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ABSTRACT

Estimation offmite population totals in the presence of auxiliary information is considered.

A class of estimators based on local polynomial regression is proposed. Like generalized

regression estimators, these estimators are weighted linear combination of study variables, in

which the weights are calibrated to known control totals, but the assumptions on the super

population model are considerably weaker. The estimators are shown to be asymptotically

model-unbiased and consistent under mild assumptions.

Simulation experiments indicate that the local polynomial regression estimator is more

efficient than regression estimators when the model regression function is incorrectly

specified, while being approximately as efficient when the parametric specification is

correct.
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CHAPTER ONE

1.0 OVERVIEW

1.1 Introduction

Sample surveys are concerned with obtaining desired information from a population. In

practice fmite populations are of interest to researchers in Medicine, Economics, Politics and

many other aspects of life.

Ideally, total information in the population is obtained from a census where every individual

inthe population is involved in giving information. However, most of the time due to certain

constraints like cost, time, literacy level and other geographical factors, it is not always

possible to carry out a census effectively. Statistical methods of extracting information from

the [mite population have been developed. In these methods, part of the population, referred

to as a sample, is used and the information about the population is inferred from the sample.

The theory of sample survey aims at developing sampling strategies that result in selection of

a sample that is a good representation of the whole population. It provides procedures for

making statistical inferences about the study variable otherwise referred to as the survey

variable. It is also used in determining the criteria for comparing different strategies in order

to obtain optimal results from a sample survey.
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1.2 Tenninologies used

1.2.1 Infinite population

This is a list or frame denoted by U=(U1,U2 ••• ,UN) ofN identifiable units. In infmite

population, N is unknown since it is infmitely large.

1.2.2 Finite population

This is a list or frame denoted by U=(U1, U2, ••• , UN) ofN identifiable units. In fmite

population, N is less than infmity and is usually known.

1.2.3 Target population

This is a population whose information is required. It can also be defmed as a set of all

individuals whose information is required.

1.2.4 Sampled population

This is the set of all the individuals in the sampling frame.

1.2.5 Sample

We assume that there exists a population frame or list denoted by U=(U 1, U2, ••• , UN) of

N identifiable units. A sample is then defined as a subset s ofU selected according to a

rule, pes). Ifthe selection rule employs randornisation, then we have a random sampling

design, but the notation embraces purposive design where pes) is unit for s = So and zero

otherwise. The canonical survey design is simple random sampling where,
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for all samples of size n

otherwise

Wenote that n s; N, s = {it, h, ... ,in}where n is the sample size and t; denotes the ith unit in

sample.

1.2.6 Sampling design

IfS = {h, h, ... , in} is a sample of size n distinct units and pes I z, w) is the probability of

selecting sample s where w may include survey variables, z = ( Zl, Z2, ... , ZN)is any prior

information about the units, then we define a probability sampling design to consist of:

(a) A sampling plan such that each member of the population has a known probability

greater than zero of inclusion in the sample, and

(b) Procedures for inference such that for reasonably large samples the correctness of

inference does not depend on an assumed model.

1.2.7Sampling Units

In sample surveys, the population individuals are denoted by (U 1, U2, ... , UN)whereas the

individuals in the sample are denoted by (UI' U2,... , UN).Therefore the sampling units can be

seenas subsets or sub-divisions of the whole population such that U, nUj;ci= 0.



4

N
This implies that u U. = U

. 1 11=

where U is a collection of N units U. 'S
1

1.2.8 Identifiable units

Unitsofa finite population are said to be identifiable if they can be uniquely labelled from 1

to Nand the label of each unit is unique. The labelling can be conceptual rather than real as

in areas on a map, line transect or a compilation of separate lists. There is a

1-1 correspondence between the units and the indices 1,2, ... , N such that the population

comprises ofU=(U1, U2, ••• , UN).

1.2.9 Sampling frame

This is the list of all individuals in the fmite population. It is from the sampling frame that a

surveyor selects a sample. The list should be clear and concise so that the sampling units

couldbe identified unambiguously. Sometimes the formation ofa frame is not achievable in

somepopulations such as in birds and fish for they are ever mobile and are not labelled. Thus

samplingthese populations requires special treatment. Since these populations are not fixed,

and there are no frames, sampling cannot be controlled, and selection is by assumption rather

than by design, the standard assumption being either simple random sampling or stratified

simple random sampling. Seber (1982) argues that the absence of the labels is tackled by

repeatedly sampling the target population and tagging, or labelling, the sampled animals. The

numberof the marked animals and when they were marked are then recorded in the second

subsequent surveys. The information from this partially labelled sample can be employed to

estimate demographic characteristics of the population, especially its size, under certain

"
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assumptionssuch as equi-catchability, and constant immigration and death rates. If there are

s samples then there are 25_1 possible records for sampled animals that are never captured.

Theproblem is to estimate properties of the missing group. If the population is closed, with

noimmigration or emigration, then the population size N is fixed but unknown value, which

isa key target parameter. If the population is open, then the population size at the onset may

be fixed but subsequently varies over sample occasions according to the migration and

emigration processes.

1.2.10inclusion probabilities

ForaUindividuals in the fmite population, defme

if unit i in the population is in the selected sample
otherwise

Then we defme
IT i =: p~ P(s)s}

S 3 i

and call l1i the first order inclusion probability.

Let II ij = P{i, J E s}

I pes)
S}i ,j

then I1j is referred to as the second order inclusion probability. It is the joint inclusion

probabilityof the ithand thejth units of the target population. A sample obtained by such a

designis called a probability sample. In order for a sampling design to be called a probability



6

sampling design, Il, must be strictly positive. A sampling design is then said to be

measurable if

(a) ITi>0 and (b) IIij> o.

In probability proportional to size sampling without replacement Ilps, we fmd that a good

lIps design requires that

(i) IIi OC Xiwhere Xi> 0 is a measure of size.

(ii) n, > 0

(iv) The inclusion probabilities Il, and IIij are easily computed.

(v) The joint inclusion probabilities should not depend on the order of the unit in

u.

Condition (i) defmes a Ilps sample, and the corresponding Horvitz-Thompsen estimator of

the population total is

/\

T HT = I ~ (1.0)
s IT i

Whenconditions (ii) and (iii) ho ld, non-negative unbiased estimators exist, and so these are

thekey statistical conditions. Condition (i) uses the auxiliary information at the design stage

andwill yield an efficient sampling scheme when Yr=kx, where k is some constant. For fixed

samplesize designs these conditions foHow directly from the Yates-Grundy-Sen form for the

varianceof the Horvitz-Thompson estimator, namely

Vllps = II(IIllj -IIy{ l_~J2 (1.1)
ie j \ II; II j
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1.2.11Characteristic of interest

A fmite population is a collection of N identifiable units labelled U=(UI, U2, ••• , UN).

Attachedto each unit UiEU is a vector of survey variables with values Yifor i=l, 2, ... , N. We

let Y=(y!, Y2,... YN)T.We also write Y = (Ys,Ys)T the partition of Y induced by the

selectionof the units in s. The sample data is the set of labels and associated values, which

we denote by

ds={(i, yJ; iES} (1.2)

Wethus call the survey variable Y =(Yl, Y2,... , YN)Tthe study variable. Using the survey

variable Y =(Yl, Y2,... , YN)Twe estimate some well-defined descriptive functions of

Y =(y!, Y2"YN)T the so-called characteristics of interest. The common characteristics of

interestsare:

i) The finite population total
N

Y=LY,
;=1

ii) The finite population mean

- 1 N

Y=-LY;
N ;=1

iii)The finite population variance

1 N -

V(Y) = -L (y; - y)2
N ;=1
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1.2.12Auxiliary information

Associated with each unit ofU=(U1, U2, ... ,UN) is a certain known characteristic vector

X = (Xl, X2,... , XN)Treferred to as auxiliary information and is positively correlated to the

studyvariable Y=(Yt, Y2,... , YN)T.The auxiliary information is known before hand. Thus the

technique is to use the obtained sample, plus the auxiliary information to make inference

about Y=(Yt, Y2,... , YN)Tor a function ofY.

Auxiliary information is the additional information for improving sample survey processes.

Itmay be information on the characteristic of whole units of the population from which the

sampleis drawn or on the ancillary variables in relation to the study variable. For example, if

the study variable is income, the auxiliary information may be expenditure on food, rent,

transport etc, or previous census, if the study variable is the current census.

Whenauxiliary information is available for each and every unit of the population, it can be

usedin several ways to improve the efficiency of the estimators of the study variables. One

way of using auxiliary information is found in the sample selection through unequal

probability sampling, population stratification, double sampling and clustering of units. It is

also used in estimation, for example in ratio, regression, nonparametric and Horvitz-

Thompson methods of estimation.

Therecould also exist q characteristics positively correlated to Y=(Yl, Y2, ... , YN)T,giving

us a N x q matrix of covariates; Xnxq=((xij))nxq
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1.3Selection of the sample

Arealized sample s can be regarded as an outcome of a random variable s which takes as its

elementsany of the 2Nsubsets. Ifwe let S denote the set of all possible samples from a fmite

population U=(Ut, U2" UN) and pes) the probability that a sample s is drawn, then we say

thata probability sampling design assign each SES a probability pes) ;::::0 such that

Samplesare selected by simple random sampling with or without replacement in which case

eachunit in the population has an equal probability of being selected.

Ifthe units of the population vary considerably in size, the simple random sampling may not

be appropriate since it does not take into account the possible importance of the larger units

in the population. There are various ways of solving this problem. One is to assign an

unequalprobability of selection to the different units of the fmite population. Ifunits vary in

size and the variable under study is proportional to size, then the probabilities of selection

may be assigned in proportion to the size of the unit.

A selection procedure in which units are selected with probability proportional to the

measure of size is known as sampling with probability proportional to size (pps).

The procedure of selecting a sample of size n with unequal probabilities is as follows.

If Xi is an integer proportional to size of the ith unit, i= 1, 2, ... , N, we form successive

cumulative totals

..
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N

we then draw a random number R not exceeding LX' = Y. from a table of random
i=l I I

numbers. IfYi-1 < R < Vi, the ithunit is selected. The procedure is repeated n times until a

sampleof size n is obtained.

1.4Sample survey estimation problem

In many cases the sample is used to describe the real population from which it was selected

by estimating population totals and other descriptive statistics such as odd ratios or

correlations. This will be referred to as descriptive inferences. In other cases inferences may

explore properties of the processes that generate the fmite population values. This is a

classical statistical inference analysis and will be termed analytic inferences.

1.4.1Descriptive inferences

This involves the estimation of some well-defmed descriptive functions of

Y> (y!, yz, ... , YN) T the so called 'parameters' of the fmite population.



11

Thecommon functions of interest are:

(i)
N

The finite population total Y = 2:y;
;=1

(ii)
- 1 N

The fmite population mean Y = -L:Yi
N i=i

(iii) The fmite population variance V(Y) = J...-f (Yi_ y)2
N i=1

1.4.2 Analytic inference

In this case, inferences may explore properties of the process that generate the population

values.One approach is to assume that the fmite population has been generated by a super

populationmodel, fey, x, 8) say, and the interest centers on estimation of parameters (8) of

the superpopulation model. This is classical statistical analysis and will be termed analytic

inference.

Thesuper-population model can be employed to predict the unobserved values yi, iE s, and

this mode of inference is a form of predictive inference, If say f (x; y; 8) = a + PXi,where

e = (a, ~)Tthen the problem would be to estimate the super-population parameters a and p.

Havingobtained the estimates of a and P i.e a and f3 respectively and using the known

auxiliaryinformation xi, i = 1,2, .. " N we predict the unobserved values

Yi, iE S.
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1.5Approaches to sample survey estimation problem

Thetwin problems of sample survey design and of finite population inference is tackled in

twoways, viz:

1. The classical approach, otherwise referred to as the randomisation approach

11. The predictive approach otherwise referred to as the super-population

approach .

•. •There are, however, fundamental differences in the way these two approaches view the

population units.

1.5.1The Classical Approach or Randomisation Inference

Theframework for randomisation inference is the distribution of results of all the possible

samplesthat could have been drawn using the random sampling scheme, pes).

Thedistribution depends on the Y, the population matrix of values of the survey variable,

whichin general, is unknown. In practice, sample sizes are large and it is asserted that a

normal distribution will be a good approximation to the underlying randomisation

distributionof point estimators. This distribution is determined by the first and second order

inclusionprobabilities ofp(s).

Inthisapproach, each population unit Ur, i= 1,2, ... , N is associated with a fixed but unknown

realnumberwhich is the value of the variable under study. Inference in this is thus based on

the observed quantities Y= (yi, Y2, ... , YN)T which were initially chosen to the sample



13

throughthe design, pes). The implication here is that inference will be tied to the chosen

design pes). Hence the classical approach is design-based. The set-up in the classical

approachassumes that the population units are labelled and the statistician has access to the

trueand fixed value of'y, of the unit Vi. This is quite demanding and unjustifiable.

1.5.2The Predictive Approach or Model-Based Approach or Super-

Population Approach

Themodel based approach starts from the assumption that the measurement of interest in the

finitepopulation can be treated as a realized value of a random variable Y. The randomness

is introduced directly into the y-values.

In this approach, a super-population model is inherent in any given fmite population. The

modelemployed characterize the actual values, both the observed and the unobserved which

areconsidered as a realization of random variables y1 Y2, ... , YN. The relationship among the

variablesis expressed as a model of the joint distribution of the random variables.

In this approach, the first problem is to construct a stochastic model for Y that incorporates

within it all the population information contained in the known prior values of Y. If Y

containsindicators for strata or clusters then this information should be incorporated into the

modelfor Y. Once a model is chosen, a sample selection scheme consistent with that model

andtaking into account practical considerations such as costs will be employed to draw a

samples.
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Asbefore,we denote the sampling rule of this type by P (s/y).The problem is then to use the

model,the sample data and the information in the sampling scheme to make a predictive

inferenceabout the unobserved random variables Yi. iE S, in order to estimate functions of

thefinite population values such as the mean ofY, which is now a random variable. The

choice of the model and its robustness to misspecification is the major issue. Small

deviationsfrom a chosen model may lead to serious errors in an inference. So the model

basedapproach depends on assumptions and used naively will not be robust.

A super-population model traditionally used in sample survey is:

Cov (Yi, yj)=O, i:;tj,j=n+l, n+2, , N (1.3)

Underthis model an optimal estimator of the population mean is the ratio estimator defined

by:

A _ y_
T(Y)=YR ==.X (1.4)

X

wherex ,y and X, Y are the sample and population means respectively.
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1.6 Classical Approach

1.6.1An estimator T(y)

In a classical approach, an estimator T (y/s) is seen as a real valued function defmed

onSx9\N where SES depends on Y through Yi's for which unit u., that is, ith unit in the

populationoccurs in the sample s. We thus calculate the proposed estimator T (y/s) based

on the observed quantities Y = (yl, Y2, .. " Yn.l

Theestimators of the population mean Y and total Yare given by

- 1 n

Y=- LYi and
n i=1

y = N y (i.e expansion estimator)

i=1 respectively
n

The key point here is that the estimators are basically functions of the Yi's in the sample s.

• 1
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1.6.2 Unbiasedness of T(y)

An estimator T (y) based on the design pes) is said to be design unbiased for T (Y) if

, A

Ep (T (y)/s) =I T(y)p(s)
SES

= TCY)

where Ep (T (y)/s) denote the conditiona I expectatio n of T (y) given that the sample s is

chosenthrough some design pes).

Theorem 1

A

An estimator T(y) =I ISj v, for the population total is unbiased for T(Y) where
SE5

I ISjp(s) = 1, i::; I < N , Is; 's do not depend on the Yi 's although they may be functions
iES

of Xi'S and i is the ith unit (B.K. Sinha 1991, see 2.4)

Proof

E p [T (y)/s] L T (y)p(s)
SE S

L pes) L
seS ies

= L YiL lsp(s)
seS ies'

N= L Y., since L Ip(s)= 1
i=I 1 iES s,

=T(Y)
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Hence T (y) is an unbiased estimator for T (Y). However, if T (y) is biased for T(Y)

then we have

E [ T (y)/s] = T(Y) + bias term which we can write asp

E [ T (y)/s] = T(Y) + B [ T (y)/s] and as such the bias will be given byp p

, ,
B [T (y)/s] = E [ T (y)/s] - T(Y)P P

1.6.3 The Variance and Mean Squared Error (MSE) of T (y)

The variance ofT (y) is given by

IA ] {r.' ] IA , ]}2 ~Var l T(y)/s = s, IT(y)/s - EplT(y)/s i . (1.)

However, if the estimator is not unbiased, then its mean squared error is given by

A A

MSEp [T (y)/s] = Ep [{T (y)/s} - T (Y) r. (1.6)

= E, [{T (y)/s}- E, {T (y)/s} +E, {T (y)/s}- T(Y)] ,

= E,[{ T (y)/s}- E, {T (y)/s}], +E, [E, {T (y)/s}- T (Y)] ,

= VaI~[ T (y)/s]+[Bp {t(y)}]2 (1.7)
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1.6.4 The Criterion for comparing competing strategies

In the randomisation approach, the pair lp,i(y) J denotes a sampling strategy where T (y)

depends on P. The performance of any strategy lp, iCy) J is judged through the minimization

of (1.6) and (1.7) stated in the previous page.

The problem that arises immediately here is if we opt to use the minimization criterion then

we shall have difficulties in choosing between an unbiased estimator with a small variance

and the biased estimator with a small mean square error.

1.7 The Prediction Approach

1.7.1 An estimator T(y)

Let T (y) be an unbiased estimator of T(Y ). Then an estimator T (y) is said to be model

unbiased tor T (Y) if Em [T (y)/s, Y]= Em [T (y)] where Em [T (y) / s, YI denotes the

conditional expectation of T (y) given sample (s, Y) with respect to a given model. Suppose

T(y) is biased then the bias of T(y) is given bYBM[T(Y)}

jA ] _ IA ]Thus BMLT(y) -EmlT(y)-T(Y) (1.8)
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1.7.2The Variance and MSE of iCy)

LetT (y) be the unbiased estimator ofT (Y) . Under prediction approach, variance of

T (y)isgiven by

A A

Varm[ T (y)/s, Y] = Em { [T (y)/s, Y] - Em [T (y)/ s, Y]) 2, •••.••••..•.•••••••••••••• (1.9)

whereasthe mean square error (MSE) is given by

A

MSEm[ T (y)/s, Y] =Varm[T (y)/ s, Y] + {BM [ T (y)/s, Y]) 2 •••••••••••••••••• (1.10)

Ifhowever, the bias is Zero, then

MSEm[ T (y)/s, Y] = Varm[T (y)/ s, Y] (1.11)

1.8 Towards a Compromise

Thedesireto reconcile the classical approach and the super-population approach is based on

thefactthat these two approaches are not necessarily opposing. Thus a blend of the two can

beusedto produce optimal results.

Godambeand Thompon (1977) suggested the quantity

A

EuEp[T(y) - T(Y)f (1.12)

which could be used for minimization purposes in our search for optimal strategies.

Sundberg (1994) advocated the "mean square error" of predicted squared errors as an

universalcriterion for the choice of variance estimator, V, say. He argued that this choice

shouldbe based on the predictive criterion of minimizing

- A 2 2
Ep,m[{T(Y,)-T(Y)} -V] (1.13)



20

whichis analogous to the use of the anticipated variance proposed by Isaki and Fuller

(1982)for choosing point estimators.

Expanding (1.12) above, we have

EpEm[1'(Y) - T (Y)] 2 = EpEm ([1' (y) - Em {T (y)} + Em {T (y)} - T (Y)]) 2

=Ep [Em {T (y) - Em [1' (y)]} 2 +{Em [1' (y)] - T (Y)} 2]

A

=Ep [Var., {T (y)}] + Ep [Bm {T (y)}] 2 ••••••••....••••••.•••• (1.14).

Remark

(i) Ep and Em can be interchanged since p does not depend on Yi's.

(ii) We note that (1.14) provides a measure of uncertainty based on model and design

based approaches. This makes a good expression for searching for optimal strategies.

Ifthe problem of'non-response and measurement errors is ignored, then the survey inference

is based on two processes: the process that generates the population values and the process

that selects the sample.

Randomisation approach is based on the assumption that the population values are unknown

fixedconstants so that there is no model generating the population values. In this case the

only probabilistic information resides in the sample selection probabilities under random

sampling.
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Modelbased inferences assume that there is a generation process for the population values

andthen bases inference on a model for that process. In addition modellers must consider the

sampleselection process and then justify ignoring it in every case.

Ifselection cannot be ignored, then both processes must be used for making inferences. Thus

themodel-assisted inference is a form of randomisation inference that employs models to

determinethe point estimators. This model-assisted approach to inference appears to achieve

a working compromise between model-based and p-based inference for ftnite population

parametersand is being widely adopted in some areas ofsurvey analysis. In the light of this

remark,we adopt the prediction approach in this study. In chapter two, we review model-

assistedapproach under local po lynomial regression method in survey sampling as discussed

inBreidt and Opsomer (2000).

1.9 Objectives and Outline of the Project

1.9.1Objectives of the project

Thisstudy was undertaken with the following objectives:

(i) To make use of the model- based approach to estimate finite population total in

the presence of auxiliary information based on local linear polynomial

smoothing.

(ii) Theoretical results have shown that local linear polynomial smoothing is

applicable to a wide range of problems, Breidt and Opsomer (2000). Also shown

by the theoretical results are statistical properties in the regression context

including design adaptability, consistency and asymptotic unbiasedness. This
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study therefore employs this approach in the context of survey sampling to study

the properties of the proposed local polynomial regression estimator under

conditions applicable in model-based surveys.

(iii) To carry out an empirical study on simulation experiments to compare the

performance of our proposed estimator with those of the already established ones

both parametric and non-parametric.

1.9.2Outline of the Project

In chapterone, we review the sample survey estimation problem. We mention that there are

twomaindifferent approaches to the sample survey estimation problem. As a conclusion of

thechapter we mention that it is possible to marry these two approaches as a means of

obtainingoptimal sampling strategies.

In chapter two, we review the work done by Breidt and Opsomer (2000) and a class of

estimatorsbased on local linear polynomial regression proposed is examined. We then show

thatthe estimators are weighted linear combinations of study variables, in which the weights

arecalibrated to known control totals.

Inchapter three, we consider the nonparametric regression estimator based on a weighted

locallinear polynomial regression in estimation offmite population total. Here we point out

that the method has advantages over other popular kernel methods. We in particular,

emphasize that this method has the ability of design adaptation and that the local linear

regression smoothers have high asymptotic efficiency (that is, can be 100% with a
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suitablechoice of kernel and bandwidth) among all possible linear smoothers, including

thoseproduced by kernel, orthogonal series and spline methods.

Inchapter four, we carry out an empirical study to compare the performance of estimators

studied in chapter two and three. Seven populations and four different estimators are

considered.The first estimators are parametric corresponding to constant and linear whereas

the last two are nonparametric. The nonparametric ones prove to be more robust to model

violations.This seems to be a major step in solving the robustness problem that has haunted

sample survey researchers for a long time.

Inchapter five we give suggestions for areas offurther study and give concluding remarks of

the research work.

•
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CHAPTER TWO

2.0 tocxr, POLYNOMIAL REGRESSION ESTIMATORS IN SURVEY

SAMPLING

2.1Introduction

Thischapter describes the use of a new type of model- assisted nonparametric regression

estimator(Breidt and Opsomer (2000)) for the fmite population total, T(y) based on local

polynomialsmoothing. It also looks at the theoretical properties of such an estimator.

In many survey problems, auxiliary information is available for all the elements of the

populationof interest. Indeed, use of auxiliary information in estimating parameters of a

finitepopulation of study variable is a central problem in surveys.

Oneapproach to this problem is the super-population approach in which a working model, ~

describing the relationship between the auxiliary variable X and the study variable Y is

assumed. Estimators are sought which have good efficiency if the model is true but maintain

desirableproperties like the asymptotic design - unbiasedness (ADU) i.e. unbiasedness over

repeated sampling from the fmite population and design consistency if the model is false.

Typically, the assumed models are linear, leading to the familiar ratio and regression

estimators [e.g., Cochran (1977)], the best linear unbiased estimators [Brewer (1963), Royall

(1970)], the generalized regression estimators [Cassel, Sarndal and Wretman (1977)], and

related estimators [Wright (1983), Isaki and Fuller (1982)].
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2.2 The Local Polynomial Regression Estimator

Localpolynomial regression is a generalization of kernel regression. Cleveland (1979) and

Cleveland and Delvin (1988) showed that these techniques are applicable to a wide range of

problems. Theoretical work by Fan (1993) and Ruppert and Wand (1994) showed that these

estimators have many desirable theoretical properties including adaptation to the design of

the covariates, consistency and asymptotic unbiasedness. Wand and Jones (1995) provide a

clear explanation of the asymptotic theory for kernel ;:egression and local polynomial

regression. The monograph by Fan and Gijbels (1996) explores a wide range of application

areas of local polynomial regression techniques. However, the applications of these

techniques to model- assisted survey sampling is new.

2.2.1 The Genera! Framework

Consider a finite population Ue/Ui, U2, ... , UN). For each U, EU,i=1,2, ... ,N,anauxiliary

variable Xi is available.

Let T(x)= LXi
ieU

A sample s is drawn from U, according to a fixed -size sampling design pes), where pes) is

the probability of drawing the sample s. Let n be the size of s. Assume

s:ies
IIU=Pr{i,j ES}= LP(s»O foralli,jE U.

S:i,jES

II i=Pr{i E s}= LP(s) > 0 and

The study variable Yi is observed for each i E s. The goal is to estimate the finite population

total

T (Y) i.e. T (Y)= LYi , i = 1,2,3, ... ,N
iEU
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P if ie s ii = 1,2,...n
Let I· =~

I [O otherwise

Then Ep(ID= IIi where Ep(.) denotes expectation with respect to the sampling design pes).

Using this notation, an estimatori(y )ofT(Y) is said to be design - unbiased estimator of

T (Y) if E, li(y )J=T(Y). A well-known design - unbiased estimator ofT(Y) is the Horvitz

- Thompson estimator,

f(y)= L (LJ, i = 1,2, , n :.:; (2.1)
rES IT i

. ~ ~ (~~' J (2.2)

(Horvitz - Thompson (1952).

Averaging over all the possible sample values from the finite population we obtain

=" ~ITL.. I]. I
iEU

I
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=T(Y)

This implies that the estimator iCY) is design - unbiased for the finite population total

T(Y).

The variance of the Horvitz - Thompson estimator under the sampling design is defmed as

'( ) - "(11 -11 11 )liL (? 3)Var T y - ~ ij i j .•.•.••.•••.•.•.•.•••.•.•.•.•••.•.•.•.••••.•.•.•.•.•.•••.•.•.•.•.•••.•.•.•.••.• -.

i,jEU ) 11;Il ,

The equation (2.3) may be written as

VarTCy)=:t y; (l-ITJ+ LLCITij-ITiIT)1 .z. YJJ (2.4)
,=1 IT, '''' J \ IT, II J

The equation (2.4) may also be written as

VarT(y)= LL(IIiIIj-IIij)l( li_1LJ2 (2.5)
~ j IIi IIj

We now show that equation (2.4) and (2.5) are equivalent .

•
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i=1,2,3, ... ,n

i=1,2,3, ... ,N

VarT(y)= var L(Y/i], where I, is an indicator var iable
iEU TIi

But TIJl-TIJ= L (TIiTIj -TIlj)
j(j*i)

Therefore
A 1{Y2 y2 N N Y y }

VarT(y)=- ""_i (DIT - IT)+ ""_J (TIIT. - IT)- 2""_i _J(nIT. - n)
2 L-L-IT2 1 J Ij L-L-TI 1 J Ij L-L-IT TI 1 J Ij

1* J i ,* J j ,* J i j

We note that T(y) does not depend on the {Xi}, that is, Xi's are not incorporated at the

estimation stage. It is of interest to improve upon the efficiency of the Horvitz-

•Thompson estimator by using this auxiliary information.
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2.2.2 Motivation

The estimator we use is motivated by modelling the fmite population of the Yi's conditioned

on the auxiliary variable Xi,a realization from an infmite super-population ~, in which

where ~i are independent and identically distributed random variables with mean zero and

variance v(x.), m(Xi)is a smooth function of Xi'sand v(Xi)is also smooth and strictly positive.

Given Xi,m(Xi) = EdYi] and so is called the regression function while
,../

v(Xj)= Var1;(Yi)and so is called the variance function.

Definition: The kernel function, K(.) is defmed as a continous, bounded and symmetric real

function which integrates to one, i.e. [00 K(u)du = 1 .

Let K (u I h N ) denote a continuous kernel function and let hNdenote a bandwidth parameter,

which controls the amount of smoothing to be done. We then begin by defming the local

polynomial kernel estimator of degree q based on the entire fmite population. Let

Yu= [Yi],iEU be the N-vector of y-, in the finite population.

Defme the N X(q + 1) matrix,

X=u

,

_Ill..
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and define the N x N matrix

{
I (X- x )}Wu = diag - K J I ,j E U
hN hN

Let er represent a p+ 1 vector with 1 in the rthposition and 0 elsewhere. The local polynomial

kernel estimation of the regression function at Xi, based on the entire finite population is

given by

m.= e~(XTW y )-1XT W Y~~'"i I u zrJ..u U U U

=W~~ _ _ ..v_ _ _ (2.6)

which is well defined as long as X TuWuXu is invertible and

.r T (T )-1 T
~I =e, XII~/XII XII ~I

If these m.-, were known, then a design-unbiased estimator of the finite population

total, T(y) would be the generalized difference estimator

T*(y)=2:Y;.-M; +2:M; (2.7)
iES IT; iEU

[Sarndal, Swensson and Wretman (1992), page 221]. The design variance of the estimator

(2.7) is

* - "'( ){(y;-mJ](YJ-mJ]}Var T (y) -L.. IIij - II;IIJ (2.8)
I JEU II II, I J

Which we would expect to be smaller than (2.3); the deviations {y-rn.} ={[m(xD - mil

,
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+ Ed will typically have smaller variation than the {yd for any reasonable smoothing

procedure under the model ~.

Thepopulation estimator m, is the traditional local polynomial regression estimator for the

unknown function m(.), widely discussed in the nonparametric regression literature. In the

presentcontext, it cannot be calculated, because only the Yi in seU are known. Therefore, we

willreplace each rn, by a sample-based consistent estimator.

LetYs= [Yi], iEs be the n vector of yr-sobtained in the sample. Define the n x (q+1) matrix

A.I'd define the n x n matrix

r 1 ( x.-x )1W,= diag1--K j I r, j E S
L TIjhN hN J

A sample design-based estimator of m, is then given by

as long as X\WsXs is invertible. and W,OT= e;(X;W,x,t X; W,.

A T( T )-1 Tm, = < XS TVA XS u::;r;
=~T 1':: (2.9)

When we substitute the mi into (2.7), we have the local polynomial regression estimator

for the finite population total, T(Y);

/\ Yi -mi A

T;p(Y) =L +Lmi (2.10)
iES TIi iEU
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The sample estimator in (2.9) differs in one important way from the traditional local

polynomial regression estimator. The presence of the inclusion probabilities in the

"smoothing weights" WOs makes our sample-based estimator m; a design-consistent

estimator of the finite population smoother m., which is based on some (not necessarily

optimal) bandwidth hN, considered fixed here for any N. In real survey problems, hN will

rarely be optimal because a single bandwidth would be chosen and used to compute weights

to be applied to all study variables. Regardless of the choice of hN, m, is a well-defmed

parameter of the fmite population. Specifically, m, is a function offmite population totals
\

each of which can be estimated consistently by their corresponding Horvitz-Thompson

estimators. That is, we have included probability weights in the smoothing weights in order

to construct asymptotically design unbiased (ADU) and design-consistent estimators of the

finite population smoother m., This is consistent with development of the generalized

regression estimator (GREG), which our procedure reverts to as the bandwidth becomes

large.

In principle, the estimator (2.9) can be undefmed for certain iEU, even if the population

estimator in (2.6) is defmed everywhere: if for some sample s there are less than (q + 1)

observation in the support of the kernel at some xi, then the matrix X\WsXs will be singular.

This is not a problem in practice because it can be avoided by selecting a bandwidth that is

sufficiently large to make X\WsXs invertible at all locations Xi. However, that situation

cannot be excluded theoretically as long as the bandwidth is considered fixed for given

population. Therefore, for the purpose of the theoretical derivations, we consider an adjusted



33

sample estimator that is guaranteed to exist for any sample seU. The adjusted sample

estimator for m, is given by

..................................................................................... (2.11)

for some 8>0 and

w;' ~ e;(x;w;x, +diag{~,rX; W;

The term 8N-2 in the denominator are small order adjustments that ensure the estimator is

well defined for all seU. The adjustment was also used by Fan (1993) for the same reason

when the Xi are considered random. Another possible adjustment would consist of replacing

the usual choice of a kernel with compact support by one with infmite support such as the

Gaussian kernel. In practice, however, such kernels have been found to increase the

computational complexity of local polynomial fitting and result in less satisfactorily fits

compared to those obtained with compactly supported kernels. The adjustment proposed here

maintains the sparseness of the smoothing vector Ws, and its effect can be made arbitrarily

small by choosing 8 accordingly. We let

~ "J
" *"r;;(Y)= Y; -m, +"Lni; __ __ __ __ __ __..~.12)

ia ~ iSJ
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denote the local polynomial regression estimator that uses the adjusted sample smoother in

(2.11). The development of the model-assisted local polynomial regression estimator could

clearly be followed for other kinds of smoothing procedures. We focus on the local

polynomial methodology because it is of considerable practical interest. In the case q = 0, the

estimator relies on kernel regression, and behaves like a classical post-stratification

estimator, but mixed over different possible stratum boundaries. As the bandwidth becomes

large, the estimator reverts to the Hajek estimator,

NA
-A T(y),
N

A 1
where N=:L-

s Ilk

In local linear regression (q= 1) case, the estimator looks like a post-stratified regression

estimator, and the estimator reverts to the classical regression estimator as the bandwidth

becomes large.

2.3 Notation and Assumptions

In studying the design and model properties of the estimators, our basic approach is to use a

Taylor linearization for the sample smoother m.. Firstly we note that we can write
• I

m, =f(N-1ti, 0) and m; = f(N-I ~, 8) for some function f, where the 8 comes from the

adjustment in (2.11) and variables in the population fit (2.6),
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and 1 = [1 f
I 19 Jg=l

= [L _1 K(Xk - Xi JZ'gk ~]G
kEUN hN h; I ilk g e l

=[~z***]OL. Igk l
kEU g=1

for suitable Z~

For local polynomial regression of degree q, G = 3q + 2. If we let

G 1 = 2q + 1, we can write the Zi~k

{

(x - X )g-l
Z* = k I

igk ( _ )g-O,-lx , Xi,
as

Example

The kernel regression (q = 0) and local linear regression (q =1) cases are of particular

interest. In the case q=O,

so that (2.6) is the Nadaraya- Watson estimator, based on the entire fmite population of the

model regression function: m, = r\lti2

Ignoring the S-adjustment the corresponding sample-based estimator is then
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A -1 A

mi = tit ti2

In the case oflocallinear regression (q=l),

tit
L _1 K (XK - x, )
kEU h N h N '

L _l_K ( x - X')(x._x,),ti2
K

k E U hN hN

I _l_K ( XK
- X

) (x k - Xi )2t i 3

hN hN
,

kEU
"""'-

I _l_K ( XK - X

) Y.t i 4 , and
k E U hN hN

I_I K(
kEU h N

Then

t;3ti4 - tiJi5
t;JiJ - ti22

With the corresponding sample-based estimator

A 1\ /\ 1\

" t i3 t i4 - t i2 l ism i =----,,--=2-
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Using a Taylor approximation, defme

......... (2.13)

where

G aMi
Z ik = I ----A--

g=l ::)(N-1 t i:
U ig 1,=1,,8=0

••
Z igk

To prove our theoretical results, we make the following assumptions and lemmas:

(AI): Distribution of the errors under ~.

r'
The errors Ei are independent and have mean zero, variance V(Xi) and compact support

uniformly for all N.

(A2): For each N, the Xi's are considered fixed with respect to the super-population

model s.
The Xi's are independent and identically distributed as

F (x ) =
xf f(t)dt

- co

Where ft.) is a density with compact support [ax, bx] and flx) > 0 for all xE[ax, bx].

(A3): Mean and Variance functions ID, v on [ax,bx).

The mean function m(.) is continuous and has q + 1 continuous derivatives, and the variance

function vex) is continuous and strictly positive.
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(A4): Kernel K

The kernel k (.) has compact support [-1, 1], is symmetric and continuous, and satisfies

If K (u ) du 1
-1

(AS): Sampling rate nNN-1and bandwidth hN.

Nh2
h N ~ 0, and N ~ 00

loglog N

(A6): Inclusion probabilities]'], and ITij

For all N, min IT. 2: A > 0, min IT .. 2: A*> 0
. iEU s: I i,jEU N lj

and lim sup n N max \IT . - IT .IT .\ < 00
N-,>oo i,jEU.v lj I)

limnN2 Max IE f(1 -IT )(1 -IT )(1 -IT )(1 -IT )~<00
N ( . . . .)- r-, N P ~ II 11 12 12 I) 13 14 14 JI

-+xl 11,12,13,14 '=U4'

(A7): Additional assumptions involving higher-order inclusion probabilities

where DI, n denotes the set of all distinct t-tuples ( iI, iz, ... ,it ) from UN.

Thus,
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and

lim Sup nN
N-4oo

Max
(i1,i2,i3 )ED3,N IE f(I - n )2 (I - n )(I - rr )ij < 00

p ~ 11 11 12 12 13 13 JI

Lemmas:
Lemma 1: Assume (A2) and (AS). Then

FN(x+hN)-FN(x-hN) _ f(x) ~O
2hN

as N ~oo, uniformly for all x.

Lemma 2:

Under (AI) - (A6):

(i) For k ~ 0,

~ Sup N1L(2Nh
I

LI{.i_hN5:Xj5:Xi+hN}]k <00
lEUN N JEUN

(ii) There exists N* independent of x, such that N ~ N* .

(iii) N-1tjgare uniformly bounded in i and N-1t; g are uniformly bounded in i and s.

implies L Inx-xkl$hN}~ q+l
kEUN

(iv) m, are uniformly bounded in i and the m; are uniformly bounded in i and s.

(v) The first, second, third and fourth order mixed partials of m; with respect to

N-1tigand 0, evaluated at t; = ti 0 = 0, are uniformly bounded in i.

(vi) R2iNare uniformly bounded in i and s.

(
Ii*" , f ,~\,t"" .

; ~ 1\'1
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Lemma 3:

Assume (AI) -(A 7). For the Taylor linearization remainders of the samples local polynomial

residuals in (2.10),

Lemma 4:

Assume (AI) - (A7). Then

1 ( A )2lim-"E m=m =0
N.-.?oo N ~ p I I

leUN

Lemma 5:

Assume (AI) - (A7), then,

lim 2E [" (~.-m)(~ -m)(I-~J(I-~J]=O
N->a.> N2 "l .~ I I J J I1 I1

l.leON i j

Lemma or

Under (AI) - (AS)

Lemma 7:

Assume (AI) - (A7). Then

lim nN "E(R2 )=0
N->avN c: IN

ieUN.

limN-I" E'm -m(x))2 =0
N~ ~ \ J ,

leUN
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Lemma 8:

Assume (AI) - (A7) hold. Then,

2.4 Theoretical Properties of Model Assisted Local Polynomial

Regression Estimator for the Finite Population Total

2.4.1 Weighting and Calibration

From equation (2.1 O};

where I, is the indicator variable for unit i =1,2, ... , N in a finite population, such that
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{
I, if i ESIs=
0, otherwise

and S = (it, h, ... , in) is the set oflabels selected by a sampling mechanism. For samples of

fixed size n we have

.J

and that the Pr{Ij =1 } = Il, which is the inclusion probability for the ith unit when

randomization is employed. We assume that °< I1j <1 for all i.

Let j EU be in the non-sample.

Then

" Y (I-J"T(y) =L-i +L I __ J m,
ies n, jeU ilj

But m, = L WiTYi'
ies

Therefore

T(y)=IA+ I(l-lLJIW;Yi
ies TIi JEU TI j iES

=IA+ II[l-lLJWTY
i

iES TIi iES JEU TI j

= I{_l + I[l-lLJw;ei}Yi (2.14).
leS ITi JeU TI j
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=Lw;y; (2.15)
iES

and Wi, the weighting is the inverse of unit selection probabilities on the basis of

randomisation inference whereas ej is a q +1 vector with a 1 in the ith position and °
elsewhere. In a model-based framework, probability designs are ignorable and so probability

weights have no obvious role.

Thus from (2.14), Tip (y), is a linear combination of the sample Yi's where the weightsare

the inverse inclusion probabilities, suitably modified to reflect the information in the

'"
auxiliary variable Xi. The same reasoning applies directly to T 1P(Y). Because the weights are

independent of Yi's, they can be applied to the auxil iary variables 1, Xi, Xl, ... , xi
q

• Thus for

A

the local linear polynomial regression estimator I;p(y),

LW;X/ = LX; II; •••••••••••••••••••••••••••••••••••••••••••••••.••••••••••••••••••••••••••••••• (2.16)
;ES ;EU

for 1=0, 1,2, ... , q and I; is the indicator variable previously defmed. That is, the weights

are exactly calibrated to the q+l known control totals N, Tx, ... , Txq.Calibration is a highly

desirable property for survey weights and in fact motivates the class of estimators considered

by Deville and Sarndal (1992). Part of the desirability of the calibration property comes from

the fact that if m( Xi) is exactly a qth
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degree polynomial function of Xi, then T ip(Y) is exactly model-unbiased. In addition, the

control totals are often published in official tables or otherwise widely disseminated as

benchmark values, so reproducing them from the sample is reassuring to the user. While the

local polynomial regression estimator T *ip(Y) is no longer exactly calibrated, it is

approximately so, in the sense that its weights reproduce the control totals to terms of

2.4.2 Asymptotic Design Unbiasedness (ADU) and Consistency

The price for using m i's in place of m i's in the generalized difference estimator (2.7) is

design bias. The estimator T *ip(Y) is, however, asymptotically design unbiased and design

consistent under mild conditions, as the following theorem demonstrates.

Theorem 1: Assume (AI) - (A7):

Then the local polynomial regression estimator

Asymptotically design unbiased (ADU) in the sense that

limEp[TIp-T]=O' with; - probability 1,
N-->oo N
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and is design consistent in the sense that

With ~- probability 1 for all Tj > 0

Proof: By Markov's inequality, it suffices to show

We write

Then,

. . II ( A ,21l
li-fl 1 y-m(I ,I 1 Im;-m;11 n I-ITl 11

E)I-II"5,Ep!L I I _I -I)III+Ep 112:\ ) IIIIE)IIIL I 1;1 (2.17)
N lEU N Il lEU N lEU N

1 1 . I 1I IJ L ,~

Under (A1)-(A6) and using the fact that

'. lirnSup_1 L:(y; -mY < 00
N~oo N iEU

by Lemma 2 (iv), the first term on the right hand side of (2.17) converges to zero as N ~ 00,

following the argument of Theorern1in Robinson and Sarndal (1983).

Under (A6),
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Combining this with Lemma 4, the second term on the right hand side of(2.17) converges to
zero as

N~ 00, and the Theorem follows.

204.3 Asymptotic Mean Squared Error (A.l\1SE)

The asymptotic mean squared error of the local po lynomial regression estimator is equivalent

to the variance of the generalized difference estimator, given in (2.8).

Theorem 2:

Assume (AI) - (A7). Then,

Proof

Let

and

then
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So that

lim SupEp (a/) s 00, by (A6). By Lemma 5,
N~(f)

Ep(b/) = 0(1), so that

-----I

Ep[aNbN]~ {E/aN 2 )E/bN 2)}Z = 0(1).

Hence,

( A J2T* -T 2 2
nNEpl N = Ep(aN l+2Ep(aNbNl+Ep(bN l

= Ep(aN
2)+0(1)

and the result is proved.

The next result shows that the asymptotic mean squared error in (2.18) can be estimated

consistently under mild assumptions.

Theorem 3

Assume AI-A7. Then

where

~(Ir*(Y)J __ 1 '" _ ". -". IIij-IIiIIj u, ( )f, - 2 L)Yi m')(Yj mJ) ••••••••••••••••••••••••••••••••• 2.19
\. N N i.jEU DiD j Dij

r ,
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And

(T~* (v)\ 1 ~ TI - TIn.
AMSE! N' jl=l\T2L..cYi-mJ(yj-m) lJ

TITI
' j

\.. iv ',jEU i j

( A· J
Therefor, iT ;:) is asymptotkallydesign unbiased and design consistent

for A~~lSET * (y)
N

Proof:

11 ~ TI -TIn. II -TII
Let AN = nNEpl-2 ~(Yi - mi)(Yj - m) Ij 'j.' } 1) I

N i j·EU TIn. TI, .v , j Ij

Now

(Yi - mi)(Yj - mj)~k - mk)(YI - ml) EJ I)j - TIij . IJI - TIki]
) N L TIij TIki
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But

which goes to zero as N ---+ 00, and

L LX
i,jEU N:i;t j k,lEU N .k el

which converges to zero as N---+ 00 by (A7),

The Cauchy-Schwartz inequality may then be applied to show that a2~O as N~ 00, and it

follows that A~O as N~ 00,

(
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Next, we write

r'

I 1 ,,{ A A A} II - TIll II.
BN=~Epl-2. ~ 2(Yi -mJ(mj -mj)+(mi -mi)(mj -mj) I) 1) I)

IN l,jEUN IIiIIj Ilij
I

(2nN Max IIlij - n.n] J fL(Yi - mYLEp[(mi - ~i)2] P
<;l 'jRh~~), * +~~ Xr' N "u, N J

r

/ nN Mc:x1IIij - IIiIIjl J LEp[(mi - ~i)2]
+ l,jE[.J:I~J + nN IEUN ~ 0

I ,).}A,* A,2N N
\..

as N~ 00 using (A6) and Lemma 4. The result then follows because

A A A
Clearly, V(N-l T* (y)) is ADU of AMSE(N-1 T* (y))

An alternative variance estimator could be constructed by replacing the term n,:' TIj-1 in

(2.18) withthe product of weights w.w], ie s, jES from (2.16). This is the analogue of the

weighted residual technique [Sarndal, Swenson and Wretman (1989)] for estimating the

variance of the general regression estimator, which they propose to improve the conditional

and small sample properties of the variance estimator.
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2.4.4 Bandwidth Selection

We defme the bandwidth estimator as

In bandwidth selection technique, we consider a sample-based bandwidth selection method,

which aims to minimize the design MSE based on the results of Theorem 2. We can justify

this criterion by following the theorem proved in Breidt and Opsomer (1999b).

Theorem 4:

Under given conditions (AI) - (A7)
J

r
"lim E j cv( hN )

n-400 P I EJ T* (y) - TJ\2
l l N

It is possible to re-write cv(h) in a computationally more tractable form as

on the smoother vector Wsi-
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In practice, the same regression weights are often used for several different sets ofy, as most

surveys measure many variables. Hence, trying to fmd the "best" bandwidth for a specific

variable is not always the best approach. The/result of selection method can still be useful

because they provide a sample-based measure of goodness of fit with which to evaluate

alternative bandwidth choices.

2.4.5 Asymptotic Normality

The local polynomial regression estimator inherits the limiting distribution properties of the

generalized difference estimator as we now demonstrate in the following Theorem.

Theorems)

Assume that (AI) - (A7) hold and let T*(y) and Var T*(y) be as defmed in (2.7) and (2.8),

respectively.

Then

N-l[~ * (y) - T(y)] ~ N(O,I) as N -t 00 implies

Var}[N-1T * (y)]

N-1[T* (y) - T(y)]
--I,-------'-'--------"'---'-'-·-~""--4)N(O,I) as N ~OO, where V[N-1T*(y)] is given in (2.19).

V2"[N-1 T* (y)]
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Proof:

From the proof of Theorem 2,

Further,

V[N-1T*( )] . .
• A

Y ~ 1, by Theorem3,so the result IS established.
AMSE[N-1 T* (y)]

Thus, establishing a central limit theorem (CLT) for the local polynomial regression

estimator is equivalent to establishing a CLT for the generalized difference estimator; which

in turn is essentially the same problem as establishing a CLT for the Horvitz-Thompson

estimator." Additional conditions on the design beyond those of Theorem 3 are generally

needed; for example, conditions which ensure that the design is well approximated by

unequal probability Bernoulli sampling conditioned to the fixed sample size nN; or by

successive sampling with stable draw-to-draw selection probabilities [e.g., Sen (1988),

Thompson (1997); page 62]. These conditions can be verified on a design-by design basis. In

the following Corollary, we establish a central limit theorem for the pivotal statistic under

simple random sampling.

Corollary 1

Assume that the design is simple random sampling without replacement, and assume that
(AI) - (A7) hold.

Then
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A

N-1[T* (' ) _ T( )] A A

1 Y Y ~ N(O,l), as N -)00, where V (N-l T*(y))can be

V2[N-1 T* (y)]
written as

Proof:

From the assumptions and Lemma 2 (iv)

lim Sup~ "(y - m)4 < 00,
N~oo N ~ I I

. iEU.v

from wrnbh the Lyapunov condition of Thompson (1997) can be deduced.

Noting that

then from Theorem 3 of Thompson (1997),

N-1[T * (y) - T(y/] ~ N(O,l).

[VarpN-lT * (y)]2

so that the result follows from Theorem 4.
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2.4.6 Robustness

Robustness is usually understood to mean that inferences made from a sample are insensitive

to violations ofthe assumptions that have been made. In principle, and ordinarily in fact,

robustness is achieved in probability-sampling surveys by the use of sampling with known

probabilities (i.e., the randomisation) and consistent estimators, and using a large enough

sample that the central limit theorem applies, so that estimators can be regarded as

approximately normally distributed.

In a~dition to defining robustness, we consider the behaviour of the anticipated variance,

var{ N-1 [T* (y) - T(y)] } =E{ N-1 [T* (y) - T(y)]'}2 - E2{ N-1 [T* (y) - T(y)] }, (2.20)

where the expectation is taken over both design, PN, and model.E, From the previous results

E'[ W' {T' (y) - T(y) } ] ~ O(nN ~'),

Sothat the model-averaged design mean squared error and the anticipated variance are

asymptotically equivalent in this case.

Godambe and Joshi (1965) showed that for any estimator T (y) satisfying

the following inequality holds:

E(T(y)-T(y)] 2 2~ LV(XJ(l-ITi)

N N iEU ITi
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The right hand-side of the above expression is the Godambe-Joshi lower bound (GJ lower

bound) which attains its minimum value when TIi (oc V1l2(xD. Conditions under which

generalized regression estimators asymptotically attain this lower bound have been studied

by Wright (1983), Tam (1988) and others. In what follows, we prove that the local

polynomial regression estimator is robust in the sense that it asymptotically attains the

Godambe-joshi lower bound.

Theorem 6;1

Under (AI) - (A7), T *(y) asymptotically attains the Godambe-Joshi lower bound, in

the sense that

Proof

Write:

Then

2
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By Lemma 8, E(b ]V 2)~ 0 as N~ 00.

r'

Next,

(nry Max jIL -TIn,1 1J E( ( ))2I 'i lEU ·i~ ij • J I L m - m x:::;1 ,N· 2 +- I I I ~ 0
) A A iEUN N

as N~ 00 by Lemma 6.

Note that

So that

lim Sup E (C N 2) :::; lim Sup _1_ L V (x i ) < 00
N~oo N~oo NA.u

IE N

by (A3). The cross-product terms -go to zero as N~ 00 by application of the Cauchy-

Schwartz inequality, and the result is proved.

In this chapter we have examined the use and theoretical properties of the new type of

model-assisted nonparametric regression estimator for the fmite population total based on

local polynomial smoothing. In whatfollows in the next chapter, we study the desirable

theoretical properties including adaptation to designs of covariates, consistency, asymptotic
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unbiasedness and its application to finite population total estimation under conditions

applicable in model-based surveys.
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CHAPTER THREE

3.0 DESIGN-ADAPTIVE NONPARAMETRIC REGRESSION

3.1 Introduction

Kernel estimators for smooth curves require modification when estimation near end-points of

the support both for practical and asymptotic reasons. The construction of such boundary

kern~ as solutions of variational problem is a difficult task.

For estimating the fmite population total, we suggest an alternative estimation procedure

using the theory oflocallinear regression. The proposed estimator adapts robustly to both

interior and boundary points.

Consider a fmite population ofN identifiable units U=(U 1, U2, ... , UN). Suppose that to each

of these units there exists two numbers (Xi,yD which are positively correlated and are such

that (Xi,Yi)> (0, 0), for all iEU, where Xi'sare known for all iEU but Yiis only known if ie s,

s is a subset ofU, chosen using a probability selection plan, P, which assigns a probability,

pes), to a given s such that pes) ~ 0; I pes) = 1, and s = U{s}.
SES

Given s, we can compute a statistic T(y) based on the observed Yi's,ic s and all the prior

values Xi's. Let T(y) be the fmite population function (i.e. census value) of interest. The

problem thus considered here is thus of estimating T(y), its bias and the error variance of

such an estimator.
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3.2 A Model-Based Approach

Astandard method or approach to estimating T(y) assumes that the values ofy can be looked

upon as realization of some unknown random variable Y = (YJ, Y2, ... , YN) whose conditional

distribution can be specified with X = (x., X2, .•• , XN) being a conditioning parameter. The
.:»

distribution is generally described by a probability model ~. Ifwe assume that a particular
,

model relating the variables ho Ids, then an appropriate estimator can be based on this model.

For example, under the simple regression model

}j= a +f3Xi + cr(xJe;, i=J, 2, , N (3.1)

With U, and p unknown, cr(Xi) known and ei identically and independently distributed with

mean zero and unknown variance then the minimum variance unbiased linear estimator

ofT is the ratio estimator, or regression estimator.

A

~in= LYj+ Ir;, i=1,2, ...n,j=n+l,n+2, ...,N
JES iEU-S

JES iEU-S

....................................................................... (3.2)

where a , p are the appropriate weighted least squares estimates of c, p. It needs to be

noted that the parameters a and p are essentially nuisance parameters since T is of interest.

Many sample survey practitioners are uncomfortable with this approach due to the

uncertainties in the choice of the model, that is, the robustness problem.

The alternative is to insist that the sample be selected according to a probability design pes),

and assure robustness within the sampling framework by incorporating the inclusion
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probabilities into the estimator. For example we can stratify on the auxiliary, employ

stratified equal probability random sampling without replacement and use the expansion

estimator. )

Naturally, there are many other possibilities for design and model-based estimators including

design-based estimators that incorporate the model, for example, the combined regression

estimator Cochran (1977), Hansen et al (1983) and Royal and Cumberland (1981) give

further discussion on design-based versus model-based approaches. For this reason, a new

estimator based on nonparametric regression approach is suggested. Here, we weaken the

assumptions concerning the relationship between Y, and Xi. In particular we consider the

model

E(ylxJ =m(xJ

Var(ylxJ =(/(xJ (3.3)

Cov(y;, y) = 0, i:t:j, i= J, 2, , n, j= n+ J, n+2, , N

Further we assume that the functions m(xi), cr(Xj) are Lipschits continuous (i.e. smooth).

Under this model several nonparametric procedures can be used to estimate the population

total, T(y). The widely used smoothing procedures are:

(1) Smoothing splines [Wahba (1975)]

(2) K-nearest Neighbour [K-N-N]

(3) Kernel smoothers i.e

(i) Priestly-Chao [Priestly-Chao (1972), Gasser and Muller (1979)]

(ii) Nadaraya- Watson [Nadaraya (1964), Watson (1964)]
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1
None of these smoothing functions is uniformly best. Kernel smoothers have been found to

have optimal minimax properties [G~sser and Engel (1990)]. As such, in this study we shall

use the kernel functions of the Nadaraya- Watson type to develop an estimator of the fmite

population total.

An alternative standpoint would be to embed nonparametric smoothing in a design-based

framework, as in Kuk (1993) and Jones and Bradbury (1993).

3.2.1 A Nonparametric estimator of the Total-a Review

The idea of non-parametric regression goes back to Nadaraya (1964) and Watson (1964). A

recent reference is HardIe (1991). There exist many types of nonparametric regression

approaches such as kernels, spline and orthogonal series methods. In this section we consider

the simple Nadaraya- Watson kernel estimator.

Consider the model

Yi=m(xJ + (J(XJei, i=l, 2, , N (3.4)

where m(xi) is a smooth function and ej's are identically and independently distributed with

mean zero and constant variance. In this case the population generated by this model is

homoscedastic. Suppose we wish to estimate m(x). To estimate m(x), several methods have

been proposed and these are kernel, spline and orthogonal series approaches. Among these

are two popular kernel methods proposed by Gasser and Muller (1979), Nadaraya (1964) and

Watson (1964).
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With k being a kernel and hN being a bandwidth, Table 1 summarizes the asymptotic

behaviour of the Nadaraya- Watson estimator and the Gasser-Muller estimator the local

linear regression smoother to be introduced in section 3.3.

Table1: Point-wise Bias and Variance of Kernel Regression Smoothers

Method Bias Variance
Nadaraya- Watson 1

(J2(X) Si2(u)dUm'(x)f (x) 00

1 "( f u2k(u)duh~-m x)+ x fJx)nhn -00

2 fr(x) -00

Gasser- MUller
!m"(x) f 00 u2k(u )duh~ 3(J2(X) Si2(u)dU
2 -00 2fx(x)nh" -00

Local Linear smoother
!m"(x) f 00 u2k(u)duh~ (J2(X) Si2(u)dU
2 -00 fx(x)nhn -00

The bias of the Nadaraya- Watson estimator depends on the intrinsic part mll(x)

. I· . h h .c. m ' ( x) f: (x ) fi . ll( )mterp aymg WIt t e artitact f (x) due to the local constant It. Keeping m x
x

fixed, we first remark that in the highly clustered design where If xCx)/fxCx)Iis large, the bias

of the Nadaraya- Watson estimator is large. This implies that the estimator cannot adapt to

highly clustered designs. We also note that when [m'(x)1 is large, so is the bias of that

estimator. Thus even in the situation of linear regression m(x) = a + bx with a large

coefficient b, the bias of the estimator is also large. In other words, the Nadaraya- Watson

estimator is not good at testing linearity.
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Odhiambo and Mwalili (2000) used the Nadaraya- Watson smoother to derive a

nonparametric regression estimator for the fmite population total, T(y).

From the model
Y = m (xJ +o(x) e., i= 1,2, ... , N

Where m (.) is a smooth function and the ei independently distributed with mean zero and

constant variance, suppose we wish to estimate m (x.). One possibility is to average the

nearby values of Yr, where "nearby" is measured by the distance lXi-xi.Let k(u) be a

symmetric density function, for example the standard normal function. For a given scaling

factor ("bandwidth") b,

The larger b is, the more equal the weights. The Nadaraya- Watson estimator ofm (x) is

A n

m(x)= I Wj(x)yj (3.4)
j=l

Hence tp =LYj +Lm(xJ
jES iEf

for j =1,2, ... ,n

where Tnp is the estimated finite population total, j is in the sample sand i is in the non - sample r
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Under reasonable conditions on m(.) and the design point x, m (x) will be consistent for

m(x) as b-» 0, nb-» 00 when n~ 00. However, as observed in 3.2.1, an estimator based on

Nadaraya- Watson smoother lacks local adaptability. In the subsequent section, we make use

oflocal polynomial regression approach to obtain an estimator for the fmite population total,

T(y).

3.3 Local Polynomial Regression

This is a design-adaptive regression method based on a weighted local linear regression and

the estimator based on this approach repairs the drawbacks of the two popular kernel

smoothers described in 3.2. Looking at the Table 1, it is clear that such a method adapts to

various design densities and to both interior and boundary points. Because of these

adaptations, we sometimes refer to it as a design-adaptive regression estimator.

The local linear smoother not only is superior to two popular kernel regression estimators,

but is also the best among all linear smoothers including those produced by orthogonal series

and the sp line methods.

In local polynomial regression method, we suppose that the second derivative ofm(x) exists.

In a small neighbourhood of a point x, m(y) ~ m(x) + m' (x)(y-x) == a+b(y-x).

Thus the problem of estimating m(x) is equivalent to a local linear regression problem of

estimating the intercept a.

7 -", •r, ', .'"
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If we consider a weighted local linear regression, we fmd "a" and "b" to minimize,

~{ }2 1 (X-X]~~-a-b(xj-x) -k J •••••••••••••••••••••••••••••••••••••••• (3.5)
j=l nh hn n

Let a and b be the solution to the weighted least square problem (3.5). Simple calculation

yields that:

n
'Vwy

A ~ ) )

j~ (a= n •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 3.6)
LWj
j=1

1 (X-X][ ]where Wj= nhn K h
n
) Sn,2- (x - X)Sn,1 (3.7)

1 n (X-X]with Snl=-LK ) (x-XJ " I = 1,2
nh; j=1 h;

Thus we defme the local regression smoother by

a=M ip(x)

...............................................................................(3.8)
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The proof of (3.7) and (3.8) is as follows

n 2 1 (x - X ]Let Q= L{~ -a-b(Xj -x)} -K j

i=v nh; hn
............................................................ (3.9)

Differentiating (3.9) with respect to a, we have

8Q n 1 (x-X]-= L -2{~ -a-b(Xj -x)}-K J

8a J=l nh hn n

For least value of a, we have

n { } 1 (x - X]L ~-a-b(Xj -x) -K } =0
j=l nh; h;

n 1 (x-X] n 1 (x-X] n 1 (x-X]( )L-K } ~=aL-K } +bL-K } Xj-x
j=l nh; h; j=l nh; hn j=l nh; hn

n 1 (x-X]"-K ) Y=aS 0 +bS 1 ••••••••••••••••••••••••••••••••••••••••••• _ •••••••••••••••••••••••••• (3.10)~ h h J n, n,
j=l n . n

Differentiating (3.9) with respect to b we have

8Q n { } 1 (x - X](-= L-2 ~ -a-b(Xj -x) -K J Xj -x)
8b j=l nh; h;
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For least value ofb we have:

n { } 1 (x - X J:L ~ -a-h(Xj -x) -K ) (Xj -x)=O
)=1 nh; hn

n 1 (x-X)L-K ) (Xj -x)~=aSn,1 +bSn,2················ .. ······ .. ························ .
j=1nh; h;

(3.11)

n 1 (X-X)Sn,2 LYj-
h

K h) =aSn,oSn.2 +bSn,1Sn.2 (3.12)
)=1 n 'n n

n 1 (X-X,) ?Sn.1LYjhK h) (Xj-x)=aS~.1+bSn,1Sn.2 (3.13)
)=1 n n n

Equation 3.12 and 3.13 gives

n 1 x-X n 1 x-X
S :L-K( j)y -S :L-K( ))(X.-x)Y

n,2j=1nh h ) n.1 j=1nh h ) )
a= n n n n

S S _S2
n.O n.2 n.1

1 n {S YK(X-Xj]_s YK(X-Xj](X_X)}=_'" n,2) h n,1 ) h )
h ~ n n

n " i= k,s",o _s:J
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1 n b }K[x - X .J=_ - X -x S J Y
nhn ~ n,2 (j ) n.1 hn j

S S _S2
n,2 n,O n,1

[ lK(X-XJS - X -x S J_ 1 n n,2 (j ) n,1 h,--I 2 .yj" {3.14}
nh; j=1 Sn,2Sn,0 - Sn,1

Which is the analogue of(3.7).

This idea is an extension of Stone (1977) who used a kernel function

and was studied by Cleveland (1979), Lejene (1985), Muller (1987) and Tsybakov (1986).

We note that m (x) is a weighted average of the responses and is called a linear smoother in

this literature. The intuition at the beginning of this section suggests that b estimates m'(x).

The bandwidth h, can be chosen either subjectively by data analysts or objectively by data A

frequently used bandwidth selection technique is the cross- validation method (Stone), which

chooses h, to minimize

f {Y
j

- :n_j(XJ)}2
J=I

Where mi.) is the regression estimator of(3.7) without using the jthobservation (x, Yj), An

......................................................... (3.15)

alternative method is the plug-in approach [Hall, Sheather, Jones and Marron (1991)], that

offers a faster rate of convergence in the density estimation.
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Let X=Xj be any point in the non-sample. Then in analogy to Dorfman (1992) we suggest

A A

Tip =~)~+ImIP(x)
iES jEU-s .......................................... (3.16)

as an estimator ofthe fmite population total, T(y). As with model-based estimator, generally,

this estimator ignores the sampling probabilities.

3.3.1 Extension to a Case when Derivative exists up to Order P

We assume that the population is generated by a model:

Yr=m (Xi) +ci, i=l, 2, , N (3.17)

Where Ci is an independent sequence of random variables with mean zero and variance a2
( x).

m(.) is a smooth function and a ZC.) is also smooth and positive.

To obtain the local polynomial regression estimator, we assume a polynomial regression

model locally around x. Suppose the regression function m(.) has derivatives up to a certain

order P, by a Taylor approximation we then have

P m(j)(x)
m(z)~ L 'r (z - x):

j=O J.
P m(j)(x)

== LJ3/x)(z-xY, where J3/x) 'r and forz ina neigbourhood of x.
j=O J.

................................................. (3.18)

We then use, locally, the weighted least squares method to obtain estimators form(x), that is,
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{ }

2
11 P

nrinjmize L Y; - Lf3/X)(Xi _X)i Wn,i(X) .
x i=l i=O

(3.19)

We then consider a local polynomial regression model with kernel weights

W .(X)=~K(Xi -x)
n,1 h h'

where k(.) is the kernel function and h> 0 is the bandwidth. The minimization problem then

becomes:

minimize !{Y; - t~Jx)(x; _X)j}2 ~K(x; -x) (3.20).
~x ;=1 j=D h h

Let~x = (~o(X), ... ,ip(x) y denote the minimizer of(3.20).Theestimator m(x) then becomes

m(x; p,h)=~o(x). The other parameters ~j( x), j = 1,2, ... ,pprovide estimators for

the derivatives of the regression function m(.) at x up to order p. Since the local polynomial

approximation only applies locally, the estimation procedure is also local and must be redone

when estimating m(.) at another point. Because of this local modelling, the degree p of the

polynomial approximation should be kept small, in contrast with the global modelling, where

higher order polynomial are required to control the bias (illustrations in Fan and Gijbels

(1996, pg.2-5)). The solution to the minimization problem (3.20) is obtained from weighted

least squares theory.

3.3.2 Linear Representation of the Local Polynomial Smoother

, Let Y =(Y1, Y2, ..• , Yn? be the vector of Y», in the sample and
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{I (X -X)}WX =diagl,,;,;,,;,n h K =z: .
1 Xl - X ••• (Xl - xl

the n x (p+1) design matrix. With this notation, the least squares problem (3.20) can be re-

written as;

minj~ize(Y-Xxf3xYWx(Y-Xxf3J (3.21).

To minimize with respect to ~x, we have to let

Hence equation (3.21) becomes

,
Fx(x)=min j~izelyTw<y - yTWxXxf3x - (Xxf3JT WxY +(Xxf3JTWxXxf3J

To minimize with respect to ~x we have

8Fx(.) =0
8f3x

=> -2X;WJ+ 2X;Wxf3x=0

=> ~x=(X;Wxxxtx;Wxy................................................................... (3.22)

The estimator for m(x) is

1\ 1\

m(x; p, h) = f30 (x)

T ( T )-1 T=e1 XxWxXx Xx WxY, (3.23)

where ef is the (p + 1) vector (1,0, ... ,0).
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We now show that

m(x; p,h) = f3 o(x)

is of the form (3.21) for I = 1.

Since e\ is of order 1 x (p+ 1)

TX is of order (p+1) x n

Wx is of order n x n

X, is of order n x (p+ 1)

ThenXT xWxXxis of order (p+1) by (p+1) and therefore (XT .w.x.r' is of order (p+1) by

(p+ 1). Thus e? (XT xWxXxr1 is of order 1 x p+ 1.

m(x;p,h) = f3o(x)

=Wy
y;
~= (W1,W2,···,w,,)

1':,

= W;y; + W2~ + ...,+ Wn1':,
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From this expression, it is clear that local polynomial estimators are linear smoothers of the

form (3.7) for I =1. The expression also shows that the local polynomial regression

estimators are linear smoothers of the form given in (3.5). The coefficients in the linear

combination also depend on the degree p of the polynomial approximation. For p=O, the

estimator reduces to the Nadaraya- Watson estimator, that is, the Nadaraya- Watson estimator

can be seen as a local constant approximation to the regression function. For p=l, a more

explicit formula for (3.23) is given by;

~(x;l,h)=_l :t S2(x,h)-SI(X'~(~i -x) K(Xi -x)~ (3.24).
nh i=1 S2(x,h)So(x,h) S; (x,h) h

n (x -x)where Sr(x, h) =(nhrl ~(Xi - x)'K "t:
Similar to the Nadaraya- Watson estimator, the local linear estimator ftrst uses the

transformed kernel function;

S2 (x, h) - S. (x, h)(x . - x)
--'= ----''-'--_'-'----=l_~ not by a constant factor as for the Nadaraya - Watson estirr
S2 (x, h)S 0 (x, h) - S~ (x, h) ,

Hence the estimator for the fmite population total, T(y), based on the local linear polynomial

regression estimator becomes

" "
Tip =L~ +LmIP(xj) ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• (3.25)

iES jEr

For i=L, 2, ... , n,j=n+l, n+2, ... , N and x = Xj is in the non-sample.
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But m(x)=m(xj,l,h)

= _1 :tS2(x,h) - S}(x, h)(xi - x) K(Xi - XjJ1'; (3.26)
nh i=}S2(x,h)So(x,h) - S}(X,h) h

Therefore

" " ,,{ 1 "S2(x,h)-S}(x,h)(xi-x) (xi-xjJ }Tip = ~y; +LA -L.. _ 2 K Y; (3.27)
iES JET nh iES S2(x,h)So(x,h) S} (x,h) h

=Iy;+-l II S2(x,h) -SJx,h~(X; -x) K(Xi -Xj JY (3.28)
iES nh jEr iES S2(x,h)So(x,h) S; (x,h) h

3.4 The Asymptotic properties of the Local linear Polynomial Regression

Estimator for the finite population total

Having derived the local linear polynomial regression estimator for the fmite population

total, T(y), we now study its asymptotic properties. Consider Bivariate data that can be

thought of as a random sample from a certain population. Let (Xt,Y1), ••• , (Xn,Yn) be a

random sample from a population (X,Y) with regression function defined as

m (x) = E (YilXi = Xi) (3.29)

We need the following conditions (Ruppert and Wand (1994)) to study the asymptotic

properties of the local linear polynomial regression estimator:

(i) The regression function m(x) has a bounded and continuous second derivative.

(ii) The conditional variance cr2(x) = vart Y, I Xi=xi) is bounded and continuous and that
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(iii) The marginal density fx of the covariate X is continuous and bounded away from

zero in the interval (ao, bo) and that t: (.)is also continuous at x.

(iv) The kernel function K is a bounded density function with

0() 0()

f xK(x)dx=O and fK2(x)dx < 00

-00 -GO

-00

-co

In the sequel we always denote

(v) h ~ 0, nh-» 0, as n~ 00.

(vi) All averages are bounded as nand N become large.

3.4.1 The Conditional Mean (Bias) of the Prediction error in a Finite Population

Total Estimation

Suppose X = Xjis any point in the non-sample, then we can estimate m(xj).

We have suggested that

~ ~
Tip = L~ + LmIP(x);

iES jEr

i = 1,2,... ,n

j = n+l,n+2, .... ,N

as an estimator of the fmite population total, T(y). Hence the prediction error is readily

expressed as
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A A

Tlp- T = ImIP(X)- LYj
jEr jEf

However,

~IP(X) =_1 I Sz{x,h)-S\(x,h)(x-x) K(x; -xjJy
J . nh iel Sz{x,h)So(x, h) - S; (x, h) h 1

1 n (x.-xJWhere Sf(x, h) = -L(x; -x)'K 1 J, r=I,2.
nh ;=1 h

Thus

Therefore the conditional mean of the prediction error otherwise known as the bias is,

{A} [,,{ 1 "S (x h) - S (x h)(x - x.) [x. - x J } " ]E (T - T) / X = E ~ _ Z: 2' I' I J K I J Y _ ~ y
Ip u jEr nh ;ESS2(x,h)So(x,h) - S;(x,h) h I jer J

" {I "S2 (x h) - SI(x h)(x - x) [x - x .J } "= ~ E - L.' '; J K 1 J 1'; - ~ E(Y/ Xu)
jEf nh ;ESS2(X,h)So(x, h) - SJx, h) h jsr

Thus,

{A} " {I "S2(X h)-S (x h)(x. -x.) [x. -x.J } "E (Tlp- T)/Xu = ~E _. c: , I' ~ J K 1 J 1'; - ~m(x)
jar nh ;ESS2(x, h)So(x, h) - SI (x, h) h jar

= IE{~lP(X)}- Im(x)
JEf JEr

= L{E(~IP(X)-m(x)}
JEr

But

.. , ..
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Hence;

Therefore,

E{CflP- T)jXu}~ ~ L{~m"(X)h2Ck +O(h2)}
N N JEr 2

Clearly;

{
" / 1(T1 -T)/X p

E 'N 0 J----'--->o, as h ~o, N ~ 00 with all averages being bounded,

Thus the local linear polynomial smoother TIp is an asymptotically unbiased estimator of

the fmite population total, T (Y).
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3.4.2 The Conditional Variance of the Prediction Error in a Finite Population Total

Estimation

The prediction error has already been readily expressed as TIp - T. Therefore the variance of

the prediction error is readily expressed as

A

= VarImlP(x)+ Var,Im(x)
jar jEr

A

= IVarmlP(x)+ IVarm(x)
jar jEr

A a
2
(x) 1 ( 1 )But Var rrusfx.) i:::: j fK\u)du + 0 - [Ruppert and Wand (1994))

nhfX(xL1 nh

Hence

But under deterministic framework for X, fx(x) = 1.

Then;
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But for large n and under stable conditions,

La-2(x) can be ignored.
jEf

Hence

3.4.3: The Mean Squared Error in a Finite population Total Estimation

Under the prediction approach, the relationship between mean square error, variance and bias

of the local polynomial regression estimator for the fmite population total T(y) is given by

MSEm[ i"m!s, Y] = varm[ i,,! s,Y] + {Bm[To,!s,Y] r
Thus
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Since fx (x) = 1 under deterministic framework for X.

But h+-O , nh-e-co as n~oo. Hence MSE (T Ip) ~O and T Ip~T. Thus Tip is a consistent

estimator for the fmite population total, T.

So far we have proposed that the local linear smoother not only is asymptotically design

uhbiased(ADU) but also a consistent estimator. This study would be incomplete without an

empirical study on the efficiency of our estimators. To fmd out which estimator is more

efficient and in what circumstances we now embark on empirical study in the next chapter.
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CHAPTER FOUR

4.0 ANEMPIRICAL STUDY

4.1 Introduction

In this chapter, we carry out an empirical study on some simulation experiments to compare

the performance of four estimators namely:

1. Horvitz - Thompson (HT) (1952)

Linear Regression (REG)

Model based Nonparametric (KERN)

Local polynomial with p=l (LPR 1)

Cochran (1977)

Dorfman (1992)

2.

3.

4.

The first two are parametric estimators corresponding to constant and linear estimators

respectively whereas the last two are nonparametric. The last two are model-based. In

KERN and LPR 1, the estimated mean function from a nonparametric procedure is used to

predict each non - sampled Yi. In KERN we use the Nadaraya - Watson estimator under

equal probability sampling.

We take the working model to be m(xi) = Bxi, V(Xi)= ci where B is some constant. We

therefore consider this to be the correct model for the first of our study populations. We

consider four mean functions:

Linear:

Quadratic:

m, (xD= 1+2(Xi-0.5),

mz (Xi)= 1+2( Xi- 0.5)2,

Cycle 1: m, (Xi)=2+ sin (21txD,

Exponential: 1114 (Xi)= exp (-8xD,
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where Xi € [0, 1]. These represent a range of correct and incorrect model specifications for

the various estimators considered.

For mi , linear regression estimator is expected to be the preferred estimator, since the

assumed model is correctly specified. The remaining mean functions represent various

departures from the linearmodel. It is therefore interesting to see how much efficiency, if

any, is lost by only assuming that the underlying model is smooth instead of linear. The

function m2 is quadratic. The function m, is sinusoidal completing one full cycle on

[0, 1]. For m, , the trend is exponential, so that an assumed linear model would be

misspecified over the whole range of xi, , but would be reasonable locally.

4.2 Search for the Optimal Bandwidth

{
%[1-U2 ] if u2 $1 •

The Epanechnikov Kernel or optimal Kernel K(u)= 0 otherwise IS used.

Two different bandwidths were considered. These were searched within the interval

0- 30-
--<h<--4nYs - - 2nYs

where o is the standard deviation of the Xk'S as given in Silverman (1986). We settled for

h=O.l and h=0.25.

4.3 Design of the Study Populations

~ ~ ~
The properties of the four finite population total estimators; THT , TREG' TNW and T;p were

studied in the seven populations; six artificial and one real (natural) population. The

artificial populations were constructed in the following manner:



84

(i) The 300 data points of'xj 's were generated as independent and identically distributed

(iid) uniform U[O, 1] random variables across k.

(ii) The ek'S were generated as normally distributed with mean zero and variance ci

where ci is the variance ofxk's; i.e ek ~ N [0, (l] ,k=l, 2, ... ,300.

(iii) The population data points were then generated from the mean functions by adding

iid N[O, cr2] errors in all the six cases.

Structure Population Model
Linear API (a) Yk=1+2(xk-O.5) +CJ\(xk)ek

API (b) Yk=l+2(Xk-O.5) +CJ2(xk)ek

Exponential AP2(a) Yk=exp(-8xk) +CJ\(xk)ek
AP2(b) Yk=exp(-8xk) +CJ2(xk)ek

Cycle AP3(a) Yk=2+sin 2nxk+CJ\(xk)ek
AP3(b) Yk=2+sin 2nxk+CJ2(xk)ek

The natural (real) population data points Yk'Sk=l , 2, 3, ... , 57 were obtained from the

Central Bureau of Statistics, Basic report of 1994. Total household income by broad

categories by districts was considered as the study variable Ykwhereas total household

expenditure by broad categories by districts was considered as the auxiliary variable Xk.

The scatter diagram for the natural (real) population is given in Figure 1.
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Figure 1: Scatter Diagram for the real data
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4.4 Description of the Computational Procedure

We evaluate two possible values for the standard deviation of errors o= 0.1 and c = 0.4. For

each artificial population of size 300, samples are generated by simple random sampling

without replacement using sample size n=100. For each combination of mean function,

standard deviation and bandwidth, 400 replicate samples are selected and the estimators

calculated. For the real (natural) population of size 57, 150 samples of size 20 each are

replicated by simple random sampling without replacement and the estimators also

calculated. For each of the seven populations and for each sample we compute the

population total
N A A A A

T (y) = I Y k • Let T HT(k), T REG(k), T NW(k), and T Ip(k) denote the k-th
k=!

estimates for k= 1,2, ... ,N then the prediction errors are computed as:

Em = (THT(k) - T)

EREG = TREG(k) - T

ENW =(tNW(k) - T)
El ='i: -T)P \ [P(k)

Then the mean bias for each of the estimators for the artificial population total was computed
as:

A 400[T -TJB(T HT) = L IJT(k)

k=1 400

B(fREG) = ~[f REG(k) - TJ
k=! 400

(

A J400 T. -T
B(tNW ) =I NW(k)

k=1 400
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400 (T. - T]B(~p) = 2: lp(k)
k=1 400

For the Natural Population total, the bias of the estimators were computed as:

150[T. - TJB(T ) = "" HT(k)
F-TT ~ 150

~

50 T. -TJB(TREG) = REC'{k)

i=1 150

IS0(T -TJB(T NW) = I NW(k)

k=1 150

150 (T' - T JB(i{p)=L P(k)

k=1 150

The Mean Squared Error in the estimation of the artificial population total were computed as:

400 (T. - T\r-
MSE (i

HT
) = I \HT(k) J

k=1 400

400 (T - T '¥
MSE (T

REG
) = L \ REG(k) J

k=1 400

400 (T - T '¥
MSE (i

NW
) = L NW(k) J

k=1 400

MSE (~p) =I_~_{P~(k-,-)_-_T_J_
k=1 400
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The Mean Squared Error in the estimation of the Natural Population Total were computed as:

( ~ )2150 1', - T
MSE(T HT ) = L HTCk)

.1:=1 150

150 (1', - T "r-
MSE (TREO) = L REOCk) J

k=1 150

150 (f - T)2
MSE(T

NW
) = L NWCk)

k=1 150

(~ )2
150 T. - T

MSE(T
LP

) = L ip(k)

.1:=1 150

The results for the biases and mean square errors for the various estimators are given in

tables (2,4) and (3,5) respectively.
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4.5 Results

Tabulated below is a summary of the results obtained

Table 2: Mean Bias for the seven populations for h = 0.1

AP1(a) AP1(b) AP2(a) AP2(b) AP3(a) AP3(b) NP

B (THT) -176.3468 -202.4165 63.9342 38.0299 -395.4342 -418.7050 -27.2937x 106

B(TREG) -28.0259 -110.5815 40.0524 9.1004 -294.1365 -395.1884 -2.3194x106

B(TNW) -30.2774 -113.6390 11.4604 6.1209 -188.0524 -383.3592 -2.4593x106

B (Tip) -30.5858 -116.6171 9.4879 6.2166 -172.3042 -392.2750 -2.4935x 106

Table 3: Mean Squared Error (MSE) for the seven populations for h = 0.1
I "-

I AP1(a) AP1(b) AP2(a) AP2(b) AP3(a) AP3(b) NP
""--

~ 31219.55 41086.41 4202.65 1565.03 156479.90 175431.80 279.3549x1012
MSE(THT)

MSE (TREG) 841.51 12350.43 1675.31 82.01 87088.64 156955.29 7.5385x1 012

I

8.2086x 1012
MSE (TN\v) 916.40 13132.12 130.58 37.71 35730.89 147632.04

MSE(Tlp) 935.12 13830.81 91.22 38.91 30033.36 153886.54 8.3761 xl 012



90 )

Table 4: Mean bias for the seven populations for h = 0.25

APi (a) APt (b) AP2 (a) AP2 (b) AP3 (a) AP3 (b) NP

B (TnT) -176.3468 -202.4165 63.9342 38.0299 -395.4342 -418.7050 -27.2941x 106

B(TREG) -28.0259 -110.5815 40.0524 9.1004 -294.1365 -395.1884 -2.3194xl06

B (T N\v) -38.4742 -114.1604 24.7571 22.1765 277.7137 -399.0141 -3.3309 xl06

B (T Ip) -29.5800 -113.0257 15.1267 20.6365 -178.0681 -381.3519 -2.3938 xl06

Table 5: Mean Squared Error (MSE) for the seven populations for h = 0.25

API (a) API (b) AP2 (a) AP2 (b) AP3 (a) AP3 (b) NP

SE (T HT) 31219.55 41086.41 4202.65 1565.03 156479.90 175431.80 279.3549xl012

SE(TREG) 841.51 12350.43 1675.31 82.01 87088.64 156955.29 7.5385xlO12

SE(TNW) 1479.19 13251.07 658.59 537.31 78237.94 160811.49 13.2536 Xl012

SE (TIp 881.66 13002.03 258.23 424.44 32063.55 146188.17 7.8890 XlO12
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Table 6 : Ratio ofMSE (RMSE) of Horvitz -Thompson (HT), Linear Regression (REG)

and Model- based Kernel (KERN) estimators to Local Linear Regression (LPR 1)

estimator for h = 0.1

I AP1 (a) APt (b) AP2 (a) AP2 (b) AP3 (a) AP3 (b) NP

\1SE (T HT) 33.3856 2.9706 46.0716 40.2218 5.2102 1.1400 33.3514

~SE (TREG) 0.8998 0.8930 18.3656 2.1077 2.8997 1.0199 0.9000.
MSE (TNW) 0.9800 0.9495 1.4315 0.9692 1.1897 0.9594 0.9800

Table 7 : Ratio ofMSE (RMSE) of Horvitz -Thompson (HT), Linear Regression (REG)

and Model- based Kernel (KERN) estimators to Local Linear Regression (LPR 1)

estimator for h = 0.25

I

AP1 (a) AP1 (b) AP2 (a) AP2 (b) AP3 (a) AP3 (b) NP

MSE (THT) 35.4099 3.1600 16.2748 3.6873 4.8803 1.2004 35.4109

RMSE (TREG) 0.9545 0.9499 6.4877 0.1932 2.7161 1.0737 0.9556

RMSE (T !'I'\v) 1.6777 1.0192 2.5504 1.2659 2.4401 1.1000 1.6800
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4.6 Discussion of Results

4.6.1 Bias

In all the populations, the HT was the poorest resulting in large biases as compared to the

other three fmite population total estimators. For all the biases considered in table 2 and 4,

LPR 1 dominates HT and KERN for all the populations and essentially dominates REG for

all the populations except linear where it is a strong rival.

4.6.2 Mean Squared Error (MSE)

The ratios ofMSEs for the three estimators to the MSE for the local polynomial regression

estimator with P=l (LPRI) were calculated (see table 6 and 7) and it is generally found that

nonparametric regression estimators perform better than the parametric estimators regardless

of whether the underlying model is correctly specified or not but that effect decreases as the

model variance increases.

With respect to MSE, the model based (LPRI) is found to be much better than the model-

based estimator, KERN. Hence LPRI emerges as the best among the two nonparametric

estimators considered.

LPRI estimator loses a small amount of efficiency relative to REG for the linear population

but dominates REG for other populations.
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4.6.3 Bandwidth

We note that LPRI estimator at the smaller bandwidth competes with the REG estimator for

the linear populations. Overall, then, the performance ofLPR 1 estimator is consistently good

particularly at the smaller bandwidth.

We also note that as the bandwidth becomes large, the local linear polynomial regression

estimator becomes less efficient. Clearly, the bandwidth has an effect on the MSE of

LPRI but Tables 2, 3, 4, 5, 6 and 7 suggest that large gains in efficiency over other

estimators can be gained for a variety of bandwidth choices.

In particular, for either of the bandwidths considered here, LPRI essentially dominates HT

for all populations and essentially dominates REG for all populations except linear, where it

is competitive.

The most impressive result came from the real data (Natural Population). The linear

regression estimator (REG) dominates HT but became a closer competitor of the

nonparametric estimators. This is due to the fact that the scatter diagram in figure 1 indicates

a linear concentration of the data points. We note that as the bandwidth becomes larger,

LPRI becomes less efficient compared to REG and KERN estimators which is due to

undersmoothing when the population is linear.
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4.6.4 Variance

For the two values of variance considered here, we note that the MSEs for all the fmite

population total estimators HT, REG and KERN increase with increase in variance except in

the exponential population. We also note that the increase in variance produced smaller

biases for the three estimators. In particular, for either of the variances considered, smaller

biases and the large MSEs for LPR 1 were observed across the populations. However, in

terms of performance, LPR 1 essentially dominates HT and KERN for all the populations

and dominates REG for all populations except linear where it is a strong rival.



95

CHAPTER FIVE

5.0 CONCLUSIONS A..~ AREAS FOR FURTHER RESEARCH

5.1 Introduction

In this chapter, we outline our concluding remarks and also suggest areas for further study

~ which have emerged during the course of our study.

5.2 Conclusions

We note that the model properties of the local polynomial regression estimator are such that

the estimator is a competitor to the classical survey regression estimator when the population

regression function is linear but dominates the regression estimator when the regression

function is not linear, However, our estimator performs well relative to other parametric and

non-parametric estimators. Therefore, the linear regression estimator should be used in

estimating the fmite population total when the population structure is linear, but if the

-
linearity condition is violated, then the local linear polynomial estimator is the most suitable

estimator for the finite population total.

From the four approaches considered in the simulation experiments and consequently the

results, it can be inferred that the local linear polynomial regresssion estimator is likely be an

improvement over Horvitz-Thompson and classical survey regression estimators when the

relationship between the auxiliary variable and the variable of interest is non-linear.
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5.3 Areas for Further Research

In our study for the asymptotic properties of our estimator, we imposed some restrictions,

which may not be realistic. One obvious and most disturbing assumption we made is that the

Xi'S are equispaced. Clearly this is not always the case. No wonder for the natural population

the local polynomial regression estimators were highly rivalled by the classical survey

regression estimators.

We assumed that the estimator we use is motivated by modelling the fmite population ofthe

Y», conditioned on the auxiliary variable Xi,a realization from an infinite super population ~

in which

Yi = m(xJ + Ei, i= 1,2, ... ,N,

where EI's are i.i.d random variables with mean zero and variance V(xD. m(xi) is assumed to

be smooth. V(Xj) is also assumed to be smooth and positive. It would then be interesting to

study the behaviour of the estimator when both m(xi) and V(xD are assumed to be

non- smooth as in the case of the data with missing information.

In our study of simulation experiments, we fixed the window smoother (Bandwidth) at 0.1

and 0.25 in estimating the fmite population totals based on KERN and LPRI. It would be

interesting if a variable specific bandwidth selection procedure is employed. This is an open

area for further research.

In our simulation experiments, we compared the ratios ofMSEs for the various estimators to

the MSE for the local polynomial regression estimator with p = 1. It would then be
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in!eresting to compare the performance of the estimators with local polynomial regression

estimator with p = 2, 3, 4, 5, 6, ....

In this study, we have been referring to covariates (auxiliary information) as the individual

characteristics of the study subject. These are factors such as age, sex, and weight among

others. Although we have been mentioning covariates as a vector, the analysis was done

using univariate case. A study where the covariates are considered as a vector can be

undertaken.
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