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ABSTRACT
In turbulent natural convection transport mechanism, fluid motion is generated by
buoyancy-induced density gradients resulting from internal body forces due to heating.
The objective of this study was to conduct a numerical investigation of turbulent natural
convection in a 3-D cavity using the k- SST model and the PISO method. The problem
being investigated was computational study of turbulent natural convective flow using a
primitive variable to solve time averaged momentum equation instead of using the
vorticity-vector potential formulation. The statistical-averaging process of the mass,

momentum and energy governing equations introduces unknown turbulent correlations

into the mean flow equations namely Reynolds stress (u,u;) and heat flux (u,0), which

were modeled using k-w SST model. The RANS equations, energy and k-w SST turbulent
equations were first non-dimensionalized and the resulting equations were discretized
using Finite Volume Method and solved using PISO and SIMPLEC algorithms. Second
order upwind was set for the momentum and energy discretization equations. The
residuals convergence criterion was such as to reduce the absolute residuals below of
1.0 x 1076 for energy and 1.0 x 103 for continuity, momentum and k-w SST turbulent
equations. The solutions are presented at Rayleigh number of 1.58 x 10?2, an Aspect Ratio
of 0.5 and Prandtl of air of 0.71. The results were then validated using experimental
benchmark results. The results showed that use of PISO method improves convergence
time and speed, improves computational effort per unit time, absolute error in the solution
of flow variables diminishes faster, the Pressure term is solved and as a result, profiles for
wall shear stress and static pressure have been obtained and convective heat transfer is

more significant than conduction in turbulent natural convection in a 3-D cavity. The



velocity and thermal profiles obtained are important for thermal comfort, efficiency of
energy balance and the effectiveness of the ventilation system when modeling air flow in

buildings.
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CHAPTER ONE

INTRODUCTION
1.1 Background
In natural convention transport mechanism, turbulence is a flow regime characterized by chaotic
and stochastic changes. This includes low momentum diffusion, high momentum convection and
rapid variation of pressure and velocity in space and time. Turbulent flows exist everywhere in
nature from the jet stream to the oceanic currents. Turbulent flows are highly irregular and
random, they have high diffusivity, are non-linear and characterized by a strong, three-
dimensional vortex stretching mechanism which makes them rotational, 3-D and transfers energy
and vorticity to increasingly smaller scales until the flow gradients become so big that they are
smeared out by molecular viscosity. Because of these properties, turbulent flows are very

important to many engineering applications and industrial and agricultural systems.

1.2 Problem Statement and Justification

1.2.1 Problem Statement

Studies on simulating natural turbulent convection fluid flow in enclosures have been undertaken
before. For instance, research on natural convention in an enclosure with localized heating and
cooling was done by Gatheri (1997) and simulating natural turbulent convection fluid flow in an
enclosure using the standard k- model by Sigey et al. (2004). Research has been concluded to
obtain the model with the best approximation to the turbulent Reynolds stress in the RANS
momentum equation by Awuor (2012). The study is about investigating the change in velocity

profiles, temperature profiles, convergence time, stability and accuracy of the numerical code


http://en.wikipedia.org/wiki/Fluid_dynamics
http://en.wikipedia.org/wiki/Stochastic
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and any additional findings for the case when the momentum equation is solved using the

primitive variable by way of PISO and SIMPLEC algorithms.

1.2.2 Justification

In the previous related research by Awuor (2012), the vorticity-vector potential formulation is
used to eliminate the need to solve the pressure term in the momentum equation. In this
particular research, the pressure term is instead solved using the PISO method and SIMPLEC
methods which apply the primitive variable, and hence this is likely to change everything in
terms of obtained numerical data for temperature and velocity, during the assessment of the
performance of k-w SST model in predicting heat transfer due to natural convention in an air
filled cavity. Thus research will be important to engineering, industrial and agricultural systems

that require engineering solutions which depend on this kind of mathematical model.

1.3 Objectives
1.3.1 General Objective
To conduct a numerical investigation of turbulent natural convection in a 3-D enclosure using the

k-w SST model and the PISO method.

1.3.2 Specific Objectives
i.  To obtain simulated data for the k-cw SST models for the temperature and velocity near

the hot wall and the cold wall, using PISO and SIMPLEC algorithms.
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To compare simulated data for velocity and temperature, obtained using PISO algorithm,
SIMPLEC algorithm and the two- equation k-w SST model, near the hot wall and the cold
wall.

To determine the change in velocity profiles, temperature profiles, convergence time,
stability and accuracy of the numerical method and any additional findings, when the
primitive variable is employed to solve the pressure term as compared to the previous
work undertaken by Awuor (2012) when the vorticity-vector potential formulation was
used in solving the momentum equation.

To determine the better method in terms of convergence, stability and accuracy between
PISO method and SIMPLEC method in carrying out numerical investigation of turbulent
natural convection of air in a 3-D cavity.

To validate the obtained numerical results using experimental data, make conclusions
based on the obtained numerical data and make recommendations for future studies to be

undertaken along this line of research.

1.4 Significance and Anticipated Output

In the work by Awuor (2012), when the vorticity-vector potential formulation was used
in solving the momentum equation, the k — w SST model took 1 hour to converge after
1000 iterations. It is anticipated that PISO method coupled with the k — w SST model
would reduce the CPU time for very large problems, higher speed flows and turbulent

flows hence saving on computing resource requirement.
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ii.  The study is important in generating profiles upon which to model systems that facilitate
room ventilation in residential buildings that hold large audiences like lecture theatres
and indoor games auditoria.

iii.  The data for thermal profiles found in this thesis would be helpful in determining and
controlling the micro-climate in poultry houses for the thermal comfort of the birds
through insulation of roofs, walls and floor, ventilation, heating, cooling and lighting.

iv.  The manufacturing sector would equally benefit too as the studies would provide
information for correct velocity and temperature fields for manufacturing processes,

preservation, packaging and storage.

In the next chapter, we shall discuss the work done earlier on turbulent natural convection
transport mechanism in order to lay the foundation for the mathematical formulation in
investigating turbulent natural convection in a 3-D enclosure using the PISO algorithm, the

SIMPLEC algorithm and the k — w SST model.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

Air distributions in enclosed environments are crucial to thermal comfort, and computational
fluid dynamics (CFD) has been playing an important role in evaluating and designing various air
distributions. Enclosed environments, such as commercial, institutional, and residential
buildings; healthcare facilities; sports facilities; manufacturing plants; animal facilities;
transportation vehicles, are confined spaces with certain functionalities. It is therefore important
and essential to control air distributions in the enclosed environments. Nielsen (1974) was the
first one who applied CFD for airflow prediction in an enclosure. Generally, CFD predicts
turbulent flows through three approaches: Direct Numerical Simulation (DNS), Large Eddy
Simulation (LES), and Reynolds-Averaged Navier-Stokes (RANS) equation simulation with

turbulent models.

Jones and Whittle (1992) described in detail the current capabilities of CFD in building
simulation highlighting several advantages and disadvantages of turbulence modeling
techniques:-
) That the eddy viscosity method is robust and simple but when used with care can
compute acceptable results.
i) The k-epsilon model is the most widely used turbulence model as it is a compromise
between level of sophistication and computational efficiency. One assumption in the
k-epsilon model is that the flow is isotropic which is why the Reynolds stress model

was introduced.
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iii) The Reynolds stress model uses five differential equations in each cell of the domain
making it better deal with swirling flows, but also making it more computationally
expensive.

iv) The Large Eddy Simulation is an even more sophisticated type of turbulence
modeling requiring very fine meshes. The LES model is still at the research stage and
therefore not ready for use within engineering design.

V) The direct simulation or direct numerical simulation (DNS) approach solves the
turbulence equations directly, with no simplification and requires large computational

expense especially for large flow fields such as building simulations.

2.2 Natural Turbulent Convection

Natural turbulent convection in cavities attracts considerable interest from thermal scientists
given that it can be found in many industrial and/or civil engineering applications such as energy
transfer in rooms and buildings, nuclear reactor cooling, solar collectors and electrical
component cooling. A significant number of experimental and theoretical works have been
carried out in the past in an attempt to understand turbulent natural convective flows in

enclosures.

Dol and Hanjalic (2001) carried out a computational study of turbulent natural convection in a
side-heated cubic enclosure at a Rayleigh of 4.9x101° using Reynolds Averaged Navier-Stokes
equations (RANS) approaches. Their computations were performed with both 2-D and 3-D codes
using low-Reynolds-number k-¢ model and advanced second moment closures. They showed that

second moment closures are better in capturing 3-D effects and strong streamlines curvature at
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the corners. Davidson and Nielsen (1996) investigated the performance of low Reynolds k-w
model on turbulent buoyant convection flows with thermal stratification. The authors reported a
problem commonly encountered at moderate Rayleigh numbers (Ra=101° — 10%2): when
applying the k- model to buoyancy-driven cavity flows, the model is not capable of returning
grid-independent predictions owing to the transition regime along the vertical walls. It was found
that the buoyancy source term of the turbulence kinetic energy, G, exhibit strong grid sensitivity,
as this term is modeled by standard gradient hypothesis. By introducing a damping function, the
above grid dependence is eliminated. Furthermore, the modified G, renders the correct
asymptotic behavior near the vertical wall. Davidson and Nielsen (1996) did a numerical study to
investigate a buoyant flow in a cavity with two differentially heated side walls by means of large

eddy simulation.

Further research on natural convention in an enclosure with localized heating and cooling has
been studied by Gatheri et al. (1994). Gatheri et al. (1994) further investigated how to use False
Transient Factors for the Solution of Natural Convection Problems and has well done a
parametric Study of an Enclosure with Localized Heating and Cooling, Gatheri (1997). Sigey
(2004), not only did research on Numerical Free Convection Turbulent Heat Transfer in an
Enclosure but also carried out parametric studies on a rectangular enclosure using the standard k-
& model. Further work on natural turbulent convection has been about the use of mesh generation
for the solution of natural convection problems, Gatheri (2005), use of a variable False transient
for the solution of Coupled elliptic Equations and use of Buoyancy Driven Natural Convection
heat transfer in an enclosure and Magnetohydrodynamic (MHD) free convective flows past an

infinite vertical porous plate with Joule heating, Gatheri (2005).
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Okwoyo et al. (2013) did a numerical study of turbulent natural convection flow in a 3-D
enclosure with heaters placed on opposite walls and two windows each on the adjacent opposite
walls. The governing equations were discretized using three point central difference
approximations for non-uniform mesh. The results, in form of velocity and temperature plots,
showed the enclosure is stratified into hot region near the heater and cold region near the
window. Areas that needed further investigation included
1) forced convection and its effect on temperature distribution temperature distribution
and velocity profiles in a room
i) a more practical approach to engineering in order to reduce theoretical assumptions in
that work

iii) research of buoyancy driven natural convection in non-rectangular enclosures

Zimmermann (2014) did a numerical study of a turbulent natural convection problem with a
compressible Large-Eddy Simulation. Density changes due to temperature differences are
considered in the numerical model by a compressible coupled model. The fluid property profiles
showed an asymmetry which is caused by the non-Boussinesq effects of the fluid. Points of
further investigation in this study include

) Use of an in-compressible turbulent model simulation

)] Appearance of small deviations in the profiles from the similar results, mainly in the

vicinity to the heated walls.
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Hewitt (2014), investigated a range of porous convective systems at high Rayleigh number Ra
number, using numerical, theoretical and experimental techniques. The convective systems
included heat exchanger flow and high Ra porous convections in the presence of a thin, low
permeability horizontal layer. Results showed that;
)} When using Direct Numerical Simulations show the nonlinear evolution of the
instability results in a coarsening of the columnar flow
i) The horizontal length scale of the plumes in the interior of the cell increases
dramatically as Nusselt number Nu is increased and
iii) The presence of an interior low permeability layer can cause the Nusselt number to

increase from the value in the homogeneous cell with no interior layer

Awuor (2012) did a study to assess the performance of three numerical turbulence models;
K—¢& Kk —w, and k — w SST to find the model with a better approximation to the experimental
data in predicting heat transfer profiles due to natural convection inside an air filled cavity. This
involved solving the momentum equation using vorticity vector potential formulation. To do this,
the pressure gradient term is eliminated from the 2-D momentum equation by cross
differentiating the two components of the momentum equation and subtracting them. The
numerical data for the three models for velocity and temperature was obtained. The simulated
data compared to the experimental data. It was found that ¥ — ¢ model is ineffective at the
boundaries with high temperature gradient and performs better in a free stream flows. It was
further found that x — w SSTmodel accounts for the transport shear stress and gives highly
accurate predictions of the amount of flow separation under adverse pressure gradients. Awuor

(2012) further investigated the convergence time for the three models. The results showed that
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Kk —w SST model is a more accurate layer simulation under high temperature gradient as
compared with the k — e and k — w models. A numerical data was then obtained for a test
problem using the best model, Kk — w SST was found that the room is stratified into three
regions: a cold upper region, a hot region in the area between the heater and a warm lower

region.

Merits of using vorticity vector potential formulation were:
1) Pressure term is eliminated
i) Equations need to be solved to get values of the stream function i and vorticity ¢
Demerits of using vorticity vector potential formulation included
1) Difficulty to specify boundary conditions for vorticity thus causing solution
convergence issues
)] Pressure is required for calculation of density, wall shear stress, static pressure
profiles and other fluid properties
iii) To get pressure, vorticity is used which offsets computational saving

iv) Stream function does not exist in 3-D, so the method cannot be extended to 3-D

The research work by Awuor (2012) is the motivation behind this thesis because we seek to
address the four challenges encountered when using of the vorticity vector potential formulation,
as enlisted above, by using the primitive variable in solving the pressure term in the momentum
equation instead of eliminating the term as was the case with vorticity vector potential

formulation.
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Chapter three discusses governing equations, turbulence, non-dimensionalisation and

methodology for this numerical investigation of air in a 3-D enclosure.

CHAPTER THREE

MATHEMATICAL FORMULATION

3.1 Governing Equations

3.1.1 Introduction

The equations governing the flow of incompressible Newtonian fluid are derived from equations,
which enforce the conservation of mass, the conservation of momentum, and conservation of
energy. Equations governing natural convection in turbulent flow are represented by partial
differential equations. These equations are then decomposed by expressing fluid properties as the

sum of a mean and a fluctuating value.

3.1.2 Equation of Continuity

The equation is based on the law of conservation of mass. The law states that, the rate of increase
of mass within a controlled volume is equal to the net rate of influx through the controlled
surface. The general equation of continuity in Cartesian tensor notation according to Curie

(1974) is;

dp

d

For steady state, equation (3.1) reduces to;
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0
E(puj) =0 (3.2)
]

This equation expresses the fact that, as a fluid flows, matter is neither created nor destroyed and
that mass is conserved. The equation is applicable to any type of flow, compressible or

incompressible.

3.1.3 The Momentum Equation
This equation is derived from Newton’s second law of motion which states that the sum of the
forces acting on a control volume must be equal to the rate of increase of fluid momentum within

the control volume. In differential form, the Navier-Stokes equations can be expressed as;

0 9]

d
Fridii a_xjpuiuj = pF; + o, (7i5) (3.3)

Where pF; represents the body force per unit volume and m;; is the stress tensor, which for a
Newtonian, according to White (1974), can be decomposed to;
Tl.'l'j = _PSU + Tij (34)

in which §;; is the kronecker delta and 7;; is the viscous stress tensor, which is given by;

aui au] auk

c=pl—+=2 85—~ 3.5

where p and ug are the first and second coefficient of viscosity respectively. Therefore;

aui au] auk
nij = —P6ij +,Ll E a— +M56ija—xk (36)

j i
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Electromagnetic forces are not considered in this work and the force of gravity is the only body
force. Hence, in equation (3.3), putting F; = g; where g; is the force due to gravity in the x;

direction. Substituting equation (3.6) into (3.3) yields the momentum equation;

. __op 0 (0w 0w\ o 0w 3.7
atpuf anpuiuj - axi Py axj K axj axi Hs0 axk ( | )

3.1.4 The Energy Equation
The energy equation is derived from the first law of thermodynamics. It states that the rate of
energy increase in a system equals the heat added to the system and the work done on the system

and is often written according to Curie (1974) as;

Dh 0 dp 0 aq;

—t — h)=—+—(up)——+ )
Pt *ax, () =50+ 9x; () ox, (3:8)
where;

6ul~
b = Tl'j a—x] (39)

is the dissipation function, h is the specific enthalpy and g; is the local rate of heat transfer per
unit area. In equation (3.9), the heat produced by the external has been neglected. The heat is

modeled by Fourer’s law, namely;

= ﬂaT 3.10

in which A is the thermal conductivity. Equation (3.8) can be simplified using the definition for
specific enthalpy given as;
h=e+p/p (3.11)

where e is the specific internal energy. In differential form, equation (3.11) becomes;
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dh =de +pd(1/p) (3.12)
Using the first and the second law of thermodynamics (Hatsopolous and Keenan, 1965), the
change in specific enthalpy can be expressed as;

de = Tds — pd(1/p) (3.13)
where s is the entropy. Substituting equation (3.13) into equation (3.12) yields;
dh=Tds+1/pdp (3.14)

Because entropy depends on the pressure and temperature, it can be written as;

s=s(T,P)

d <aS) dpP + (65) dT (3.15)

s=(=— — :
op/ .. ap/,,

and using the general thermodynamic relations (Hatsopolous and Keenan, 1965);

1

B4 B-% (F) -
op/ . p’ op/, T’ oT p
T
Hence equation (3.15) simplifies to;
_ B, G
ds = de + T dT (3.16)

in which g is the volumetric coefficient of expansion and Cp is the specific heat at constant

pressure. Substituting equation (3.16) into equation (3.14) results to;
1
dh = CpdT + ;(1 — BT)dp (3.17)

Substituting equations (3.17) and (3.10) into equation (3.8) makes the final form of the energy

equation to be;
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0 o)+ (CopT) == (295 4 pr (2 £ 24P 4 3.18
op (LoD + g (CepuT) =5\ Mo ) Y FT 5c o, (3.18)

]

Equations (3.1), (3.7), (3.18) and the equation of state relating the local density to the local
values of temperature and pressure, coupled with appropriate boundary conditions discussed in
section 3.10, can be used to determine the velocity component w; and fluid properties p, p and T
in both laminar and turbulent flow. Even with the current advances in computer technology,
exact solutions to turbulent flows is not possible because of

1) Lack of an explicit equation for discussing pressure

i) Pressure and velocity are intricately coupled

iii) Presence of non-linear terms in the convective term

3.2 Turbulence Modeling

3.2.1 Reynolds Decomposition

Exact modeling of turbulent flow requires the exact solution of the Continuity and Navier-Stokes
equations which can be extremely difficult and time consuming due to the many scales involved.
To reduce the complexity, an approximation to the Navier-Stokes equation was developed by
Osborne Reynolds (1894) called the Reynolds-averaged Navier—Stokes equations (or RANS
equations). The concept entails decomposing the instantaneous fluid flow quantities in the

Navier-Stokes equations into mean (time-averaged) value and fluctuating value.

Reasons why we decompose the variables are:
i) When we measure the quantities, we are usually interested in the mean values rather

than the time histories.
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i) When we want to solve Navier-Stokes equations numerically, it would require a very
fine grid to resolve all turbulent scales and it would also require a very fine resolution
in time (turbulent flow is always unsteady since it is characterized by existence of
random fluctuations in the fluid and has infinite number of scales)

Modelling of turbulence is based on the concept that fluid properties at a given point exhibit a
net mean behavior with small fluctuations about it as a function of time. The instantaneous fluid
property ¢ as a function of time t is, at a given point is shown in figure 3.1 below where an

arbitrary flow property ¢ is shown at some location in the flow:

/&HAVM\(J

—

v

t

Figure 3.1 Fluid property of turbulence ¢ as a function of time t

The property ¢ could be a velocity components, pressure component, fluid temperature or any

other fluid property. We define the time average variable ¢ as;

1 (%
5 ET_J o dt (3.19)
0
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where T; is a time large enough such that ¢ is the same for any larger time for a steady mean
flow. The overbar denotes the time average of ¢. The instantaneous quantity ¢ may be written

in terms of a time average ¢ and a fluctuating quantity, as in;

O=0+¢ (3.20)

Similarly, for scalar quantities;
0=0+0¢ (3.21)

Where @ denotes a scalar such as temperature, energy, pressure or turbulent quantities.

3.2.2 Instantaneous Equations of Motion

A turbulent flow instantaneously satisfies the Navier-Stokes equations. We are generally
interested in finding only the gross characteristics in such a flow, such as the distributions of
mean velocity and temperature. In this section, we shall derive the equations of motion for the
mean state in a turbulent flow. The method of developing these equations of motion involves,
first writing the equations for the instantaneous quantities. Then we take the time average of both
sides, noting that if the quantity is valid instantaneously then it is also valid on the average for
some period of time. Finally we simplify the equations such that only the average quantities
appear. We assume that density variations are caused by temperature fluctuations alone. Under
the Boussinesq (1903) approximation, the equations of motion for the instantaneous variables are

found from equations (3.1), (3.7) and (3.18) which become;

p 0, _\
E+a—xi(puj =0 (3.22)
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0 0 . _ 0P _  0f fon ow\ - o 20
ot P T o PN T T ax, TPI T g |M\ay T B ) T 0P (3:23)
0 ,. - 0 ,. . o ( oT 0p  0u;p

—(CopT) + =—(CopTU,T) = —(Ao— | + BT (== + 2= | + 3.24
3¢ (CoPT) + 5 (CoPTUT) axj< ax)“g <6t+ ox; )" (3-24)

The equations satisfied by the mean flow are obtained by substituting the Reynolds
decomposition to the instantaneous continuity equation (3.22), momentum equation (3.23) and
energy equation and taking the average of the equations. From equation (3.22), we decompose

the variable %; and p into time average variables plus fluctuating components as given by

equation (3.20). Thatis p = p + p', T; = &; + u;.

3.2.3 Averaged Equations of Motion

a) Continuity equation for Turbulent flow
This equation is valid for turbulent flow, and the dependent variables (p and ;) represent
instantaneous quantities. Decomposing instantaneous continuity equation into its mean and

turbulent part yields;

a =~ ! a ~ ] — ny
a(p+p)+a—%(p+p>(uj+u]-)—0 (3.25)

Time averaging the entire equation gives;
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a ~ ! a ~ ! 7 ! _a ~ ! a ~ ! a7 ! —_
a(p+p)+a—x](p+p)(u]+u,)—at(p+p)+axj(p+p)(u,+uj)—0

Where

d . _0(+p)_09p 09 _9p
PP = T T T %

Because;

a ~ ! 27 ! a T ~q1! 157 ! !
a—x](p+p)(u]+uj) =a—x](pu]+pu] +p'U, + p'u))

Taking the time average, expanding and simplifying equation (3.28), we obtain;

0 - — - d - — —
—(ﬁﬁj +pu'; + p't; + p’u]’) =— (paj + p’u]’) sinceu’; = p’ =0

Given that the terms which are linear in fluctuating quantities become zero when time averaged.

Therefore the time averaged continuity equation becomes;

op 0 _

— +—(pu; + pul) = 2
T 7% (pu; + p'w)) =0 (3.26)

b) Momentum Equation for Turbulent Flow
Decomposing the instantaneous dependent variables of the momentum equation (3.23) into their

mean and fluctuating parts yields;
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d 0
5% @ +p)(@ +up) + 5% @+ p) (@ +u) (T + uf)

aP+pPy
=TT + (P +p)gi
N 0 o(u; + ujp) N (ﬂj + uj') N o(uy + uy)
0x; # 0x; ox; ST 0xy,

Averaging each term on both sides;

d d — d — — -
a(p_ + p’)(ﬂ] + u]’) = a—x](ﬁﬁ] +pu’, +p'u, + p’u]’) + a(ﬁﬁj +pu'; + p't; + p’u]’)

0 (o =
=E(puj+pu])

a ]
ox, ((/3 +p") (@, +u)(1, + uj)) =%, ((ﬁ +p) (@, +u)(u, + u;))

where;
p+p)Hu; + u{)(ﬁj + u}’) = (;317.]- + ﬁu} +p'u; + p’u]’-)(ﬁj + u]’)

= pu;i; + puju; + puill; + puju; + p'wdl; + p'wu; + p'uiil; + p'uju;

and;

P+ )@ +u)(T +w) = puj; + puwul + p'uu + pwu; + p'uy

so that;
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d _
a]((p+p)(u +u)(7 +u )) (p U + pww + p'iw + p'w i + p'uu))
d  __ _
= a—x] (pujuj + p’uiuj)
and;

d(P+P) 9o(P+P) a(P+P) a(P)
axl‘ B axi - axi B axi

(p+p)gi=@+pNg: =py;

Therefore;
d d(u, +u, u, +u o (i, + u 9] ou; 0u; ou
a_[ ( (1, z)+(1 ])>+lls5l]p (U + ) =_u<_l+_f> Sgij_kl
X, 0x, dx, 0xp 0x; ox;  0x; dxy
Therefore the Reynolds form of the equation becomes;
0 ,___ -
(Puf + ') + o (P, + p' Wiy
J

p— a(P) ~ a S 27 1PYU Ia,! Faglqa,!

= — ox, +pg; + a—xj(rij —Uip'u; — puu; — p uluj) (3.27)
In which
S LML) B 3.28
Tij = U axj ox; Us ijaxk (3.28)

c) Energy equation for Turbulent Flow
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Similarly, the energy equation (3.24) can be decomposed using equation (3.21) and the resulting

equation is time averaged and simplified by eliminating terms known to be zero to yield,

o a8,
a(CppT + Cpp'T') + a_xj(CP’Du’T)

_a;a+a;5+ ,ap'+a AaT Copu',T" — Cop'u,T" | + ® 3.29
T ot Tox  tax, o \Mox, CPPHY T RRP (3.29)

)] =Tl]a—xj+T’ - (330)

The 7;; in the equation (3.30) should be evaluated as expressed in equation (3.28).

The mean continuity and momentum equations adds unknown quantities which represent the
mean effect of turbulence. These terms enter the governing equations as turbulent transport
terms, such as p’uju; and density generated terms as p’u; and p’u;. In the mean energy equation,
the time averaging process introduces unknown turbulent correlation between temperature
fluctuation wT’ or W which, when multiplied by density p, they represent transport of heat
or mass due to fluctuation motion. The term -pu;T" is the transport in the direction x; or rather

the turbulent heat flux. Mass weighted averages eliminate the mean mass term p’u; and some

momentum transport terms such as pu’,u’, across mean streamline (Cebeci and Smith, 1974).
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Equations (3.26), (3.27) and (3.29) are equations generally accepted as governing the mean flow
quantities iz; and fluid properties p, p and temperature T. The different levels of approximations
involved when closing the equation system in equations (3.26), (3.27) and (3.29) listed in
increasing order of complexity, ability to model the turbulence, and cost in terms of

computational work are:

i) Algebraic models
i) One equation models
iii) Two-equation models

iv) Reynolds stress models

3.3 Reynolds Stress Equations
Let us refer to the time averaged continuity equation (3.26) and Navier-Stokes equation (3.27), in
which upper and lower case of letters would be used to refer to mean and fluctuating quantities

for the case of velocity components, written in Cartesian tensor below;

dp _
port (U =0 (3.31)
dpU; _ _ _ .
e “+ (pU,U)) j = —P; + [u(U; + U;;) — pu] (3.32)

3.3.1 Algebraic models
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An algebraic equation is used to compute turbulent viscosity, often called eddy viscosity.
Reynolds stress tensor is then computed using an assumption (i.e. the Boussinesq assumption)
which relates the Reynolds stress tensor to the velocity gradients and turbulent viscosity. Models

which are based on a turbulent (eddy) viscosity are called eddy viscosity models (EVM).

3.3.2 Boussinesg Assumption

In eddy viscosity turbulence models, the Reynolds stresses are linked to the velocity gradients
via the turbulent viscosity (i.e. The eddy viscosity concept presumes an analogy between the
molecular motions, which leads to Stoke’s viscosity law in laminar flow, and instantaneous
turbulent motion). This relation is called the Boussinesq assumption, where the Reynolds stress
tensor in the time averaged Navier-Stokes equation (3.32) is replaced by the turbulent viscosity

multiplied by the velocity gradients.

To show this, this assumption is introduced for the diffusion term at the right —hand side of

Equation (3.32) and make an identification;

@+ U;) — pugy] ; = [+ u) (U + Uj )] 5 (3.33)

Equation (3.33) on expansion and re-arrangement gives;

pu, = —ue(Uy; + Uj ) (3.34)
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If we do a contraction in equation (3.34) (i.e. setting i = j) the right —hand side gives;

wu, = 2k (3.35)

Where k is the turbulent kinetic energy. On the other hand, using the continuity equation ( 3.31),

the right-hand side of equation. (3.34) simplifies to zero.

3.3.3 The Eddy Viscosity Concept — The closure Problem

In order to make equation (3.34) valid upon contraction, we add 2/3 §;;pk to the right-hand

side of equation (3.34) so that;

- _ _ 2
pulu] = _.ut(Ui,j + Uj,i) + §6Upk (336)
Note that the contraction of §;; gives;

611 == 611 + 522 + 533 (3.37)

Equation (3.36) can likewise be written as;
ou,

Tij = =P U, = Ky (a_x, + 6_1;1) + 50k (3-38)

Where:
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- . is the turbulent or eddy viscosity, the proportionality parameter that links the turbulent
stresses and the mean flow velocity gradient ( or the mean strain rate). Like molecular

viscosity, its unit is Pascal seconds.

- Turbulent viscosity is not homogeneous, i.e. it varies in space. It is however assumed to

be isotropic i.e. it is the same in all directions.

-k is the turbulent kinetic energy (or the kinetic energy of the turbulent velocity

fluctuation) given by;

1
k= Eu{u{ (3.39)

This method was first postulated by Boussinesq (1903) and consequently denoted the Boussinesg

hypothesis.
Further;
T = ke OT 3.40
puj N Cp axi ( ) )

k. is the turbulent conduction coefficient. In contrast to molecular viscosity u and thermal
conductivity of the fluid A in laminar flow, u, and k, are not fluid properties but flow properties.

The problem at the moment is to device means of solving the turbulent stress, 7;; and the

turbulent heat W In this study, a two-equation model, k — w SST model, is used to solve this
problem. This is actually one of the most commonly used turbulence model. In this model, the
idea is to express turbulence viscosity as a function of x and w and then derive PDEs for x and
w. Relationships for eddy viscosity u; and turbulent specific dissipation w are required for

closure.
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1
The square root of the turbulent Kinetic energy k2 can be used to represent a velocity scale for

the large scale turbulent motion. Accordingly, the eddy viscosity is considered proportional to a

velocity characterizing the fluctuating motion and to a typical

length of this motion which

Prandtl (1945) called; mixing length. Using this equation, an eddy viscosity relation yields;

1
Ur < K21

1
pe = Cyk2l
Where [ the turbulent length is is scale and C, is a constant

empirically. From the definition of turbulent length scale;

where ¢ is turbulent dissipation.

The turbulent variable w was defined by Wilcox (1998) as;

(3.41)

(3.42)

which has to be determined

(3.43)

(3.44)

(3.45)
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Hence from equation (3.45) above, ¢ = C kw.

The eddy viscosity for the formulation, Wilcox (1998), using equation (3.44) where u, = C, K;

is;
K
e =— (3.46)
and
C
e, = HE (3.47)
B

The model includes two transport equations to represent the turbulent properties of the flow. The
first transport variable is the turbulent kinetic energy k. The second transport variable is the

specific dissipation w. It is the variable that determines the length scale of turbulence.

3.3.4 The Exact Kinetic Energy Equation
The equation for turbulent kinetic energy k = %u{u{ is derived from the Navier-Stokes equation,

assuming steady, incompressible constant viscosity, reads;

(pU:U)) j = —P; + uU; (3.48)

JJ-

Where , j denotes derivation with respect to x;.

The time averaged Navier-Stokes equation is;

(pUU),j = =P + uUy j; — (pu) (3.49)
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Subtracting equation (3.49) from equation (3.48), multiplying by u; and time averaging resultant

equation yields;

[pUlU] —pyU; ]],]u’l = _[P - P],lul + .u[Ul - Ul],]]ul + pal_]],]ul

The left hand-side can be written as;

p[(Ul + ul)(U] + u]) - ﬁlﬁj],]ul = p[Ulu] + ulU] + ulu]],]ul

Using the continuity equation,(pw;) ; = 0, the first term is re-written as;

p(ﬁluj),jul = pul, Ui,j

We obtain the second term (pU;) ; = 0 from;

1 1 = — . 7N
(pUik); = Ujp[zulu]],j = EpUj{ulul,j + ulul,]},jul =u,(pU),

(3.50)

(3.51)

(3.52)

(3.53)

Using the same technique as in equation (3.53) where [%ulu]]lj = %{ulul,] + wu,,},u, the

third term in equation (3.51) can be written as;

1 ——————————————
2 (pu]ulul),j

The first term of equation (3.51) on the right hand side has the form;

(3.54)
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P, = —(Pw), (3.55)

The second term on the right-hand side of equation (3.51) read;

#U W= .u{(ul,]ul),] - ul,jul,]} (3-56)
Using the approach as in equation (3.53), where [ wy ;= {u w,;, +uu,,},u, the first term
becomes;

_ i
#(ul,]ul),] = H’E(ulul)]j = .Ukjj (3.57)

The last term on the right-hand side of equation (3.50) is zero.
Now we can assemble the transport equation for the turbulent kinetic energy. Equations (3.52),

(3.53), (3.55), (3.56), (3.57) give;

= —pu,U; j — [y wpP+2 S P UL, — uk;j] ; u(u”u ) (3.58)

The terms in equation (3.58) have the following meaning.
I.  Convection: The rate of change of kinetic energy of turbulence i.e. the kinetic energy of
the fluctuation motion that is convected by the mean motion.

Il.  Production: The large turbulent scales extract energy from the mean flow.
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1. The first two terms represent turbulent diffusion by pressure-velocity fluctuations, and
velocity fluctuations respectively. The last term is viscous diffusion.
IV. Dissipation: This term is responsible for transformation of kinetic energy at small scales

to internal energy.

3.3.5 The Modeled k-Equation
In the exact kinetic energy equation (3.58), a number of terms are not known, namely the
production term, the turbulent diffusion term and the dissipation term.
i) In the production term of equation (3.58), it is the stress tensor which is unknown. Since
an expression for this is used in the Navier-Stokes equation, the same expression is used
in the production term. equation (3.38) inserted in the production term (term II) in

equation (3.58) gives;

= — — N\ 2 —
Pk = —pulu]Ul-'j = .ut(Ui,j + Uj,i)Ui,j +§6UpkUl,l (359)

The last term in equation (3.59) is zero for incompressible flow due to continuity as per
equation (3.31) above.
i) The triple correlations in term 11l in equation (3.58) is modeled using a gradient law

where we assume that k is diffused down the gradient, i.e. from region of high k to
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regions of small k (cf. Fourier’s law for heat flux: heat is diffused from hot to cold
regions), which yields;

Pl 3.60
Epujulul = O'_k J ( . )

Where gy, is the turbulent Prandtl number. There is no model for the pressure diffusion

term in equation (3.58). It is small and therefore simply neglected.

iii) The dissipation term in equation (3.58) is basically estimated as in the equation;

2
£e=0—=0~—
l/u 1

(3.61)
where O is the order of the function.

Which is a relation for the cascade process i.e. the energy dissipated at the small scales
can be estimated using the large scales u (the velocity scale) and [(the boundary layer
thickness or the order of the flow geometry) and ¢ = (m?/s3) is the energy per unit time
per unit mass [dissipation which is the rate at which kinetic energy is dissipated

(transformed) into internal energy at the smallest scales since the frictional forces

(viscous stresses) become too large].

Therefore, as per equation (3.61), the velocity scale is now;

u=k (3.62)

Therefore;
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E=VU, U, = ?v = % (3.63)
Where v = £
Hence;
3
WL, U, = pe = p— (3.64)

The modeled k equation can now be assembled to give;

3

— k2
Uk = (u+ 59k + P —p (3.65)

An additional transport equation is required to compute [. In the k¥ — w model, the length
determining equation w is used. This quantity is often called specific dissipation from its

definition which is;

S
Il
Xlm

(3.66)

The modeled x and w equations are respectively;

(pU;k) ;= [+ 5k j1; + P = Bwk (3.67)
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(pUjw) ; = [(u + O__)w,j],j + F(Cwlpk — Cy2pkw) (3.68)
w
Where;
K
He=p— (3.69)
€= B wk (3.70)

The constants are determined from experiments.
The wall boundary condition for the turbulent kinetic energy is k. = 0. Since the turbulent

kinetic energy is zero at the wall, then the eddy viscosity is also zero at the wall. Hence from the

definition of the specific dissipationw, (w = ﬁ), it implies that w should go to infinity at the
u

wall since k tends to zero. Basing on asymptotic arguments, Wilcox (1998) suggested that it be

60v

given the value Wyall = m

at the wall where Ay is the normal distance to the first point off

the wall. Free stream boundary conditions;

Vi Uco
V_ = 00001, We = 107 koo = Vooa)oo (371)

3.4 Final Set of Equations
For simplicity, from this point onwards, the over-bar indicating time mean values of the variables
and the prime indicating the fluctuating quantities will be replaced by the upper and lower case

letters respectively. The final set of equations for turbulent natural convection flows is:
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0
—+7(pUj +m) =0 (3.72)
j

0 - 0 __
E(PUL' +pu,) + E(PUin + U;ptr;)
j

opP 0

=——+P9i+a_

5 (tij — Uiptt, — i, — pui;) (3.73)
Xi

]

a(c T + CppT) + i (CppUT)
ot PP PP ox; PPY,

_ap+Uap+ ap+a laT Cou,T — Cou,T | + P 3.74
T Uox  Yax, o \Tax P T UPH 74
Where;,

_ 6Ul+0Ul s auk 3.75
Tij —H ax] axi Hs Y axk ( . )
© = +0Ul-+ 6ul+6u] ou, 375

i ox; # dx, 0dx,) 0x, (3.75)
d d
apk + o, (pUik)

_ 9w 0w 10 ou | __ ap 276

Y 0x, K ox, 0x,” 20x; pruthty = pit, 0x; PG~ Y 0x, (3.76)
o 00 __ 9 <( +ﬁ)a_“) I PR P (3.77)
ot " tox;  ox |\ o,/ 0x; dudcal K '
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3.5 Non-Dimensionalisation

This implies the partial or full removal of units from an equation involving physical quantities by
a suitable substitution of variables. This technique can simplify and parametize problems
where measured units are involved. In fluid mechanics, the adoption of a suitable non-
dimensional scheme is important, Jiyuan et al. (2012). An appropriate scheme does the

following:-

1) It expresses experimental and analytic results in the most efficient form
i) Makes the solution bounded for instance, temperature can be non-dimensionalized

such that it varies from 0 to 1.

The non-dimensional form of the governing equations (and boundary conditions) can be
achieved by dividing all the dependent and independent flow variables by relevant and
meaningful constant quantities. For lengths the variable can be divided by a characteristic length
L, (which is the width of the enclosure), all velocities by a reference velocity U,(which is the
inlet velocity), pressure by P, = pU? (which is twice the dynamic pressure for the channel) and
temperature by a suitable temperature difference (which is {T — T.}/AT, for the enclosure). The
mean variables and their corresponding fluctuating quantities have the scaling variables and so

non-dimensionalization is based on the following set of general scaling variables;

li Vi T_T*
X; = X; U; = U; U, P =PP, 0= AT,
U3 Lo
K =KU, E=¢ t=t— U= Wi — (3.78)
Lo U,

s = HsHo V =Vugp = ppo = CrCpp A=22
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In which L, is the characterized length, AT, is the characterized temperature difference and T, is
a convenient temperature that will result in ©® being bounded in the solution region. The prime
denotes a no-dimensional quantities and the subscript * denotes a variable that can be arbitrarily
defined to specify a non-dimensional scheme. The main rationale behind non-dimensionalisation
is to reduce the number of parameters, (Jiyuan et al., 2012). To apply these variables in the

continuity equation (3.72) gives the following equation;

dp Odpdp ot PRU.0p

at  dp dt dt L, ot

0x;  OU; 0x] 0x;  L,0x]
oU; _U.pp, 93Uy

p - [
0x; L, 0x;

9 _0p9p0%j _ po 0p'
dx; 0p dx{0x; L, 0x;

dp _ poUjU. dp

Tox; ~ L, 0x;

But;
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+U;——

Therefore;

0x; p 0x; 7 0x;

i L, 0x; L, 0x; L,

] ]

Similarly;

(o) _ pu,)

But;

d(pu;) _ poU. 0(pu;)

0x; L, 0xj

Therefore;

a(pu]) _ PoU. a(p'u],)
0x; L, 0xj

Adding all the non-dimensional form for continuity equation yields;

BU.0p  poU.0(U)) | poU.0(pw) _ o

Ly ot L, 0xj L, 0xj

L,

a(pUj) _ Uipp, OU;  PoUjU, dp’ _ poU*< Uy Ly 6p') _ poU. d(p'U")

1A
ax]-
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This simplifies to;

P,U, 6p+pOU d
Ly ot L, 0xj

—(pUj +pu) =0

Dividing through by y|elds

FTo (pU +puw)=0 (3.78)

The same procedure is applied to the mean momentum equation (3.73), the mean energy
equation (3.74), the turbulent kinetic equation (3.76) and the specific dissipation equation (3.77)

yielding the following equations respectively;

a(’U’+ﬁ)+a('uu’+u' )
—'U; +p'w) +—(p p'u,
at t L ax]

_ {Po }ap'+{gLo} ,
~ T puzfax; T luz Pl

d U — R —
+ E({ OLO} 7 — Uip'u; — p'uuy — p’u{u]’) (3.79)

— 9] -
— (cpp'® + cpp'6) + W(cpp’U]’G)

!
at .

_{ P, }ap'+U,aP'+ ap
"~ AepopoATS |0t~ 77 0x] W 0x,

;0 ({ Ao }/16@ 7 UG) { HoU. }(z) (3.80)
— | c - —_— :
0x; \\cpopoU.Ly)  0%; PP PP CpoPoAT,L,



a Ikl + a IU’kI
ot P T ox P
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_{ uo},6 0y 6u] ——0U; 10 ”’+{gL}’U’
~ p,U.L, Y ax;“f ax; axl — Py 0x; 20xj-pulu] vz P
P,y aP
- ! .81
{POU*Z}UJ 9%, (3.81)
a ! I+ a P’U, 14
ot P ? Tax Y
aul au] P, auk apP , o€’ Uy , 0uy du; duy,
5 (Wi +2 T ) 2 N
ax] ox/ P,U? axl ox, axk poU.L,)" 0x 0x] 0x]
+2{ U } ouj (Ou, duy, Ou) ou
PZUZL2 axkax poU.Ly)" 0x; \0x] dx] = 0x] 0x;
Ho 0%u; , Ou;
-2 ! .82
{pOU*L } ox; axk M gr 0x/ (3.82)
From this point, all equations and variables referred will be non-dimensional. To avoid

ambiguity, the primes that indicate non-dimensionality have been avoided for the remainder of

this work. Using a non-dimensional scheme presented above, equations (3.78), (3.79), (3.80),

(3.81) and (3.82) in general form bec

ap

T +—(pU +pu,)

ome;

(3.83)
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0
(pU + pu,) + (pU U; + Upu, )

apP 0
= —N;— + N,pg; + —(N3Tl-j — U;pu, — puu, — pulu]) =0 (3.84)
axi ax]

0 — 0 -
a(cppﬁ) + cpp0B) + a—x] (cppUJG)

=1L ap+Uap ap+a Lxla@ PO + cpp®
ot T Vex T Wax| T ox \ ¥ oy PPT TP
+ Ly (3.85)
O k2 Ut = A OO, Py 10 i\ p B 2P (386
atp ax] pU; luja ax] axl a pu’ u] aU Zpulgl 3u]a ( ' )
d d
apw + o, (pU]w)
0 B Jdu, 0u, + 2B,y auk aup 3 ow
= "o\ B, o, ox; 0x; o
2B 6UL aul- 6uk n auj au]' B 62Ui aul 387
1o, 0x; 0x;  Ox; 0xy 1# 0x;0xy, o 0x, (3.87)

Where the coefficients;

Ny, Ny, N3, Ly, L,, L3, A4, Ay, Az, By, By, B3 and B, are indicated in table 3.1 below.

Symbol Coefficient Scheme

U, J9BATL,
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N, B EU.F,
BU? ¢n
N, gLo 1
Uz n
N3 Ho 1
P,U.L, /G,
L, 2 E,Ec
CPopoAT*
L, 2, 1
CpoPo U*Lo Prwl Go
L3 MO U* EcRe_l
CPopoAT*Lo
A1 Uo 1
PoU.L, JGo
A, gLo 1z
Uz m
A, Po E,F,
poU? n
Bl nuO 1
Po U*Lo /Go
B, HoFo E,
UZL,U? JGo
B3 ( :u'O )2 1
P,U.L, N
B4_ gl’l'O FO
P,U3 G,

Table 3.1 Coefficients for Non-dimensional Governing Equations (3.84) — (3.87)
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By grouping the non-dimensional parameters, originally eight, the non-dimensionalized problem
will now involve only just three parameters (Re, Ra and Pr ) hence a significant reduction.
However In the chapter four, we describe the model, give the assumptions made and use them to
simplify the governing equations, formulate the model and give the PISO and SIMPLEC

boundary conditions.

3.6 Model Description

In this thesis, a numerical investigation of turbulent natural convection within a 3-D is
conducted. The geometry is illustrated in figure 3.1. It consists of a hot surface, located on the
left side of the rectangular cavity wall, and a cold surface on the right side. The enclosure is

heated on the hot wall (Red color) and cooled on the cold wall (blue color).

The measurement of Ampofo and Karyiannis (2003) were used. The reason being that
experiments by Ampofo and Karayianinis were conducted under very high accuracy and as such
the results form experimental benchmark data that will be used to validate this computational
fluid dynamics code. Therefore walls measures 0.75m by 0.75m wide by 1.5m. The hot and cold
walls of the cavity were isothermal at 323+0.15K and 283+0.15K respectively, giving a

Reyleigh number of 1.58 x 10°. Each of the remaining walls are adiabatic.

All boundaries of the enclosure are stationary, non-slip, rigid and impermeable. The fluid to be
used is air. Aspect ratio A=H/L=0.5, Where H is the height and L is the Length of the enclosure.

The characteristic length is taken to be the size of the enclosure in the x — direction.
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Initially, air is motionless the temperature of which is equal to the average temperature of the
vertical walls. Then temperature of the heater and that of the window are varied such that
T, > T,, where T}, is the temperature of the heater and T,, the temperature of the window. This
implies that the density gradient of the internal air is normal to the gravity and the buoyancy—
driven natural convection starts immediately the heat is applied. Due to the buoyancy, a fluid
motion is induced in the enclosure depending on the enclosure geometry (i.e. aspect ratio

A=H/L), the working fluid (which in this study is air) and temperature difference AT =T, — T,,

0.75m

H =

L =0.75m |
I

|A .
|‘ -

Fig. 3.3 Geometry of the 3-D numerical model

Furthermore, the Boussinesq Approximation (1903), as presented in section 3.7 below, is

assumed. In this research, we will zero in on the standard k¥ — w SST turbulence models as
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documented by Awuor (2012) and study the variables as used by Ampofo and Karyiannis
(2003). Besides this, we use the PISO algorithm, the SIMPLEC algorithm and the Finite Volume
Method to numerically investigate the velocity, thermal and pressure profiles of air in this 3-D
enclosure, any change in terms of accuracy and convergence time and any additional profiles.
3.7 Boussinesq Approximation
Boussinesq approximation applies if the Mach number of the flow is small and therefore the
propagation of sound or shock waves is not considered, the vertical scale of the flow is not too
large, and the temperature differences in the fluid are small, Boussinesq (1903). The following
Boussinesq assumptions are made in this study.
i) All physical properties of the fluid are constant except the density in the buoyancy term.
i) The fluid is Newtonian (i.e. exhibits a linear relationship between the shear stress and the
velocity gradient) and that there is no internal heat source.
iii) The variations of density are small hence negligible, however even weak density
variations are important in Buoyancy and so we shall retain variations in density due to
buoyancy forces in the vertical equation of motion. We define buoyancy as;

p (0 —po)
Po

b= (3.88)

Where(p — p,) is the density variation due to buoyancy force, p, the constant fluid
density and g the gravitational force.

iv) The variation of density p, due buoyancy forces is proportional to the temperature
difference AT.

v) The viscous dissipation effect may be neglected.
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Since the density in the buoyancy term varies only with temperature and this variation is small, it

follows that;

p=po+(T— T)( )To (3.89)

The coefficient of thermal expansion at constant pressure is defined as;

1 0
B, = (p o, (3.90)

Re-arranging Eg. (3.90) yields;

poﬂo - ( )To (3'91)
Substitution of Eq. (3.91) into Eq. (3.89) gives;

P =Po+ PoBo(T —Tp) (3.92)

Further re-arrangement of Eq. (3.92) using equation (3.91) yields;

p= po[l + Bo(T — To)] (3.93)

3.8 Simplifying Governing Equations
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Using the Boussinesq approximation and making use of figure (3.93) into the governing

equations, the equations governing natural convention of air in the enclosure are presented in

non-dimensional form for an incompressible turbulent flow as follows:

The continuity equation (3.83) becomes;

U,
—J_p
an

The momentum equation (3.84) becomes;

Ui L 9 pw = =28 o4 B (T =T g + —

ax]'

aU;
The energy equation (3.85) becomes;

or, 0 _0( A o _
ot ' dx; 7 9x;\CppoU.L, 0x; Y

The Turbulent kinetic energy equation (3.86) simplifies to;

ax]'

(3.94)

aU;
+ a_xl - U, (3.95)

(3.96)
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6k+ 0 o 0 Odu, OJy 0 (ulul P> _ay;
ot dx; ! _pOU*LOuJ ax,” ox,  0x, 6xjuj 2 thty 0x;
gLomgi
3.97
Uz p (3.97)
Or;
ak+aUk_ 4 aul+au] g (u‘ul+P)+P +G 3.98
ot "o Uk T VGx Tax) Tan T Tp) TRt (3:98)
where;
aU; U, g;
P. =, —,and G = PiLgi (3.99)
ax]'
Specific dissipation equation (3.87) becomes;
0 0 d U\ Ow
— — ) =— —=)— ~Y,+D 1
at(p‘””axl- (pwu;) 0%, l(u+%)ale+6w w * Do (3.100)

Where G, represents the generation of turbulent kinetic energy that arises due to mean velocity
gradients and G,, is the generation of w which are defined in the exact manor as the K-epsilon
model. Y, andY,, represent the dissipation of xand w due to turbulence. @, and «,, are
turbulent Prandtl numbers for k and w respectively. Although the density variations are
neglected everywhere in our case we note that where they cause buoyancy forces, like in the G,
term of equation (3.99) they are not neglected. These terms contribute to the generation of

motion and thus cannot be neglected (Launder, 1988;Gatheri, 1994).
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3.9 kK — w SST Model

The SST model is a combination of the k — & and k — w models. A blending function, which is
dependent on the local turbulent variables, is used to switch between the models. The shear
Stress transport k — w model is the only variation of the standard k-omega model available in
FLUENT. It was developed by Menter (1994) using the standard k-omega model and a
transformed x — ¢ model. The main difference is the way in which the model represents the
turbulent viscosity to account for the transport of the principal turbulent shear stress.

This model also incorporates a cross-diffusion term in the w equation and a blending function
triggers the standard k- w model in near wall regions, and triggers the k — & -like model in the
areas away from the surface. This is because, the k — & model is generally accurate in shear type
flows and is well behaved in the far field, while the k — w model is more accurate and more
numerically stable in the near wall region. These differences make the SST model more precise

for a larger variety of flows than the standard model.

Similar to the k — w model, the transport equations for x and w are slightly modified and are

given by;

d 0x

0 d 0 k
§(pl€) + 7(picui) == (u + —)— + G — Y, + Sk (3.101)
i j

He) dw

d 0 0
a (pa)) + a—XL (pa)ui) = a—x] [(u + a) a—le + Gw - Yw + Da) + Sw (3102)
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Where G, represents the generation of turbulent kinetic energy that arises due to mean velocity
gradients and G,, is the generation of w which are defined in the exact manner as the K-epsilon
model. Y,and Y, represent the dissipation of xandw due to turbulence. «, and «, are
turbulent Prandtl numbers for k and w respectively and S, and S, are source terms defined by
the user (i.e., user defined source terms). The D, is the cross-section diffusion and it blends the

standard k-epsilon model and the standard k-omega model and is defined as;

1 0k dw

Dw = 2(1 - F1)P0w,2 ZE% (3103)
177

Where F; is the blending function constant. The term G,, represents the production of turbulence

kinetic energy and is defined as;
Gy = min (G, 10pf*kw) (3.104)
Where G, is defined in the same manner as in the k — w model. The term G, represents the

production of turbulent kinetic energy. From the exact equation for the transport of k, may be

defined as;

(3.105)

G, = —puju; —
p L laxL

To evaluate G, in a manner consistent with the Boussinesq hypothesis,

Gy = 1, S2 (3.106)
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Where S in the equation represents the modulus of mean rate-of-strain tensor, defined as;

The term G, represents the production of w and is given is given by;

a
G, = —0G, (3.108)
Uy

This differs from that of the standard k — w model. The Turbulent viscosity is computed in a

different way from that used in the standard model and is given by;

S 3.109
He="0 1 SF, (3.109)
max [, 2 2]
at’ a,w

Where S is the strain rate magnitude and a*is the damping coefficient calculated using;

*

w=a (3.110)

K
w
The turbulent Prandtl numbers which were constant in the standard model are equated below and
incorporate the blending functions F; and F,. Blending functions have been added to the

Kk — w SST model to ensure that the model equations behave appropriately in both near wall and

far field zones.

1
Bl Fl/o'x,l +(1- Fl)/o'x,z

0, (3.111)
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1
g, = 3.112
© F/o,,+(1—F)/0y,, ( )
Where the blending functions, F; and F,, are given by;
F, = tanh(®7) F, = tanh(®2)
© — Vi 500u\  4pk
1= i max 0.09wy’ py2w aw,2D$y2]
>_
1 10k dw
D} = max|2p————10710
O,z W 0X; 0X;
Kk 500
o, = max |2 < 500K (3.113)
0.09wy " py?w

Where y the distance to the next is surface and D} is the positive portion of the cross-diffusion

term. The other constants specific to the SST k —omega model are given as;
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Ow1 = 2.0, 04, = 1168, 0y; = 1.176, 0y, = 1.0, a; = 0.31, B;, = 0.0828, B;; = 0.075.

The transport equations for the SST k¥ — w model can also be written in terms of effective

diffusivity of k and w, as;

6()+a( )—arak+é Yo+ S
at PK axi PKU; _ax. K k K K

(3.114)
j L 0%
d d 9] dw
a(pa)) + a(pwul) = a Fa)% + Ga) - Yw + Dw + Sw (3115)
l ] ]

Where I, and I, represent the effective diffusivity of k and w, respectively, which are given as;

U
T, =p+—
S,
T, =u+ :—; (3.116)

3.9.1 Dissipation of k

The term Y, represents the dissipation of turbulence kinetic energy, and is defined in a similar

manner as in the standard x — w model. The difference is as follows:-

In the standard k — w model, fz- is defined as a piecewise function. For the SST k — w

model, fz- is a constant equal to 1. Thus;
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YK = pﬂ*}ca) (3.117)

3.9.2 Dissipation of w
The term Y,, represents the dissipation of w and is defined in a similar manner as in the standard

model k — w model. The difference is as follows;

- Inthe standard k — w model, B; = 0.072 and f3 is defined in the equation (3.117) as;

1+ 70x,
J8 =T 80x
w
Xy = [/ (3.118)
1/0u; OJu;
Qij — (=t~
2\0 Xj d X;
For the SST k — w model, f3 is a constant equal to 1. Thus, ¥, = pB*w? becomes;
(3.119)

Vo = pBfykw?

Instead of having a constant value, §; is given by;
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Bi = Fifi1 + (1 — F)pBi (3.120)

And F; is as expressed in equation (3.113).

3.10 Boundary conditions

The following boundary conditions will apply for both PISO and SIMPLEC algorithms.

3.10.1 Temperature Boundary conditions

The choice of the non-dimensional © temperature will be such that 0 < © < 1; where 0 =
(T —T,)/AT,, so O is set at 1 on the heater and @ is zero at the window. AT, is the characteristic
temperature difference between the hot and the cold surfaces, i.e., AT, = T, — T,, in which T}, is

the temperature of the heater and T,, is the temperature of the window.
3.10.2 Thermal Boundary conditions

The problem at hand involves heating the left part of one wall and cooling on the right part of the

same wall, the two thermal conditions that were used are:-
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- Isothermal — for the vertical walls, represented by the equation ® = Constant. On the
heater and the window, the Dirchlet boundary conditions apply in which 0,,, = 1 and

Ocota = 0.
- Adiabatic — for the floor and the roof. The Neumann boundary condition applies in which

3—2 = 0 for the floor and roof ( n refers to the direction normal to a wall). For Instance,

on the floor or x — y plane; Z—S =0.

- Let the temperature of the heater be T}, and that of the window be T, . The temperature of

the heater and that of the window are varied such that T, > T,,.

3.10.3 Velocity Boundary conditions

No slip boundary condition is used. This implies, at the solid boundary, the viscous fluid will
have zero velocity relative to the wall. This is because, the particles of air close to the surface
will not move along with the flow, given that the adhesive force is greater than the cohesive
force. Consequently, the outermost molecules of the fluid are stuck to the surface upon which it

flows. Hence u = v = w = 0 at the surface.

Free slip boundary condition is used. In this rectangular enclosure, each boundary is assumed
impermeable. This implies the component of velocity normal to the surface/boundary is zero.
Justifiably, mass cannot penetrate an impermeable solid surface. For instance, in the x — y plane,

w = 0 if the plane is stationary.
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3.10.4 Pressure Boundary conditions for the Pressure-Correction Equation

Let the guessed pressure field p* = 760mmHg. Then the value of p’ at the boundary will be
zero. It is useful to start from p’ = 0 as the guess for all points, so that the solution for p’ does

not acquire a large absolute value.

Chapter four discusses the numerical method that assists us discretize the differential equations
governing the dependent variable in order to get a set of algebraic equations that connects the
values of the dependent variables for a group of grid points within a control volume. Thus
discretized equation expresses the same physical information as the differential equation. The
chapter also discusses the PISO and SIMPLEC algorithms used to solve the discretized

differential equations.

CHAPTER FOUR
THE NUMERICAL METHOD
4.1 Introduction
After the conservation laws governing heat transfer, fluid flow and other related processes are
expressed in differential form and modeled inform of temperature and velocity, they can be
solved using numerical methods, rather than analytical methods as discussed in section 3.1.4, to

determine pressure, temperature, mass flux, etc. for various situations and boundary conditions.

A discretization equation is an algebraic relationship that connects the values of the dependent
variable to a group of grid points within a control volume. Due to computational limitations, the

number of locations had to be finite. This type of equation was derived from the differential
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equation governing the dependent variable and thus expresses the same physical information as

the differential equation.

Our method for deriving the discretization was control volume formulation. To ensure that the
discretization equation results are not dependent on the profile assumptions, the solution was
checked for mesh independence. In the iterative process for solving a discretization equation, it
was desirable to use over-relaxation and under-relaxation factors in order to speed up and slow
down the changes, from iteration to iteration, in the values of the dependent variable. This was to

avoid divergence improve convergence ability.

4.2 Discretization of the Solution Domain

The process of space discretization involves dividing the computational domain into a finite
number of contagious control volumes, where the resulting statements express the exact
conservation of relevant properties for each control volumes. At the centroid of each control
volumes, the variable values are calculated. Interpolation is used to express variable values at the
control volume surface in terms of the center values and suitable quadrature formulae are applied

to approximate the surface and volume integrals.



The figure 4.1, above shows a typical two-dimensional mesh. Finite Volume Method was
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element center
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i

element

control volume

node

Fig. 4.1 Control-volume element

preferred to Finite Difference Method for the following reasons:

Spatial discretization is totally flexible. Any type of cell shape can be employed that
allow a large number of options for the definition of the shape and location of the
control volumes tetrahedral in the case of 2-D and hexahedra in the 3-D. This type of
unstructured mesh offers greater flexibility in order to accommodate irregularly

shaped boundaries. Hence you can handle complex geometries, reduce geometric

errors and give more resolutions in regions of interest.
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i) FVM naturally conserves variables when applied to PDEs expressing conservation
laws since, as two neighboring cells share a common interface, the total flow of a
conserved quantity out of one cell will be the same as that entering the other cell. As a

result, mass, momentum and energy are conserved even on coarse grids.

iii) This method requires no transformation of equations in terms of body-fitted

coordinate system as is required in Finite-Difference Method.

iv) FVM enjoys an advantage in memory use and speed for higher speed flows and

turbulent flows.

4.3 Variable Arrangement on the Grid

Before describing the discretization scheme, choice of arrangement on the grid requires some
consideration. Instead of a collocated grid, we used a staggered grid arrangement for this thesis
computation in order to evaluate the velocity components at the control volume faces while the
rest of the variables governing the flow field, such as the pressure, temperature, and turbulent
quantities, are stored at the central node of the control volumes. A typical arrangement is

depicted in figure 4.2, which is in 2-D, for convenience.
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Fig. 4.2 control volumes in 2D.

It can be demonstrated that the discrete values of the velocity components, u, from the
x —momentum equation are evaluated and stored at the east, e, and the west, w, faces of the
control volume. By evaluating the other velocity components using the y —momentum and
z —momentum equations on the rest of the control volume faces, these velocities allow a
straightforward evaluation of the mass fluxes that are used in the pressure correction equation.
This arrangement therefore provides a strong coupling between the velocities and pressure,
which helps to avoid some types of convergence problems and oscillations in the pressure and

velocity fields.

4.4 Discretization of the Governing Equations Using FVM

The process of discretization of the governing equations involved developing a set of algebraic
equations (based on discrete points in the flow domain) to be used in the place of the partial
differential equations. Basing on the advantages cited in section 4.1 above, we used FVM to

discretize the governing equation.
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For the finite-volume method, the computational domain is subdivided into a finite number of
contagious control volumes, where the resulting statements express the exact conservation of

relevant properties for each of the control volumes.

At the centroid of each of the control volumes, the variable values are calculated. Interpolation is
used to express variable values at the control volume surface in terms of the centre values and
suitable quadrature formulae are applied to approximate the surface and volume integrals. An
algebraic equation for each of the control volumes can be obtained, in which a number of the

neighboring nodal values appear.

4.5 Discretization of the Continuity Equation by FVM
Consider the continuity equation (3.94) in two dimensional form of figure 4.2. Integrating over

the cell P and applying Gauss’ divergence theorem to the volume integral, we get;

1 1
— | vudv=—| vda 4.1
AV ), AV JA (1)

Assuming that the velocity variable on the face is represented by its centroid value, we may

write;

1 1
4 7
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For a first-order derivative of U in two dimensions, the term along the x direction represented in

equation (3.94), can be approximated by;

(au)_ 1 audV_ 1 JA* ~ 15 y 43)
ox) "), ox " T ), M T av L '
=

Where u; the velocity variable values at the elemental surfaces and N denotes the number of
bounding surfaces on the elemental volume. For a quadrilateral element in 2-D for the structured
mesh as seen in figure 4.2, N has the value of four since there are four bounding surfaces of the
element. In 3-D, for a hexagonal element, N becomes six. Similarly, the first-order derivative for

U in the y direction is obtained in the same fashion, which can be written as;

(av)_ 1J avdV_ 1 JAY ~ 1i I 4
ay) "W Jy oy © T ), T T v LT '
=

It follows from equation (4.2) that the first order derivative for U in the z direction can be written

as;

(aW)_ L May = L wasz ~ 1i 4 (4.5)
ay) T avly oy Tav ), T T LT '
i=

For our considered mesh (orthogonal) in figure 4.2, using equations (4.2), (4.3) and (4.4), we get;

(ue — uy,)Ay + (v, —v,)Ax =0 (4.6)
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In 3-D, equation (4.6) becomes;

[(ow)e — (PW)w]AyAZ + [(pV)n — (pV)s]AZzAX + [(pwW); — (pw),]AxAy = 0 (4.7)

4.6 Discretization of the Momentum Equation by FVM

Consider the 2-D rectangular domain shown in figure 4.2. Assume that;
Q) the velocity vector U and the pressure P are stored at the cell centroids
(i) asteady state

The momentum equation in equation (3.95) in x and y may be written as;
V.(pVu) = V.(uVu) —VP.i + S, (4.8)
V.(pVv) = V.(uVu) —VP.i + S, (4.9)

Each of the momentum equations contains a pressure gradient term, a source term (S,, and S,,)

which contains the force term, as well as remnants of the stress tensor term.
Let us consider the pressure gradient term in the x-direction. In deriving discrete equations, we

integrate the governing equations (4.8) over the cell volume. To integrate the pressure gradient

over the control volume, we apply the gradient theorem, which yields;

f VPdY = f PdA = (P, — P,)A. (4.10)
AV
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Assuming that pressure at the face centroid represents the mean value on the face, where Pp — Pg
represents the pressure difference and A, is the area where the pressure difference acts. A
second-order derivative along the x direction, for the diffusion terms represented in the
momentum equation (4.8) can be evaluated as follows: - Consider the steady-state diffusion of
the generic variable @ in one dimensional domain. The equation that governs such a process is

given by;

i(r@) +S55=0 (4.11)
dx\ Ox

Where T is the diffusion coefficient and Sy is the source term. In order to discretize equation
(4.11) using FVM, we have to consider the physical domain as being divided into finite-control
volumes surrounding the nodal points W, P and E as in figure 4.2. The distances between the
nodes W and P, and between P and E, are identified by the respective notations dx;,, and &xg.
For this one-dimensional case, the control volume width surrounding the nodal point P is Ax
since Ay and Az have dimensions of unit length. To apply the finite-volume discretization to the

gradient term in equation (4.11) can be approximated by use of equation (4.3). This gives;
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fAV[ax +S]dV

_ 1 (ra”)dAx+1 S, dV z( )Ax
“av), \oax Av ), T av

1
— 4.12
t AVS LAV (4.12)

Here the projected areas Af for the one-dimensional case are given by Af = —A,, and A} =
Ag, and the source term S, is assumed to be constant within AV, which is the finite-control

volume. The final form of the discretized equation becomes;

L (rau) A — 2 (rau) Ay +S, =0 413
AV axe E w w u - ( )

To express an algebraic form for equation (4.13) with nodal points W, E and P, approximations
to the gradients du/dx at the west (w) and east (e) faces of the control volume are required. We
will assume the piecewise-linear gradient profiles spanning the nodal points between W and P
and between P and E to sufficiently approximate the first-order derivatives at w and e; the

diffusive fluxes are evaluated and equation (4.13) becomes;

FeAE uE —uP FWAW uP _uW
AV~ Sxg VA

S ) +Su=0 (4.14)
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Equation (4.14) presents a very attractive feature of the finite —volume method. This discretized
equation possess a clear physical interpretation. It states that the difference between the diffusive
fluxes of ¢ at the east and west faces of the control volume equal to the generation of ¢ and

constitutes a balance equation ¢ over the control volume. Equation (4.14) can be rearranged as;

AV

1 T,Ay T,Ay 1 (T,Ag 1 ([T, Aw
3 (e + ) e = a7 () e+ (

— 4.1
AV\S6xy  Oxy Sxg Sxy, )uW 5 (4.15)

+AV

As above, by identifying the coefficients of u; and uy, in equation (4.15) as a and a;, and the

coefficient of u, as a,, the algebraic form can be written as;

apu, = agug + ayuy +b (4.16)
Where;
TAg T,Ay
ag = A;SxE ay = A;&cw ap = ag + ay and b=3S,

equation (4.16) represents the discretized form through the finite-volume method for equation
(4.11). For the one-dimensional problem considered here, the face areas A; and Ay, are unity
since Ay and Az have dimensions of unit length; the finite-control volume AV is therefore the

width Ax.
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Let agpug + ayuy = aypU,y, USINg equations (4.8), (4.10) and (4.16), and a displaced or
staggered grid for the velocity components as in figure 4.3, as used by Harlow and Welch (1965)
in their MAC method, the resulting discretized momentum equation, in the x —direction, can be

written

au, = Z @ity + b+ (Po — P)A, (4.17)

Here the number of neighbor terms will depend on the dimensionality of the problem. For this
three dimensional case, six neighbor u’s would be included; where a, is the coefficient for the
main grid point, a,; are the neighbor coefficients that account for the combined convection-
diffusion at the control-volume faces. Here P is the main grid point. Its faces lie between the

point e and the corresponding locations for the neighbor u’s. The staggering is in the x direction
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only, such that the faces normal to that direction pass through the main grid points P and E.
Advantage— the difference P, — Pg can be used to calculate the pressure force acting on the

control volume for the velocity u; b = S.AxAy + ag@3 in which S, is the source term quantity;

o _ PPAXAYAZ . . . . -
ap ==—— @% is the known value of the unsteady term at the time ¢ i.e., at the beginning of

the time step. The pressure term gives rise to the last term in equation (4.13). Since the pressure
field will also be ultimately calculated, it is convenient to bury the pressures in the source term.
The term (P, — Pg)A, is the pressure force acting on the u control volume, A, being the area

which the pressure difference acts. For three-dimensional case, A, will stand for AyAz.

The momentum equation for the other directions are handled in a similar manner. For instance,
the y —direction momentum equation is staggered in the y —direction. Hence the discretization

equation for v, is given as;

AnVp = Z AnpVnp + b+ (Pp — Py)A, (4.18)

where (Pp — Py)A,, is the pressure force acting on the v control volume, where A,, is the area
which the pressure difference acts. (For 3-D case, A, stands for AxAz. Similarly, the

z —direction momentum equation is staggered in the z —direction and given as;

AnWe = Z AnpWnp + b + (Pp — P A, (4.19)

Where (Pp, — Pp)A; is the appropriate pressure force. Where the location t, lies on the

z —direction grid line between grid points P and T, Pantakar et al (1980). Where;
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(Pp — P;)A; is the pressure force acting on the w control volume, where A,, is the area which the
pressure difference acts. (For 3-D case, A, stands for AxAy). The momentum equations can be

solved only when the pressure field is given or is somehow estimated.

Unless the correct pressure field is employed, the resulting velocity field will not satisfy the
continuity equation. Such an imperfect velocity field based on the guessed pressure field p* will
be denoted by u*, v* and w*. This starred velocity field will result from the Solution of the

following discretization equations;

Qes = ) anptii, + b+ (05— PiAc (4.20)
anh = ) anptliy + b+ Pp — Pa)An (4.21)
aew; = ) awwiy + b+ () — A, (4:22)

Where the location t lies on the z —direction grid line between grid points P and T.
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4.7 The Pressure and Velocity Corrections

Our aim is to find a way of improving the guessed pressure p* such that the resulting starred
velocity field will progressively get closer to satisfying the continuity equation. Let the correct

pressure p be obtained from;

p=p"+p (4.23)
Where p' is the pressure correction.Next, we need to know how the velocity components respond

to this change in pressure. The corresponding velocity corrections u*, v*, w* can be introduced

in a similar manner;
u=u"+u, v=v'+v, w=w'+w' (4.24)

When we subtract equations (4.20) from (4.17) we have;

AeUe — aeuz = {Z AppUnp +b+ (PP - PE)Ae} - {Z anbu;klb + b+ (p;' - pE)Ae} (4-25)

Which results to;

Qe = ) anptt, + (05— DA (4:26)
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The PISO scheme we shall use approximates equation (4.26) by dropping of the term Y. a,,,u;,;

from the equation for the following reasons;

1) PISO algorithm is an improvement on SIMPLE, which uses semi-implicit approach
by dropping any term that would have an indirect influence of pressure correction on

velocities

)] on convergence, all the corrections tend to zero and there is no error induced on

dropping ) a,,u,,;, for obtaining the pressure equation.
iii) For computational convenience.

iv) PISO is an iterative approach and there is no reason why the formula designed to

predict p’ needs to be physically correct.

V) To expedite the convergence of the velocity field to a solution that satisfies the
continuity equation, we are allowed to construct a formula for p’ that is simply a

numerical artifice.

The omission on equation (4.26) results to;
aue = (pp — PE)Ae (4.27)

Dividing equation (4.27) through by a, yields;

ue = do(pp — DE) (4.28)
In which case;

A
d, == (4.29)
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Equation (4.28) will be called the velocity-correction formula. Using equation (4.24) we have;

U, =u, +u, (4.30)

Replacing u, in equation (4.30), from equation (4.28) results to;

U = Ug + de(p;) - p;;") (4'31)

This shows how the starred velocity u; is to be corrected in response to the pressure corrections
to produce u,. The correction formulas for the velocity components in other directions can be

written similarly:

Up =V + dn(p;’ - pIIV) (4-32)

wy = wi +d(pp — pr) (4.33)

4.8 The Pressure Corrections Equation

We shall now turn the continuity equation into an equation for pressure correction. We shall
assume that the density p does not directly depend on pressure, for the purpose of this three

dimensional derivation.

The continuity equation (3.1) can be written as;
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0 0 0 0
op 9w  9(pv)  O(pw) _
Jt dx dy 0z

0 (4.34)

We shall integrate equation (4.34) over the shaded control volume in figure 4.2, with the

following assumptions;

Q) For the integration of the term Z—’t’ we shall assume that the density pp prevails over

the control volume.

(i) Velocity components such as u, located on a control volume face will be supposed to

govern the mass flow rate for the whole face.

With these assumptions, the integrated form of equation (4.34) becomes;

p_P)AxAyA
frt )Atx Y22 ¢ [(pw)e — (P ]AyAZ + [(pv), — (pv)s]AzAX + [(pw), — (pw),]AxAy

=0 (4.35)

Substituting for all the velocity components the expressions given by the velocity-correction

formulas, such as in equations (4.30) — (4.32) yields;

0
pr-pp)AxAyAz . f . oo
St lpelul + de(ph — pR)} — pulus, + dy (i — pp)1AYAz

+ [pnivn + dn(pp — DN)} — Pslvs + ds(ps — Pp)]AZAX + [pe{w(

+de(pp — p1) — ppiwy + dp(pp — pp)]AxAy = 0 (4.36)
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Re-arranging equation (4.36) results to;

pp_pp)AxAyAz
At

+ [(pu")e — (pu)y]AyAz + [(pu™)y — (pu™)s]AzAX + [(pu™): — (pu™)p]
— pedeppAyAz — py,d,, D AYAZ — ppd,pyAzAX — psdspsAzAx — prdprAxAy — ppd,ppAxA
= —(ped.AyAz + p,,d,,AyAz + p,d,AzAx + p,dAzAx + p.d AxAy

Multiplying equation (4.37) by a negative one yields;

(pp — pp)AxAyAz
At

+ [(pu")w — (pu") JAyAz + [(pu™)s — (pu)n]AzAx + [(pu™)p — (pu"):]
+ pedeppAyAz + pyydyppAyAz + prdypyAzAX + psdspsAzAx + prd prAxAy

+ ppdpppAxAy

= (p.d.AyAz + p,,d, AyAz + p,d,AzAx + p;d AzAx + pd;AxAy

+ ppdpAxAy)pp (4.38)

Re-arranging equation (4.38), we obtain the following discretization; equation for p’;

appp = agpg + aypy + aypy + asps + arpr + agpp + b (4.39)
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Where,
ag = p.d.AyAz
ay = pwd,,AyAz
ay = ppd,AzAx
as = psd AzAx
ar = pydAxAy
ag = ppdpAxAy — (4.40)

ap = aE+aw+aN+a5+aT+a5

S — pp)AxAyA
b= LEZ PRIV | oury — (o )elyhz + [(ov"), -

(pv*)nlAzAx + [(pw™)p

— (pw)¢]AxAy B

Since the values of the density p will normally be available only at main grid points, the interface
densities such as p, may be calculated by any convenient interpolation. It can be seen from
equation (4.40) that the term b in the pressure-correction equation is essentially (the negative of)
the left-hand side of the discretized continuity equation (4.35) evaluated in terms of the starred

velocities. We have hence formulated all the equations needed for obtaining the velocity
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components and pressure. The application of PISO algorithm, to solve equations (4.17), (4.18)

and (4.19) is discussed in section (4.9).
4.9 The PISO Solution Algorithm
4.9.1 Predictor Step

The momentum equations can be solved only when the pressure field is given or is somehow
estimated to initiate the PISO calculation process. The pressure field is estimated as p* and the
discretized momentum equations (4.17), (4.18) and (4.19) solved to yield an approximate

velocity field component denoted by u*, v* and w* as follows;

ai,j,kuf,j,k = z AppUnp + (p;—l,j,k - p?,j,k)Ai,j,k + by jk (441)
Qi jkVijke = 2 npVnp + @i j-1k — Pijk)Aijk + bijk (4.42)
Qi jkWijk = % npWap + (05 j k-1 — Piji)Aijk + bijk (4.43)

The initial guess for the pressure may be correct or not.

4.9.2 Corrector Step 1

Velocity component obtained from predictor step may not satisfy the continuity equation, so we

define correction factor p’,w’,v"and u’ for pressure field and velocity field. Subtract the
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guessed pressure field p* from the correct pressure field p** to get the pressure correction factor
p' as in equation (4.44);
Pijk = Pijk ~ Pijk (4.44)

Using equations (4.28), (4.43), and applying the pressure correction factor to solve the
momentum equation (4.17), the corresponding correct velocity components u**,v**and w** are

found as follows;

Ui = Uijue + dije(Pisjne = Pijic) (4.45)
Ve =i+ dije(Pi ik — P'i,j,k) (4.46)
Wik =Wijk + dijk (P{,j,k—1 - Pi,j,k) (4.47)

Where p;7 " uis vk wiix : Correct pressure field and velocity components in the
x,y and z directions respectively. The first discretized pressure correction equation is deduced

from the momentum equations and the continuity equation and can be expressed as, Pantaker

(1980);

aPp = ) @usPup + by (448)

In this particular case then, basing on equation (4.48), the first pressure correction equation into
which mass fluxes as found at equations (4.45), (4.46), (4.47) are to be substituted to give the

pressure correction factor, will be;
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I _ 1 I / ’ ’
AijkPijk = Ai+1,jkPi+1,jk T Ai-1,jkPi-1,jk T Qi j+1,kPij+1,k T Aij-1,kPij-1k T Aijk+1Pijk+1

+ Qi jk-1Dijk—1 T bijk
With coefficients as given in equation (4.70).

4.9.3 Corrector Step 2

(4.49)

Using Operator splitting technique, the second velocity correction field can be found as follows;

*k _ * *k *k
Qi jrUije = Z AnpUnp + (pi—l,j,k - pi,j,k)Ai,j,k + bk

*k — * * %k * 3k
Qi jkVijk = 2 npVnp + @i j-16 — Pijk)Aijk + bijk

* % _ * * % * %
AijxWijk = 2 AnpVnp + (pi,j,k—l - Pi,j,k)Ai,j,k + bijk

kk *% * %k Kok ok
Qi Uik = z AnpUnp + P21k — Pija)Aijk + Dijk

sk *% Kok K Kok K
aijVijk = Z AnpVnp + (01 =1k — Pijk)Aijk + bijk

k k% — EX 3 k% % * %k %
Qi jxWijk = Z AnpVnp + Dij k-1 — Pijx)Aijk + Dijk

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)
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Note that the velocity in the term on the right hand side and in the term on the left-hand side are
evaluated at different iteration levels, hence the algorithm is called > Operator splitting PISO
algorithm”’. Subtracting equations (4.50), (4.51) and (4.52) from equation (4.53), (4.54) and
(4.55) respectively yields;

kkk

* %k
Qi jrUijk — QijkWijk
_ Kk * *okk *kk *k *k
= 2(anbunb — anpttny) + (07251 — PEjI) Aujke — D216 — Piii)Avjk

+bijx = bijk (4.56)

*k ok *k ok * %k *%

Qi jkViik = QijkVijk = 2(AnpVnp — QnpVnp) + (pi,j—l,k - Pi,j,k)Ai,j,k —Pilyjk —

Piji)Aijk t bijie = bij (4.57)

k% %k

kkk k% —_— k% * _ %k kk L. _ k% _
Wi j Wi — Qi jaWijkx = 2(@npWnh — GnpWnp) + (Pi,j,k—1 pi,j.k)AlJ,k Pijk-1

Piji)Aijk + bijee = bij (4.58)
Equations (4.56), (4.57) and (4.58) simplifies to;

* ok %

kkk — k% *k * kk sk _ k% _ k% L.
Qi j Ui jhe = Qi jeWijk T Z @b Uy — Unp) + (D711 — Pija)Avje = (i1 — Pija)Aijk

+ (Pﬁu,k - pz;‘,k)Ai,j,k +bijk—bijk (4.59)
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*k k% —_ * 3k
Qi jkVijk = QijkVijk
+ Y a0y — Vi) + (P51 — PO AL — (D55 -1k — P )Avj + by
nbVnb = Vnp Pij—1k — Pijr)Aijk — Pij-1k — Pijk)Aijk T Dijk
—bijr (4.60)
kkk *%
AijkWijk = Ai,jkWijk
+ Y apwiy —wip) + (071 — 25 Ak — (055 ko1 — P15 )Aijx + by
nb\*nb nb pl,].k—l pl,},k L,jk pl},k—l pl,],k i,j,k i,jk

—bijk (4.61)

Further simplification of equations (4.59), (4.60) and (4.61) results to;

Wik = Uikt Zup (Zi?k_ tnn) +dyj(pilejk —Pilix) (4.62)
vigi = i+ E I g (= i) (463)
i = wija+ EEI ) 4 (o = i) (464)
where d;j, = zi—j: p™*, v, u™* are correct pressure field and correct velocity components

respectively and p",v"”,u"” are second correction pressure and velocity field respectively.
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Therefore using equations (4.44), (4.45), (4.46)) and (4.47), pressure and velocities are corrected

as follows;

kkk

Pijk = Pijk T Pijx T Pijik (4.65)

2. Gnp (Unp — Unp)

Qi jk

* k%

— ' ,
Wik =Ujk T dijk (pi—l,j,k - pi,j,k) +

+dij(pilejn —piik)  (4.66)

2 @np (Vnp — Vnp)

a;jk

)k k

— * ! ’
Vijk = Vijrt di,j,k(pi,j—l.k - pi,j,k) +

+dy (Pl — Pilix) (4.67)

2 Anp(Whp — Wpp)

i jk

kk 3k

— ¥ ’ o
Wik =Wijet+dijk (Pi, k=1 pi,j,k) +

+d;jk (pl{,lj,k—l —piix) (4.68)

The discretized second pressure correction equation is deduced from the momentum equations
and the continuity equation and can be expressed as, Pantaker, (1980). In this particular case
then, basing on equation (4.48), the second pressure correction equation into which mass fluxes
as found at equations (4.66), (4.67), (4.68) are to be substituted to give the pressure correction

factor, will be;
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rn
JkPi gk

r + rn + 144 + 144 + rn +
Ai+1,j,kPi+1,jk T Ai-1,jkPi-1jk T A j+1.kPij+1.k T i j-1,kPij-1,k T Fijk+1Pijk+1

Qi jk-1Pi k-1 bijk (4.69)

Where;

Aiv1,jk = (PdA)i+1,j,k
Ai—1,jk = (PAA)i—1jk
aijr1x = (PAA)ijr1k
aij_1kx = (PAA)ij-1k
aijk+1 = (PAA)ijk+1
ajjk-1 = (PAA);j k-1

ai,j'k S

= Qiy1,j ket A1t je et -1t j 1T k-1 (4.70)

PA K% * pPA *k *
b=()ijk 2 Anp (Unp — Unp) = (i+rjk 2 Anp (Unp — Upp) +
(7)1‘, ik Z Anp (Vnp — Vnp) — (7) Lj+1k z Anp (Vnp — Vnp) +
pA * % *
(7)1’, ik Z Anp (Wnh — Wnp)

pA * %k *
- (7)i,j,k+1 z Anp (Wnp — Whp)




107

This solution algorithm can be summarized in a flow chart as illustrated in the next section.

4.10 PISO Flow Chart
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Stepd: salve pressure correction equation

Stepl: solve discretised momentum
equation

Step4:Solve second pressure correction Step3: Correct pressure and velocities
equation

Step6: Solve all other discretised

Steps: Correct pressure and velocities transport equations

Convergence?

Fig 4.4 PISO Algorithm flow chart

4.11 The SIMPLEC Solution Algorithm
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The SIMPLEC Algorithm follows the same steps as SIMPLE algorithm, with the difference
being, the momentum equations are manipulated so that the SIMPLEC velocity correction
equations omit terms that are less significant than those omitted in SIMPLE. Using equations

(4.17), (4.18) and (4.19), the discretized momentum equations in 3-D are given as;

Kk _ K% K% *k
Qi jrUijre = Z AnpUnp + @iZ1,jk — Pij)Aijx + bijk (4.71)
ok ok *% *k
Qi jkVijke = 2 AnpVnp + @i j-16 — Pijk)Aijk + bijk (4.72)
*x *k *k *x
Qi jkWijk = % npWnp + 077 k-1 — Piji)Aijk + biji (4.73)

The momentum equations will be solved by estimating the pressure field to initiate the
SIMPLEC calculation process. The pressure field is estimated as p*and the discretized

momentum equations (4.71), (4.72) and (4.73) solved to yield approximate velocity field

components denoted by u*, v* and w* as follows:

* _ * * *
i jrWUije = Z AnpUnp + Pi1,jk — Pijr)Aijk T Diji (4.74)

Qi jkVijk = 2 npVnp + @i j-1x — Pijx)Aijk + bijk (4.75)
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Qi jkWijke = 2 npWnp + D7 j k-1 — Piji)Aijk + bijk (4.76)

Velocity component obtained from predictor step may not satisfy the continuity equation, so we
define correction factor p’,w’,v'and u’ for pressure field and velocity fields. Hence
p' =p™ —p*, where p* the guessed pressure is field and p** is the correct pressure field. Using
equations (4.71), (4.72), (4.73) and applying the pressure correction factor to solve the
momentum equation (4.30) with equations (4.74), (4.75), (4.76) respectively, we get the

corresponding correct velocity component u**, v** and w**, as follows;

* %k *
Qi jkWUijk — ijrUijk
= AnpUnp T \Pi-1,j,k — Pijk)Aijk i,j.k

- [z npUnp + (Di-1jne = Pijac)Aijr + bi,j,k] (4.77)

* %k *
QijkVijk — QijkVijk
= AnpVnb Pij-1.k — Pijk)2ijk ijk

- [Z AppVnp + (pzj—l,k - p;,j,k)Ai,j,k + bi,j,k] (4.78)
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* %k *
AijxkWijk — Qi jkWijk
_ *% *k *%
= E AnpWnp + (Pi,j,k—l - Pi,j.k)Ai,j.k +bijk

- [Z anpVnp + (PLjo1ie = Piji)Aijr + bi,j,k] (4.79)

Which on simplification and re-arrangement yield;

ai,j,kuf,j,k = z Applpp + (P{—Lj,k - Pi,j,k)Ai,j,k (4.80)
Qi jkVijx = z A Vnp + (PLj—1k = Pijg)Aijk (4.81)
A jeWije = Z AnpWnp + (PLjk—1 — Pijx)Aijk (4.82)

SIMPLEC-Corrected (SIMPLEC) algorithm seeks to mitigate the effects of dropping velocity
neighbor correction term 3’ a,,u,,;, as in equation (4.27). SIMPLEC retains velocity correction

terms, but makes an approximation as follows;

[ |

Z AnpUnp = Ujjk Z Anp
/A |

AnbVnp = Vijk Anp
I ’

AnpWnp = Wik Anp



112

Using the approximations above, equations (4.80), (4.81) and (4.82) become;

(ai,j,k - Z anb) Ui = (Picvjne = Pijac)Aijk (4.83)
(ai,j,k - Z anb) Vijk = (P{,j—1,k - p{,j,k)Ai,j,k (4.84)
(ai,j,k - Z anb) Wi’,j,k = (P{,j,k—l - P{,j,k)Ai,j,k (4.85)

From equations (4.83), (4.84) and (4.85), the correction factor w; ;,,v; j, and w; ;. for velocity

fields can be written as;

Ui = dijk (P{—l,j,k - Pi’,j,k) (4.86)
Vijk = dijk (P{,j—1,k - p{,j,k) (4.87)
Wijk = dijk (P{,j,k—1 - P{,j,k) (4.88)

where dijx = Ai,j,k/(ai,j,k -2 anb)
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The initial guess for the pressure may be correct or not. Using the pressure-correction and
velocity-correction equations (4.23) and (4.30) respectively, and equations (4.86), (4.87) and
(4.88), we get the corresponding correct velocity component  u;7 ., v;j , and w;; , and pressure

i,j,k

correction written as;

Uit =uljp + dije(Pioyjn — p'i,j,k) (4.89)
Viik =Vijk T di.j,k(P{,j—Lk - Pi,j,k) (4.90)
Wik =Wijk + dijk (P{,j,k—1 - pi,j,k) (4.91)
Pijk = Pijk + Dijk (4.92)

We therefore then turn the continuity, as in equation (4.34) and solve for the pressure correction
factor as in equation (4.39), which is to be used for pressure and velocities correction as

summarized in figure 4.5 overleaf;
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4.12 SIMPLEC Flow Chart

start

Stepl: solve discretised momentum Step2: sahe pressure carrection equation
equation

I :
l Step3: Comrect pressure and velocities

Stepq; Solve all other discretised

transport equations

L

Convergence?

Eiod

Fig 4.5 SIMPLEC Algorithm flow chart
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4.13 Solver Settings and Validation

The numerical results for turbulent natural convection in a 3-D enclosure using the k-w SST
model and the PISO method will be validated against the experimental data provided by Ampofo
and Karayiannis (2003). These authors conducted an experimental study of low-level turbulence
in an air-filled vertical square cavity identical to the one in figure 3.3. This benchmark is at a
Rayleigh number of 1.58 x 10°. The local velocity and temperature were simultaneously
measured at different locations in the cavity and the mean quantities were presented. In the
present study, a computed turbulent buoyant flow with the low-Reynolds number, k — w SST is
carried out using Fluent 6.3.2 code. Unless otherwise noted, all temperature and velocity profiles

are taken at half of the cavity height or Aspect ratio A=H/L=0.5.

The case is set in Fluent 6.3.26 3-D model with a pressure based, segregated, unsteady implicit
crank-Nickolson formulation with Green-Gauss Cell gradient treatment. PISO algorithm is
selected for pressure-velocity coupling with relaxation factors of 0.3 for pressure, 0.7 for
momentum, 1 for density and 1 for energy. The pressure was discretized with prestto. Second
order upwind was set for momentum and energy discretization equation. The residuals criteria of
convergence will be such as to reduce the absolute residuals by three orders of magnitude for all
the variables in all cases. Turbulence was modelled using the k-w SST model. The relaxation
factors have been have been adjusted for each simulation in order to accelerate convergence. The
Fluent 6.3.2 code we have applied, uses finite volume technique to discretize the Navier-Stokes

equations.

In the next chapter, numerical results based on a PISO and SIMPLEC algorithm, will be

validated and discussed.
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CHAPTER FIVE

RESULTS AND DISCUSSION

The results presented here were obtained by solving equations (4.65), (4.66), (4.67), and (4.68)
by PISO and equations (4.89), (4.90), (4.91) and (4.92) by SIMPLEC for turbulent natural
convention of air in a 3-D enclosure of dimensions 0.75m X 0.75m X 1.5m and together with

the following the boundary conditions;
I.  The choice of the non-dimensional © temperature was such that 0 < 0 < 1.

Il.  The Dirchlet boundary conditions apply on the heater and the window, while the

Neumann boundary condition applies on the adiabatic walls.
I11.  No slip boundary condition is used at the solid wall boundary of the 3-D enclosure.

IV.  Free slip boundary holds for the component of velocity normal to the impermeable wall

surfaces.
V.  The initial pressure correction value p’ at the rigid and stationary wall boundary is zero.

The numerical results we have found with these boundary conditions are numerical solutions for
variables in k — w SST model, which will be validated against the experimental data provided

by Ampofo and Karayiannis (2003). This benchmark is at a Rayleigh number of 1.58 x 10°.
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5.1 Grid Convergence

iiiEEsE === —=—===

Fig 5.1 grid 80x80

The grid shown in figure 5.1 above is the standard grid used in these validations. The
computational grids are staggered and clustered towards the walls. Grids are staggered so that the
scalar variables like pressure, temperature, density and turbulent quantities are stored in the cell
centres of the control volume whereas vector variables like velocity and momentum are located
in the cell faces. This would provide a strong coupling between velocities and pressure. Hence
the odd-even decoupling, a discretization error that would lead to checker-board patterns in the
solution, leading to convergence issues is sorted out. Grids are clustered towards the wall
because, the flow in turbulent natural convection in an enclosure is characterized by a thin
boundary layer along the walls while the core is thermally stratified. The flow gradient are very
large in the boundary layer and require a large number of computational grids, in which the

values of dependent variables should be determined in order to capture the flow physics, hence
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the adaptive refinement towards the isothermal walls which is our region of interest. All
variables are calculated right up to the walls without using any wall function since the k —
w SST model would use its blending function to switch the model to the k — w model which is
more accurate and more numerically stable in the near wall regions. On the wall surface, the
boundary values for the velocity components and the turbulent kinetic energy are set to zero in

conformity with no slip boundary condition.
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Fig 5.2 Mass imbalance profiles on an 80x80 grid
The dimensionless temperature of the cold and hot walls are 0 and 1 respectively.
For a numerical method to bear a stable discretization equation solution / a grid independent
solution
i) The solved variables at all discrete cell locations should not change
significantly with further grid refinement/ as the grid density increases.
i) The computational domain should be devoid of distorted cells (long thin

cells) because grid cell distortion leads to a poorly converged solution.
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This outlines the importance of carrying out a mesh convergence test using a grid checker. This
we did by carrying out a grid independence test. This was done by computing the numerical
solution on successively finer grids. The difference in numerical solution between the coarse

(80x80) and finer (160x160) grid, was to be taken as the accuracy measure of the coarse grid.

In this case, the 80x80 grid was refined by increasing the number of grid points to 160x160 for
confirmation of grid independence. Figures 5.2 and 5.3 show a comparison of the residual mass
imbalance profiles for the flow generated on each of the grids. The numerical implication is that
as the mesh spacing or control volume size approached zero, the discretized equation solution

matches the exact solution.

Initially we did a test run using a coarse mesh. This had the following advantages

) It gave us the opportunity to evaluate the computers storage and
running time.
i) By this way, it was possible to assess the convergence and

divergence behavior of the solutions
i) The test run provided us with means of rectifying possible sources of

solution errors such as physical modelling or human errors.
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Fig 5.3 Mass imbalance grid on a 160x160 grid
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Evidently, the results obtained on the 80x80 grid do not differ from those obtained on the

160x160 grid layout. Therefore, we can conclude the discretization error has diminished to zero

and the grid independence has been reached.

Through the grid independence test we established that

I.  the discretization equation results do not depend on profile assumption.

ii. we have reduced computational cost by finding an optimum grid size of the control

volume, without compromising with the accuracy of the solution
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5.2 Solution Convergence by PISO Method

It was necessary to check whether the numerical code produced a discretization equation solution

that approached the exact solution of the differential equation as the grid spacing diminished to

zero. This was meant to assist us know when to stop the simulation being run.

There were two indicators that convergence had been reached,

)

Solver residuals imbalance (history). Solver residual represent the absolute error in
the solution of a particular variable. They represent the imbalances caused by the
guesses made at each iteration. A reduction in residuals by three orders of magnitude
was to indicate at least qualitative convergence. In this case residual plots would
show when the residual values have reached the specified tolerance. At the point of

convergence, all flow features would show.

The discretized equation for a general variable @ was deduced from the momentum
equations and the continuity equation by Pantaker, (1980) and expressed in simple

form as;

apBp = ) @uup + by (5.1)

In equation (5.1), a,, is the coefficient for the main grid is point P and a,, are the
neighbor coefficients that account for the combined convection-diffusion terms at the

control-volume faces. At the start of the simulation, the above equality would not

hold.
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The imbalance is called the residual, Rp, where;

Rp = ap®@p — (X anp@np + bp)

Residuals
—continuity
—x~vElocity
—v-velocity
—z-velocity

Energy

omeqd
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Fig 5.4 Scaled Residuals by PISO

240

i) The choice of convergence criterion is problem and code-dependent.

300

(5.2)

a) Residual convergence criterion of 1e-03 was chosen for turbulent kinetic energy,

specific dissipation rate and x—, y —and z — momentum equations and continuity

equation, was applied because after reaching this specified tolerance, the solution

had negligible mass imbalance (figure 5.2) and

no longer changed with

subsequent iterations. But the solution for energy was still changing at this point,

S0 its convergence criterion had to be further reduced as in (b) overleaf.
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b) Residual convergence criterion of 1e-06 was chosen for energy because it is at
this point that all major flow features for energy were established and the solution

no longer changed with subsequent iterations as the residuals stagnated.

In order to accelerate convergence, the following techniques were used

i)

i)

We ensured the problem under investigation was well posed/balanced by using a
good physical model, realistic guesses and working boundary conditions.
We supplied good initial conditions by computing an initial solution using a first-

order discretization scheme such as first order-upwind

Actual problem Initial condition

Heat Transfer Isothermal

Natural convection Low Reyleigh number
Turbulence Inviscid

Table 5.1 Good Initial Conditions

We gradually increased the under-relaxation factors. The process of slowing down the
rate of change between iterations is called under-relaxation. To avoid divergence in
the iterative solution of strongly nonlinear equations, under-relaxation is a very useful
tool. Excessively high values could have led to instabilities and convergent issues.
When running the simulation, under-relaxation was used to enable convergence
whereby relaxation factors of 0.3 for pressure, 0.7 for momentum, 1 for density and 1

for energy were set.
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At convergence, R, was found to become negligible as iterations increased. The solution no
longer changed after 250 iterations. Monitoring the representative flow variables through

iterations showed that the residuals had stagnated and did not change with further iterations.

For PISO, the residual convergence criterion for each variable was achieved and the residual
imbalance became negligible (i.e. the residuals had stagnated and did not change with further

iterations) after 250 iterations in a duration of 45 minutes.

5.3 Solution Convergence by SIMPLEC Method

Just like for the case with the PISO method, Convergence was monitored with residuals,
whereby a decrease in residuals imbalance by three orders of magnitude was to indicate
qualitative convergence whereby case residual plots would show when the residual values have

reached the specified tolerance.

A convergence of the root mean square residual of 1e-06 for energy and le-03 for turbulent
kinetic energy, specific dissipation rate and x—, y —and z — momentum equations, was sufficient
for significant physical results, as shown in figure 5.5. The residues had reduced to a sufficient

degree.

The solution was to be deemed to have converged when the convergence criterion for each
variable was reached. The default criterion was that each residual was to be reduced to a value of

less than 1073, except the energy residual, for which the default criterion was 107°.
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Fig 5.5 Scaled Residuals by SIMPLEC

In this case too, under-relaxation was used to enable convergence except for density, energy and

body forces. The values used ranged from 0.3 to 0.9.

For SIMPLEC, the residual convergence criterion for each variable was achieved and the
residual imbalance became negligible after 350 iterations in a duration of 1hr, 15min. This is

because;
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)} All discrete conservation equations of continuity, momentum and energy are obeyed
in all control volume cells

i) The imbalances caused by guesses made at each iteration have diminished to zero.

5.4 Validation of Results
Verification and Validation to assess the accuracy and reliability of results in this numerical code

was done against the experimental solutions obtained from Ampofo and Karayiannis (2003).

5.4.1 Temperature Profiles

Figure 5.6 shows the predicted results at the mid x-y plane of the enclosure. The time-averaged

temperature profile is estimated between the thermally active walls at the XY-mid-plane.

Temperature Profiles
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Figure 5.6 Comparison of the Mean Temperature at y/H=0.5
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From figure 5.6, the mean temperature profiles at the mid-width length show an almost uniform
distribution in the enclosure core. This shows that in the enclosure core region, there is very little
activity as the mean temperature gradient is nearly uniform. Therefore, buoyancy force is
minimal, so the fluid velocity is very small. This implies the kinetic energy needed for particle
movement is little and by implication, the turbulence level, turbulent stresses and heat flux are

less so there is very little activity.

In the core of the cavity, the predicted temperatures by both by PISO and SIMPLEC show a
minimum value which is lower than the experimental temperature values. This is due to a trace
of the cold draft emanating from the opposite wall, which according to measurements, should
have had time to totally mix while crossing over along the floor. Again this shows insufficient

mixing with the laminar core.

The PISO simulation yielded a temperature of 0.5 both at the center of the enclosure, and on the
near wall profiles. The SIMPLEC simulation yielded a temperature of 0.4 both at the center of
the enclosure, and on the near wall profiles. In the enclosure core region, there is very little
activity; the mean temperature is nearly uniform. From x=0.7 to x=0.98, the temperature holds
approximately constant, indicating that the fluid in the core area is nearly stagnant. The Steep
temperature gradients appear, before they reach their minimum at Non-dimensional distance 0.15
m afar from the hot wall, where the bulk region begins. Here, the temperature is almost

stationary and almost equal to the mean temperature.
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All in all, temperature profiles change steeply near the isothermal hot and cold walls. Near to the
vertical walls therefore, the temperature can be described by a linear law where temperatures

drop linearly with distance. This region is called the inner layer of the boundary layer.

5.4.2 Turbulent Kinetic Energy profiles

These are profiles of the mean kinetic energy per unit mass, associated with root mean square
fluctuating velocities (or eddies) in a turbulent flow. In this study, the turbulent kinetic energy is
produced by shear, friction and buoyancy, transferred by turbulence energy cascade and
dissipated by viscous forces (or molecular viscosity) at the Kolmogorov scales in the confluence.
Figure 5.7 displays the measured turbulent kinetic energy on the mid-width plane and the

corresponding profiles obtained with PISO and SIMPLEC numerical simulations.

Turbulent Kinetic Energy
14
12

10

Experimental
PISO
= SIMPLEC

TURBULENT KINETIC ENERGY

O W« 1N &N 1N M N S 1N D D W IN N W 0 1 @ L o
O 0O 4O NOMmMOYTOoOwmwWOoOWwOoONKOo®O A g
© 0@ o0 @ o0 @ o0 Qo @ oc Q@ o @ o @ o @<
o o o o o o o o o o

X/L

Fig. 5.7 Comparison of the Turbulent Kinetic Energy at y/H=0.5
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Both the predicted and experimental profiles are asymmetrically distributed between the hot and
cold walls and reach their maximum close to the hot wall given that turbulent kinetic energy
varies with temperature gradients. The reason being shear stress, friction and buoyancy produces
turbulence that causes an increase in fluctuating velocities near the hot surface. A comparison
shows that the numerical prediction by both PISO and SIMPLEC induced lower turbulence
kinetic energy than the experimental results. In the core, at the middle section, there is very little
activity and the turbulence level is very small. The reason being there is low temperature
gradient hence low buoyancy, less friction and shear stress that is why the turbulent kinetic

energy falls to zero.

5.4.3 Local Nusselt Number

Figure 5.8 shows the heat transfer rate along the hot wall expressed in terms of the ratio of the
convective to the conductive heat transfer across the boundary layer (local Nusselt number
distribution). Using MADP by averaging the absolute values of the forecast errors, the

SIMPLEC method over predicts Nusselt Number with a difference of 18 %,
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Fig. 5.8 Comparison of Local Nusselt Number along the Hot wall
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on the lower half of the hot wall, then under-predicts it but weakly compared with the measured

data on the upper part of the wall.

The PISO method over predicts Nusselt Number with a difference of 9 %, on the lower half of
the wall, then under-predicts it but somewhat less strongly compared with the experimental data
on the upper part of the wall. The over prediction of the Nusselt number in the initial parts of the
hot surface may be related to the local minimum of temperature and residual cold draft coming
over from the cold surface hence insufficient mixing between the laminar and turbulent core,
which induces the sharper temperature gradient as seen and increases the convective heat transfer

coefficient as seen in figure 5.6.

5.4.4 Mean Vertical Velocity
Figure 5.9 shows the profiles for rate of change of vertical displacement of the fluid particles

with time. The profiles are asymmetrical and with a peak near the heated surface.

The rise is caused by the fluid gaining kinetic energy due to higher temperature gradient at the
heated surface. The fall is due to (a) local minimum temperature (b) the cold drift coming over
from cold wall. The two factors diminish the temperature gradient and make the kinetic energy in

the fluid to dissipate.

As seen in figure 5.9, there is good agreement between the experimental data and the predicted

data in terms of the mean velocity. The peak value of velocity is particularly well captured by
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both PISO and SIMPLEC methods. In the enclosure core region, there is very little activity and

hence the fluid velocity is very small.
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Fig. 5.9 Comparison of the vertical velocity
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5.4.5 Mean Horizontal Velocity
Figure 5.10 shows the profiles of the rate of change of horizontal displacement of the fluid with

time.
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Fig. 5.10 Comparison of the Horizontal velocity

The rise of velocities near the heated surface of the cavity is as a result of fluid gaining kinetic
energy from the heated wall causes an increased convective heat transfer coefficient, while the
drop of velocities after 0.04 from the hot wall is as a result of;

(a) Local minimum temperature

(b) The cold drift coming over from the opposite cold wall.

Resultantly, factors (a) and (b) above make the energy in the fluid dissipate.

All in all, there is good agreement between the experimental data and the predicted data in terms

of the mean horizontal velocity, as shown in figure 5.10.
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5.5 Velocity Vectors by PISO algorithm
Figure 5.11 below shows the predicted velocity vectors at X=0 i.e., on the hot wall at a Rayleigh
number of 1.58 x 10°. The figure shows the typical patterns observed in natural convection

flows, on the thermally active walls.

At the hot wall as seen from the velocity vectors in figure 5.11, air motion is driven by buoyancy
resulting from density gradients produced by internal body forces. The density gradients can
arise from mass concentration and/or temperature gradients in air where a heated surface is

submerged in cooler air.

The cooler air will absorb kinetic energy in the form of the intense heat generated from the
heated surface and become less dense. Buoyancy effects due to body forces which are thermally
generated will cause the heated air to rise. At this point, the surrounding, cooler air will move in

to take its place.

The cooler air is then heated and the process continues resulting to a clockwise convection
current that continuously transfers away energy from the heated surface. A current of cold denser
air from the cold surface flows in to take up its place. Therefore the direction of velocity vectors

are an evidence of upward convectional currents at the isothermal hot wall.
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Fig. 5.11 Velocity vectors at X=0
Figure 5.12, shows velocity vectors at X=0.1, near the hot surface. The cold denser air, next to
the rising hot air, flows in to take up the space created out of the heated air rising. The air next to
the hot wall is always exposed to shear stress, friction and buoyancy, which cause fluctuating

mean velocities, turbulent kinetic energy and consequently turbulence.
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Fig. 5.12 Velocity vectors at X=0.1
In summary, the shaper temperature gradients near the heated surface, as in figures 5.11 and
5.12, create buoyancy force and surface forces, as a result of shear stresses and friction drag, to
be exerted on air which cause a turbulence, as shown in figure 5.7, that make flow velocity to
increase yielding a stronger convective heat transfer across the boundary layer. For this reason

Nusselt number is high and cold denser air from the cold surface flows in to take up created
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space. This creates a clockwise convectional currents near the hot surface. Resultantly, as shown
in figure 5.13, there will be a strong incoming cold convectional current of air from the cold

isothermal wall via the horizontal adiabatic floor of the enclosure.
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Fig. 5.13 Vector plots at Y=0 and Y=1
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The flow predictions from the velocity vector on floor and roof of the enclosure, as shown in
Figure 5.13, reveal that the flow tends to form 3-D small rolls along these horizontal adiabatic
walls. This verifies the presence of a strong 3-D vortex generation mechanism called vortex

stretching that transfers energy and vorticity to increasingly smaller scales.

The rolls are a product diffusivity due to thermally-generated counter-rotating cells and are a
sign of nonlinearity, rotationality and 3-D turbulence:- The competition between the surface
tension and gravity given that the denser colder air far from the heater is accelerated by light hot
air near the heater due to buoyancy generated convection currents. This causes small
pertubations in the flow which results to angular momentum. As a result the small perturbations

grow in time and instability is triggered.

This implies that that the presence of non-linear turbulent correlations, like the Reynolds stress
and the heat flux, in the flow causes the Reynolds, Reyleigh number and the inverse
Richardson’s number to exceed their critical value, make the flow to exceeds stability criteria,
becomes spontaneously unstable and then reach chaotic state which results to formation of
eddies in the motion of fluid particles that have non-zero vorticity and which occur in all

directions and depict turbulence.
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Fig. 5.14 Velocity vectors at Z=0.1, Z=0.5 and Z=0.9

The reason for these eddies is best explained using figure 5.14 and figure 5.15. The strong

downwards flow at the cold surface and strong upward flow at the hot surface (figure 5.14)
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forms two rotating streams at the thermally active walls. The two developed boundary layers

move towards each other and collide at the confluence of the cavity.
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Fig. 5.15 Velocity vectors at Y=0.1 and Y=0.9
Mixing process takes place in the region of confluence leading to the exchange of mass,

momentum and heat between the two fluid layers. This process transfers heat energy from the
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hot to the cold regions of the enclosure and causes increased rates of mass and momentum

transfer in the flow and enhanced homogenization of the air particles.

Given also that the roof and the floor are the platforms of collision, the collision of the two
opposing convectional currents causes randomness of air motion which results to turbulence

manifested inform of eddies that are prominent at the roof of the enclosure as in figure 5.13.

A horizontal view of the velocity vector plots in the x — z plane, perpendicular to the hot and cold
surface, as in figure 5.15, depict a very strong flow from the hot surface towards the cold surface
of the enclosure. An equally strong stream appears to be flowing from the window towards the

heater.

The two streams collide at the confluence region of the heater and the window as shown in the
Figure 5.15. After collision
(i) Diffusivity occurs
(i1) Ricocheting of the two streams occur whereby the hot buoyant stream is deflected back
horizontally and the cold stream is deflected back too towards the cold surface after

collision.

At high Reynolds number, a strong convective motion develops and heat is transferred from the
hot surface to other regions. The area where friction slows down the air flow is called
the boundary layer. Air flowing in the boundary layer travels in the state of turbulent flow as is

the case with the roof of the enclosure in figure 5.13.
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This boundary layer is important because it is the source of skin friction drag, and can actually

decreases pressure drag, a force that would pull kinetic energy out of the air.
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Fig. 5.16 Velocity vectors at X=0.9
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Figure 5.16 shows velocity vectors at X=0.9. The velocity of the descending air is strongest near

the window given the length of the vectors.

Buoyancy effects that are thermally generated will cause the cooled air to flow downwards due
to density gradients arising from temperature gradients in the air due to the cold surface. The

conventional currents near the cold surface are downwards and clockwise.

Consider the velocity vectors at the confluence of the two thermally active surfaces as shown in

figure 5.17 overleaf.
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Fig. 5.17 Velocity vectors at X=0.5

The structure of the flow in the plane at X = 0.5 shows the confluence where two circular
motions in different directions are set up —one in upward direction while the other in a downward

direction.
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Firstly, there is diffusivity of two streams that results to enhanced homogenization and increased
rates of mass, momentum and energy transfer of heat from the hot to the cold stream as shown
by the upward and downward motion of vectors in figure 5.17. This is due to readily available
supply of energy through energy cascade mechanism that tends to accelerate homogenization of

fluid mixtures.

Secondly, the collision causes randomness of flow (or mass transfer) due to fluctuating mean
velocities resulting to turbulent kinetic energy given that;
I.  Eddies on the roof of cavity

ii.  Increased rates of mass, velocity and momentum transfer.

This makes the flow to become spontaneously unstable and reach chaotic state which results to

fluctuations in fluid particles to have non-zero vorticity which depicts turbulence.

Thirdly, the profiles coupled with those of figure 5.7, depict dissipation in the flow whereby
vortex stretching mechanism transfers energy and vorticity to increasingly smaller scales until
the gradients become so large that they are smeared out by molecular viscosity at the confluence
region. This explains why in figure 5.9, the profiles are asymmetrical and with zero value of

velocity at the enclosure core.
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Fig. 5.18 Velocity vectors at Y=0.5

Figure 5.18, showing the velocity vectors at Y=0.5, depicts that at the mid-horizontal plane, the

particles along the hot surface are upward moving due to thermally generated buoyancy effects.

There is also evidence of mixing and exchange of heat energy between hot and cold particles

through the presence of both red-colored and blue colored vector plots at the confluence, a

process that transfers heat energy from the hot to the cold regions of the enclosure.



146

The mixing of the two streams during their collision results to making the confluence warm.

Different temperature conditions at the thermally active walls resulted in colliding boundary

condition whereby two formed boundary layers collide at the confluence of the cavity. After

collision

i)

i)

Mixing process takes place in this region leading to the exchange of heat between the
two fluid layers. This process transfers heat energy from the hot to the cold regions of
the enclosure.

The two layers curve to form two streams. One stream moves towards the hot surface
via the floor while the other stream flows towards the cold surface of the enclosure
via the roof.

The right cell is driven by the cold window whereas the left cell is driven by the
heater. Both the cold right cell and the hot left cell rotate in a clockwise direction.

The turbulent natural convection does play an important role in the variation of
temperature in an enclosure. At the center of the room, there is relatively warm
region. This comes as a result of the hot air rising up from the heater mixing up the
cold fluid from the window.

The collision of the cold and hot stream at the confluence causes the, Reynolds,
Reyleigh number and the inverse Richardson’s number to exceed their critical value,
becoming spontaneously unstable and then reaching chaotic state which results to
fluctuations in fluid particles to have non-zero vorticity as shown in figure 5.13 which

depicts turbulence.
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5.6 Velocity Vector Profiles by SIMPLEC
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Fig. 5.19 Velocity vectors at X=0

Just like with the PISO method, the intense heat generated by the hot wall accelerates the air as it
flows around the wall. Hot air is seen flowing upwards from the isothermal hot wall, and then

turns to flow towards the cold wall via the ceiling of the cavity. Therefore buoyancy effects that
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are thermally generated results to density gradients in the fluid next to the wall and cause the

heated fluid to rise as is evident with the velocity vectors.

The air particles rise because of the cold drift of denser fluid particles from the cold surface that
flows in to take up the created space. So the internal energy due to heating on the hot surface
becomes the source that sustains natural convection transport mechanism in the 3-D rectangular

cavity.
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Fig. 5.20 Velocity vectors at X=0.1
As shown in figure 5.20, the driving force for the fluid motion is buoyancy, which is the gravity
field acting on density difference. Buoyant force causes denser parts of the fluid to move
downwards and less dense parts to move upwards. Hot air is seen flowing upwards from the

isothermal hot wall, and then turns to flow towards the cold wall via the ceiling of the cavity.
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Fig. 5.21 Vector plots at Y=0 and Y=1

Analogous to PISO profiles on the same walls, in SIMPLEC the flow tends to form small rolls
along these horizontal adiabatic walls as in figure 5.21. These rolls are a product of turbulence
due to the collision of counter rotating streams at the confluence. Then, the flow develops non-

zero vorticity and a strong vortex generating mechanism in the boundary layer. That is why this
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fluid is rotational and three-dimensional and these re-circulation structures (eddies) are an

evidence of turbulent-flow.
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Fig. 5.22 Velocity vectors at Z=0.1, Z=0.5 and Z=0.9
figure 5.22 shows two developed boundary layers from the opposite- thermally active walls,
colliding at the confluence region of the heater and the window. Mixing process takes place in

the region of confluence leading to the exchange of heat between the two fluid layers. This
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process is called diffusivity and it transfers heat energy from the hot to the cold regions of the

enclosure,
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Fig. 5.23 Velocity vectors at Y=0.1 and Y=0.9
Further evidence of diffusivity is depicted in figure 5.23. Density differences due to differences
in temperature causes a very strong flow from the hot surface towards the cold surface of the

enclosure. On the floor, an equally strong stream due to buoyancy induced density gradients is



flowing from the window towards the heater. This implies the convectional currents

clockwise.
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Fig. 5.24 Velocity vectors at X=0.9

are

Figure 5.24 shows velocity vectors at X=0.9 Just like is with PISO, the conventional currents in

SIMPLEC near the cold surface are downwards and clockwise. The density gradients arise from
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temperature gradients in the fluid. Buoyancy effects which are thermally generated will cause the
cooled fluid to flow downwards. This sets up a cold convectional current near the cold surface

that will turn clock-wise to flow towards the heater due to thermally generated density gradient.
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Fig. 5.25 Velocity vectors at X=0.5
Figure 5.25 shows velocity vectors at X=0.5. At the confluence of the heater and window. Two

streams collide in the region between the window and the heater. The convectional currents due
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to buoyancy causes homogenization of fluid particles. Mixing process takes place in this region
leads to the exchange of momentum and heat between the hot and cold streams. This is shown by

the upward and downward motion of vectors in figure 5.25.
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Fig. 5.26 Velocity vectors at Y=0.5
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Figure 5.26 shows the velocity vectors at Y=0.5. The profiles depict that at the mid-horizontal
plane, the particles along the hot surface are upward moving due to thermally generated
buoyancy effects. There is also evidence of mixing and exchange of heat between hot and cold
particles through the presence of both red-colored and blue colored vector plots at the

confluence, a process that transfers heat energy from the hot to the cold regions of the enclosure.

Diffusivity as a characteristic of turbulence is therefore evident where the randomness of the
flow:-
I.  Causes rapid transport of momentum, mass and energy in the cavity

ii.  There is enhanced homogenization of fluid particle

Most of the kinetic energy of this turbulent is produced by shear, friction and buoyancy and is
contained in the large flow structures at the roof and floor as in figure 5.21. This energy is
transferred by turbulence energy cascade and is then dissipated by viscous forces at the
Kolmogorov scales when the cold and hot streams collide at the confluence as in figure 5.25 and

figure 5.26 above.

Figure 5.21 brings out the aspect of rotationality in turbulence flow since the velocity vectors at
the roof show non-zero vorticity. It is evident the strong three-dimensional vortex generation
mechanism that causes the hierarchy of eddies. Evidently, vortex stretching mechanism transfers
energy and vorticity to increasingly smaller scales before they are smears out by dissipation at

the Kolomarov scales in the confluence by molecular viscosity.
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5.7 Static Pressure Profiles by PISO Method
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Fig. 5.27 Contours of Static pressure at X=0.1
Figure 5.27 and figure 5.28 show the profiles of static pressure at X=0.1 and at X=0.5. From

figure 5.27, static pressure is generally high near the hot surface.
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Figure 5.28 Contours of Static Pressure at X=0.5

This is because the generated pressure, due to buoyancy driven convective currents, is more
intense near the hot surface as is evident from the color codes of static pressure. Given that the
pressure is a function of the buoyancy, as the bouyancy force increases, Static Pressure increases

accordingly.
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At the confluence of the thermally active surfaces, static pressure decreases away from the front
wall due to the direction of the convective currents as shown in figure 5.18. Fluid pressure is
proportional to the frequency with which the cavity wall is hit by the particles so the rate of mass

increase on the front wall is higher than at the back.

Jx

Fig 5.29 Contours of Static Pressure at X=0.9
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On the contrary, it is evident that the static pressure, near the cold side decreases downwards,
owing to the motion of the fluid particles downwards after being cooled, as shown in figure 5.29.
The pressure is intense at the top given the thermally induced energy of the oncoming stream,
after diffusivity at the confluence, but the kinetic energy dies out gradually after the heat

dissipation due to the local minimum temperature along the window.

Generally, there is more static pressure near the hot surface than on the cold side of the cavity
given that, the conventional currents move from right, via the floor, to left before turning back,
as shown in figure 5.14. So pressure increases when the hot surface is bombarded more by on-

coming cold conventional current.
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5.8 Static Pressure Profiles by SIMPLEC Method
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Fig. 5.30 Contours of Static pressure at X=0.1

Figure 5.30 and figure 5.31 show the profiles of static pressure at X=0.1 and at X=0.5. From

figure 5.30, static pressure is generally high near the hot surface. This is because the generated
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pressure, due to buoyancy driven convective currents, is more intense near the hot surface as is

evident from the color codes of static pressure
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Fig. 5.31 Contours of Static pressure at X=0.5
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Fig. 5.32 Contours of Static pressure at X=0.9

There is though a striking similarity between these pressure profiles and pressure profiles by
PISO method. The profiles by SIMPLEC appear to be less intense than those by PISO method

due to lower velocity gradients and lower dynamic viscosity values.
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5.9 Temperature Profiles between the Isothermal Walls by PISO Method
The flow movement of the convection is initialized by the temperature difference between the
vertical walls. Thus, the temperature profile is one important aspect to understand the dynamics

of the flow. Figure 5.33 displays the typical temperature and profile at Z=0.5.

Fig 5.33 Temperature Isotherms at Z=0.5

The buoyancy induced motion of air in the enclosure is in a state of turbulent flow because the
thermal boundary layer is thin along the walls while the core is thermally stratified. The flow
gradient is very large in the boundary layer. This boundary layer is the source of skin friction
drag, shear stress and buoyancy and has actually decreased pressure drag, a force that would pull
kinetic energy out of the air as justified by high turbulent kinetic energy as shown in figure 5.7.
A turbulent layer friction has affected the airflow more in the outer region of the turbulent flow

layer given the no slip boundary condition in this study. The thermal boundary layer near the
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heated walls and a variation of its thickness along the heated walls can clearly be seen. Further, a

dependence on the particular boundary condition is visible.

5.10 Wall Shear Stress along the Heated Walls
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Fig 5.34 Wall Shear Stress Profile at Z=0.5
Figure 5.34 shows wall shear stress profiles between the thermally active walls.
This is the shear stress in the fluid next to the wall. Wall shear stress is proportional to the

velocity gradient of the fluid next to the wall and it is the product of dynamic viscosity and wall

shear stress rate as compared with equation (5.1);

Ju
Ty = .u(a)y=0 (5.1)
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where p, Z—’;, and y are the dynamic viscosity, velocity gradient near the wall (wall shear stress

rate) and distance to the wall respectively.
Since wall shear stress is directly proportional to wall shear stress rate, it follows that;

1) It falls and rises with the fall and rise of velocity along the vertical heated walls

i) The simulation profiles show an asymmetrical form, which is founded in the
asymmetrical velocity profile.

iii) The values along the heated walls in this study for PISO are higher than those of
SIMPLEC due to higher velocity gradients and higher dynamic viscosity values.

iv) The simulation reveals negative values in the top hot and bottom cold corner which
indicate anti-clockwise vortex regions since negative wall shear stress implies
negative velocity gradient indicating the fluid is rotational and there is presence of
eddies. This is the result of the eddies that are evident in the cavity at Y=0 and Y=1 in

figure 5.13
5.11 Velocity Profiles between the Isothermal Walls by PISO Method

Shows a snapshot of the horizontal velocity isotherms at the mid XY -plane. The plot reveals an
exterior circulation zone as well as an interior one. The exterior circulation zone indicates a
unicellular convention behavior where a buoyancy induced single cell of conventional current
flows clockwise along the walls. The interior circulation zone indicates a bi-cellular convectional
behavior where two buoyancy induced cells of conventional currents, flow in a clockwise

direction, one near the hot and the other near the cold surface.
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003

Fig 5.35 Horizontal velocity profiles at Z=0.5

The left cell is driven by the heater while the right cell is driven by the window. Furthermore, (i)
smaller circulations appear additionally in the bottom left and top right corner as well as top left
and bottom right corner (ii) the simulations reveal negative values in the top hot and bottom cold
corner which indicate anti-clockwise vortex regions (iii) Velocity boundary layer is thicker than
the thermal boundary layer (figure 5.33), hence convective heat transfer is more significant than
conduction for turbulent natural convective transport mechanism in a 3-D enclosure. These
simulations indicate the formation of re-circulation structures of non-zero vorticity, which
portray rotationality and hence regions of high turbulence. The horizontal velocity component

reveals peak values close to the vertical, heated walls.

In the next chapter, the conclusions drawn from numerical data will be stated, recommendations

made and suggestions for further studies given.
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CHAPTER SIX

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

The conclusions and recommendations made in this chapter are based on the results discussed in
chapter six. Basing on the validations in chapter five, our code is correct and the results are

reliable.

6.1 Summary

The purpose of this study has been to carry out a numerical investigation of turbulent natural
convection in a 3-D enclosure using the k-w SST model and the PISO method.

The objectives were achieved as follows

) Numerical data, for SIMPLEC method using the k-w SST models for the temperature
and velocity near the hot wall and the cold wall, was obtained and discussed.

i) Simulated data for velocity and temperature, obtained using PISO algorithm,
SIMPLEC algorithm and the two- equation k-w SST model, near the hot wall and the
cold wall was compared.

i) The change in velocity profiles, temperature profiles, convergence time, stability and
accuracy of the numerical method and any additional findings, when the primitive
variable, not the vorticity vector potential formulation, is employed to solve the

momentum equation, was determined.
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The better method in terms of convergence, stability and accuracy between PISO
method and SIMPLEC method was determined in carrying out numerical
investigation of turbulent natural convection in a 3-D cavity, was determined.

Numerical results were validated using experimental benchmark data found by
Ampofo et al. (2003), conclusions based on the numerical data were made and

recommendations for future studies given.

6.2 Conclusions

Based on the data from the simulations, the following conclusions were obtained;

i)

In this thesis,

a) Different temperature conditions resulted in two large cells in circular motions, both
of which rotate in a clockwise direction.

b) Both the experimental data and simulation using PISO return a non-dimensional
temperature of 0.5 at the core of the cavity and almost zero towards the cold

Therefore

a) The results show that in an enclosure environment, the natural turbulence flow is
responsible for temperature distribution.

b) Temperature profiles are important for thermal comfort (including air velocity,
temperature and humidity levels), efficiency of energy balance and the effectiveness

of the ventilation system when modeling air flow in buildings.

Turbulent natural convention behavior, for air in the cavity, obeys the unicellular

convection behavior, which underscores the importance of the present study in the room
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air distribution to facilitate room ventilation in order to eradicate moisture, dust, smoke,
carbon dioxide and airborne bacteria like mycobacterium tuberculosis, varicella zoster,

plasmodium falciparum, Rhino virus and Trycophyton rubrum.

From the numerical results obtained, velocity and thermal profiles have a good agreement
(Figures 5.6, 5.7, 5.10, 5.35). So, use of k — w SST model to model the non-linear
turbulent correlations and the primitive variable to solve the momentum equation brings
out aspects of the flow that would otherwise have been subdued by body and surface

forces in the absence of an extremely fine mesh.

The flow is characterized by low Reynolds turbulence intensity and thermal stratification
which provides thermal options of keeping items at the stated temperature in an enclosure
without the use of an internal heat source. Like health facilities, the transit, handling, and

storage of temperature-controlled drug products within complex supply

Optimal conditions for an actively growing plant, in greenhouses, are an air temperature
of 293K to 300K, 60-80% relative humidity and 20-100 photo-synthetically active
radiation (PAR); the kind of thermal variables that fall within the confines of data used in
this study. The profiles findings in this thesis would be very instrumental in
accomplishing greenhouse temperature control using the cheaper options like natural

ventilation and shading.
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Physical characteristics of indoor environment in stadia, as in thermal conditions,
humidity levels, air velocity, static pressure profiles, thermal conditions, indoor humidity,
and pressure differences across the building envelope, draught and noise affect human
responses individually and collectively. Hence, the static pressure, thermal and velocity
profiles predicted in this thesis would provide a basis to make building codes that could

ensure quality, healthy properties and sustainable use of natural resources like energy.

It is now possible to solve numerically the strong coupling between velocity and pressure
in the RANS equations at high Rayleigh numbers, using FVM, k — w SST model and

PI1SO.

The data for thermal profiles found in this thesis can be helpful in determining and
controlling the micro-climate in poultry houses for the thermal comfort of the birds such
as temperature, relative humidity, air composition, air speed and air movement for

poultry’s optimum performance.

From the numerical data, the numerical method produced a solution which approached
the exact solution by Ampofo and Karayiannis (2003) as the grid spacing reduced to zero.
Further, the method is stable, the governing equations consistent. Therefore using Lax's

equivalence theorem, Lax and Richtmyer (1956), this code is valid, stable and consistent.

Both PISO and SIMPLEC algorithms converge to the same solution. But with differences

in speed and stability. Therefore, for turbulence natural convection kind of flows, PISO
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algorithm is faster and more numerically elaborate, stable and accurate than SIMPLEC
algorithm because, besides the quoted evidence, it allows for the use of larger under-

relaxation factors than SIMPLEC.

The thermal boundary layer is thinner than the velocity boundary layer (Figures 5.33 and
5.36). This means, fluid temperature within the enclosure increases, not by flowing from
isothermal wall into the bulk of the air, but by natural turbulent transport mechanism.
Hence, convective heat transfer is more significant than conduction and air flow in this
enclosure (Figure 3.3) is characterized by high momentum convection and low

momentum diffusion.

The use of the primitive enabled the solution to converge after just 250 iterations in CPU
time of 45 minutes. For vorticity-vector potential formulation, Awuor (2012), the
k — w SST model took 1 hour to converge after 1000 iterations. Hence the use of PISO
method coupled with the k — w SST model is an improvement in terms of convergence
time and speed since it is easy to fix boundary conditions, computational effort per unit
time (figure 5.4), faster diminishing of the absolute error and solving the pressure term

and as a result, profiles for wall shear stress and static pressure can be obtained

The use of FVM and PISO technique is an improvement on the use of FND to discretize
and vorticity vector potential formulation to solve the time averaged momentum
equations as per Awuor (2012) in terms of

a) The primitive method being extended to 3-D
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b) Conserving variables regardless of the cell shape.

Because of (a) and (b), it brings out non-deterministic properties as 3-D rotationality,
diffusivity, 3-D static pressure and wall shear stress profiles. Therefore mass, momentum
and energy are conserved better and turbulent fluctuations in all directions can be

accounted for.

6.3 Recommendations
Based on the comparison of the results obtained in this work with those obtained experimentally
obtained benchmark results by Ampofo and Karayiannis (2003) we recommend Finite VVolume
Method, the k-<SST model and PISO method for
i) Cases of coupled, non-linear, partial differential equations where an implicit solution is
required.
i) Solutions for pressure-velocity linked equations in which a staggered grid is required in
order to obtain a strong coupling between velocity and pressure.
i) Predictions of high speed and large flow problems that require less CPU time, more
stability and more accuracy.
iv) Turbulent flows with Reyleigh number > 10° because such flows are characterized by
large flow gradients and therefore require flexible spatial discretization and large memory

capacity in order to capture the flow physics in the regions of adverse pressure gradients.

6.3.1 Suggestions for Further Studies

1. In this study, we used an incompressible fluid. We suggest that further numerical

investigation can be conducted of the rectangular cavity using compressible fluids.
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2. We suggest that a parametric study be undertaken in an air-filled rectangular enclosure
for a colliding boundary layer problem that is where only one wall is heated and cooled,
not opposite walls.

3. It is suggested that further investigation of the effect of surface material and radiation
properties on air flow in an enclosure be undertaken.

4. 1tis suggested that Reynolds Stress Model can be used to compare the PISO method and

the vorticity vector potential formulation to investigate the 3-D enclosure for air.
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