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ABSTRACT 

Analysis of the effects of applying a variable pressure gradient to a 

magnetohydrodynamic fluid flowing between two parallel plates under the influence of 

variable transverse magnetic fields was investigated. The study involved a steady, 

incompressible hydromagnetic fluid flowing through parallel plates. The upper plate was 

considered porous, moving opposite the fluid flow, while the lower plate remained 

immovable. The equations governing the flow include the conservation of mass, energy, 

Navier-Stokes, and electromagnetic equations. The equations were made dimensionless 

and then solved using the Finite Difference Method. Matrix laboratory (R2018b) was 

used to solve and analyze the finalized equations for velocity and temperature profiles for 

various thermo-physical parameters. The final results were illustrated graphically and 

discussed quantitatively. The results indicated that Reynold's number is inversely 

proportional to velocity distribution and temperature profile. The increasing magnetic 

parameter led to increased fluid temperature and decreased velocity profile. Eckert 

number and Prandtl parameter did not affect velocity profiles. Also, increasing the 

suction parameter yielded decreased velocity and increased temperature profile. When 

the pressure gradient was increased, velocity decreased as temperature increased. The 

temperature of the fluid increased when the Eckert number was increased and decreased 

as the Prandtl parameter increased. An increase in Hartmann's number yielded a higher 

temperature profile. The results obtained in this research provide valuable information to 

different fields, especially in designing and modeling systems in dyeing industries, 

cooling of automobile moving parts, and extraction of metal industries. Moreover, the 

findings apply to Magnetodydrodynamic flow through a porous medium, widely used in 

magnetohydrodynamic power generators, aerodynamic heating, and separation of matter 

from liquids mixed using a centrifugal separator.    
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ACRONYMS AND ABBREVIATIONS 

SYMBOLS MEANING 

𝑎 Distance between  the parallel  sheets 

𝐵⃗  Magnetic flux density 

𝐶𝑃 Heat capacity of the fluid 

𝐸𝐶 Eckert parameter number 

𝐸⃗  Electric field strength 

𝑒 Specific internal energy constant 

𝐹𝑥, 𝐹𝑦, 𝐹z Body forces 

G Volumetric constant 

𝐻𝑎 Hartmann parameter 

𝐻⃗⃗  Magnetic field strength 

𝐽  Electrical current density 

K Thermal conductivity 

L Characteristic Length 

𝑀   Magnetic number 

 

𝑃𝑟 
 

Prandtl parameter 

𝑃∗ Dimensionless Pressure  

 

P The pressure of the fluid 

𝑞𝑗 Quantity of heat 

Re Reynold's parameter 

𝑟 Specific enthalpy 

𝑆° Suction parameter 

 𝑠 Entropy 
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𝑇𝑊 The characteristic temperature on the sheets 

T The temperature of the fluid 

 

𝑇∞ Characteristic  temperature 

𝑡∗ Dimensionless time 

𝑡 Time 

𝑢, 𝑣, 𝑤 Velocity components in the Cartesian axis 

𝑈∗ , 𝑉∗ Dimensionless velocity components   

U Characteristic velocity 

𝑉⃗  Velocity 

𝑥, 𝑦, 𝑧 Cartesian coordinates 

𝑋∗ , 𝑌∗ Dimensionless Cartesian coordinates 

𝜕𝑃

𝜕𝑥
 

Pressure gradient 

∆𝑡 
 

Change in time  

𝜑 Dissipation function 

𝜇 Viscosity Coefficient 

𝜇𝑒 Magnetic permeability 

𝜎 
 

Electrical conductivity 

∇ Gradient operator 

𝜌 Density  

∆𝑦 
 

Change in distance 

∇2 Laplacian operator 
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ABBREVIATIONS 

FDM Finite Difference Method 

MHD MagnetoHydroDynamics 

PDE Partial Difference Equation 

MATLAB Matrix Laboratory 
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CHAPTER ONE 

 BACKGROUND INFORMATION AND INTRODUCTION 

Liquids and gases are commonly referred to as fluids. Fluid can be defined as any 

material that experiences a continuous change in shape and state when subjected to shear 

stress. Fluids are categorized as Newtonian and non-Newtonian fluids. In Non-Newtonian 

fluids, viscosity changes with varying shear rates, while Newtonian fluids have constant 

viscosity as shear force varies. Viscosity can be described as the relationship between 

velocity slope and shear force. However, kinematic viscosity relates the mass per unit 

volume of a fluid to its viscosity. Viscosity determines the force that must be overcome 

when fluids are used in lubrication, smoothening, and pipeline transportation. It regulates 

fluid flow in injection molding, surface coating, and spraying. 

Incompressible fluid between parallel plates normal to them is referred to as Hartmann. 

Hartmann number (Ha) is the ratio of electromagnetic force to the viscous force 

experienced by fluid flow through magnetic fields. Viscosity is the degree of fluid 

opposition to the motion. Viscosity distinguishes ideal from real fluids. Ideal fluids do 

not offer drag or internal opposition on the wall of channels as it lacks viscosity. 

Magnetohydrodynamics analyzes the properties of electrically conducting fluids and the 

forces that influence them when acted upon by a magnetic field through various channels. 

Electrically conducting fluids include liquid metals and ionized gases. Under magnetic 

fields, the flow of an electrically conducting fluid induces electric currents, and therefore 

Lorentz force, F, described by the formula 𝐽 × 𝐵 is developed. The induced currents 

successively produce their magnetic fields, consequently influencing the state of the 
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original magnetic fields. The Lorentz force law describes the force acting on a fluid 

moving under the influence of magnetic fields and electric fields. 

A porous medium is a collection of interconnected solid bodies with pores through which 

fluid passes. Fluid flowing through permeable material is quantified by Darcy's law 

which relates discharge per unit area of the cross-section to the pressure gradient of fluid 

through a porous medium. The critical characteristic of porous media is porosity, n, 

which is the extent of the fluid capacity of the medium. Flows through permeable 

membranes apply to many scientific and engineering fields. MHD through porous media 

has various applications, including underground energy transport and petroleum 

engineering in analyzing groundwater pollution and purifying crude oil. Porous plates can 

also cover a heated body to regulate temperature and reduce natural convection. 

Fluid flow is described as unsteady or steady. Fluids' properties like density, pressure, 

and velocity applied to magnetic field and temperature do not depend on time and are 

referred to as steady fluids. In unsteady flow, pressure, density, and velocity properties 

are time-dependent. 
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STATEMENT OF THE PROBLEM 

Magnetohydrodynamic flow through a porous medium is widely utilized in cooling 

automobiles, centrifugal separation, and aerodynamic heating. Past research has used 

several techniques to show how the flow is affected by pressure gradient and magnetic 

fields. However, little focus has been given to the effect of pressure gradient on MHD 

flow considering a porous medium where the magnetic field is at right angles to the fluid 

flow. Our research analysis aims to investigate the outcomes of; the Eckert number, 

Pressure gradient, Hartmann number,  Prandtl number, Reynolds number, Suction 

parameter, and Magnetic number and their consequence on velocity and temperature 

profiles due to a variable pressure gradient on MHD fluid flow between parallel plates. 

Variable transverse magnetic fields act on the porous upper plate. The fluid is considered 

to be steady, incompressible, and viscous. When the fluid is at rest, at 𝑡 = 0, both plates 

are stationary, and at t greater than zero (𝑡 > 0), the lower plate is immobile as the top 

plate move in the opposite direction to the fluid flow. The two plates are considered to be 

of infinite length in the 𝑥 − and 𝑧 − directions, and transverse magnetic fields act on the 

𝑦 − axis. The plates are at a distance '2𝑎' apart. 

 JUSTIFICATION 

Past research investigations studied uniform pressure gradients applied to equidistant 

plates and varying perpendicular magnetic fields. In this research study, variable pressure 

gradient, which generalizes uniform pressure gradients, is applied to parallel plates with 

variable transverse magnetic fields. The results obtained in this research provide valuable 

information to different fields, especially in designing and modeling systems in dyeing 

industries, cooling of automobile moving parts, and extraction of metal industries. 
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Moreover, the findings apply to Magnetodydrodynamic flow through a porous medium, 

widely used in magnetohydrodynamic power generators, aerodynamic heating, and 

separation of matter from liquids mixed using a centrifugal separator.    

OBJECTIVES  

i. General objectives 

To determine the consequence of applying variable pressure gradient on various thermo-

physical parameters considering a Magnetohydrodynamic fluid flow constrained in two 

parallel plates with varying magnetic fields at right angles. 

ii. Specific objectives 

i. To determine temperature distributions of the fluid stream bounded by the parallel 

plates. 

ii. To determine the velocity profile of the fluid stream bounded by parallel plates. 

iii. To determine the outcome of differing suction parameters, Eckert number, 

pressure gradient magnetic parameter, Prandtl parameter, Hartmann parameter, 

and Reynolds number on temperature profile and velocity distribution. 

 Significance of the study 

MHD flow between parallel porous channels has various uses in MHD power generators, 

aerodynamic heating and separation of solids from fluids, purifying crude oil, sprays, 

cooling systems, polymer technology, and the petroleum industry. Transpiration cooling 

is essential in minimizing heat transmission on a body's boundary layer with many 

applications, including moving parts of automobile machines, rockets, and jets and 

chilling atomic reactors.   
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CHAPTER TWO 

LITERATURE REVIEW 

Magnetohydrodynamic fluid flow has been researched in the past. This chapter 

emphasizes research investigations related to the research topic and their findings. 

Shercliff (1953) considered an electrically conducting fluid that was steady and viscous 

through a channel where transverse magnetic fields were applied, and the boundaries 

were insulators. He developed a solution for channels of all well-proportioned shapes. He 

observed pressure gradients for given flow volumes at various strengths, which compared 

well with the experimental results for circular and square shapes. 

Non-Newtonian incompressible fluid in an unbending tube and round section exposed to 

a periodic pressure gradient was studied by Jones and Walters (1967). Although the 

nature of the flow was identical to a purely viscous fluid, they also deduced that elasticity 

could affect the magnitude and location of the top mean velocity.  

The hydromagnetic flow of a conducting liquid through an infinite permeable flat 

material with the Hall Effect was investigated by Gupta (1975). The infinite porous plates 

experienced transverse magnetic fields. He concluded that there was an exact solution for 

suction or blow at the plates for the magnetic field. Also, a small Reynolds number 

obtained a flow relatively near to a non-conducting fluid through a membrane in a 

circulating flame. 

Hassanien (1991) analyzed an electrically conducting fluid past a porous material 

enclosed by infinite sheets. The lower plate was fixed while the top plate was rotating on 

its axis, acted upon by perpendicular magnetic fields. The fluid was considered unsteady, 
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viscous, and incompressible in two dimensions. They concluded that axial velocity 

increase with increasing entrance velocity and reduces on reducing Hartmann's number. 

Jat and Jhankal (2003) studied three-dimensional free convection magnetohydrodynamic 

flows with heat transfer of viscoelastic incompressible fluid enclosed by an endless 

permeable plate flowing in a porous media. They found a significant impact on heat 

transfer and magnetic field permeability. Investigations on Magnetohydrodynamic stokes 

flow were done by Ganesh and Krishnambal (2007). The fluid was considered unsteady 

and viscous, flowing through a channel with magnetic fields at right angles. They 

deduced that the greater the Hartmann number, the lower the magnitude of the axial 

velocity profiles. 

Rajput and Sahu (2011) analyzed a uniform transverse magnetic field of electrically 

conducting convection flow unsteady, incompressible, and viscous. Manyonge et al. 

(2012) investigated the two-dimensional magnetohydrodynamic poiseuille flow of 

incompressible steady fluid. The fluid flowed between porous channels influenced by a 

slanting magnetic field and uniform pressure gradient. The analysis obtained showed that 

velocity distribution decreased as magnetic field strength increased. 

Unsteady Magnetohydrodynamic Couette flow between infinite porous plates where the 

lower plate was considered porous past a sloped magnetic field with heat transmission 

was analyzed by Joseph et al. (2014). They found out that a high magnetic field reduced 

energy losses. Singh (2014) studied the steady laminar flow of viscous incompressible 

fluid between two parallel infinite plates with a constant pressure gradient. The results 

showed that increasing the magnetic field's inclination decreased the velocity profile. 
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Kiema et al. (2015) studied MHD fluid steadily flowing with a constant pressure gradient 

between two limitless parallel pervious sheets under a steady magnetic field. The fluid 

entered through the lower sheet and exited through the top sheet. The results showed that 

velocity was lowered whenever the Hartmann number was increased. Unsteady and 

incompressible MHD fluid within a revolving porous medium, hall current and exposure 

to varying pressure gradient was discussed by Krishna (2016). It was found that the 

existence of hall current and pressure gradients on a revolving and Lorentz forces 

influence velocity distributions. 

Mbugua et al. (2016) investigated the electrically conducting flow of incompressible 

unsteady Newtonian fluid flowing through porous non-conducting sheets in the variable 

transverse magnetic field. The top sheet moved contrary to the fluid flow as the bottom 

sheet remained stationary. The pressure gradient was taken to be uniform throughout. 

They concluded that the reduced suction parameter increased the velocity distribution and 

decreased the temperature profiles. They also deduced that suction stabilized the 

boundary layer growth. MHD fluid through parallel plates subject to an inclined magnetic 

field under a uniform pressure gradient was studied by Mburu et al. (2016). They found 

that an increase in Hartmann's number lowered velocity and pressure gradient directly 

proportional to velocity. 

Dash & Ojha (2018) studied viscoelastic hydromagnetic flow between two permeable 

sheets in the presence of a sinusoidal pressure gradient and a magnetic field and porous 

matrix. They found out that the flowing back of fluid could be prevented by having 

pressure gradient oscillation at low frequency. Malia, M. (2018) investigated variable 

pressure gradients on an unsteady Magnetohydrodynamic fluid flow between two 
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bounded sheets with inclined magnetic fields. The conclusions showed that increasing 

Reynold's and suction parameters lowers velocity distributions. Using the finite 

difference method, the MHD flow of two parallel plates influenced by a sliding magnetic 

field was analyzed by Aruna and Dubewar (2019). They confirmed earlier that velocity 

decreased as the slant angle increased. 

Kane I. et al. (2020) studied two equidistant sheets in motion with unsteady fluid flowing 

between them under the influence of inclined enforced magnetic fields. They deduced 

that temperature increases with increasing magnetic parameters, Eckert number, and 

suction parameters. Moses et al. (2021) researched Poiseuille oscillatory flow between 

limitless equidistant sheets with an inclined magnetic field and suction effect applied. 

The investigations indicated that greater values Hartmann parameter reduces the velocity 

of the flow. 

Earlier researchers have investigated various MHD flows. Previous research by Malia, M. 

(2018) investigated the effect of applying variable pressure gradient on 

Magnetohydrodynamic flow between porous plates and inclined magnetic fields. This 

study analyzes the effects of variable pressure gradient applied to MHD fluid when the 

magnetic fields are transverse to the upper plate.  
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CHAPTER THREE 

3.1 OVERVIEW 

This section describes the model used and the research problem. The equations governing 

this MHD fluid flow were reformulated to fit our specific research. 

3.2 MATHEMATICAL MODEL 

In this research, we analyze a two-dimensional magnetohydrodynamic fluid flowing 

through equidistant sheets influenced by an adjustable pressure gradient and varying 

magnetic field acting perpendicular to the porous top plate moving with even suction.   

 

Figure1. Structure of the flow  

The plates are placed at a distance of 2a apart. The two plates have an unlimited length in 

the 𝑧 − and 𝑥 − directions. Also, varying transverse magnetic fields are exerted 

perpendicular to the y-axis of the top sheet. When the fluid is at rest, 𝑡 = 0, both the fluid 
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and the plates are stationary. When 𝑡 > 0, the upper plate move contrary to the fluid flow 

as the bottom non-porous plate remains stationary. Fig.1 illustrates this description. 

Assumptions made during this study analysis are; 

a) The fluid flows in two- dimensions. 

b) The fluid remains incompressible and steady. 

c) In the 𝑥 −direction and 𝑧 −direction, the plates have immeasurable lengths. 

d)  The viscosity coefficient, electrical conductivity, and thermal conductivity 

remain constant. 

e) The no-slip condition is satisfied. 

f) The fluid does not undergo any chemical change. 

3.3 GOVERNING EQUATIONS 

1. CONTINUITY EQUATION 

Mass conservation indicates that one cannot generate or destroy mass. Thus, the degree to 

which a fluid flows into and out of control volume is equal. In tensor form, the equation 

of continuity is given by,  

𝜕𝜌

𝜕𝑡
 + 

𝜕

𝜕𝑥𝑖
(ρu𝑖) =0.                                                                                                        (3.3.1.1) 

Where 𝑖 = 1,2,3 represent x-, y-, and z- directions, respectively. Since the flow is steady 

and incompressible, the density of fluid does not change with time, and equation (3.3.1.1) 

becomes,  

𝜕

𝜕𝑥𝑖
(𝑢𝑖) = 0.                                                                                                              (3.3.1.2) 
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Writing in Cartesian coordinates, equation (3.3.1.2) becomes, 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑧
= 0.                                                                                                     (3.3.1.3) 

Since the parallel plates are of immeasurable length in x- and z- directions, the velocity 

components do not depend on x and z. Consequently, equation (3.3.1.3) becomes 

 
𝜕𝑣

𝜕𝑦
= 0,                                                                                                                     (3.3.1.4) 

Resulting to  

𝜕𝑣 = 0                                                                                                                      (3.3.1.5) 

𝑣 = 𝑣°                                                                                                                       (3.3.1.6) 

Where 𝑣°, represent the suction velocity of the porous top plate. 

2.  ELECTROMAGNETIC EQUATIONS 

Electromagnetic equations describe the connection linking the magnetic induction field 

(𝐵⃗ ) of strength 𝐻⃗⃗  ⃗, the electric field (𝐸⃗ ), electric displacement (D), and current density 

generated (𝐽 ). By Gauss' law of electricity, total electric flux in an enclosed surface 

increases with an increase in fixed electric charge. 

That is,  

 ∇. 𝐵⃗ = 0.                                                                                                                  (3.3.2.1) 

Altering magnetic field through a conductor produces an electric current according to 

Faraday's law of induction.  
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∇ × 𝐸⃗ =- 
𝜕𝐵⃗ 

 𝜕𝑡
                                                                                                              (3.3.2.2) 

Where 𝐵⃗ = 𝜇𝑒𝐻.⃗⃗⃗⃗                                                                                                       (3.3.2.3) 

Lorentz's force involves magnetic and electric fields in the presence of electromagnetic 

fields. Force experienced by an atom of charge q in an electric field  𝐸 ⃗⃗  ⃗ through magnetic 

induction field 𝐵⃗   and traveling with a velocity 𝑉⃗  is given by 

𝐹 = 𝑞𝐸⃗ + 𝑞𝑉⃗ × 𝐵⃗ .                                                                                                   (3.3.2.4) 

The sum of the momentum of bodies acting on each other in an isolated system remains 

constant unless external forces act on them, as expressed by the equation of conservation 

of linear momentum. Considering Ohms law equation, 

 𝐽 = 𝜎(𝐸⃗ + 𝑉⃗ × 𝐵⃗ )                                                                                                  (3.3.2.5) 

 But from assumptions, forces due to the electric field are negligible, therefore 

𝐽 = 𝜎(𝑉⃗ × 𝐵⃗ ).                                                                                                          (3.3.2.6) 

Also, the velocity vector of the fluid  

𝑉⃗ = 𝑉⃗ (𝑈, 0,0).                                                                                                        (3.3.2.7) 

Then, 

𝑉⃗ × 𝐵⃗ = 𝐽 = |

𝑖 𝑗 𝑘
𝑈 0 0
0 𝐵𝑦 0

| 𝜎 = 𝜎𝑈𝐵𝑦𝑘.                                                               (3.3.2.8) 

Applying the Lorentz force equation 
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𝐽 × 𝐵⃗ = |

𝑖 𝑗 𝑘
0 0 𝜎𝑈𝐵𝑦
0 𝐵𝑦 0

| =  −𝜎𝐵𝑦
2𝑈𝑖.                                                                 (3.3.2.9) 

Substituting magnetic permeability equation 𝐵𝑦 = 𝜇𝑒𝐻𝑦   to equation (3.3.2.9), we get, 

𝐽 × 𝐵⃗ = −𝜎𝜇𝑒
2𝐻𝑦

2𝑈𝑖.                                                                                             (3.3.2.10) 

Therefore the Lorentz force experienced was given by, 

  𝐹 = −𝑈𝜎𝜇𝑒
2𝐻𝑦

2.                                                                                                  (3.3.2.11) 

3.  NAVIER-STOKES EQUATION 

Newton's second law of motion asserts that the momentum variation per unit of time 

corresponds to the sum of resultant external forces exerted on the body. These external 

forces include body forces and surface forces. In this research, we considered magnetic 

force, electric force, and shear stress. The gravitational force was taken to be negligible. 

The general Navier- Stokes Equation in tensor form is expressed as,  

𝜌 (
𝜕𝑢𝑖

𝜕𝑡
) + 𝑢𝑗  +(

𝜕𝑢𝑖

𝜕𝑥𝑗
) =− 

𝜕𝑃

𝜕𝑥𝑗
 + 𝜇∇2𝑢𝑖 + 𝜌𝐹𝑖 .                                                            (3.3.3.1) 

Where 𝑖= 1, 2, 3 and j= 1, 2, 3 vary in the Cartesian plane.  

∇2= 
𝜕2

𝜕𝑥2
 +

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2
 .                                                                                             (3.3.3.2) 

We consider a 2- dimensional flow, and hence, 

𝑈
𝜕𝑢

𝜕𝑥
+ 𝑉

𝜕𝑢

𝜕𝑦
+
𝜕𝑢

𝜕𝑡
=  (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2
+
𝜕2𝑢

𝜕𝑧2
) 
𝜇

𝜌
−

1

𝜌

𝜕𝑃

𝜕𝑥
+
𝐹𝑥

𝜌
                                          (3.3.3.3) 
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𝑈
𝜕𝑣

𝜕𝑥
+ 𝑉

𝜕𝑣

𝜕𝑦
+
𝜕𝑣

𝜕𝑡
=  (

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
+
𝜕2𝑣

𝜕𝑧2
)
𝜇

𝜌
−

1

𝜌

𝜕𝑃

𝜕𝑦
+
𝐹𝑦

𝜌
                                          (3.3.3.4) 

The velocity profile in the y-axis is zero from the assumptions since the flow is only in x- 

the direction. Thus equation (3.3.3.3) and (3.3.3.4) respectively becomes, 

𝑈
𝜕𝑢

𝜕𝑥
+ 𝑉

𝜕𝑢

𝜕𝑦
+
𝜕𝑢

𝜕𝑡
=   (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2
+
𝜕2𝑢

𝜕𝑧2
)
𝜇

𝜌
−

1

𝜌

𝜕𝑃

𝜕𝑥
+
𝐹𝑥

𝜌
                                          (3.3.3.5) 

0 =   
𝐹𝑦

𝜌
−

1

𝜌

𝜕𝑃

𝜕𝑦
                                                                                                       (3.3.3.6) 

In equation (3.3.3.6), gravitational forces are considered negligible,  

𝐹𝑦 = 0  

Therefore,  −
1

𝜌

𝜕𝑃

𝜕𝑦
= 0 

0 =
𝜕𝑃

𝜕𝑦
  

𝑃 = 𝑃(𝑥)                                                                                                                  (3.3.3.7) 

The plates are of immeasurable length in x- and z- directions, which simplifies equation 

(3.3.3.5) to  

𝜕𝑢

𝜕𝑡
+ 𝑉

𝜕𝑢

𝜕𝑦
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
+
𝐹𝑥

𝜌
                                                                             (3.3.3.8) 

Substituting equation (3.3.1.6) to equation (3.3.3.8) we get 

𝜕𝑢

𝜕𝑡
+ 𝑣°

𝜕𝑢

𝜕𝑦
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
+
𝐹𝑥

𝜌
                                                                             (3.3.3.9) 

Body forces are given by Lorentz force described by equation (3.3.2.11) thus,  
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𝜕𝑢

𝜕𝑡
+ 𝑣°

𝜕𝑢

𝜕𝑦
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
−
𝑈𝜎𝜇𝑒

2𝐻𝑦
2

𝜌
                                                                 (3.3.3.10) 

The fluid is considered steady; therefore, equation (3.3.3.10) reduces to 

𝑣°
𝜕𝑢

𝜕𝑦
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
−
𝑈𝜎𝜇𝑒

2𝐻𝑦
2

𝜌
                                                                         (3.3.3.11) 

4.  ENERGY EQUATION  

Energy can neither be generated nor ruined; however, it can be converted to different 

forms of energy according to the first law of thermodynamics. The tensor form of this 

equation is written as 

𝜌 (
𝜕𝑟

𝜕𝑡
) + 

𝜕

𝜕𝑥𝑗
 (𝜌𝑢𝑗𝑟) =  

𝜕𝑃

𝜕𝑡
 +

𝜕

𝜕𝑥𝑗
 (𝑢𝑖𝑃) − 

𝜕𝑞𝑗

𝜕𝑥𝑗
 +  𝜑 .                                            (3.3.4.1) 

In x- and z- directions, the plates have an immeasurable length 

   
𝜕𝑢

𝜕𝑥
= 0, 𝜑 =  𝜇

𝜕2𝑢

𝜕𝑦2
𝑎𝑛𝑑  

𝜕𝑣

𝜕𝑦
= 0 .                                                                     (3.3.4.2)  

The heat produced is given by 

𝑞𝑗 = −𝐾
𝜕𝑇

𝜕𝑥𝑗
                                                                                                              (3.3.4.3) 

K is the thermal conductivity.  

The equation gives enthalpy 

 𝑟 = 𝑒 +
𝑃

𝜌
 ,                                                                                                               (3.3.4.4) 

Differentiating equation (3.3.4.4) becomes, 
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𝑑𝑟 = 𝑑𝑒 +
1

𝜌
𝑑𝑃 + 𝑃𝑑 (

1

𝜌
)                                                                                        (3.3.4.5) 

By the first and second laws of thermodynamics, change in specific internal energy is 

given by  

𝑑𝑒 = 𝑇𝑑𝑆 − 𝑃𝑑 (
1

𝜌
)                                                                                                 (3.3.4.6) 

S was entropy which is a function of pressure and temperature 

𝑆 = 𝑆(𝑃, 𝑇).                                                                                                             (3.3.4.7) 

Differentiating equation (3.3.4.7) gives 

𝑑𝑆 = (
𝜕𝑆

𝜕𝑃
)
𝑇
𝑑𝑃 + (

𝜕𝑆

𝜕𝑇
)
𝑃
𝑑𝑇                                                                                     (3.3.4.8) 

Applying generalized thermodynamic relations  (
𝜕𝑆

𝜕𝑃
)
𝑇
= −

𝐺

𝜌
  and (

𝜕𝑆

𝜕𝑇
)
𝑃
=

𝐶𝑝

𝑇
 equation 

(3.3.4.8) becomes 

𝑑𝑆 =  −
𝐺

𝜌
𝑑𝑃 + 

𝐶𝑝

𝑇
𝑑𝑇.                                                                                             (3.3.4.9) 

Substituting equation (3.3.4.9) into equation (3.3.4.5)  

𝑑𝑟 = −
𝐺

𝜌
𝑇𝑑𝑃 + 

𝐶𝑝

𝑇
𝑇𝑑𝑇 +

1

𝜌
𝑑𝑃                                                                            (3.3.4.10) 

Simplifying to  

𝑑𝑟 = 𝐶𝑝𝑑𝑇 +
1

𝜌
(1 − 𝐺𝑇)𝑑𝑃                                                                                  (3.3.4.11) 

Substituting equation (3.3.4.11), (3.3.4.2) and (3.3.4.3) to equation (3.3.4.1) 
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𝜕

𝜕𝑡
(𝜌𝐶𝑝𝑇) +

𝜕

𝜕𝑥𝑗
(𝜌𝐶𝑝𝑢𝑗𝑇) =

𝜕

𝜕𝑥𝑗
(𝐾

𝜕𝑇

𝜕𝑥𝑗
) + 𝜇 (

𝜕𝑢

𝜕𝑦
)
2

                                             (3.3.4.12) 

In x- and z- directions, the plates have immeasurable length hence equation (3.3.4.12) 

becomes, 

𝜌𝐶𝑝 (
𝜕𝑇

𝜕𝑡
+ 𝑣°

𝜕𝑇

𝜕𝑦
) = 𝐾

𝜕2𝑇

𝜕𝑦2
+ 𝜇 (

𝜕𝑢

𝜕𝑦
)
2

                                                                      (3.3.4.13)     

Since the flow is steady, equation (3.3.4.13) results to, 

𝜌𝐶𝑝𝑣°
𝜕𝑇

𝜕𝑦
= 𝐾

𝜕2𝑇

𝜕𝑦2
+ 𝜇 (

𝜕𝑢

𝜕𝑦
)
2

                                                                                   (3.3.4.14) 

Effecting electrical resistance of the fluid due to Ohmic heating which is 
𝐽2

𝜎
 equation 

(3.3.4.14) gives  

𝜌𝐶𝑝𝑣°
𝜕𝑇

𝜕𝑦
= 𝐾

𝜕2𝑇

𝜕𝑦2
+ 𝜇 (

𝜕𝑢

𝜕𝑦
)
2

+
𝐽2

𝜎
.                                                                          (3.3.4.15) 

From equation (3.3.2.8) 

 𝐽 = 𝜎𝑈𝐵𝑦.  

So  

 
𝐽2

𝜎
=

𝜎2𝑈2𝐵𝑦
2

𝜎
= 𝜎𝑈2𝐵𝑦

2.                                                                                    (3.3.4.16) 

But, 𝐵𝑦
2 = 𝜇𝑒

2𝐻𝑦
2. Therefore Ohmic heating is given by  

𝐽2

𝜎
= 𝜎𝜇𝑒

2𝐻𝑦
2𝑈2                                                                                                   (3.3.4.17) 

Substituting equation (3.3.4.17) to equation (3.3.4.15) results to  
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𝜌𝐶𝑝𝑣°
𝜕𝑇

𝜕𝑦
= 𝐾

𝜕2𝑇

𝜕𝑦2
+ 𝜇 (

𝜕𝑢

𝜕𝑦
)
2

+ 𝜎𝜇𝑒
2𝐻𝑦

2𝑈2                                                         (3.3.4.18)   

The initial conditions and boundary conditions used in this study were 

 u = 0 when t = 0   and   – a ≤  y ≤  at T = 0 
 

 u = 0 when t > 0 and  y = −a at  T = 𝑇𝑤   
u = U when t > 0 and y = a at  T = 𝑇∞ }

 

 

                                               (3.3.4.19)   

3.4 NON-DIMENSIONALIZATION 

This refers to the partial or complete elimination of units and substituting of an 

appropriate variable. This method communicates the nature of the model in an organized 

manner, consequently presenting the outcomes in the most competent, efficient, and 

logical way.  

This study uses the following dimensionless parameters;  

i. Eckert number 

It refers to the relation between heat transfer and dissipation of heat. It characterizes the 

influence of the self-heating of a fluid as a consequence of dissipation effects. It is 

expressed as 

𝐸𝐶 =
𝑈2

𝐶𝑝∆𝑇
                                                                                                         (3.4.1) 

ii. Prandtl number.  

It represents the relationship between diffusion of momentum and thermal diffusivity. It 

calculates heat transmission involving a solid object and a flowing fluid.  
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𝑃𝑟 =
𝑣

∝
=

𝜇 𝜌⁄

𝐾 𝐶𝑝𝜌⁄
=

𝜇

𝜌
.
𝐶𝑝𝜌

𝐾
=

𝐶𝑝𝜇

𝐾
                                                                       (3.4.2) 

iii. Hartmann parameter 

It shows the relation between viscous force and electromagnetic force. Hartmann 

describes the degree of significance of drag force as a result of viscous force and 

magnetic induction force. 

𝐻𝑎 = 𝐿𝜇𝑒𝐻√
𝜎

𝜇
                                                                                                 (3.4.3) 

iv. Reynold's number 

Reynold's parameter describes the relationship between viscous forces and inertial forces. 

It predicts turbulent and laminar fluid flow.  

𝑅𝑒 =
𝜌𝑢𝐿

𝜇
                                                                                                          (3.4.4) 

v. Suction parameter. 

This is the relationship between the fluid's main velocity and the fluid's flow through the 

pores. 

𝑆° =
𝑣°

𝑢
                                                                                                              (3.4.5) 

vi. Magnetic parameter. 

This is the relationship between inertial force and electromagnetic force. It is also 

referred to as the Stuart number given by 

M=
𝜎𝜇𝑒

2𝐻𝑦
2𝐿

𝜌𝑈
 = 

𝐻𝑎
2

𝑅𝑒
                                                                                                (3.4.6) 
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To non-dimensionalize the equation (3.3.3.11) and equation (3.3.4.18) and also the initial 

boundary conditions in equation (3.3.4.19), we use transformations below where the 

values with asterisks represent the dimensionless variables.  

𝑋∗ =
𝑋

𝐿
    𝑌∗ =

𝑌

𝐿
    𝑃∗ =

𝑃

𝜌𝑢2
    𝑢∗ =

𝑢

𝑈
    𝑇∗ =

𝑇−𝑇∞

𝑇𝑊−𝑇∞

    𝑡∗ =
𝑡𝑈

𝐿
                      (3.4.7) 

The following analysis was carried out using the above transformations in the equation. 

𝜕𝑢

𝜕𝑦
=

𝜕𝑦∗

𝜕𝑦

𝜕𝑢∗

𝜕𝑦∗
𝜕𝑢

𝜕𝑢∗
=

𝜕𝑢∗

𝜕𝑦∗
𝑈

𝐿
                                                                                               (3.4.8) 

𝜕2𝑢

𝜕𝑦2
=

𝜕

𝜕𝑦∗
(
𝜕𝑢

𝜕𝑦
)
𝜕𝑦∗

𝜕𝑦
=

𝜕

𝜕𝑦∗
(
𝑈

𝐿

𝜕𝑢∗

𝜕𝑦∗
)
1

𝐿
=

𝑈

𝐿2
𝜕2𝑢∗

𝜕𝑦∗2
                                                               (3.4.9) 

𝜕𝑃

𝜕𝑋
=

𝜕𝑋∗

𝜕𝑋

𝜕𝑃∗

𝜕𝑋∗
𝜕𝑃

𝜕𝑃∗
=

𝜌𝑈2

𝐿

𝜕𝑃∗

𝜕𝑋∗
                                                                                         (3.4.10) 

𝜕𝑇

𝜕𝑦
=

𝜕𝑦∗

𝜕𝑦

𝜕𝑇∗

𝜕𝑦∗
𝜕𝑇

𝜕𝑇∗
=

(𝑇𝑊−𝑇∞)

𝐿

𝜕𝑇∗

𝜕𝑦∗
                                                                                  (3.4.11)  

𝜕2𝑇

𝜕𝑦2
=

𝜕

𝜕𝑦∗
(
𝜕𝑇

𝜕𝑦
)
𝜕𝑦∗

𝜕𝑦
=

𝜕

𝜕𝑦∗
(
(𝑇𝑊−𝑇∞)

𝐿

𝜕𝑇∗

𝜕𝑦∗
)
1

𝐿
=

(𝑇𝑊−𝑇∞)

𝐿2
𝜕2𝑇∗

𝜕𝑦∗2
                                         (3.4.12)  

Substituting these equations (3.4.8) - (3.4.12) to equation (3.3.3.11) 

𝑣°
𝜕𝑢

𝜕𝑦
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
−
𝑈𝜎𝜇𝑒

2𝐻𝑦
2

𝜌
  

It becomes 

𝑣°
𝑈

𝐿

𝜕𝑢∗

𝜕𝑦∗
= −

1

𝜌

𝜌𝑈2

𝐿

𝜕𝑃∗

𝜕𝑋∗
+ 

𝜇

𝜌

𝑈

𝐿2
𝜕2𝑢∗

𝜕𝑦∗2
−
𝜎𝑈𝑈∗𝜇𝑒

2𝐻𝑦
2

𝜌
                                                        (3.4.13) 

Multiplying both sides of the equation (3.4.13) by 
𝐿

𝑈2
 we get 
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𝑣°
𝑈

𝐿

𝐿

𝑈2
𝜕𝑢∗

𝜕𝑦∗
= −

1

𝜌

𝜌𝑈2

𝐿

𝐿

𝑈2
𝜕𝑃∗

𝜕𝑋∗
+ 

𝜇

𝜌

𝑈

𝐿2
𝐿

𝑈2
𝜕2𝑢∗

𝜕𝑦∗2
−
𝜎𝑈𝑈∗𝜇𝑒

2𝐻𝑦
2

𝜌

𝐿

𝑈2
                                       (3.4.14) 

Simplifying to 

𝑣°

𝑈

𝜕𝑢∗

𝜕𝑦∗
= −

𝜕𝑃∗

𝜕𝑋∗
+ 

𝜇

𝜌𝐿𝑈

𝜕2𝑢∗

𝜕𝑦∗2
−
𝜎𝜇𝑒

2𝐻𝑦
2𝐿

𝜌𝑈
𝑈∗                                                                     (3.4.15) 

Substituting the dimensionless numbers to equation (3.4.15) results to 

𝑆°
𝜕𝑢∗

𝜕𝑦∗
= −

𝜕𝑃∗

𝜕𝑋∗
+ 

1

𝑅𝑒

𝜕2𝑢∗

𝜕𝑦∗2
−
𝐻𝑎
2

𝑅𝑒
𝑈∗                                                                             (3.4.16) 

Simplifying to 

𝑆°
𝜕𝑢∗

𝜕𝑦∗
= −

𝜕𝑃∗

𝜕𝑋∗
+ 

1

𝑅𝑒

𝜕2𝑢∗

𝜕𝑦∗2
−𝑀𝑈∗                                                                              (3.4.17)  

Similarly, substituting the equations (3.4.8) - (3.4.12) to equation (3.3.4.18) 

𝜌𝐶𝑝𝑣°
𝜕𝑇

𝜕𝑦
= 𝐾

𝜕2𝑇

𝜕𝑦2
+ 𝜇 (

𝜕𝑢

𝜕𝑦
)
2

+ 𝜎𝜇𝑒
2𝐻𝑦

2𝑈2  

We got  

𝜌𝐶𝑝𝑣°
(𝑇𝑊−𝑇∞)

𝐿

𝜕𝑇∗

𝜕𝑦∗
 = 𝐾

(𝑇𝑊−𝑇∞)

𝐿2
𝜕2𝑇∗

𝜕𝑦∗2
+ 𝜇 (

𝑈

𝐿

𝜕𝑢∗

𝜕𝑦∗
)
2

+ 𝜎𝜇𝑒
2𝐻𝑦

2𝑈2𝑈∗2                    (3.4.18) 

Multiplying both sides of the equation (3.4.16) by 
𝐿

𝑈∆𝑇
 becomes  

𝜌𝐶𝑝𝑣°
𝐿

𝑈∆𝑇

(𝑇𝑊 − 𝑇∞)

𝐿

𝜕𝑇∗

𝜕𝑦∗
= 

𝐾
𝐿

𝑈∆𝑇

(𝑇𝑊−𝑇∞)

𝐿2
𝜕2𝑇∗

𝜕𝑦∗2
+  𝜇

𝐿

𝑈∆𝑇
(
𝑈

𝐿

𝜕𝑢∗

𝜕𝑦∗
)
2

+ 𝜎𝜇𝑒
2𝐻𝑦

2𝑈2𝑈∗2
𝐿

𝑈∆𝑇
                                   (3.4.19) 

This simplifies to  



22 
 

 

𝜌𝐶𝑝𝑣°

𝑈∆𝑇
(𝑇𝑊 − 𝑇∞)

𝜕𝑇∗

𝜕𝑦∗
= 𝐾

(𝑇𝑊−𝑇∞)

𝐿𝑈∆𝑇

𝜕2𝑇∗

𝜕𝑦∗2
+ 

𝜇𝑈

𝐿∆𝑇
(
𝜕𝑢∗

𝜕𝑦∗
)
2

+
𝜎𝜇𝑒

2𝐻𝑦
2𝑈𝑈∗2𝐿

∆𝑇
                      (3.4.20) 

We multiply equation (3.4.20) by 
1

𝜌𝐶𝑝
 and consider ∆𝑇 = 𝑇𝑊 − 𝑇∞ obtaining 

𝑣°

𝑈

𝜕𝑇∗

𝜕𝑦∗
=

𝐾

𝜌𝐿𝑈𝐶𝑝

𝜕2𝑇∗

𝜕𝑦∗2
+ 

𝜇𝑈

𝐿∆𝑇𝜌𝐶𝑝
(
𝜕𝑢∗

𝜕𝑦∗
)
2

+
𝐿𝜎𝑈𝜇𝑒

2𝐻𝑦
2

∆𝑇𝜌𝐶𝑝
𝑈∗2                                              (3.4.21) 

Substituting the dimensionless numbers equation (3.4.21) results to  

𝑆°
𝜕𝑇∗

𝜕𝑦∗
=

1

𝑅𝑒𝑃𝑟

𝜕2𝑇∗

𝜕𝑦∗2
+ 

𝐸𝐶

𝑅𝑒
(
𝜕𝑢∗

𝜕𝑦∗
)
2

+
𝐸𝐶𝐻𝑎

2

𝑅𝑒
𝑈∗2                                                               (3.4.22) 

Non- dimensionalizing the initial boundary conditions in equation (3.3.4.19) 

At t≤ 0, 𝑡∗ = 
𝑡

𝑇
= 0 and 𝑡 > 0, 𝑡∗ > 0  

At  𝑇 = 𝑇𝑊, 
𝑇−𝑇∞

𝑇𝑊−𝑇∞
= 𝑇∗ = 1 and 𝑇 = 𝑇𝑊, 

𝑇∞−𝑇∞

𝑇𝑊−𝑇∞
= 𝑇∗ = 0 

At 𝑢 = 0, 𝑢∗ = 
𝑢

𝑈
= 0 and 𝑢 > 𝑈,  

𝑈

𝑈
= 𝑢∗ = 1 

At  𝑦 = −𝑎, 𝑦∗ =
𝑦

𝐿
= −

𝐿

𝐿
= −1 and 𝑦 = 𝑎, 𝑦∗ =

𝐿

𝐿
= 1 

 Non- dimensionalized initial conditions and boundary conditions become 

𝑡∗ = 0, 𝑢∗ = 0, 𝑇∗ = 0 , 𝑎𝑡 − 1 ≤ 𝑦∗  ≤ 1                                                            (3.4.23) 

𝑡∗ > 0, 𝑢∗ = 0, 𝑇∗ = 1 𝑎𝑡 𝑦∗ = −1  

𝑡∗ > 0, 𝑢∗ = 1, 𝑇∗ = 0 𝑎𝑡𝑦∗ = 1  
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CHAPTER FOUR 

 METHODOLOGY 

Finite Difference Method (FDM) 

FDM reduces PDES into algebraic matrix equations, which can be solved using computer 

software. The governing PDEs were presented in their finite difference approximations 

and then used FDM. For simplicity, we consider a 1D domain (space). Derivative of u 

with respect to t was given by,  

𝜕𝑢

𝜕𝑡
= 𝑢𝑡 = lim

∆𝑡→0

−𝑢(𝑡,𝑦)+𝑢(𝑡+∆𝑡),𝑢(𝑦)

∆𝑡
 .                                                                          (4.1.1) 

From the Taylors series, 

𝑢(𝑦 + ∆𝑦) = 𝑢(𝑦) + ∆𝑦𝑢𝑦(𝑦) +
∆𝑦2

2!
𝑢𝑦𝑦 +⋯+

∆𝑦𝑛−1

(𝑛−1)!
𝑢𝑛−1 + 0(∆𝑦

𝑛).                  (4.1.2) 

Truncating equation (4.1.2) to 0(∆𝑦2) gives 

𝑢(𝑦 + ∆𝑦) = 𝑢(𝑦) + ∆𝑦𝑢𝑦(𝑦) + 0(∆𝑦
2).                                                                 (4.1.3) 

Rearranging equation (4.1.3), we got finite difference approximation to partial derivatives  

𝑢𝑦(𝑦) = −
0(∆𝑦2)

∆𝑦
+
−𝑢(𝑦)+𝑢(𝑦+∆𝑦)

∆𝑦
                                                                              (4.1.4) 

Obtaining 

𝑢𝑦(𝑦) = −0(∆𝑦) +
−𝑢(𝑦)+𝑢(𝑦+∆𝑦)

∆𝑦
                                                                              (4.1.5) 
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Equation (4.1.5) holds at any point y. 

 

 Figure 4.1 mesh grid  

We consider a rectangular mesh grid with space variable (y) on the horizontal axis and 

time variable (t) on the vertical axis. The approximations of solutions were computed at 

mesh points (j, k) which gave the space-time references. Figure 4.1 gives approximations 

of mesh points of space and time variables. We write partial derivatives of the mesh 

points using the forward-time backward space finite difference method. For instance, 

𝑢𝑡 On average, for times k, k+1 is given by 

𝜕𝑢

𝜕𝑡
= 

𝑢𝑗
𝑘+1 −𝑢𝑗

𝑘

∆𝑡
 + 0(∆𝑡).                                                                                              (4.1.6) 

The finite difference expressions for U and T in equations were 
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𝜕𝑢∗

𝜕𝑦∗
=

𝑈𝑗
𝑘+1−𝑈𝑗−1

𝑘+1+𝑈𝑗
𝑘−𝑈𝑗−1

𝑘

2∆𝑦
                                                                                            (4.1.7) 

𝜕2𝑢∗

𝜕𝑦∗2
=

𝑈𝑗+1
𝑘+1+𝑈𝑗+1

𝑘 −2𝑈𝑗
𝑘+1−2𝑈𝑗

𝑘+𝑈𝑗−1
𝑘 +𝑈𝑗−1

𝑘+1

2(∆𝑦)2
                                                                     (4.1.8) 

𝜕𝑇∗

𝜕𝑦∗
=

𝑇𝑗
𝑘+1−𝑇𝑗−1

𝑘+1+𝑇𝑗
𝑘−𝑇𝑗−1

𝑘

2∆𝑦
                                                                                              (4.1.8) 

𝜕2𝑇∗

𝜕𝑦∗2
=

𝑇𝑗+1
𝑘+1+𝑇𝑗+1

𝑘 −2𝑇𝑗
𝑘+1−2𝑇𝑗

𝑘+𝑇𝑗−1
𝑘 +𝑇𝑗−1

𝑘+1

2(∆𝑦)2
                                                                         (4.1.9) 

Equations (4.1.7) and (4.1.8) were substituted to equation (3.4.17) 

𝑆° (
𝑈𝑗
𝑘+1 − 𝑈𝑗−1

𝑘+1 + 𝑈𝑗
𝑘 − 𝑈𝑗−1

𝑘

2∆𝑦
) =  

−
𝜕𝑃∗

𝜕𝑋∗
+ 

1

𝑅𝑒
(
𝑈𝑗+1
𝑘+1−2𝑈𝑗

𝑘+1+𝑈𝑗−1
𝑘+1+𝑈𝑗+1

𝑘 −2𝑈𝑗
𝑘+𝑈𝑗−1

𝑘

2(∆𝑦)2
) − 𝑀𝑈𝑗

𝑘                                            (4.1.10)    

Rearranging to get 

0 =  −
𝜕𝑃∗

𝜕𝑋∗
− 𝑆° (

𝑈𝑗
𝑘+1 − 𝑈𝑗−1

𝑘+1 + 𝑈𝑗
𝑘 − 𝑈𝑗−1

𝑘

2∆𝑦
) 

+ 
1

𝑅𝑒
(
𝑈𝑗+1
𝑘+1−2𝑈𝑗

𝑘+1+𝑈𝑗−1
𝑘+1+𝑈𝑗+1

𝑘 −2𝑈𝑗
𝑘+𝑈𝑗−1

𝑘

2(∆𝑦)2
) − 𝑀𝑈𝑗

𝑘                                                      (4.1.11) 

Making 𝑈𝑗
𝑘+1 the subject of the formula 

[
𝑆°

2∆𝑦
+

1

𝑅𝑒(∆𝑦)2
]𝑈𝑗

𝑘+1 = −
𝜕𝑃∗

𝜕𝑋∗
− 𝑆° (

𝑈𝑗
𝑘−𝑈𝑗−1

𝑘+1−𝑈𝑗−1
𝑘

2∆𝑦
) + 

1

𝑅𝑒
(
𝑈𝑗+1
𝑘+1+𝑈𝑗−1

𝑘+1+𝑈𝑗+1
𝑘 −2𝑈𝑗

𝑘+𝑈𝑗−1
𝑘

2(∆𝑦)2
) −

𝑀𝑈𝑗
𝑘                                                                                                                          (4.1.12) 
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𝑈𝑗
𝑘+1 = {−

𝜕𝑃∗

𝜕𝑋∗
− 𝑆° (

𝑈𝑗
𝑘−𝑈𝑗−1

𝑘+1−𝑈𝑗−1
𝑘

2∆𝑦
) + 

1

𝑅𝑒
(
𝑈𝑗+1
𝑘+1+𝑈𝑗−1

𝑘+1+𝑈𝑗+1
𝑘 −2𝑈𝑗

𝑘+𝑈𝑗−1
𝑘

2(∆𝑦)2
) − 𝑀𝑈𝑗

𝑘} ÷

(
𝑆°

2∆𝑦
+

1

𝑅𝑒(∆𝑦)2
)                                                                                                          (4.1.13 

Equation (4.1.9) and equation (4.1.8) are substituted to equation (3.4.22)  

𝑆° (
𝑇𝑗
𝑘+1−𝑇𝑗−1

𝑘+1+𝑇𝑗
𝑘−𝑇𝑗−1

𝑘

2∆𝑦
) =

1

𝑅𝑒𝑃𝑟
(
𝑇𝑗+1
𝑘+1−2𝑇𝑗

𝑘+1+𝑇𝑗−1
𝑘+1+𝑇𝑗+1

𝑘 −2𝑇𝑗
𝑘+𝑇𝑗−1

𝑘

2(∆𝑦)2
) +

  
𝐸𝐶

𝑅𝑒
(
𝑈𝑗+1
𝑘+1−2𝑈𝑗

𝑘+1+𝑈𝑗−1
𝑘+1+𝑈𝑗+1

𝑘 −2𝑈𝑗
𝑘+𝑈𝑗−1

𝑘

2(∆𝑦)2
) + 

𝐸𝐶𝐻𝑎
2

𝑅𝑒
(𝑈𝑗

𝑘)
2
                                                                                                              

(4.1.14)       

Making 𝑇𝑗
𝑘+1 the formula of subject 

(
𝑆°

2∆𝑦
+

1

𝑅𝑒𝑃𝑟(∆𝑦)2
) 𝑇𝑗

𝑘+1 = −𝑆° (
𝑇𝑗
𝑘−𝑇𝑗−1

𝑘+1−𝑇𝑗−1
𝑘

2∆𝑦
) +

1

𝑅𝑒𝑃𝑟
(
𝑇𝑗−1
𝑘+1+𝑇𝑗+1

𝑘+1+𝑇𝑗−1
𝑘 −2𝑇𝑗

𝑘+𝑇𝑗+1
𝑘

2(∆𝑦)2
) +

  
𝐸𝐶

𝑅𝑒
(
𝑈𝑗+1
𝑘+1+𝑈𝑗−1

𝑘+1+𝑈𝑗+1
𝑘 −2𝑈𝑗

𝑘+𝑈𝑗−1
𝑘

2(∆𝑦)2
) + 

𝐸𝐶𝐻𝑎
2

𝑅𝑒
(𝑈𝑗

𝑘)
2
                                                        (4.1.15) 

𝑇𝑗
𝑘+1 = {−𝑆° (

𝑇𝑗
𝑘−𝑇𝑗−1

𝑘+1−𝑇𝑗−1
𝑘

2∆𝑦
) +

1

𝑅𝑒𝑃𝑟
(
𝑇𝑗−1
𝑘+1+𝑇𝑗+1

𝑘+1+𝑇𝑗−1
𝑘 −2𝑇𝑗

𝑘+𝑇𝑗+1
𝑘

2(∆𝑦)2
)  +

𝐸𝐶

𝑅𝑒
(
𝑈𝑗+1
𝑘+1−2𝑈𝑗

𝑘+1+𝑈𝑗−1
𝑘+1+𝑈𝑗+1

𝑘 −2𝑈𝑗
𝑘+𝑈𝑗−1

𝑘

2(∆𝑦)2
) + 

𝐸𝐶𝐻𝑎
2

𝑅𝑒
(𝑈𝑗

𝑘)
2
} ÷ (

𝑆°

2∆𝑦
+

1

𝑅𝑒𝑃𝑟(∆𝑦)2
)             (4.1.16) 

Simultaneously, we solve equation (4.1.13) and equation (4.1.16) using matrix laboratory 

(R2018b) computer software.    
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CHAPTER FIVE 

RESULTS AND DISCUSSION 

Introduction  

Effects of variable pressure gradient on Magnetohydrodynamic flow between parallel 

plates considering variable transverse magnetic fields were investigated. The results were 

presented graphically using MATLAB (R2018b) computer software and discussed 

different parameters. Default values were chosen to observe the effect on varying 

parameter values. In this study, the default parameter values considered were: 

𝑝𝑔 = −200, 𝑆° = 450, 𝑅𝑒 = 1.25, 𝑃𝑟 = 0.06, 𝐸𝐶 = 0.03, 𝐻𝑎 = 1.1,𝑀 = 9.5  

5.1 Outcome of Reynold's number on temperature and velocity profiles 

We varied Reynold's number ( 𝑅𝑒) as  𝑅𝑒 = 1.25,2.25,3.25,4.25. The obtained results 

were presented graphically. All other variables were held constant. 

Figure 5.1a shows that the velocity of the flow decreased as Reynold's number increased. 

Since Reynold's number is the ratio of inertial forces to viscous forces, an increase in 

Reynold's number implies that viscous forces decrease as inertial forces increase hence 

reducing velocity. Viscous force is inversely proportional to inertia force, implying that 

an increase in Reynold's parameter causes a reduction of the velocity of the fluid. 
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Figure 5.1a: Outcome of Reynold's number on the velocity of the fluid 

Figure 5.1b: Outcome of Reynold's number on the temperature of the fluid 

From figure 5.1b, temperature decreases as the Reynolds number rises. Decreased 

viscous forces imply that friction force lessens, so the fluid temperature goes down, 

Bafakeeh et al. (2022).  
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5.2 Outcome of Prandtl parameter on temperature and velocity profiles 

Prandtl number (𝑃𝑟) was varied as 𝑃𝑟 = 0.06,0.07,0.08,0.09. The obtained results were 

presented graphically. All other variables were held constant. 

Figure 5.2a: Outcome of Prandtl parameter on the velocity of the fluid  

From figure 5.2a above, an increase in the Prandtl number did not affect velocity profiles. 

Prandtl number focuses on momentum diffusivity and thermal diffusivity Animasaun et 

al. (2022). Thermal exchanges affect the fluid's temperature; hence no effect on velocity. 
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Figure 5.2b: Outcome of Prandtl parameter on the temperature of the fluid 

In figure 5.2b, increased Prandtl parameter led to reduced temperature. Prandtl describes 

the relationship between thermal diffusion and momentum diffusivity. Momentum 

diffusivity dominates when the Prandtl number is higher hence reduced thermal 

conductivity resulting in decreased thermal boundary thickness consequently decrease in 

temperature.  

5.3 Outcome of Pressure gradient on temperature and velocity profiles 

Pressure gradient (𝑝𝑔) was varied as 𝑝𝑔 = −180,−185,−190,−200 .The obtained 

results are presented graphically. The negative sign on the pressure gradient indicates that 

pressure acts in the same direction as fluid flow. All other variables were held constant. 

Figure 5.3a below implied that the velocity of the fluid reduced as the pressure gradient 

increased. It was observed that at the stationary bottom plate, the flow assumed the 

velocity of the plate Turkyilmazoglu (2021). The velocity rises gradually to the 
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maximum as it reaches the center of the two plates, then decreases as it approaches the 

top plate. 

Figure 5.3a: Outcome of pressure gradient on the velocity of the fluid  

Figure 5.3b shows that as the pressure gradient increases, the temperature of the fluid 

rises. 

Figure 5.3b outcomes of pressure gradient on the temperature of the fluid 
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5.4 Outcome of the magnetic number on temperature and velocity 

profiles 

Magnetic number (𝑀) was varied as 𝑀 = 9.5,9.6,9.7,9.8. The obtained results are 

presented graphically. All other variables were held constant. 

From figure 5.4a below, a rising magnetic number lowers the velocity of the fluid. 

Lorentz's force, generally acting on the fluid due to the influence of magnetic fields, 

causes resistance to the fluid flow, slowing the fluid motion and reducing the flow's 

velocity. 

 

Figure 5.4a: Outcome of the magnetic number on the velocity of the fluid 
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Figure 5.4b: Outcome of the magnetic number on the temperature of the fluid 

From figure 5.4b, the temperature of the fluid increases when the magnetic number is 

raised. An increase in electromagnetic forces results in increased joule dissipation, 

increasing the fluid temperature Khan et al. (2022). 

5.5 Outcome of Hartmann number on temperature and velocity profiles 

Hartmann number ( 𝐻𝑎) was varied as 𝐻𝑎 = 1.1,1.2,1.3,1.4. The obtained results are 

presented graphically. All other variables were held constant. 
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Figure 5.5a: Outcome of Hartmann number on the velocity of the fluid 

From figure 5.5a above, the increase in Hartmann number did not affect the velocity 

profiles, Yasmeen et al. (2019). This is due to the presence of magnetic parameters. 

Figure5.5b: Outcome of Hartmann number on the temperature of the fluid 
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Figure 5.5b above describes how the temperature of the fluid increased when the 

Hartmann number was stepped up. An increase in Hartmann number increases joule 

dissipation hence higher temperatures. 

5.6 Outcome of Eckert number on temperature and velocity profiles 

Eckert number ( 𝐸𝐶) was varied as 𝐸𝐶 = 0.03,0.04,0.05,0.06. The obtained results are 

presented graphically. All other variables were held constant. 

Figure 5.6a: Outcome of Eckert number on the velocity of the fluid 

Figure 5.6a above implied that the increase in Eckert number did not affect velocity 

profiles. Eckert number affects thermal variations between the fluid boundary layer and 

does not affect the fluid's velocity. 
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Figure 5.6b: Outcome of Eckert number on the temperature of the fluid 

From figure 5.6b, as the Eckert number increased, the temperature profiles of the fluid 

increased. Rising Eckert number values increase the kinetic energy of the molecules; 

hence molecule collisions are more vigorous Zhang et al. (2022). An increase in 

collisions leads to heat disintegration in the bounded layer, consequently increasing the 

fluid temperature. 

5.7 Outcome of suction parameter on temperature and velocity profiles 

Suction number (𝑆°) was varied as 𝑆° = 450,452,454,456. The obtained results are 

presented graphically. All other variables were held constant. 
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Figure 5.7a: Outcome of suction parameter on the velocity of the fluid 

Figure 5.7a showed the velocity distribution of the fluid is increased by rising suction 

parameter values. The pressure of the fluid reduces due to the convection of the fluid 

particles on the surface of the plates Firdous et al. (2020). Reduced pressure results in 

decreased velocity. 

Figure 5.7b: Outcome of suction parameter on the temperature of the fluid 
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Figure 5.7b shows that the rising suction parameter increases the temperature profile. An 

increase in suction number decreases the boundary layer region, increasing the fluid's 

temperature gradient at the surface. 
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CHAPTER SIX 

 RECOMMENDATION AND CONCLUSION  

a. CONCLUSION 

The effect of variable pressure gradient on the magnetohydrodynamic flow between two 

parallel plates considering variable transverse magnetic fields was studied. This work has 

tried to determine the outcome of varying suction parameters, Eckert number, pressure 

gradient, magnetic parameter, Prandtl parameter, Hartmann number, and Reynalds 

number on temperature profile and velocity distribution. Conclusions deduced from the 

results of this study are; 

a) Prandtl number affects the temperature of the fluid. Increasing the Prandtl number 

led to a decreased temperature profile. 

b) An increase in magnetic parameters reduces the velocity of the fluid and raises the 

fluid's temperature. 

c) A Higher Eckert number can lead to a more significant temperature profile. 

Varying Eckert's number does not affect the velocity of the fluid. 

d) The suction number has to be increased for the velocity profile to decrease. 

However, a higher suction number results in higher temperatures.  

e) Also, a rising Reynold's parameter decreases the velocity of the fluid, while a 

greater Reynold's parameter can lead to reduced temperatures. 

f) The velocity of the flow can be decreased whenever the pressure gradient is 

increased. An increase in pressure gradient can result in to rise in fluid's 

temperature. 

g) Increased Hartmann number results in a higher temperature profile. 
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The results obtained in this research provide valuable information to different fields, 

especially in designing and modeling systems in dyeing industries, cooling of automobile 

moving parts, and extraction of metal industries. Moreover, the findings apply to 

Magnetodydrodynamic flow through a porous medium, widely used in 

magnetohydrodynamic power generators, aerodynamic heating, and separation of matter 

from liquids mixed using a centrifugal separator.    

b. RECOMMENDATIONS 

All the areas of magnetohydrodynamic fluid flow through parallel plates were not studied 

exhaustively. Other areas that can be considered for further research include; 

a) Variable suction. 

b) Compressible and unsteady flow. 

c) A compressible and steady flow 

d) MHD flow between two porous plates under the influence transverse magnetic 

field in three dimensions. 

e) Variable inclined magnetic fields. 
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APPENDICES 

APPENDIX I: MATLAB CODE 

clear 
clc 
Pr=0.06;  
Ec=0.03;  
Pg=-200;  
s=450; 
Ha=1.1;  
M=9.5; 
Re=1.25;  
tmin=0; 
tmax=1.00; 
Ny=244; 
Ly=246; 
%surrounding temperature 
tupper=20;tlower=20;tright=20;tleft=20;uupper=20;ulower=20;uleft=20;uri

ght=20; 
%initial function 
T=zeros(Ny,Ny); 
U=zeros(Ny,Ny); 
%increment values  
dy=Ly/(Ny-1); 
delY=dy; 
y=0:dy:Ny; 
dt=(tmax-tmin)/(Ny-1); 
%Initial conditions/  
T(1,:)=tupper; 
T(Ny,:)=tlower; 
T(:,1)=tright; 
T(:,Ny)=tleft; 
U(1,:)=uupper; 
U(Ny,:)=ulower; 
U(:,1)=uleft; 
U(:,Ny)=uright; 
%exterior nodes 
for t=tmin:dt:tmax 
%interior nodes 
for j=2:Ny-1     
    for k=1:Ny-1         
       U(k,j)=0;         
        T(k,j)=0; 
    end 
end 
%porous plate  
for j=Ny     
   for k=1:Ny         
       U(k,j)=-1; 
       T(k,j)=0;  
   end 
end 
for j=2:Ny-1     
    for k=1:Ny-1         
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        %U(K+1,J)=(-Pg-(U(K,J)*s-U(K+1,J-1)-U(K,J-

1))/(2*delY)+(1/Re)*(U(K+1,J+1)+U(K+1,J-1)+U(K,J+1)-2*U(K,J)+U(K,J-

1))/(2*delY*delY))-M*U(K,J))/((s/2*delY)+(1/Re*delY*delY));           
        U(k+1,j)=(-Pg-(U(k,j)*s-U(k+1,j-1)-U(k,j-

1))*(2*delY)'+(1/Re)*(U(k+1,j+1)+U(k+1,j-1)+U(k,j+1)-2*U(k,j)+U(k,j-

1))*(2*delY*delY)'-M*U(k,j))/(s*(2*delY)'+(Re*delY*delY)');          
        %T(K+1,J)=(-s*(T(K,J)-T(K+1,J-1)-T(K,J-

1))/(2*delY)+0.5/(Pr*delY*delY*Re)*(T(K+1,J-1)+T(K+1,J+1)+T(K,J-

1)2*T(K,J)+T(K,J+1))+(0.5*Ec*(1/Re)*(1/delY*delY))*(U( K+1,J-1)-

2*U(K+1,J)+U(K+1,J-1)-U(K,J-1)-2*U(K,J)+U(K,J-

1))+(Ec*Ha*Ha*U(K,J)*U(K,J))/Re)/((s/(2*delY))+1/(Pr*Re*delY*delY));            
        T(k+1,j)=((-s*(T(k,j)-T(k+1,j-1)-T(k,j-

1))/(2*delY)+0.5/(Pr*delY*delY*Re)*(T(k+1,j-1)+T(k+1,j+1)+T(k,j-1)-

2*T(k,j)+T(k,j+1))+(0.5*Ec*(1/Re)*(1/delY*delY))*(U( k+1,j-1)-

2*U(k+1,j)+U(k+1,j-1)-U(k,j-1)-2*U(k,j)+U(k,j-

1))+(Ec*Ha*Ha*U(k,j)*U(k,j))/Re))/(s/(2*delY)+1/(Pr*Re*delY*delY));     
    end 
end 
end  
figure(1) 
subplot(2,3,1) 
v1=plot(U(10,:),'r','Linewidth',1);  
title('EFFECTS OF REYNOLD NUMBER ON VELOCITY PROFILES');  
xlabel('DISTANCE ');  
ylabel('VELOCITY U');  
legend('Re=1.25','r') 
hold on 
v2=plot(U(10,:),'k','Linewidth',1);  
hold on 
v3=plot(U(10,:),'b','Linewidth',1);  
legend([v1,v2,v3],'Re=1.25') 
grid off 
figure(2) 
subplot(2,3,1) 
T1=plot(T(10,:),'r','Linewidth',1);  
title('EFFECTS OF REYNOLDS NUMBER ON TEMPERATURE PROFILES');  
xlabel('DISTANCE');  
ylabel('TEMPERATURE T'); 
hold on 
T2=plot(T(10,:),'k','Linewidth',1);  
hold on  
T3=plot(T(10,:),'b','Linewidth',1); 
legend([T1,T2,T3],'Re=1.25'); 
grid off 
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