not depend on the

particular sequence chosen). For let (x~ ) and (y'
I'J

be other sequences for x and y, respectively. Set x"t7 =
x' - x

n "
y"

YI
= y' - y ,

I) I)

Then
./\.

¥J (x'~ - x"m ) ) Yz. < _ x' » v<!
»1 + ( ,1; (x - x »~

v " '"
--> 0 as m, n --> ~ by proposition 1.53,

A A
Thus P (x':' - x~ ) --> 0 and similarly ¢ (Y~' - y;':) --> o ,

Since x"n S--> 0, y"., ~-> 0 'n H1. , we may conclude, by

hypotheses that
...•.
¢ (x'~ ) --> 0, ) -- > 0 as n -- > 00 ,

which implies
1\
If (x '~ ) - - > 0, AlP(y" ) --> 0 as n --> 00 •,.,

Hence

cp (x ~ ,
) CP(x

ll .v; < tf>(x~ y" I +,y T, - , '1-
~ ()(~ »V.I. A

) ) ~4+¢>(x'~ , Yn ) < 2C[ ( y.; (y'~--
A ) ) 'II. .A

) ) YL ]'¥ (Xl~ . \fj(YI) --> 0
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From the way ~Jx,y) was defined, it is obvious that

W ( 1) c W ( <P~ ) <; wTCf) (1 • 67 )

To show that D(~) is dense in D( 1~)'we see that if

x is in D( ¢~), there is a sequence (xn) of elements of
D ( <p ) A ssuch that ~ (xn - xl>')) --> 0 while xn --> x in H,

r-
and (f>(xr])--> ¢e. (x). In particular, for each n

./\. ./\

¢(xn - x ) --> cPe( x tl - x) as m __ > C>O
rY\

Now let C' > 0 be given and take N so large that
/\

I <P (xn - xm) I < E for m, n > N. Letting m -- > 00 ,we

obtain
jI.

¢~(x r'1 - x) I ~ f for n > N.
Which shows that

.•.
<1>( (x t) - x) - - > 0 as n - - > 00 (1.68)

This shows that D( 4» is dense in D( <Pe.)

It only remains to show that A is closed. ToIE!.

do this, we note that W( ¢~)is not one of the sets

mentioned in proposition 1.53. Thus there

sysmmetric sesquilinear form ¢e(x,y) satisfying
A A ./\ Z
¢<!.. (x) I ~ LV~(x) ~ I <Pe(x) I + C I I x I I for all

is a

1
C

x in D ( CP;,:) (1.69)

Now suppose (x r) ) is a sequence of elements of D ( ¢IL ),
'\

¢e (Xli - x ) --> 0 and xI')--> x in H. Then by
/Yl

'\ =, )iU (x - --> 0 as m, n --> Ck>
~ II

(1.69)



- 77 -

Now by t.he dens ity of D ( ¢.) in D ( c?e ) , for each n there

is a y i1 in D( cp) such that
A-

I cf{ (x ~ - y ) I < 1, I I =, - y I I <~ n~ i1
1
n

Thus by (1.69),

(1.70)

Since ~e is a symmetric form
y » ~
'" J...

Y u-,.,

( (;'; ( _ x » ~l. (I ~ ( ) )Yl..s.. 't1!. Y; " + Ve xI} - x'" +

--> 0 as m, n --> 0<>

Hence
A

4 (y" - y,.,) =
1\

4J(.(y'1 - Y'l'l ) --> 0 as m, n --> (!)O

Since

l lv, -xii < IIYIl - xnll-+ Ilxt) -x II --> 0 n __>00
»;

We see that x € D( CJjJe. ) and <Pe. ( y " - x) --> 0

Aas n __ > ()o by (1.68). Hence W.(yl')- x) --> 0 as
n --> <.>a , which implies by (1.70)

'"
~(xl'J - x) --> 0 as n --> Go.

Which in turn implies

"'-<Ii (X., - x) --> 0 as n --> 00

which implies that ¢~ is closed, and the proof is

complete

Proposition 1.59: Let T be a densely defined linear

operator in H such that W( T) is not the whole plane, a -
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half-plane, a strip or a line. Then T has a closed extension
AT such that

c. W(T) c: ~W(T) (1.71)

Proof: Let 1> (x,y) be the sesquilinear form defined by

CP (x,y) = <Tx, Y > x,y in D(T) ( 1 .72)

with D( <p = D(T). Then W( ¢ ) = W(T). By

proposition 1.53, there is a symmetric sesquilinear form

~ (x,y) satisfying (1.47). Now suppose (x~ ) is a

sequence of points of D( CP ), X t'I ~-> 0 and
;'\

~ (xI} - xn}) --> o , Since

¢(xn) = tq>(x'1' xr)- xm) + <Txl'l' xT>1>
we have, by

A

¢(x» )1
1ITx,J I . I Ix m

corollary 1.46

< 2 C ( tV (x '1 » YJ,

II (1.73)

Now by (1.47)
A <'

(,JJ (x"-xm).5.. I l/J (xn

~ Thus, there is a constant K such that

"(j!(xt]) < K~,

Now let t > 0 be given.

n = 1,2, ••• (1.74)

Take N large enough so that
. £4
4C~K~ for m,n > N.

A

Thu s I cp ( X '1 ) I < C + I I Tx n I I I I x m I I, m, n > N.
"Letting m --> 00 , we obtain 11> (xYJ ) I ~ f. when n > N.

AThis means that <P(Xn) --> 0 as n --> 00 Thus

¢( x, y) satisfy the hypotheses of proposition 1.58.

Therefore, we conclude that cj>(x,y) has a closed
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extension ¢~(x,y) with D( ¢ ) dense in D (~ )•

¢e. ( x ,y )• Then

Let 1\
T

be the operator associated with by
Aproposition 1.56 T is closed and

ASp(T) C W ( (j)e.. = WeT).
But by proposition 1.58

W ( 2P~ ) = = WeT)
-'\It remains to verify that T extends T. Suppose x is in D(T).

Then

Since

1> (x,y) = <Tx, y> ,x in D (1)) = D (T)

¢e.(x,y) is an extension of 1(x,y)

(1.75)

1f.(x,y)= <Tx,y> for y in D (4) ) (1 .76)

Now we have that (1 .76) holds for all y in D ( ¢Q.. ) • This

follows from the fact that D( 1> ) is dense in D( ¢e..) .
Thus, if Y is in D ( ¢e. ), there is a sequence (Y'1 of

A

elements of D ( CP ) such that <'Pe (Yl] - y) --> o and

IIYIl- y II --> o. Now W( 4i ) is not the whole plane, a
I'

half-plane, a strip, or a line. Thus we may apply

proposition 1.53 to conclude that

Since
~(x,y~) --> ~(x,y)

~~(x,y~ ) = <TX'Yh >, we may have in the limit
that (1.47) holds. Thus,

A A.
X E D(T) and TX = Tx.

Thus we have provided sufficient condition that
A

a linear operator T on H have a closed extension T
1\ ~satisfying Sp(T) C WeT).
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1.6.3 Closable Operators:

If we are only interested in determining whether

or not T has a closed extension, then the conditions in

proposition 1.59 can be weakened. (We shall see this

shortly).

Definition 1.60: Let T be a linear transformation from

a normed linear space X to a normed linear space Y and

D(T) be its domain. It is called closable if the

conditions

D(T) for all n in siN ,xtl--> 0 in x
imply

y = o.
Clearly Jery CJ 2d linear transformation is closable.

Lemma 1.61. If ¢ (x,y) is a sesquilinear form such

that W( ¢) is not the whole plane, then there are

constants r, k" with Irl = 1 such that
" Ilxll~I' Re [r cP (x) + kt> ] > o for all x in D ( ¢ ), (1.77 )-

Proof: We know that W ( 1> ) is convex. Since it is not

the whole plane, it is contained in a half-plane (by

Lemma 1.50). But every half-plane is of the form

Re [rz+ ku.] 2.. 0 , I r I = 1

Thus
A-

Re [r <p (x) + k v ] 2.. 0 , x in D (<P ) , I Ix I I = 1,

which implies (1.77).
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Proposition 1 .62 Let ¢(x,y) be a densely defined

sesquilinear form such that W(¢) is not the whole plane.

Let T be the operator associated with ~(x,y). If D(T)

is dense in H then T is closable.

Proof:- By Lemma 1.61, there are constants r, ko such

that (1.77) holds. Set

if (x,y). = r ~ (x,y) + kt) <x,y)

and S = rT + ~I. Then S is the operator

associated with ~(x,y). Moreover, T is closable if and

of elements of D( T) ,

So suppose (x~) is a sequence

xn 2_> 0 and SXn~-> y. Then, for

only if S is closable.

Cl( > 0 and z in D (T) ,
"!IJ (xl") - ~ z )

"= < sx , ,xn >- ~<SXIl ,z>- O«Sz, Xt1>~2tJ1(Z)
.A

--> - O«y,z) + /Xl.<J!(z).
"Hence Re [-<y,z> + q (f(z)] > 0 for q'>o and all z ~ D (T).

Letting C( -- >0, we see that

Re <y,z> < 0 for all z in D(T) (1.78)

Since D(T) is dense in H, there is a sequence (y~) of

elements of D(T) such that y., -~> y in H. Since

Re <y,y > < 0 , we have, in the limit, l lv II~ < 0,- -
which shows that y = o. Hence T is closable.
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Proposition 1.63: If T is densely defined linear

operator on H such that WeT) is not the whole complex

plane, then T has a closed extension

Proof: Set

¢(x,y) = <Tx,y> for all x,y in D(T).

then 4> (x,y) is a sesquilinear form with D(¢) = D(T) and

W( ¢) = W(T).

with ¢ (x,y )•

Moreover, T is the operator associated

Thus ¢(x,y) satisfies all hypotheses of

proposition 1.62. Hence T is closable. The result

then follows from

Proposition 1.64: A linear transformation T from a

normed linear space X to a'normed linear space Y has a

closed extension if and only if it is closable.

Proof: For sake of completeness, we prove this result.
'"Suppose T has a closed extension T and let (xn) be a

sequence of elements of D(T) such that sxn--> 0 in x

"Since T is an extension of

T, " "sD(T) and Tx~--> y. Since ""T is closed, We have
A

To = Y Showing that y = o. Hence T is closable.

Conversely; assume that T is closable. Define the

operator T as follows:

An element x in X is in D(T) if there is a sequence

(xn ) of elements of D(T) such that x~-~> x in X and TXn
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converges strongly in Y to some element y. Define Tx to

be y. This definition does not depend on the choice of a

particular sequence (x n ). For if (z~) were another

sequence of elements of D(T), z~ ~-> x in X and Tzn-->w

in Y, then xn - Zh~->O and T(Xn - zn) ~-> y-w, since T

is closable, we obtain y=w. Clearly, T is a linear

extension of T and is closed. Indeed, let (x'1 ) be a

sequence of elements of D(T) and suppose x~§-> x and

T .:;, Then for each in IN, there isXr'\--> y. n a sequence
0<,

(wr,,1() of elements of D(T) such that
K_-:.c

""'Il,1(. 2- > xn and T W11•1C
.?-> TXT) £\?> K--

In particular, one can find a zoin D(T) such that

I I z" - x n I I < 1 , I ITz n - "Tx.,I I < 1.
n n

Therefore,

Ilzr)- x ] ] < x 1I+llx - x ] ] --> 0,11 11

and

II Tzr, - y II ~ II Tz,..- Tx n II + II Tx t) - y II 5-->0

This shows that x is in D (T) and Tx = y. Hence T is closed.

Remark 1.65:

The reader will recollect that the operator

T constructed in the proof of proposition 1.64 is called

the closure of T. It is the "smallest" closed extension

of T (as may be easily seen)
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1.7 Dissipative Operators:
We refer to proposition 1.59 where it was shown

that if T is a linear operator on H such that D( T) is
dense and W(T) is not the whole plane, a half-plane, a
strip or a line, then T has a closed extension /"\

T

satisfying
A ---A-<l(T) c... wlT) = W(T) • (1.79)

Now there arises a question which was deferred
deliberately until this point: What happens when W(T) is
one of these sets? We now discuss some of these cases.

Suppose W(T) is the whole plane. Then (1.79) is
vaccuously true for all extensions of T. On the other
hand, the existence of a closed extension of T depends'
on whether or not T is closable. (Proposition 1.64).
Hence this case is not interesting.

In all other cases including that discussed in
proposition 1.59, W(T) is contained in a half-plane
(Lemma 1.50), Thus, there are constants r, k such
that \r\ = 1 and

eRe r <Tx, x> - k\\x\\ < 0 for all x in D(T).
Set

S = r T - k (1 .80 )

Then D(S) = D(T) and
Re <Sx,x> ~ 0 for all x in D(S) (1.81)
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An operator S satisfying (1.81) is called dissipative.

Proposition 1.66: Let S be a dissipative operator on H

with D (S) dense in H. Then S has a closed dissipative

extension S such that '"SpeS) is contained in the half-
plane Re A < o ,

Proof: By (1.81), we have
e.

Re < ( 1-S )x ,x > 2. IIx II for
all x in D(S). This shows that (I-S) is one-to-one.

Hence it has an inverse (I-Sr1 defined on R(I-S).
Define

-tT = (I+S) (I-S)

Where D (T) = R(I-S). We. have that

IITxl1 ~ Ilxll for all x in D(T) (1.82)

Infact, if
-sy = (I-S) x (1 .83 )

I' Then

Tx = (I +S )Y (1 • 84 )
z ~ a

Hence IITx II = IIy II + IISy II + 2 Re <Sy ,Y >

~ l lv l l" + IlsyllZ - 2 Re<Sy,y> = II(I_S)yll2.= Ilxl r~ ,
by (1. 81) and (1•83 ) • We can now easily find an

-"\extension T of T in B(H) such that

(1.85).

(Note that operators in B(H) are defined on all of H).

To do this, first extend T to ~), by the usual

procedure (extension by continuity). Call this extension
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T. Now let x be in H. By the projection Theorem, x = z+y
where z is in D (T) and y ~ D(T).

Define Tx = Tz. Then" TX" = "Tz" ~ "z" ~" x".
This shows that T is in B(H) and (1.85) holds.

Now by (1.83) and (1.84) (1 .86 )

x = y - Sy, Tx = y+Sy
or

2y = x + Tx, 2Sy = Tx-x (1.87)

The first equation in (1.87) together with (1.83) shows
that (I~T) is one-to-one and that its range is D (S) •

Hence, We have
-.1S = (T - 1)(1 + T) (1.88)

A.A candidate for the extension S is
A" A -1
S = (T - I) (I + T) (1 .89)

with D(8) = R(I + T). In order that (1.89) make sense,
....•we must check that (ItT) is one -to-one. To see this,

let x be any element of H such that
.A..

(1 + T)x = 0 (1.90)

Let y be any element of H and let ~ be a positive real
number. Set

z = (I +
A

T) y. Then by (1.85)
"z _ y + a.x" Z. ~" Y> 'l'X Ill'!. (1.91 )

Expanding (1.91) out, we get
2-

, , Z " - 2 Re < z,y > + 2 4' Re < z,x> < o ,
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Divide by ~ and let Il{-->""This gives

Re<z,x> ~ 0,
""z in R(I+T) (1.92)

we see that R(I+T)Since AR(I + T)~ R(I + T) = D (S),

is dense in H. Hence, there is a sequence (z~ of

elements in Thus

(1.92) implies Rei Ixl I~ ~ 0, which shows that x = o.

Thus the operator AS given by (1.89) is well defined."

It is clearly an extension of S. we claim A.

S is closed.

For suppose (x Y) ) is a sequence of elements in

D(S) = R(I+T) such that
..9_ > '"

x", x, SXYl --> h in H as n __ > 0<>

..•.
Since x., is in R(I+T), there is a wnin H such that

A

X'1 = (1+T)w., . By (1.89) we have
"- (or A

sx., = - I)w,., Hence 2wY) = xT")- Sx..,--> X - h

2x'1 = 2 (I

~ is in B(H), this implies
A ..••

+ T)Wn -~> (I + T)(x - h)
"'" S A(T-I)w., --> (T-I)(x - h).

as n-->D<>. Since

A
2 SXn = 2

from which we conclude

2x = (I + T)(X - h), 2h = (T - I)(x - h)
'" AIn particular, we see that x is in R(I + T) = D(S) and

A A A _I ASx = (T - 1)(1 +T) x= l(T - I)(x - h) = h •
2

...•..
Hence S is a closed operator

ANext we show that S is dissipative. This follows

easily, since
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where -'\ -1.w= (I+T) x , Hence

Re < S"x, x > = IITw IIZ - IIW 112. < 0

by (1.85).

(1.93)

Finally, we must verify that A,\ e p ( S) for Re A > o ,

Since g is dissipative, we have

Re < (S - ~I )x ,x > ~ - Re}..r Ix I12., or

Re A Ilxll.? ~ - Re«S - ~I)x,x> ~ II(s-AI)xll Ilxll,
'"Showing that S - AI is one-to-one for Re ).>0. Now

( S- }.I)= [( 1 -)..) T - (I + ).) ] (I + T) - J

Thus one can solve
A.

(S - AI) x = z (1.94)

if and only if one can solv~
[(1-),,) T - (1 + A)]w = Z (1.95)

Not tha t:£ (1 .95 ) can be solved for all Z in H when
Re }..> o , This is obvious for >- = 1 • If ). ~ 1 , all we

I'

need to note is that ~I > 1 for Re A> o. Since
'1 -).

IITII < 1 , this shows that /+A is in P(~) •- 1 - A

(if IA I > II T II then A E: peT) • Hence (1.95)

can be solved for all z in H

In particular, if weT) is a half-plane, then

proposition 1.66 gives a closed extension T' of T

satisfying (1.79). In fact, all we need to do is define
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S by (1.80) for appropriate r, k '"Then extend S to S

by proposition 1.66. The extension T is thus defined

by ~ =S+kI. Hence proposition 1.66 gives
r

Proposition 1.67 Let T be a densely defined operator

on H such that ~ is a half-plane.

closed extension T satisfying (1.79).

Then T has a

If W(T) is a line or a strip then things are more

complicated. We can use proposition 1.66 to obtain a

closed extension having one of the adj~cent half-planes

in its resolvent set. But it will not be true, in

general, that this extension will have the other adjacent

half-plane in its resolvent ~et as well.

1.7.1 The case of a line or a strip: We first prove

the following

Lemma 1.68: Let T be a closed linear operator on a

Banach space X. If A is a boundary point of p(T) and ( Ai)

is a sequence of points in P(T) converging to A, then

Proof:

If the Lemma 1.68 were not true, there would be a

sequence, ().,'1) of points inp<T) such that A.,-->.A

as n -- > t- while

II (T - ).t')I)-1 II ~ c (1.96)

Since (T- All )-.1 ().11-'\"') (T -2-,.\", )

We have
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-1Thus, (T - A~I) converges to an operator S in B(X) as
n--><» • Moreover, if x is any element in X, Then

S--> Sx as n --> ~

But

Ty') = (T - A'l)Y'l + )."Yfl ~-> X + .A sx as n --> - •

Since T is closed, Sx is in D(T) and TSx = x + A Sx,
Whence

(T ~I)Sx = x for all x in X (1.97)

Similarly if x is in D(T), then

(T - A",I)-1( T - A I)x §-> SeT - >-I)x as n --> "'"

But (T - At) 1)-1 (T - ~I)x = x - (1\ - A•.•) (T - A"I)-1x ~-> X

as n -- > 00

Hence S( T - A I)x = x for ~ll x in D(T) (1 .98 )

This shows that A is in peT), contrary to assumption.

Proposition 1.69: Let T be a closed linear operator on

a Banach space X. If A is a boundary point of p(T), then

either N(T - A I) = {o} or R(T - ).1) is not closd in X.

Proof: If the proposition were not true, there would be

a constant C such that

Ilxll < C II(T - AI) x ]] for all x in D(T) (1.99)

Since A is a boundary point of P (T) , there is a sequence

( A.,) of points of f(T) converging to A . Set

S(j = tT- ~•.•I ,-1
(T - An 1)-1 \I
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Then IISn II = 1 In particular, for each n in IN there
is an element xn in X such that

Ilx ••11 =1 , IIS "xn II > 1 (1.100)
2

Now (T - A I)S" = (T - AI)I)S"+ ( An -. A )SI1 Hence

II(T - >. I )S f) II ~ II(T - ),)[)-1 II + IAIJ - ,\ I.

By Lemma 1.68, this tend to 0 as n -- > ()O. In particular,

the norm of (T - )...I)SI')can be made less than 1 for
3C

sufficiently large n. But by (1.99) we have

1 < IIS 'l X ,,1 I ~ c II(T - .A I )~., II < 1
2 3

for large n. This contradiction shows that (1.99) does

not hold and the proof is complete.

We outline briefly what one can do in case W(T) is

a line or a strip. Of course, we can consider a line as

a strip of thickness o. So suppose that ~ is a strip

of thickness a-1 where a > 1. As before, we can find an

operator S of the form

S = r T - k I (1.101 )

such that WTS) is the strip 1-a < Re z < o. Thus

1-a ~ Re<Sx,x> ~ 0, for all

x in D ( S ), IIx II = 1 (1.102)

In particular, S is dissipative.
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,ANow suppose S has a closed extension S such that

is the same strip and p(§) contains two
complementary half-planes. Set

T = (aI + S) (a _8)-t (1.103)

Let x be any element of H and set
.'\ - JY = (aI - S) x (1.104)

Then
A ATx = (aI + S) y (1.105)

Hence
A= 4a<Sy,y> (1.106)

Showing that

4a (1-a) IIy II.,!2. IITX r I~ z:- Ilxll < 0 (1.107)

By (1.104) and (1.105) we have
" --"' A(T + I)x = 2ay, (T - I)X = 2Sy (1.108)

~ Thus (1.107) becomes

1 -a
a

2-
-llxll <0(1.109)

or
z

2. IIx II < (2a - 1) IITx I12
'"+ 2(a - 1) Re <Tx,x> (1.110)

AIn short T is an extension of

T = (aI +S) (aI - S)-1 , D(T) = R(aI -S) (1.111)
AWhich satisfies (1.110) and such that R(T) = H.
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Conversely, if we can find an extension T of T, then we

can show that
A A A 1S = a(T - I) (T + I)-

is closed extension of S with W(S) = W(S)

(1.112)
"Sp(S).

Infact we have, by the reasoning of section 1.6, Athat S

is closed and dissipative while ""

f(S) contains the

half-plane Re A > o , Moreover, (1•110 ) and (1.106)

imply that W(T) is the strip 1 - a < Re A < o.- -
However, we also want the half-plane ReA < 1-a to

'" /\ AIbe in f( S) • We know that S - is one-to-one and that
AR(S - ; I) is closed for such points (see proposition

1.44). It suffices to show that the half-plane contains
...•.

one point of p(S). We can then apply proposition 1.69.

If the half-plane R A < 1 - a contains a point of
,..

P( S) ,

Athen the entire half-plane must be f(S). For otherwise,
r"\

it would contain a boundary point A of P(S). But this

would imply by

{o}

proposition 1 .69 that either
/,

N(S ,AI) =i= .Aor R( S -).. I) is not closed,

contradicting the conclusion reached above.

To complete the argument, we show that the point

A= A-a is, indeed, in p( S) • For
I

A ...• AaI + S = T(aI - S) (1.113)
-"\ S) follows thatand since R(T) = R(aI = H, it

AR(aI + S) = H. This coupled with the fact that
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A AN(aI + S) = {oJ, shows that -a is in I(S).
ASo we must try to find an extension T of T

satisfying (1.110) and such that R(1) = H. Let us

consider first the case a = 1 (i.e. the case of a line).

Now by (1. 110 ) •

I l:rxI I = I Ix I I, x in H (1.114)•
AWe want T to have a unitary extension T. By (1. 111 ) ,

the operator T is an isometry of R(I - S) onto R(I + S).

By continuity we can extend it to be an isometry T of

Thus, to determine T, we needR(I - S) onto R(I + S).
only define it on R(I + S).L •

AWe can see that T would

have
.1. .L

to map R(I - S) into R(I + S) • This follows

from the general property of- isometries on Hibert spaces:
.'\ A<Tx, Ty> = <x,y>.

~ 4Moreover, T must map onto R(I + S) , for otherwise we
-'\would not have R(T) = H. Thus we have

Proposition 1.70 Let S be densely defined operator on H

such that W(S) is the line Re A = o. Then a necessary
A

and sufficient condition that S have a closed extension S

such that

"SpeS) c:. A
W(S) = W(S) (1.115)

S).L. ontois that there exists an isometry from R(I

R(I - S)~ • In particular, this is true if they both
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have the same dimension or if they are both seperable and
infinite demensional.

The last statement follows from the fact that
R(I + S)..L and R(I - S)..L have complete orthonormal
sequences ( fK ) and ( ~ ) respectively. Moreover, these
sequences are either both infinite or have thesame
finite number of elements. In either case, we can define
0/\T by

A H. 0

T YK = °If/( k = 1,2, (1.116)

This gives the desired isometry.
If a 1= 1 (i.e. in the case of a strip), the

situation is not so simple. It is necessary for T to map
R(aI + S)~ onto a closed subspace M such that

H = R(aI + S)(f)M
in such a manner that (1.110) holds. The next
proposition just gives a sufficient condition:

~ Proposition 1.71: Let S be a densely defined linear
operator on H such that W(S) is the strip

1 - a ~ Re z ~ 0, a > 1.

If R(aI - S) = R(a! + 81, .6then S has a closed extension S
satisfying

Proof:

~ ~SpeS) c.. W(S) = W(S) (1.117)
~ .. ...••

On R(aI - S) = R(aI + S) we define T to be
'"'-I. Then T is isometric on this set. Thus (1.109)
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(and hence (1.110) holds for x in ~(aI S) and for
X l'n R(aI - S)~. F x i H xor any n, x = x, + L

Where ,x,is in R(aI - S) and x.z.isin
Thus

R(aI - S)..J.

But
II TXi Ill.
= 11T'xlll.

- I Ixi I It. = I I Tx 1 - xi!.II'~ - IIx 1 + XL IIz:
_ IIX 112.

Hence (1.109) holds and the proof is complete

1.7.2 Self-Adjoint Extensions

If T is a self-adjoint operator then T = T.J<I

however for Tkto be defined we know that D(T) must be

dense in H. Moreover T must be closed since T -If is.

Also we note that W(T) ~ fR.. • Thus W(T) is either a whole

real axis or an interval. We have that

Sp (T) c. W(T) (1.118)

when T is self-adjoint. For by proposition 1.42

N(T - )...1) = {o} and R(T - .>. I) is closed when A 1- WTTf.
Moreover, if y is orthogonal to R(T - AI), then

<y, (T - .,\I)x> = 0 for all x in D(T).

Showing that y is in D(T*) = D(T) and «T ).I)y, x > = 0

for all x in D(T). Since D(T) is dense, we must have
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(T )I)y = o , Now if A <f. W(T), then "X f W(T) as

well. For if )..is not real, then neither of them is in

W(T). If A is real, then A = A • By what we have just

said, y = o. This shows that R(T - )..I)is dense as well

as closed.

proved.

Now suppose T is a densely defined linear operator

Thus, A ~ f'(T- I) and the assertion is

on H. Then W(T) is a subset of ~ if and only if T is

Symmetric, i.e. if
<Tx,y> = <x, Ty> for all x,y in D(T) (1.119)

If T is symmetric and (1.118) holds, then we can show

that T is self-adjoint. To see this, suppose y is in D(T~).

Let A be any nonreal point. Then). and J. are both in

P(T) , since neither of them is in W(T). Hence, there is

a z E: D(T)· such that

(T - ~ I)z = (T" - XI )y.

Thus

<y, (T - A I )x> = < (T* - A)Y,X> = «T - >. I)z,x>

= <z, (T - >- I )x> for all x in D (T) •

or

< y-z, (T - }.I)x> = 0 for all x in D(T).

Since ~ f P(T), this can happen only if y = z. Thus, we

can see that y is in D(T) and Ty = T~y.
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We now answer the following question: Let T be a

densely defined linear operator that is symmetric. Does

it have a self-adjoint extension?

To examine the question, suppose first that W(T) is

not the whole real axis. Then by proposition 1.59, T has
"""a closed extension T satisfying

ASp(T) c:
--A-
W(T) = W(T) (1.120)

A.

In particular, T is symmetric and satisfies (1.118).
,A

Hence T is self-adjoint.

On the other hand, if W(T) is the whole real axis,
Athen T has a closed extension T satisfying (1.120) if

and only if there is an isometry of R(iI + T)L onto

(just put S =IT in proposition 1.67).

Sincel in this case, an extension violating (1.120) could

not be self-adjoint, the condition is both necessary and

sufficient for T to have a self-adjoint, extension. The

problem is, therefore, solved.
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GLOSSARY OF SYMBOLS

Inner product function

Complex Hilbert space

Adjoint of the operator T

Collection of all bounded operators on H

Spectrum of T

Point spectrum of T

Approximate point spectrum of T

Numerical range of T

Range of T (as a map)

Kernel of T

Domain of T

Orthogonal conjugate of T

Resolvent set of T
-Cy

Special radius of T

Numerical radius of T

Convex hull of the set M

Unilateral shift operator

Supremum of the set A

Infimum of the set B

Real part of the complex number z

Imaginary part of the complex number Z

Boundary of the D

Set of all extreme points of S

X is orthogonally perpendicular to Y
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