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ABSTRACT

In our study we shall majorly dwell on enumeration of sigma algebras on finite sets, particularly,

sets with at most seven elements. We will restrict ourselves to 6 — algebras generated by finite

collection of subsets say (/):{Al, Az, AB,..., An}, where the finite subsets are contained in a set X.

There exist the smallest unique & —algebra {&, X} and the largest 6 — algebra P (X) containing

¢. This knowledge of & —algebra is very useful in measure theory. Moreover, in the study of
measurable functions since it aids in the generation of measurable functions associated with a
given sigma algebra of a given set. This area of study has remained untapped in the recent past
since researchers have not given much focus on it, by and large; researchers have generally drawn
their attention on the wider study of measure theory. We will investigate 6 — algebras associated
to a given set X, precisely, finite sets with at most seven elements. Finite 6 — algebras will be
constructed by either ensuring all the axioms of & — algebras are satisfied. Alternatively, we first
obtain a basis of a given ¢ —algebra, then find its unions and complements. It is worth noting that
the number of sigma algebras generated are directly proportional to the size of a set used to
enumerate them. This will be very evident as we enumerate the sigma algebras as we vary the

size of the set generating them.
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ABBREVIATIONS AND ACRONYMS

B(R) Borel set

C The set of Complex Numbers

P(X) Power set of X

R The set of Real Numbers

X An arbitrary set/general set

| X| The cardinality of a set X (number of elements in the set X)
%] A sigma algebra defined on the set X
(X, ) Measurable space

o Sigma (lower case)

1 Measure

m’ Borel measure
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CHAPTER ONE : INTRODUCTION
1.0 Introduction
This chapter addresses; background information, basic concepts, problem statement, objectives,

scope, significance and definitions of key terms used in this study.

1.1 Background Information
In Measure theory, a ¢ —algebra is a non-empty collection g of subsets of a set X satisfying

axioms below;

1) X,Dep

i) If Y e, then Y e p

A 6 —algebra may be finite or infinite where the former isa 6 —algebra containing finite non-null
sets and the later contains non-empty infinite subsets. They play a crucial role in the enumeration
of measurable functions and in the explanation of the entire discipline of measure theory. It is on
record that measure theory has been more pronounced in terms of measurability; More work has
been done on measurable spaces, measurable sets and functions as well as extension of measures,
however, little has been done on derivation of sigma algebras using either finite or infinite sets.
Moreover, in the preliminary definition of sigma algebras, attention has not been given to the
nature of sets used in explaining the concept of sigma algebra. Following to that effect, a
significant knowledge gap needs to be addressed towards giving deeper and detailed
understanding of derivation of sigma algebras. This research seeks to address the gap by exploring

on finite sigma algebras leveraging on finite sets, specifically, sets with at most seven elements.



1.2 Defining Terminologies
Herein, we define main terms used in our research.

1.2.1 5—Algebra
A sigma algebra is a non-empty collection ¢ of subsets of a set S satisfying the listed axioms

below;
A, S\ Tep

A, Assume Y e, theny‘ep

1.2.2 Measurable space
Let M beasetand g be asigmaalgebra of subsets of a set M ,then the pair (M, ) is called a measurable

space.

1.2.3 Smallest 5—Algebra
If ¢ isacomposition of subsets of a set T, the basal 6 — algebra of subset of T exists and entails

@ .This is referred to as §-algebra embedded by ¢, connoted as &(¢) .

1.2.4 Borel 5—Algebra
A borel sigma algebra is an intersection of all & —algebras containing open sets in R.

Further to that, if M isasetin R such that M — R, then, the smallest 6 —algebra of sets in R

that contains all open sets in R are called borel 6 —algebra.

1.2.5 Borel Set
Borel sets are elements of a borel & —algebra.

1.2.6 Borel Measurable Function
Let Y be a topological space such that Z: M —Y is a continuous mapping of M, then, (M, @) is
a measurable space and f~1(V) € g for every open set V in Y, then Z is a Borel measurable

function.
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1.2.7 Measure
A measure is a function p defined on a 6 —algebra g of subsets of the set H such that;

i) u(9)=0
i) H(E)=>0,VE c p

iii) 4 is cogitable implying that, if {jo} is a collection of disjoint subsets in

then uJJ)->u(J,)

1.2.8 Measurable Set
Aset S — Ris measurable if YVEcR we have that; m'GS)=m GNE)+m GNE"H

1.2.9 Measurable functions
Suppose (H,A) and (v,Q) be measurable spaces where, Aand Qare 6 —algebras defined on the

sets H and V respectively, f is a measurable function if vm €Q, f “M)eA.

1.3 Statement of the Problem

Since a significant team of researchers such as (Wheeden & Antonia, 1977) have generally dealt
with measure theory without keen attention to detailed study of & — algebras. This research
endeavors to bridge the gap, by exploring on derivation of finite sigma algebras with at most seven
elements, which will be an integral part in deriving measurable function as well as enriching the
study of measure theory.

The number of & —algebras on a finite set remains an open problem. There is no known formula
for determining the number of & —algebras of a set with known cardinality.

Similarly the number of measurable functions defined on a countable & —algebras is yet to be
determined.

We seek to address the above problem by determining the number of & —algebras on a set X with
cardinality less or equal to seven. Through this insightful way of enumerating sigma algebras, the
discipline will be enriched hence researcher will leverage on this knowledge to study measurable
functions as well as find a simpler formula of counting the sigma algebras. on the set X of
cardinality n.

11



1.5 Objectives
In this section we give an overview of both specific as well as general objectives of our research.

1.5.1 General Objective
The study primarily aims to determining all the & —algebras of a given set with finite cardinality.

1.5.2 Specific Objectives
a) To enumerate all the §-algebras of a given set with cardinality less or equal to seven.

b) To establish existence or non-existence of §-algebras containing odd number of elements
given any size of a set.

c) To determine the relationship between the number of sigma algebras generated and the
size of the set generating the sigma algebras.

1.6 Scope of Study

The project will focus majorly on enumeration of finite & —algebras. We will investigate whether
there exist 6 —algebra containing an odd number of elements despite the size of the generating
set being odd. Next, we will construct & —algebras of a given set with number of elements less or

equal to seven.

12



1.7 Significance of the Study

A Sigma algebra plays a very important role especially in measure theory, majority of the
concept in measure theory is explained by sigma algebras. This study will help researchers to
have a detailed scope and skills to easily conceptualize and appreciate the essence of & —
algebra in the study of measure theory, precisely, enumerations of finite sigma algebras with

finite elements.

Moreover, this study of sigma algebras will aid researchers widen up the scope of measure
theory since through enumeration of sigma algebras a window of study is opened to understand

constructions of measurable functions.

In addition to that, it gives rise to an elegant formalization of probability measures hence it
contributes significantly to the learning theory and aids educators to plan adequately for

diversified learner’s needs.

Sigma algebras are essential to event planners since they enable them consider all related parties

of the main subject matter. For instance subsets of the real numbers in actual events.

Finally, & —algebras enable researchers to consider and utilize subsets of a given finite set
which can be achieved through satisfying conditions of countable unions and countable

intersections.

13



CHAPTER TWO : LITERATURE REVIEW

2.0 Introduction
Firstly, great work done by our predecessors unveils a rich hub of knowledge on the measure

theory, specifically measurable functions in terms of 6 —algebras. This work majorly focuses on
enumeration of finite o —algebras with finite sets with at most ten elements. We aim at exploring
basic concepts on measure theory with regard to o —algebras and give relevant examples,

propositions as well as theorems in the subject matter.

Halmos, 1950, definesa & —algebra {2 as a composition of non-empty subsets of a set S such

that;
o U,Sep

o Ifyep,then Y'ep

Bogachev, 2007, states that; If ¢ is a collection of subsets of a set N, it is contained in the
smallest & —algebra of subsets of N originated by . Thus, let <N,50> be a measurable space, a

function g : N — R is measurable when
VaeR, o ={heN:g(n)>atep.

2.1 Sigma algebras
(Swartz, 1994), (Barra, 1981)

2.1.1 Sigma algebra Generated by an Arbitrary Family
Let F be an arbitrary family of subsets of X. Then there exists a unique smallest 5-algebra which

contains every set in F (even though F may or may not itself be a c-algebra). It is, in fact, the
intersection of all c-algebras containing F. above.) This c-algebra is denoted o(F and is called the

o-algebra generated by F

14



2.1.2 c-algebra Generated by a Function

(Richardson.L.F, 2009),(Tao, 2011)

f

If * isafunctionfromaset X toaset Y and B is a sigma algebra of subsets of Y, then the sigma-

G(f)

algebra generated by the function f , denoted by
fs)

, is the collection of all inverse
images of the sets Sin B. A function f from a set X to a set Y is measurable with
respect to a o-algebra T of subsets of X if and only if a(f) is a subset of X

2.1.3 Algebras of Sets
(Rubshtein et al., 2016)
Suppose that §2 is a nonempty collection of subsets of S. Then S is an algebra (or field) if it is

closed under complement and union:
If Aegp then Atego.
IfAcgp and Begp then AUBegp.

If § isan algebra of subsets of Sthen, Sep, TFeSecBep
Proof

Suppose that ¢ is an algebra of subsets of S and that A, € sfor each i in a finite index set I.

i. UA EpP

iel

i. [Aegp

iel

Thus it follows that an algebra of sets is closed under a finite number of set operations. That is, if

we start with a finite number of sets in the algebra ¢, and build a new set with a finite number of

set operations (union, intersection, complement), then the new set is also in S. However in many
mathematical theories, probability in particular, this is not sufficient; we often need the collection

of admissible subsets to be closed under a countable number of set operations.

15



2.1.4 Combining c-algebras

: A} . . . i .
Suppose {zfz ach is a collection of c-algebras on a space X. The intersection of a collection
of c-algebras is a c-algebra. To emphasize its character as a c-algebra, it often is denoted by:

Ao

2.2 Measurable Function: Shirali, 2018,

Let g(s) be a continuous function, then it is measurable since a function g(s) in borel 6 —
algebra is continuous if borel & —algebra is openin R then S:g(s)>ea, Va R is open hence

measurable.

Bartle, 1966, states that any constant function g:S — R is measurable.
Suppose g(s)=4,VseS,if aeR;

0, a=> A

= S: =
A, ={seS:g(s)>a} {S,a’<ﬂ

Therefore, g(s) is measurable since g(s) = A hence a constant.

2.3 Proposition
Cohn, 2013

Let S be a set, an arbitrary intersection of the composition of 6 —algebras on Sisa ¢ —algebras

on S.

2.4 Proposition
Stein and Shakarchi, 2005 and Cohn, 2013

Take Y containing subsets of a set P, thus this contains a unique sigma algebra on P that

contains Y .

16



2.5 Proposition
Kubrusly, 2015

If (Xgo) is a measurable space, let L and H be measurable sets take ¢ —algebras,

A =p(a)N X and B = p(a)N X of subsets of K and B. Take a function k:S — R and consider

its restriction f /A: A—R and f /B: B — IR to A and B respectively. Then the function is

measurable with respective sets accordingly.

2.6 Theorem
Bogachev, 2007

Consider ¢ -algebra g, a function g:J — R is measurable subject to g'l(W) e p,Vy eY Having

looked at the above literature review, it is certain that researchers dwelt much on the wider
scope of measure theory with no elaborate focus on ¢ —algebras and their counterpart
measurable functions respectively. Thus, there is no known formula for determining the number
of & —algebras on a set X as well as the number of measurable functions defined ona 6 —

algebras therein.

Therefore, we seek to develop the above review by determining the number of 6 —algebras on
a set X with cardinality less or equal to seven. We endeavor to determine if this will help us get a

general formula for the number of sigma algebras on the set X of cardinality n.

17



CHAPTER THREE : METHODOLOGY

There are mainly two approaches that can be used in construction of a given finite 6 —algebra.

Firstly, we start with a basis say B={A, A, A, Al A = X} Where construction involves

getting all intersections, unions and complements inclusive of the empty set and the set X (Weir,

1973).

Alternatively, ¢ —algebras can be obtained by listing all the elements of §—algebras ensuring

that all the axioms of a § —algebra are satisfied.

Furthermore, we can as well construct ¢ —algebras depending on the cardinality of | X |,

specifically when the number of elements in a set are at most seven, which borrows similar
concepts when computing ¢ —algebras using the number of elements in the basis. We shall

utilize these strategies to construct various ¢ —algebras depending on | X |.

However, a sigma algebra is not uniquely defined by the basis, since two & —algebras can be the

same though the basis is different..

18



CHAPTER FOUR : Enumeration of Sigma Algebras
4.0 Introduction

This chapter dwells on derivation of finite sigma algebras. We shall particularly dwell on
enumerations of the sigma algebras with at most seven elements. The enumeration will be by
getting all intersections, unions and complements inclusive of the empty set and a set X.

4.1 Construction of Sigma algebras of a set X when |X|=1

Construction involves getting all the intersections, unions and complements inclusive of the empty

set and the set X. Therefore, we obtain all the § — algebra as follows;

Let X ={a}

1. A, ={X 0}
It is the only 6 — algebra obtained called the trivial § — algebra.

4.2 Construction of Sigma algebras of a set X when |X| =2
Let X = {h, b}
|P(X)| = 2% = 4 elements

Then the sigma algebras are:

1. A ={0,X}

2. A, ={0,X,{h}, (B} =<{h} >=<{b} >
Hence there are only two sigma algebras when |[X| = 2.
4.3 Construction of Sigma algebra of a set X when |X|=3
LetX = {h,b,c}
|P(X)| = 23 = 8 elements
Then, P(x) = {@,{h},{b},{c},{h b}, {h c},{b,c}, X}
The sigma algebras are:

1. A, ={0,X}

2. Ay ={0,X,{h}{b,c}}=<{h}>=<{bc}>

3. A;={0,X,{b}{hc}}=<{b}>=<{hc}>
19



4. A, ={0,X, {c}, {hb}}=<{c}>=<{hb}>
5. As ={0,X, {h},{b},{b,c},{h c},{h b}{c}} =< {n}{b} >=<{b,c}{hc}>=

P(X)

This & -algebra is generated by any two sets A and B with A= B or A= B".

Hence there are five sigma algebras.

4.4 Construction of Sigma algebra of a set X when |X| =4
LetX = {h b, c.d}
|P(X)| = 2* = 16 elements
Hence ;
P(X)
= {0,{a}, {b}, {c}{d},{a b}.{a c}{a d},{b,c}{b,d},{c,d},{b,c,d}{a,c,d},{a b d} {a,b,c}, X}
Constructing sigma algebras
1. A, = {0, X} trivial sigma algebra
2. A, =1{0,X,{h},{b,c,d}} = <{h}>=< {b,c,d} >
3. A =1{0,X,{b}{h.c.d}} =<{b} >=< {hcd} >
4, A, =1{0,X,{c},{h,b.d}}= <{c} >=< {hb,d} >
5. As =1{0,X,{d},{h,b,c}} = <{d} >=< {h,b,c} >
6. Ag=1{0X,{h b}, {c,d}} =<{hb}>=<{c,d}>
7. A; ={0,X,{h,c},{b,d}} =< {hc}>=<{bd} >

8. Ag=1{0,X,{hd}{bcY}=<{hd}>=<{bc}>

20



Suppose we take two singleton subsets, we obtain the under listed sigma algebras;

9. Ay ={0,X,{h}, {b},{h,b},{b,c,d},{h,c,d},{c,d}} =< {n}{b} >=
<{b,c,d},{h,c,d} >

10. Aqo = {0, X, {h}, {c},{b,c,d},{h,b,d},{b,d},{h,c},} = < {h},{c} >=
<{b,c,d},{h,b,d} >

11. Ay, = {0, X,{h},{d}, {b,c,d},{h,b,c},{h,d},{b.c}} =< {h},{d} > =
<{b,c,d},{h,b,c} >

12. Ay, = {0, X, {b},{c},{h,b,d},{h,c,d},{h,d},{b.c}} =< {c},{b} >=
< {h,b,d},{h,c,d} >

13. A3 = {0, X,{b},{d},{b,d},{h,c,d},{h,b,c},{h.c}} =< {b},{d} > =
<{h,c,d},{h,b,c} >

14. A1, = {0,X,{c},{d}, {h,b,d}, {h, b, c}, {h,b},{c,d}} =<{c},{d} > =

< {h,b,d},{h,b,c} >

Suppose we take two subsets of X with two elements each, i.e. <{h, b}, {b, d}> we obtain;

15. c/qls =
{0,X,{h,b},{b,d},{c,d},{h,c},{h,b,d},{d},{h c,d},{c},{b,c,d},{b}, {h,b,c},{b, c},{h}, {h, d}} =

P(X) = Ajs

Suppose we take three singleton subsets in X, i.e., <{h}, {b}, {c}> we obtain;
{(D, X, {h},{b},{c},{b,c,d},{h,c,d} {h b,d},{h b}, {h c},{b,c},{h, b, c},{d},{h, d},{b,d} {c, d}}
= P(X) = Ajs

Hence there are fifteen § — algebras when |X|=4,
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4.5 Construction of Sigma algebras of a set X when |X|=5
LetX ={h,b,c.d, e}
|P(X)| = 25 = 32 elements
P(X)
= {0,{h}, {b},{c}, {d}, {e}, {h, b}, {h c},{h d},{h e}, {b,c},{b,d},{b e} {c,d},{c e}, {d e} {c d e},
{b,d,e},{b,c,e},{b,c,d},{h,d,e},{h,c e}, {h,c,d},{h b, e} {h b,d},{hb,c},

{b,c,d,e}, {h,c,d, e}, {h,b,d e}, {h b,c e} {hb,c,d} X}

Constructing sigma algebras;
1. A, = {0, X} trivial sigma algebra

no

Ay ={0,X,{h},{b,c,d,e}} =< {h} >=<{b,c,d, e} >

w

As ={0,X,{b},{h.c,d,e}} =< {b} >=<{h,c,d, e} >
4. Ay ={0,X,{c},{h,b,d,e}} =<{c}>=<{hb,d e} >
5 As =1{0,X,{d},{h,b,c,e},} =< {d}>=<{hb,c,e} >
6. Ag=1{0,X{e}{hbcd}}=<{e}>=<{hb,cd}>
7. A; ={0,X,{h,b},{c,d,e}} =< {h b} >=<{c,d e} >
8. Ag={0,X{hc}{bde}}=<{hc}>=<{bde}>
9. Ao =1{0,X,{h,d}{b,ce}}=<{hd}>=<{bce}>
10. Ao = {0, X, {h e}, {b,c,d,}} =< {h e} >=<{b,c,d} >
11. Ay = {0,X,{b,c},{hd, e}} =< {b,c} > =< {h,d, e} >
12. Ay, ={0,X,{b,d}, {h,c,e}} =< {b,d} >=< {h,c, e} >
13. A3 ={0,X,{b, e}, {h,c,d}} =< {b,e} >=< {hc,d} >
14. A1y =1{0,X,{c,d}, {h, b, e}} =< {c,d} >=< {h,b,e} >
15. A5 = {0,X,{c, e}, {h, b, d}} =< {c,e} > =< {h,b,d} >

16. A6 = {0,X,{d, e}, {h,b,c}} = <{d,e}3 = < {h,b,c} >



Suppose we take two subsets with singleton elements each. We obtain the following sigma

algebras;

17. Ay, = {0, X, {1}, (b}, {h, b}, {b,c,d, e}, {h, c,d, e}, {c,d, e}} = < {h},{b} > =
<{b,c,d,e}{hc,de}>

18. A5 = {0, X, {h}, {c},{h,c},{b,c,d, e}, {h,b,d, e}, {b,d,e}} = < {h},{c} > =
< {hb,d, e}, {b,cd e} >

19. Ay = {0, X,{h},{d}, {h,d},{b,c,d, e}, {h,b,c,e},{b,c,e}} = < {n},{d}} > =
<{b,c,d e}, {hb,c e} >

20. Azo = {®, X, {h},{e},{h, e}, {b,c,d, e}, {h, b,c,d}, {b,c,d}} = < {h},{e} > =
<{b,c,d e} {hb,cd}>

21. Ayy = {@,X,{b}, {c},{b,c},{h, c,d, e}, {h,b,d, e}, {h,d,e}} = < {b}, {c} > =
<{h,cd,e},{h,b,d, e} >

22. Ay = {0,X,{b},{d},{b,d}, {h,c,d, e}, {h,b,c,e}, {hce}} =< {b},{d} > =
<{hc,d e}, {hb,c e} >

23. Ays = (@, X, {b}, {e}, {b, e}, {h,c,d, e}, {h,b,c,d}, {h,c,d}} = < {b},{e} > =
<{h.c,d, e}, {hb,c,d} >

24. Ay, = {0,X,{c},{d}, {c,d},{h, b, d, e}, {h,b,c,e},{h,b,e}} = < {c},{d} > =
<{hb,d, e}, {hb,c, e} >

25. A5 = {0,X,{c},{e}. {c, e}, {h,b,d, e}, {h,b,c,d},{h b d}} = < {c} {e} > =
< {h,b,d,e},{h,b,c,d} >

26. Azg = {0, X,{d},{e},{d, e}, {h,b,c,e},{h,b,c,d},{h,b,c}} = < {d}, {e} > =

< {h,b,c,e},{h,b,c,d} >

23



Suppose we take two subsets having two different elements each. We yield the following

sigma algebras;

27. Ay7 = {0,X,{h, b}, {c,e},{h, b,c,e},{c,d, e}, {h,b,d}, {d}} = < {h,b},{c,e} > =
<{c,d, e}, {h,b,d} >

28. Ayg = {0,X,{h, b}, {c,d},{h,b,c,d}{c,d e}, {h b e} {e}} = < {h b} {c,d} >=
<f{cd, e}, {h,b,e}>

29. Aze = {0,X,{h,b},{d, e}, {h,b,d, e}, {c,d, e}, {h,b,c},{c}} =< {h b}{d e} >=
<f{cd,e},{h,b,c}>

30. Azo = {0, X,{h, c},{b,d},{h,b,c,d},{b,d, e}, {h,c, e}, {e}} = < {h, c},{b,d} > =
< {b,d, e}, {h ce}>

31. Az = {0,X,{h,c},{b,e}, {h,b,c,e}, {b,d, e}, {hc,d}{d}} =< {hc}{b e} >=
< {b,d, e}, {h,cd} >

32. Azp ={0,X,{h,c},{d, e}, {h,c,d, e}, {b,d, e}, {h,b,c},{b}} = < {h,c},{d e} >=
< {b,d,e},{h,b,c} >

33. Az; = {0,X,{h,d}, {b,e}, {h, b, d, e}, {b,c e}, {hcd}{c}} =< {hd}{b e} >=
<{b,c, e} {hc,d} >

34. Az, = {0,X,{h,d},{c e}, {h,c,d e}, {b,c e}, {hb,d}{b}} =< {hd}{ce}>=
<{b,c,e},{h,b,d} >

35. Azs = {0, X,{h,d},{b,c},{h,b,c,d},{b,c, e}, {h d, e}, {e}} = < {h,d},{b,c} > =
<{b,c, e}, {h,d, e} >

36. Az = {0,X,{h, e}, {b,c},{h,b,c,e}, {b,c,d},{h,d,e}, {d}} = < {h e}, {b,c} >=
<{b,c,d},{h,d, e} >

37. Az, ={0,X,{h, e}, {b,d},{h,b,d, e}, {b,c,d}, {h,c e} {c}} =< {he} {bd}>=

<{b,c,d},{h,c,e} >
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38. Azs = {0,X,{h, e}, {c,d}, {hc,d e}, {b,c,d},{h b, e} {e}} = < {he}{cd} >=
<{b,c,d},{hb,e} >

39. Asg = {0,X,{b,c},{d, e}, {b,c,d, e}, {h,d, e}, {h,b,c},{h}} = < {b,c},{d, e} >=
<{h,d, e}, {h,b,c} >

40. Ay ={0,X,{b,d},{c, e}, {b,c,d, e}, {h,c,e}, {h b,d},{h}} = < {b,d},{c,e} > =
<{h,c e}, {h,b,d} >

41. A4y = {0,X,{b, e}, {c,d}, {b,c,d, e}, {h,c,d}, {h,b,e}, {h}} = < {b,e},{c,d} > =

<{h,c,d},{h,b,e} >

Suppose we take subsets with three singleton elements each, we yield the results below;
42 cA42 =

{0,X,{h},{b},{c},{h,b,c},{b,c,d, e}, {h,c,d, e}, {h,b,d, e}, {h b} {h c},{b,c},{c d, e}, {hd, e},
{b,d,e},{d, e}}

=< {h},{b},{c}} >=<{b,c,d,e},{h,c,d, e}, {h b, d e} >=<{h b} {hc}>=
< {h,b},{b,c} >
43. Ay =

{0,X,{h},{b},{d},{h,b,d},{b,c,d, e} {hc,d, e} {hb,c,e},{h b} {h d},{b d} {c,d, e} {hc e}
{b,c,e}, {c, e}}

=< {h},{b},{d}} >=<{b,c,d,e},{h,c,d,e},{h,b,c,e} > =< {h,b},{b,c,e} >=
< {h,d},{c,d, e} >
44, Ay =

{0,X,{h},{b},{e},{h,b,e},{b,c,d, e} {hcd e} {hb,c d}{h b} {h e} {b e} {cd e}, {h c d},
{b,c,d},{c,d}}

=< {h},{b},{e}} >=<{b,c,d,e},{h,c,d,e},{h, b,c,d} >=<{h,b},{he} >
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45, Ays =

{0,X,{h},{c},{e},{h,c, e}, {b,c,d,e},{h,b,d, e}, {h,b,c,d},{h,c} {h e} {c, e} {b,d, e} {h b, d}
{b,c,d},{b,d}}

=< {h},{c},{e}} >=<{b,c, d,e},{h,b,d,e},{h,b,c,d} >
46. A, =

{0,X,{h},{c},{d},{h,c,d},{b,c,d,e},{h b,d, e}, {h,b,c, e} {hc},{h d},{c,d},{b,d, e}, {h b,e},
{b,c,e},{b,e}}

=< {h},{c},{d} >=<{b,c, d,e},{h,b,d, e}, {h b,ce} >
47 c/q47 ==

{0,X,{h},{d},{e},{h,d, e}, {b,c d e} {hb,ce}{hb,c,d}{hd},{h e} {d e}, {b,c e}, {h b, c}
{b,c,d},{b,c}}

=< {h},{d},{e} >=<{b,c,d,e},{h,b,c,e},{h,b,c,d} >
48 6/148 =

{0,X,{b},{c},{d},{b,c,d},{h,c,d,e}{h,b,d,e},{h,b,c, e}, {b,c},{b,d},{c,d},{h,d, e}, {h,b,e}
{h,c,e}, {h,e}}

=< {b},{c},{d} >=<{h,c,d,e},{h, b,d, e}, {hb,ce} >
49 c/q,49 =

{0,X,{b},{c},{e},{b,c,e},{h,c,d, e}, {h,b,d.e},{h b, c,d},{b,c},{b,e},{c, e}, {h,d, e}, {hb,d},
{h,c,d},{h,d}}

= < {b}) {C}I {e} > = < {hl C; dl e}l {hl b; dl e}l {hJ b; C; d} >
50 CASO ==

{0,X,{b},{d},{e},{b,d, e}, {h,c,d, e}, {hb,c,e},{h b,cd} {b d}{b,e} {d e} {h c e} {hb,c}
{h,c,d},{h,c}}

=< {b},{d}, {e}} >=<{h,c,d,e},{h,b,c,e},{h,b,c,d} >
51. Agy =

{0,X,{c},{d},{e}, {c,d,e},{h,b,d, e}, {h,b,c e} {hb,c,d},{c,d},{c e}, {d, e}, {h b, e}, {h b,c}
{h,b,d},{h,b}}

=< {c}{d},{e} >=<{hb,d,e},{h,b,c e}, {hb,c d} >
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Suppose we take two subsets with two elements each having a common element i.e.
< {h, b}, {b, c}>, we obtain the result below:
@,X,{h,b},{b,c},{h,b,c}{c d e} {h d e}, {d e}, {b},{c},{h},{b,c,d, e}, {h b,d e} {b,d e}, {hcd, e}
{h,c}} =<{h b}, {b,c} >=<{cd, e}, {hd e} >= A,
Suppose we take < {h, b}, {h, e}> ,we obtain:
@,X,{h,b},{h, e}, {h, b, e}, {c,d e} {b,c d} {c d} {h},{b},{e},{b,c,d e}, {h b,c,d} {hcd, e} {h c d},
{b,e}} =< {h,b},{h,e} >=<{c,d, e}, {b,c,d} >= Ay
Suppose we take < {h, d}, {h, c}>, we obtain
@,X,{c,d},{h,c},{a,c,d},{h,b,e},{b,d, e}, {b,e} {c}.{h.b,c, e}, {b,c,d, e}, {b,c, e}, {h} {d} {h d},

{h,b,d,e}} =<{c,d},{h,c} >=<{h,b,e},{b,d, e} >= Ay

Implying that any two subsets with two elements having a shared element results to an already
generated sigma algebra, consequently, their complements also give the same sigma algebra.
Further to that, when we take two and three subsets respectively as generators with a common
element, i.e., < {h, d} {c, d, e}> =< {h, b}, {b, c, e}>, we yield similar results as indicated in A 43
above.
Suppose we take subset of X with four singleton elements we obtain

52. Asgy =

{0.X,{h},{b},{c},{d},{h,b,c,d},{b,c,d,e},{h,c,d, e} {hb,d,e},{hb,c, e} {e},{h b} {h c}
{h,d},
{h,e},{b,c},{b,d},{b,e},{c,d},{c,e} {d, e}, {b,de},{c,d, e}, {b,c,e},{b c d}{h d, e}, {hc, e}
{a,c,d},{h,b,e},{h,b,d},{h,b,c}}

= P(X).

Hence there are 52 sigma algebras obtained when |X|=5.
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4.6 Construction of Sigma algebras of a set X when |X| =6

LetX = {h}blcld’e’f}

Then |P(X)| = 2° = 64,

hence there are 64 elements namely;
PX) =

{0,{h},{b}, {c},{a}, {e}, {f}, {h, b}, {h,c},{h.d}, {h, e}, {h, f},{b,c},{b,d}, {b,e}, {b, f},{c,d}, {c, e}, {c.f},
{d,e},{d,f}.{e,f},{h,b,c},{h,b,d},{h,b,e},{h,b,c},{h Db, f}{hc,d},{hce}{hc f}{hd e}, {hdf},

{b,c,d},{b,c,e},{b,c,f},{b,d, e}, {b,d, f},{b,e f}{c d e} {c.d.f},{ce f}{d, e fHh b,c,d},{h b,e, f}
{h,b,c,e},{h,b,c,f},{h,b,d, e}, {h,b,d,f},{hc,d, e}, {hcd, f},{hce f}{hde f}{b cd, e}
{b,c,e,f},{b,c,d,f},{b,d, e, f}{c,d,e f},{b,c,d,e f}{hc,d e f}hb,de f}{hb,ce,f}

{h) e’ f}' {b' C} d}l

{hl b) CI dlf}l {hl bl Cl dl e}IX}
Sigma algebras are as below:

1.

2.

3.

8.

9.

Ay = {8, X}

Ay, ={0,X,{h},{b,c,de.f}=<{h}>=<b,cdef >
A; ={0,X,{b},{h,c,d.e.f}} =< {b} >=<{hcde f} >
Ay ={0,X,{c},{hb,d e f}}=<{c}>=<{hbdef}>
As ={0,X,{d},{h,b.ce,f} =<{d} >=<{hb,ce f}>
Ae ={0,X,{e},{h,b,c,d,f}} =<{e} >=<{hb,cd f}>
A; ={0,X,{f},{hb,c de}} =<{f} >=<{hb,cde}>
Ag = {0,X,(hb).{c.d e, f}} =< (hb} >=<{c,de f} >

Ag = {0,X,{h,c},{b,d,e,f}} =<{hc}>=<{bdef}>

10. Ay = {0, X, {h,d}, {b,ce, f}} =< {h,d} >=<{b,ce, f} >

11. Ay ={0,X,{h e}, {b,c.d, f}} =< {he}>=<{bcd f} >

12. Ay, ={0,X,{h, f},{b,c,d,e}} =< {hf} >=<{b,c,d,e} >

13. A3 ={0,X,{b,c},{hd e f}}=<{bc}>=<{hde.f}>

14. A1y ={0,X,{b,d},{h,c.e,f}} =< {bd} >=<{hce f}>

15. A5 = {0, X, {b, e}, {h,c,d, f}} =< {be} >=<{{hc,d,f}} >
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16. A1 = {0,X,{b, f}{h,c,d, e}} =< {b,f} >=<{h,c,d, e} >
17. Ay, ={0,X,{c,d},{h,b,e, f}} =<{c,d} >=<{hb,e,f} >
18. A1 = {0,X,{c, e}, {h,b,d,f}} =<{c,e} >=<{h,b,d,f} >
19. Ao ={0,X,{c,f}{hb,d e}} =<{c,f} >=<{hb,d, e} >
20. Ay = {0,X,{d, e}, {h,b,c,f}} =<{d,e} >=<{hb,c,f} >
21. Ay ={0,X,{d, f},{h,b,c,e}} =< {d,f} >=<{hb,c,e} >

22. Ayy ={0,X,{e, f},{nb,c,d}} =<{e f} >=<{h b.c,d} >

Suppose we take any three distinct subset elements of the set X, we yield the following sigma
algebras;
23 C/ng = {@uXI {h) bu C}I {dl e;f}} = < {h, br C} > = < {dl e:f} >

24. Ayy = {0,X,{h,b,d},{c,e,f}} =< {hbd} >=<{ce f}>
25. Ays = {0,X,{h, b, e}, {c,d,f}} =< {hbe}>=<{cd f}>
26. Az = {0,X,{h, b, f}{c,de,}} =<{hb f}>=<{cd e} >
27. Ay, ={0,X,{h,c,d},{b,e,f}} =< {hcd} >=<{be f} >
28. Ay ={0,X,{h,c, e}, {b,d, f}} =< {hc e} >=<{bd f}>
29. Az = {0,X,{h,c,f},{b,d,e}} =< {hc.f} >=<{b,d e} >
30. Azo = {0,X,{h,d, e}, {b,c, f}} =< {hd, e} >=<{b,c f}>
31. Az ={0,X,{h,d,f}{b,ce}} =< {hd f}>=<{bce} >

32. Az ={0,X,{he,f},{b,c,d}} =< {he f} >=<{bcd} >

Suppose we take any two distinct, two element subset of the set X, we obtain the underlisted
sigma algebras;

33. Az; = {0,X,{h, b}, {c,d}, {h,b,c,d},{c,d, e f},{hb,e f}{e f}} = < {h b} {cd} >
=<{cd,e f}{hb,e f}>=<{hb}{e f} >=<{cd}{ef}>
34. Az, = {0,X,{h, b}, {c,e},{h,b,c,e},{c,d,e, f},{hb,d,f},{d, f}} = < {h b} {c e} >

=<{cde f}{hbd f}>
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35. Ass = {0,X,{h, b}, {c, fL{h,b,c, f}{c,d,e, f},{h,b,d, e}, {d, e}} = < {h, b}, {c, f} >
=<{cd,e,fHh,b,d, e} >

36. Aze = {0,X,{h, b}, {d, e}, {h,b,d, e}, {c,d e, f},{hb,c f}{c, f}} =< {hb}{d e} >
=<{c.d,e,f}hb,c f}>

37. As; ={0,X,{h, b}, {d, f1.{h,b,d,f},{c.d e, f}{hb,c e}, {c.e}} =< {h b} {d, f} >
=<{c,d,e,f{hb,ce} >

38. Asg = {0, X, {h, b}, {e, fL{n b e f1{c,d e f}{h b,c d}{c,d}} =<{h Db} {e f} >
=<{c,d,e f}hb,cd}>

39. Asg = (@, X, {h, c},{b,d}, {h,c,b,d}, {b,d, e, f},{h,c,e, f},{e, f}} = < {h,c},{b,d} >
=<{b,d,e f}{hce f}>

40. Ayo = {0, X,{h, c},{b, e}, {h,c,b, e}, {b,d, e, f},{h,c,d, f},{d f}} = < {h,c},{b,e} >
=<{bd,ef}{hcdf}>

41. Ay = {0,X,{h,c},{b,f1,{h,c,b, f},{b,d, e f}{h,c,d, e}, {d e}} = < {hc},{b,f} >
=<{bd,ef}ihcde}>

42. Aze = {0,X,{h,c},{d, e}, {h,c,d, e}, {b,d, e, f},{h,b,c,f},{b, f}} = < {h,c}{d e} >
=< {b,d,e f},{hb,c f}>

43. Ay = {0, X, {h, c}{d, fL{hc,d, f}{b,d,e, f},{h, b,c, e}, (b, e}} = < {h,c},{d, f} >
=<{b,d,e f},{hb,ce}>

44, A4y = (0,X,{h, c}{e, f},{hc.e, f1{b,d, e, f},{h b, c,d}, {b,d}} = < {h,c},{e, f} >
=< {b,d,e,f},{hb,c,d} >

45. Ayus = {0, X,{h,d}, {b,c},{h,b,c,d}, {b,c,e, f},{h,d,e,f}{e, f}} = < {h,d},{b,c} >
=<{b,ce f}{hde f}>

46. Ay = {0, X,{h,d},{b, e}, {h,b,d, e}, {b,c,e, f},{h c,d, f},{c. f}} = < {hd},{b, e} >

=<{b,c,e,fH{h,c,d, [} >
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47. Ay7 = {0, X, {h, d},{b,f},{h,b,d, f},{b,c,e f}{h c d e} {c e}} = <{hd}{b, [} >
=<{b,ce f}{hc,d e} >

48. Ay = {0, X, {h, d},{c,e},{h,c,d, e}, {b,c.e,fL{hb,d f},{b f}} =<{hd}{ce}>
=< {b,c,e,f},{hb,d f}>

49. Ayo = {0, X, {h,d} {c, fL{hc,d, fL{b,c,e, f},{h b,d, e}, (b, e}} = < {h,d}{c, f} >
=< {b,c,e,f},{hb,d f}>

50. Aso = {0, X, {h, d},{e, fL{h.d e, f},{b,ce, f}{h D c,d},{b c}} =<{hd}{e f}>
=<{b,c,e,f},{h b,c d} >

51. Asy = {0, X,{h, e}, {b,c},{h,b,c, e}, {b,c,d, f},{h,d, e f}{d f}} = < {he}{bc} >
=<{b,c.d f}{hdef}>

52. As, = {0, X,{h, e}, {b,d},{h,b,d, e}, {b,c,d, f},{hc e f}{c f}} = <{he}{bd} >
=<{b,c,d,f},{h,ce f}>

53. As3 = {0, X, {h, e}, {b, f},{h,b,e,f},{b,c.d,f}{hc,d e} {c, d}} =< {he}{b f} >
=<{b,c,d,f},{hc d e} >

54. Agy = {0,X,{h, e}, {c,d},{h,c,d,e},{b,c,d,f},{hb,e f}{b f}} =<{he}{cd} >
=< {b,c,d f},{hb,e f}>

55. Ass = {0, X, {h, e}, {c, f},{h ce, f}.{b,c,d, f}{hb,d, e}, {b,d}} = < {he}{c [} >
=< {b,c,d,f},{nb,d e} >

56. Ase = {0, X,{h, e}, {d, f},{h.d,e,f},{b,c,d,f},{hb,c e} {b,c}} =< {he}{d f} >
=<{b,cd f}{hb,ce}>

57. Asy; = {®,X,{h, f},{b,c},{h,b,c, f},{b,c,d, e}, {h,d, e, f},{d, e}} = < {h, f},{b,c} >
=<{b,c,d, e}, {h,de f}>

58. Asg = {0, X, {h, f},{b,d},{h,b,d, f},{b,c,d, e}, {h,c,e [} {c e}} = <{h f},{b,d} >

=<{b,c,d, e}, {h,ce f}>
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59. Aso = {8, X, {h, f},{b, e}, {h, b,e,f},{b,c,d, e}, {h,c,d, f},{c,d}} = < {h, f},{b, e} >
=<{b,c,d, e}, {h,cd,f}>

60. Ago = {0, X,{h, f},{c,d},{h,c,d,f},{b,c,d, e}, {hb,e f},{be}} = < {h f}{c,d} >
=<{b,c,d, e}, {h,b,e f}>

61. Ag; = {0,X,{h, f}{c e}, {h,ce f}{b,c d e} {hbdf}{bd}} =<{hf){ce}>
=<{b,c,d, e}, {hb,e f}>

62. Ag, = {0, X,{h, f},{d, e}, {h,d, e, f},{b,c,d, e}, {h,b,c, f},{b,c}} = < {h, f},{d, e} >

=< {blcld)e}’{h)blclf} >

Suppose we take two singleton subsets of the set X, we obtain the following sigma algebras.
63' c/q'63 = {Q)JXJ {h}) {b}l {hl b}l {bl Cr d; erf}r {hl Cr dl erf}r {C, dl e,f}} = < {h}, {b} >

=<{blcﬁd)elf}J{hlcﬁd)elf}>

64. Ags = {0,X,{h}, {c},{h,c},{b.c,d,e, f},{h,b,d,e f}{bdef}} =< {h}{c} >
=<{b,c,d,e f}{hb,d e f}>

65. Ags = {0, X,{h},{d},{h,d},{b,c,d,e,f},{h,b,c e f}{b,ce f}} =< {h}{d} >
=< {b,c,d,e f}{hb,ce f}>

66. Ags = {0, X,{h}, {e},{h, e}, {b,c,d,e,f},{h,b,c,d f}{b,c,d,f}} =< {h},{e} >
=<{b,c,d,e f}{hb,cd f} >

67. Ay, = {0, X, {h}, {f},{h,f}.{b,c,d, e, f},{h,b,c,d e}, {b,c d e}} = < {h},{f} >
=<{b,c,de f}{hb,cde}>

68. Ags = {0, X,{b}, {c},{b,c},{h,c,d e f}{h,b,d, e f},{hd e f}} =< {b}{c}>
=<{hcdef}{hb,de, f}>

69. Ago = {0, X, {b},{d},{b,d},{h,c,d,e,f},{hb,c,e f}{hc e f}} = <{b},{d} >

=<{hcd,e f},{hb,ce f}>
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70. A;o = {0, X,{b}, {e},{b, e}, {h,c,d, e, f},{h, b,c,d, f},{h,c,e, f}} = < {b},{e} >
=<{hcde f}{hb,cd f}>

71. Ay, ={0,X, (b}, {f},{b, f}.{h,c,d, e, f},{h,b,c,d, e}, {h,c,d, e}} = < {b}, {f} >
=<{hcd,e f},{hb,cd e} >

72. A7y ={0,X,{c},{d}, {c,d},{h,b,d,e,f},{h,b,c,e,f},{hb,e f}} =< {c} {d} >
=<{nb,de f},{hb,cef}>

73. Ay3 = {0,X,{c},{e}. {c,e}, {h,b,d, e, f},{h,b,c,d, f},{h,b,d, f}} = < {c}, {e} >
=<{nb,d,ef}{nb,cd f}>

74. Azy ={0,X,{c},{f}.{c.f}.{hb,d,e, £}, {h,b,c,d, e}, {h,b,d e}} = < {c},{f} >

:<{hlbldlelf}’{hlblcld)e}>

75. As5 = {0,X,{d},{e}, {d. e}, {h,b,c,e, f},{h,b,c,d,f},{hb,c f}} = < {d} {e} >
=< {h,b,c,e f}{hb,cd f}>

76. Az = {0,X,{d}, {f}.{d. f}.{h,b,c.e, f}.{h b,c.d, e}, {h, b,c,e}} = < {d}, {f} >
=< {hb,cef}{hb,cde}>

77. Ay =10, X,{e}, {f}{e. f,{h,b,c,d, f},{h,b,c,d, e}, {h,b.c,d}} = < {e}, {f} > =<

{hlblcld)f}l{hlb)cld’e} >

Suppose we take three distinct singleton subsets of a set X, we obtain the following sigma
algebras;

78 c/q78 =

{0,X,{h},{b},{c},{h,b,c},{b,c,d,e,f}{h,c,d e, f}{h b,d e f}{d e f}{c de f}{bde f}
{h,d,e, f},{b,c},{h,c},{h,b}} = < {h},{b},{c} >=<{b,c,d,e, f},{hcde f},{hbde [} >
=< {b,c},{h,c},{h, b} >}
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79. Azq =
{0,X,{h},{b},{d},{h,b,d},{b,c,d,e,f},{h,c,d,e,f}{h b,c.e,f}{c,e f}{c.d e f}i{b,c,e [}
{hyc,e, f}{b,d} {h, d}, {h, b}} = < {h}, (b}, {d} > = < {b,c,d,e, f},{h,c,d, e, f},{h, b, c,e, f} >
= < {b,d},{h, d}, {h, b} >)
80. Agy =
{0,X,{h},{b},{e},{h,b,e},{b,c,d,e f},{hcde, f}{hb,cd f}{ce f}{ic.d e f},{b, cd, f}
{h,c,d,f},{b,e},{h,e},{h,b}} = < {h},{b},{e} >=<{b,c,d,e,f},{h c,d,e f},{h, b,cd, f} >
= < {b, e}, {h, e}, {h, b} >}
81. Ag, =
{0,X,{h},{b},{f},{h,b,f},{b,cd,e f}{hcde f},{hb,cde}{cd e} {cdef}{b,cd,e}
{h,c,d, e}, {b, f},{h, f},{h,b}} = < {h},{b},{f} >=<{b,c,d,e, f},{h,c,d,e f},{h, b,c,d e} >
=<{b,f}{h f}{h b} >}
82. Ag, =
{0,X,{h},{c}{d}, {h,c,d},{b,c,d,e,f}{h,b,d,e f},{h b,ce f}{be f}{b,d e f},{b,c e f},
{h,b,e, f},{c,d},{h,d},{h,c}} = <{h},{c},{d} >=<{b,c,d,e f},{h b, d,e [}, {h b,ce f} >
=< {c,d},{h,d}, {h,c} >}
83. Ay =
{0, X,{h}, {c}{e}, {h,c,e},{b,c,d,e,f},{h b, d e, f}{h b,c,d f}{b,d f}{b,d e f},{b,cd, [}
{h,b,d, f},{c,d},{h e} {a c}} =<{h}{c}{e} >=<{b,c,d,e f},{hb,de [},
{h,b,c,d,f}>
=< {c,d},{h e}, {h c} >}
84. Ag, =
{0,X,{h},{c},{f},{h,c,f}{b,c,d,e f},{hb,d,e f},{h b,c,d e} {b,d, e}, {b,d,e, f}{b cd,e}
{h,b,d, e}, {c,f},{h f}{h c}} =< {h}{c}{f} >=<{b,c,d,e,f},{h b,d,e f},{h b,cd, e} >
= <{c.fh ) {hc} >)
85. Ags =
{0,X,{h},{d}, {e},{h,d, e}, {b,c,d,e,f},{h b,c e f}{hb,c,d f},{b,c.f}{b ce f}{bcd [},
{h,b,c,f},{d, e}, {h,e},{h,d}} =< {h},{d},{e} >=<{b,c,d,e,f},{h,b,c,e, f},{h b,cd, f}>
=<{d, e}, {h e}, {h, d} >}
86. Agg =
{0,X,{h},{d}, {f},{h,d,f},{b,c,d,e, f},{h,b,c,e,f},{h,b,c,d, e}, {b,c.e},{b,ce f}{b,c,d, e},
{h,b,c,e},{d, f},{h f}{h,d}} = <{h},{d},{f} >=<{b,c,d,e, f},{h,b,c,e f},{h b,c,d, e} >
=<{d,f}{h f}{h d} >}
87. Agy =
{0,X,{h}, {e}, {f}.{h, e, f},{b,c,d, e, f},{h,b,c,d, f},{h,b,c,d e}, {b,c.e},{b,c,d, f},{b,c,d, e},
{h,b,c, e} {e.f},{h f}{h e}} =< {h}{e}, {f} >=<{b,c,d,e f},{hb,cd f},{h b, cd e} >
=<f{e,fL{hf}{he}>}
88. Agg =
{0, X,{b},{c},{d},{b.c,d},{h,c,d,e f},{h b, d,e f},{hb,ce f},{he.f},{hde f}{hce [},
{h,b,e, f},{c,d},{b.d},{b,c}} = < {b},{c},{d} >=<{hcde f},{hb,de f},{h b,ce f}>
=< {c,d},{b.d}, {b,c} >}

89. Aqq =
(0.%, (53, (), (e}, b.c &}, (. dy e, £}, U by d e, £, Ty b, d, £, O d f, Ty, £, o, d, £,
{h,b,d, f},{c, e}, {b, e}, {b,c}} =< {b} {c}{e} >=<{hcde f}{hb,de f},{hb,cd f}>

=<{ce},{b.e},{b,c} >}
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90. Aqp =
{0, X,{b}, {c},{f}{b.c.f}.{h,c,d,e, f},{h,b,d, e, f},{h,b,c,d, e}, {h d, e}, {hd,e f}{h c,d, e}
{h.d,e,fLic, f1.{b, f}.{b,c}} = <{bL{c}{f} >=<{hcde fL{nb,d e f},{hb,cd e} >

=<{c,fL{b.f}{b,c} >}

91. Agy =
{0,X,{b},{d},{e},{b.d,e},{h,c,d, e, f},{h b,ce f},{h b,c,d f}{hc.f},{hce f}{hcd, [},
{h,b,c,f},{d, e}, {b.e}, {b,d}} = < {b},{d},{e} >=<{h,c, d, e f},{h b,ce,f},{hb,cd, f}>

=< {d e}, {b.e} {b,d} >)

92. Agy =
{0,X,{b},{d},{f},{b.d,f},{h,c,d,e f},{h b,ce f},{h b,c,d e}, {hc e}, {hc e f}{hcd, e},
{h,b,c,e},{d,f},{b.f},{b,d}} =< {b},{d},{f} >=<{h,c,d,e,f},{h,b,ce f}{h b,cd, e} >

=<{d,f}{b.f},{b,d} >}

93. Ay3 =
{@0,X,{b},{e},{f},{b.e f}{h cde f},{h b,cd f},{h b,c,d, e}, {h c d} {hcd, [} {hc,d, e},
{h,b,c,d},{e, f},{b,f}.{b,e}} = <{b} {e}, {f} >=<{hcd, e f},{hb,cd, f},{h b,cd, e} >

=<{e,fL{b.f}{be} >}

94. Agy =
{0,X,{c},{d},{e},{c.d,e},{a,b,d,e f},{h b,c,e f},{hb,cd f},{hb.f},{h b,e f}{hb,d,f}

{h,b,c,f},{d, e}, {c e}, {c,d}} =<{c},{d},{e} >=<{hb,d,e f},{hb,cd, f}>
=< {d, e}, {c.e},{c,d} >}

95. Ags =
{0,X,{c},{d},{f}.{c,d,f},{h,b,d,e f},{h, b,c,e f},{h b,c,d e}, {h b,e}, {hb,e f},{h b,d, e},
{h,b,c,e},{d, f}{c, f}ic,d}} =<{c}{d}{f} >=<{hb,d,e f},{h b,ce f},{h b, c d e} >

=<{d,f}{c, f}{c,d} >}

96. Agg =
{0,X,{c}{e}, {f}{c.e f}{h b, d,e f},{hb,c,d, [}, {h b,cd, e}, {h b,c},{h b,d, f},{hb,d, e},
{h,b,c,d},{e, f}{c,f}{ce}} =<{c}{e}{f} >=<{hb,d e f},{h b,c,d, [}, {h b,c,d e} >

=<{e f}ic fl{c e} >}

97. Ag; =
{0,X,{d},{e}, {f}{d.e, f},{h b,c,e f},{h b,cd, f},{hb,cd,e},{hb,c},{h b,c, f}{hb,c, e},
{h,b,c,d},{e, f}{d, f},{d, e}} =<{d}{e}, {f} >=<{hb,c,e,f},{h,b,c,d, f},{h b,c,d, e} >

=<{e f}{d f}{d e} >}

Suppose we take four distinct singleton subsets of a set X we obtain the following sigma
algebras;

98. Agg =
{?38, X, {h}, {b},{c},{d},{h,b.c,d},{b,c,d,e, f},{hc,de, f},{hbde f},{h b,c.e f} {ef}
{c,d,e f},
{h.d,e,f},

{b,d,e,f},{b,ce,f}{h,c,e fl{c e f}{h b}, {h c},{h a},{b,c},{b,d},{c,d},{h, b,e f},{hb,c},
{h) b' d}) {h' C’ d}' {b' C' d}' {d' e’ f}’ {b' e, f}’ {h’ e’ f}}
=< {h},{b},{c},{d} >=<{b,c,d,e, f},{hcde f},{hbde f},{hb,ce f}>}
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99. Agg =
(0, X, (1), ), (e}, 3, (h,b.e, f1, (b, . d,e, £, Th, ¢, dy e, ), Th, by, d, ), U, b, ), e,
{bef}
{c,d,e f},
{b,c,d,f},{b,c,d,e},{h,e f},{h b, f},{h b,e},{h b,c,d},{hcd, f},{h c d, e}, {h b},
{h,e}, {b, e}, {h f}{b, f}.{e, f}{h c,d},{b,c,d}{c,d, f}{c d e}
=< {h}, {b},{e},{f} >=<{b,c,d e f}{hcde f}{hb,cd f},{bcde}>}

100. Ao =
{0,X,{h},{b},{c},{e},{h,b.c,e},{b,c,d,e f}{hc,d e f},{hb,d e f}{hb,cd, f}{d [}
{c,d,e f},
{b' d' e, f};
{b,c,d,f},{h,d,e f},{hcd f},{h,b,d, [} {b,c e}, {h c, e}, {h b, e} {h b, c} {h b},
{h,c},{h,e},{b,c},{b, e}, {c,e},{h,d,f},{b,d f}{c.d f}{d e f}
=< {h}, {b},{c},{e} >=<{b,c,d,e, f},{hc,d,e f},{h b,d,e f},{hb,cd, f}>}
101. Ay =
{0,X,{h}, {b},{c},{f}{h,b.c,f}{b,c,d,e,f}{hc,d,e f}{h b,d,e f},{h b,c,d e}, {d, e},
{c,d e f},
{b,d,e f},

{b,c,d,e},{h,d,e f},{hc,d e}, {hb,de}{bcf}{hc f}{hb, f},{hb,c} {h b},
{h,c},{h, f},{b,c},{b,f}{c.fL{h d, e}, {b,d, e}, {c,d e} {d e f}
=< {h}, {b},{c},{f} >=<{b,c,d,e f},{hcd,e f},{hb,d,e f},{h b, c,d, e} >}

102. Aoz =
{0,X,{h}, {Ob}. {d},{e},{h,b.d,e},{b,c,d,e, f},{h,c,d,e f},{hb,ce,f}{h b,cd f}{cf},
{c.d,e f},
{b,c.e f},

{b,c,d,f},{h,c,e f}{hc d, f},{hb,c f},{b,d, e} {h d e} {h b,e} {h b, d}{h, b},
{h,d},{h,e},{b,d},{b,e},{d, e}, {h,c, f},{b,c,f}{c.d, f}{c e f}
=< {h},{b},{d}, {e} >=<{b,c,d,e,f},{h,c,d, e, f},{h b,c,e,f},{hb,c,d, f} >}

103. Aqoz =
{0,X,{h}, {b},{d}, {f}.{h,b.d,f}{b,c,d e, f}{h,c,d e f},{hb,c e f},{hb,cd e} {ce},
{c.d,e f},
{b,c.e f},

{b,c,d,e},{h,c,e f},{hc,d, e}, {h b,ce}{bd f}{hd f},{hb,f}{h b, d}{h, b},
{h,d},{h, f},{b,d},{b,f}{d, f},{h.c, e}, {b,c,e},{c,d, e} {c,e, f}
=< {h},{b},{d},{f} >=<{b,c,d,e, f}{hcde f},{hb,c,e f},{hb,c,d e} >}

104, Ao =
(8,%, (1, (6}, (3, (F, Ty, d, £, (b, ¢, dy e, £3, (b, d e, £3, (b, e, £, (h, b e, d €, (b, €,
{br d' e, f}r
{b,c,e f},

{b,c,d,e},{h,b,e, f},{h b,d, e} {hb,ce}{c,d f},{hd, f}{hc [} {h c d},{h, c},
{h,d},{h,f}.{c,d}{c,f}.{d, f}.{h, b, e}, {b,c,e}, {b,d, e}, {b,e,f}
=< {h}{c}{d},{f} >=<{b,c, d,e,f},{hb,d,e f},{h b,c,e f},{hb,cd e} >}
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TR TNAY bc,e, )T byc,d, £ b, ),
,{h,c.d, e}, {b,c,d,e, f},{h,b,d,e, f},{h,b,

{0,X,{h},{c},{d}, {e},{h,c.d,e G
{b,d,e f}

e}, {h,c,d}, {h,c},

{h,b,e f},{h,b,d, f},{h b,c [} {c,d e}, {h d e}, {hc,e
T o e oo o b 10001000 1) b ) o
=< {h},{c},{d},{e} >=<{b,c,d,e,f},{h,b,d,e, f},{h, b,c,e,f},{hb,cd,f

106. A106 = b,c,d,f},{h,b,c,d, e}, {b,d},
) h; - €, }t{b;cpdre!f}l{hlb!d'e‘f}’{h' e
{0,X,{h}, {c},{e}, {f}{h,c.e,f odef
{b,c,d,f},

fhihc e} {h c},
,{h,b,d,f},{h,b,d, e}, {h,b,c,d},{c,e f},{h e f},{hc f
eyt (e (Pl Phihne b e T n N
=< {h} {c}{e} {f} >=<{b,c,d,e,f},{hb,d,e f},{hb,cd, f},{hb,cd,

107. Ai07 = h,b,c,d, f},{h,b,c,d, e}, {b,c},
) ) h-d: ﬁf}!{brcldle’f}’{h’b’c’e'f}’{ re
(0., (), 1), {e}, {F), th.d e A
{b,c,d,f},

) d, e, hy ),
Ahb,c,f1,{h b,c e}, {h b,c,d}{d,e, f}, {h,e, f}, {h,d f

hod e}{zg, ), {Chﬂ}, (0.0 1) (e 1) 00,0 0 o) Do) b ) .
=< {h},{d}, {e},{f} >=<{b,c,d,e, f},{h b,ce f},{hb,cd f},{hb,cd,

T b,c,e, £}, {hb,c,d,f},{h £},
Ab,c.d, e}, {h,cd,e f}{hb,de f}{hb,c,
{0,X,{b},{c},{d}, {e}, {b,c.d,e e
{h.c.e f},

}' {b' C’ d}’ {b’ C})
,{h,b,e, f},{h,b,d, f},{h,b,c,f}{c,d e}, {b,d e}, {b,ce
A b Y N A A N
=< {b},{c},{d},{e} >=<{hc,d,e f},{h b, d,e f},{h b,c,e f},{hb,c,d,

109. A109 = h,b,c,e, f},{h,b,c,d, e}, {h, e},
) ) b, -d;f}’{hpcpdlelf}’{hlbldlelf}l{ 4 4
(@,%, (b}, (c}, {d}, (£, (b, c oo
{h,c,e f},

) (b, d3, (b, ¢,
A{h b,e, f},{h b,d e}, {h b,c e} {cd, f}, {b,d, f}, {b,c f

od e}{b{, a, {Z,j}}, (o) (6 f) 1 ) Chbel (e hde) e 1) .
=< {b}{c}{d},{f} >=<{hc d e f},{h b,d,e f},{h b,c,e [}, {hb,cd,

o S b,c,d, ), {hb,c,d e}, (h d),
b, c.e, },{h,c,d,e,f},{h,b,d,e,f},{h, ,C,
{0,X,{b},{c},{e},{f}.{b,cef e
{h,c,d,f},

Lib,c e}, {b,c},
,{h,b,d,f},{h,b,d, e}, {h,b,c,d},{c,e f}{b,e f},{b,c f

e o ) (0. o P o3, B et 3 “n
=< {b},{c}{e} {f} >=<{hcd,e f},{hb,d,e f},{hb,cd f}{hb,cd,
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111. Appy =
{0,X,{b},{d}, {e}, {f}.{b.d,e,f},{h,c,d,e,f},{h,b,c,e,f},{h,b,c,d, f},{h,b,c,d, e}, {h,c},
{h,c.ef},
{h,c.d,f},
{h,c,d,e}, {h,b,c,f},{h,b,c,e},{h,b,c,d},{d, e, f},{b,e f}{b,d, f}{b,d, e} {b d}
{b,e},{b,f},{d, e}, {d, fl{e, f}{hb,c}{h,c,d},{h c e} {hc f}
=< {b},{d}, {e},{f} >=<{hcd,e f},{h b,c e f}{hb,cd f},{hb,c,d, e} >}

112. Ay =
{Q); X; {C}: {d}; {e}, {f}; {C- d; e, f}l {h; b' d, e, f}' {h: b, Ge, f}l {h' b' ¢ d) f}' {h, b; c, d' e}; {h' b}'
{hb,e f},
{h,b,d,f},

{h,b,d,e},{h,b,c, f},{h,b,c,e},{h,b,c,d},{d, e, f}{ce f}{cd, f}{cd, e} {cd}
{c.el{c.f}{d, e} {d, f}.{e f}.{h,b,c},{h,b,a}, {h, b, e}, {h,c, [}
=< {c}{d}{e},{f} >=<{hb,d,e f},{h b,c e f}{h b,c,d, f},{hb,c,d e} >}

Suppose we take five singleton subsets of a set X, we obtain;

113. A1z =
{0,X,{h}, 3{b}, {c},{d},{e},{h,b,c.d,e},{b,c,d,e, f},{h,c,d,e f},{h,b,d,e f},{hb,cef}
{h,b,c,d,f},{f}{c.d, e, f}{b,d,e f}{b,ce,f}{b,c,d f}{h d e f}{hce f}{hc,d, [},
{h,b,e, f},{h,b,d,f},{h,b,c,f},{b,c,d, e} {h,c,d, e} {hb,d,e} {hb,c, e}, {hb,c d} {h b}
{h,c},{h,d}, {h, e}, {h, f},{b,c},{b,d},{b,e},{b,f}{c, d}{c,e}{c, f}{d, e}, {d, f}{e f}
{h,b,c},{h,b,d},{h,b,e},{hb,f}{hc d}{hc e} {hc f}{hd e} {hd, f},{h e f}{b c d},
{b,cel{b,c,f}{b,d e}{b,d f}i{be f}{c de}{cd f}{ce flid e f}}
= P(X)

Thus, there are 113 § — algebras when |X| = 6.
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4.7 Construction of Sigma algebra of a set X when |X|=7
LetX =h,b,c,d, e, f,g
Then |P(X)| = 27 = 128,

hence there are 128 elements namely;
PX) =
{0,{n},{b}, {c},{a}, {e}, {f}.{g}. {h, b}, {h, c}, {h,d},{h, e}, {h, f},{h, g}, {b,c},{b,d}, {b, e}, {b, f},{b, g},
{c,d},
{c,e} {c, f}{c. g}
{d,e},{d,f},{d, g}l {e f}{e. g} {f g}, {h,b,c},{h,b,d},{h,b,e},{h,b,f},{h b, g}, {h,c,d},{h,c, e},
{h,c,f},
{h,c,g}{h.d, e} {h,d,f},{h.d, g} {he f}{he g} {hf g} {b cd},
{b,c.e},{b,c,fh{b,c,g}{b,d, e}, {b,d,f}{b,d,g}{b,e f}{b,e g}{b,f,g}{c d e} {c.d f}{cd. g}
{c,e,fl{c.e.gbic f,g}{d e fL{d e g}{d f gl {e f, g} {h bc d}{hDef}
{h,b,c,e},{h,b,c,f},{hb,c,g}{h b,d, e}, {h b,d, f},{h b,d, g} {hc,d, e}, {hcd, f},{hcd, g},
{h,ce,fl{n,c,e, g} {h.d,e,f}{hd e g} {hd f,g}{b,c.d e}, {b,ce f}{b,ce g},
{b,c.f,gh{b,c,d,f}{b,d, e f}{b,d e g}ib,e f,g}l{c d e f}{c,d e g}{cd f glicef g}
{d,ef g},
{h,c.f,g}.1b,c,d,g},{h,b,e, g},{h,b, f, g},
{b,c,d,e, f},{a,c,d,e,fHa,b,d, e, f},{a,b,c.e, f}
{h,b,c,d, f},{h,b,c,d, e}, {h b,cd, g} {hcd,e g} {h d,e f,g}{b,c,d, e g} {b,c,d, f,g}{h b,d, e, g}
{h,b,e,f,g}{b,c.e f,gh{hb,d f,g}{hce f,g}{cdef,g}{b,d e f,glihcd f,g}{hb,c f g},
{h,b,c,e,g},{h,b,c,d,e f},{hb,c,d,e g}{b,cdef,g}{hcdef gh{hbdef gh{hbcef, g}
{h,b,c,d, f,g}, X}
Sigma algebras are as below:
1. A ={0,X}

2. A, ={0,X,{h}{b,c,de.f,g}} =<{h} >=<b,cdef,g>

3. A;=1{0,X,{b}{hcd.ef g} =<{b}>=<{hcdef g} >
4. A, ={0,X,{c},{hbde f,g}}=<{c}>=<{hbdef g} >
5. As=1{0,X,{d},{hb.coe,f,g}} =<{d}>=<{hb,cef, g} >
6. A =1{0,X{e}{hb,cdf g}}=<{e}>=<{hbcdf g}>

7. A, ={0,X{f}{h,b,c,d e g}} =<{f} >=<{hb,cdeg}>

o

Ag ={0,X,{g},{hb,c,d e, f}}=<{g} >=<{hb,cdef}>

©

Ag = {(D,X, {h,b}.{c,d, e,f,g}} =<{h b} >=<{cdef,g}>
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10. Ag = {0, X,{h, c},{b,d,e,f, g}} =< {h,c} >=<{b,d,e f,g} >
11. Ay = {0, X, {h, d}, {b,c,e,f, g}} =< {hd} >=<{b,c.e,f, g} >
12. Ay = {0, X, {h e} {b,c,d,f,g}} =< {he} >=<{b,c,d f,g} >
13. Ay, ={0,X,{h, f},{b,c,de,g}} =< {h f} >=<{b,c,d,e g} >
14. A1, ={0,X,{h g} {b,c.d e, f}} =<{h g} >=<{b,cdef}>
15. A5 = {0,X,{b,c},{hd, e, f, g}} =< {b,c} >=<{h,d,e.f, g} >
16. A6 = {0,X,{b,d},{h,c,e,f,g}} =< {b,d} >=<{hcef g} >
17. A, = {0,X,{b, e}, {h,c,d,f, g}} =< {be} >=<{{hc,d f,g}} >
18. A1 = {0,X,{b, f}{h,c,d e, g}} =< {b,f} >=<{h,c,d e g} >
19. Ao = {0,X,{b, g} {h.c,d e, f}} =<{b,g} >=<{hc de f} >
20. Ayo = {0,X,{c,d},{h,b,e,f,g}} =<{c,d} >=<{hb,ef, g} >
21. Ay ={0,X,{c,e},{h,b,d,f,g}} =<{c e} >=<{hbd f,g} >
22. Ay ={0,X,{c,fl.{h,b,d,e,g}} =< {c,f} >=<{hb,d,e g} >
23. Ays ={0,X,{c, g} {h,b,d,e,f}} =< {c,g} >=<{hb,d e f} >
24. Ay, ={0,X,{d, e}, {h,b,c.f,g}} =<{d e} >=<{hb,cf g} >
25. Ays = {0,X,{d, f},{h,b,c,e,g}} =< {d, f} >=<{hb,c,e,g} >
26. Aye = {0,X,{d, g}, {h,b,c,e,f}} =<{d, g} >=<{hb,ce f}>
27. Ay = {0,X,{e, f},{hb,c,d, g}} =< {e,f} >=<{h,b.c,d, g} >
28. Ayg ={0,X,{e, g}, {hb,c,d f}}=<{eg}>=<{hb.cdf}>

29. Aze = {0,X,{f, g}, {h,b,c,d,e}} =< {f, g} >=<{h,b.c,d, e} >

40



Suppose we take any distinct subset of the set X, we yield the following sigma algebras;
30. Azo ={0,X,{h,b,c},{d,e,f, g}} =< {hbc}>=<{def g} >
31. Az ={0,X,{h,b,d}{ce,f,g}} =< {hb,d} >=<{ce f g} >
32. Az, ={0,X,{n,b,e}{c,d,f,g}} =<{hbe}>=<{cd f g} >
33. Az ={0,X,{n,b,f}{c.d e, g}} =<{h b f} >=<{c,d e g} >
34. Az ={0,X,{n,b, g} {c.d e, f}} =<{hb g} >=<{cde f}>
35. Ass = {@,X,{h, c,d} {b,e,f,g}} =< {hcd}>=<{bef g} >
36. Az = {0,X,{h,c,e}, {b,d,f,g}} =< {hc e} >=<{bd f g} >
37. Az, ={0,X,{h,c,f}{b,d e, g}} =< {hc.f} >=<{b,d,e g} >
38. Az = {0,X,{h,c, g}, {b,d, e, g}} =< {hc.g}>=<{bde g} >
39. Az = {0,X,{h,d, e}, {b,c.f,g}} =< {hd e} >=<{bcf g} >
40. Ay = {0,X,{h,d,f},{b,c,e,g}} =< {hd,f} >=<{b,ce,g} >
41. Ay ={0,X,{h,d, g}, {b,c,e,f}} =< {hd g} >=<{b,ce f}>
42. Ay ={0,X,{he,f},{b,c,d, g}} =< {he f} >=<{bcd g} >
43. Ay = {0,X,{h, e, g9}, {b,c,d, f}} =< {he g} >=<{b,cd f} >
44. Ay ={0,X,{n, f,g}{b,c,d,e}} =< {h f,g} >=<{b,c,d e} >
45. Aus = {0,X,{b,c,d},{he,f,g}} =< {b,c,d} >=<{hef g} >
46. Aue = {0,X,{b,c,e}, {h,d,f,g}} =< {b,ce} >=<{hd f,g} >
47. Ay ={0,X,{b,c,f}{h,d e, g}} =< {b,c,f} >=<{h,d,e, g} >
48. Ay = {0,X,{b,c, g} {h,d,e,f}} =< {b,c,g} >=<{hde f} >
49. Ay ={0,X,{b,d, e}, {h,c.f,g}} =< {bd e} >=<{hcf g} >
50. Ago = {0,X,{b,d, f},{h,c,e,g}} =< {b,d,f} >=<{hce g} >

51. Agy = {0,X,{b,d, g} {hc e, f}} =<{bd g} >=<{hce f}>
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52. As; = {0,X,{b,e,f},{hc,d, g}} =< {be f} >=<{hcd g} >
53. Ags = {0,X,{b,e, g}, {hc,d, f}} =< {be g} >=<{hcd f}>
54. Asy = {0,X,{b,f, g} {h,c,d, g}} =< {b,f,g} >=<{h,c,d e} >
55. Ags = {0,X,{c,d, e}, {h,b,f,g}} =< {c,d,e} >=<{hb,f, g} >
56. Ase = {0,X,{c,d,f},{h,b,e,g}} =<{c,d,f} >=<{hb,e g} >
57. As; ={0,X,{c,d, g}, {h,b,f,e}} =< {c,d,g} >=<{h,b,f, e} >
58. Asg = {0,X,{c,e,f},{hb,d, g}} =<{ce f}>=<{hbd g} >
59. Age = {0,X,{c,e,9},{h,b,d,f}} =<{ce,g} >=<{hb,d,f} >
60. Ago = {0,X,{c,f, g} {h,b,d,e}} =<{c,f,g} >=<{hb,d,e} >
61. A, = {0,X,{d,e, f},{hb,c,g}} =<{d e f} >=<{hb,c,g}>
62. A, = {0,X,{d,e, g}, {h.b,c,f}} =<{d e g} >=<{hb,cf}>
63. Az = {0,X,{d, f, g}, {h,b,c,e}} =<{d,f,g} >=<{hb,c.e} >

64. Ags = {0,X,{e,f, g} {h,b,c,d}} =< {h,f,g} >=<{hb,c,d} >

Suppose we take two subsets with two distinct elements of the set X each we obtain sigma

algebras below;

65. Ags = {(D,X, {h,b},{c,d},{h,b,c,d},{c,d,e f,g},{h, b,e f, g} {e,f,g}} =

< {h b}, {c,d} >=<{c,d,e f,g}{hb,e f, g} >=<{hb}{e f, g} >=
<{cd}{ef g} >

66. Ags = {0, X,{h, b}, {c,e},{h,b,c,e},{c,d, e, f, g}, {hb,d f,g}{d f g}} =
<{h,b},{c,e} >=<{c,d,e f,g},{hbd, f, g} >

67. A, = {0,X,{h, b}, {c,f}{hb,c,fl{c.d e f, g} {h b d e g}{d e g}} =
<{h,b}{c,f} >=<{c,d,e f,g},{h b,d, e g} >

68. Ags = {0, X,{h, b}, {c, g}, {h,b,c,g},{c,d,e,f, g} {h b,d e f}{d e f}} =
< {h,b},{c,9} >=<{c,d,e,f,g},{h,b,d, e, f} >
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69. Ago = {0, X, {h, b}, {d, e}, {h,b,d,e},{c.d,e,f,g},{hb,ef,g}lef g}} =
<{h b} {d e} >=<{cde f,g}{hbe f, g} >

70. Ay = {8,X,{h, b}, {d, f},{h,b,d, f},{c,d, e, f, g}, {h,b,c,e, g} {c e, g}} =
<{h,b}{d,f} >=<{cd,e f,g}{h b,ce g} >

71. Ay = {0,X,{h,b},{d, g},{h,b,d, g}, {c,d, e, f, g}, {h,b,c,e, f},{c e, f}} =
<{hb}{d,g} >=<{cd,e f,g}{h b,c,e f}>

72. Az, ={0,X,{h, b}, {e, f},{hbe f}{cd e f g}{hb,cd g}{cd g}} =
<{hb}ie f}>=<{cde f,gHhb,cd g} >

73. Ay3 = {8,X,{h, b}, {e, g}, {h, b,e, g} {c,d e f,g}{hb,c,d f}{cd f}} =
<{nb}ie, g} >=<{cdef, g}hb,cdf}>

74. Az, = {0,X,{h, b}, {f, 9}, {h, b, f, g}, {c.d, e, f, g}, {h,b,c,d, e}, {c,d,e}} =
<{h b} {f,.9} >=<{cd,e f,gHh b,c d e} >

75. Ays = {0, X,{h, c},{b,d}, {h,b,c,d}{b,d,e, f,gh{hce f.ghie f.g}) =
<{hc}{b,d}>=<{bdye f,g}{h e f, g} >

76. Az6 = {0, X, {h, ¢}, {b,e}, {h,b,c, e}, {b,d,e,f, g}, {h,c.d,f, g}, {d,f, g}} =
<{hc}{be} >=<{b,de f,g}{hcd f,g}>

77. Ayy ={0,X,{h, c},{b, fL{nb,c, f},{b,d,e f, g}, {h,c,d e, g}t{d e g}} =
<{h,ch{b f} >=<{b,d,e f,g}{hcd,e g} >

78. Asg = {0,X,{h,c},{b, g}, {h,b,c,g},{b,d, e, f, g} {h,c,d e, f},{d e f}} =
<{hc}{b g} >=<{bdef ghihcdef}>

79. Ase = {8,X,{h,c},{d, e}, {h,c,d, e}, {b,d,e f,g}{hDb,cf g}{b f g}} =
<{hc}id e} >=<{bde f,g}{h b,c f g} >

80. Ago = {8, X, {h, c},{d, f},{h,c,d, f},{b,d,e, f, g}, {h,b,c e, g}, {b, e g}} =

<{hc}{d, f}>=<{b,de f,g}{h b, e g} >
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8. Agy = {0,X,{h,c},{d, g} {h,c,d.g}.{b,d. e, f, g}, {h,b,c,e.f}, {b,e,f}} =
<{hc}{d, g} >=<{b,d,e f,g}{hb,ce f}>

82. Ag, = {0,X,{h,c},{e,f},{h,c.e,f}{b.d,e f, g} {hb,cd g}, {bd g}} =
<{h,chie f}>=<{bde f,g}{h b d g} >

83. Ags = {0,X,{h,c},{e,g}, (h,c,e, g} {b,d,e, f, g} {hb,c.df}{bdf}} =
<{hc}ie, g} >=<{bde f,g},{h,b,c,d [} >

84. Agy = {0, X,{h, c},{f, g} {h.c.f, g} {b,d e f,g},{hb,c,d e} {b,d e}} =
<{hch{f.g}>=<{bde f,gh{hb,cd e} >

85. Ags = {0, X,{h,d},{b,c},{h,b,c,d},{b,c.e,f, g}, {h.d,e,f,g}{e, f,9}} =
<{h,d},{b,c} >=<{b,ce f,g}{h de f, g} >

86. Ags = {0,X,{h,d},{b,e},{h,b,d e}, {b,c,ef,g}{hcf ghicf g3} =
<{h,d}{b,e} >=<{b,ce f,g}h,cd f, g} >

87. Ag; = {8,X,{h,d},{b,f},{h,b,d, f},{b,c e, f, g} {h,c,d e g} {c e g}} =
<{hd}L{b f}>=<{b,ce f,g}{hcd e g} >

88. Agg = {0, X,{h,d},{b,g},{h,b,d, g}, {b,c,e,f, g} {h,c,d e, f}{c e f}} =
<{hd}{b,g} >=<{b,c,e,f,g}{hcde f}>

89. Ago = {0, X, {h,d},{c,e},{h,b,c, e}, {b,c,e f,g}{h,b,d,f,g}{b f,g}} =
<{hd}{ce} >=<{b,cef,gh{hbd f,g} >

90. Aoy = {0, X, {h,d}, {c, f},{hb,c, f}{b.c.e.f, g}, {hb,d, e g} {be g}} =
<{hd}{c, f}>=<{b,cef,g}{h b, de g} >

91. Aoy = {0, X, {h,d}{c,g},{h,b,c, g} {b,c.e,f, g}, {hb,d e f}{bef}}=
<{hd}{c,g} >=<{b,ce f,g}b{h b, de f}>

92. Ay, = {0, X, {h,d}, {e, ), {h,b,e, f},{b,c,e, f, g}, {h, b, c,d, g}, {b,c, g}} =

<{h,d}{e f}>=<{b,ce f,g}{hb,cd g} >
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93. Ags = {0,X,{h,d},{e, g}, {h, b, e, g} {b,c,e,f, g} {h bc,d f}{bc f}} =

<{hd}{e, g} >=<{b,c,e f,g}{hb,cd f}>

94. c’6194 = {®’XP {h: d}, {f'g}; {h, b,f;g}, {b' ¢ e,f,g}, {h, b' ¢ d' 6},{b, o e}} =

<{hd}{f,g} >=<{b,c,e f,g},{hb,cd e} >

95. Ags = {0, X, {h, e}, {b,c}, {h,b,c,e}, {b,c,d,f, g} {hd,e f,g}{d f,g}} =

<{he}{b,c} >=<{b,c,d,f,g}{hdef,g}>

96. Ay = {(D,X, {h,e},{b,d}, {h,b,d,e},{b,c,d f,g}{h e f g}{ic f g}} =

<f{he},{b,d} >=<{b,c,d,f,g}{hcef, g}>

97. "A97 = {Q)'X: {h; e}; {be}: {h: b) e!f}' {b' ¢ d!f'g}' {h' ¢ d) e, g}l {C, d, g}} =

<{he}{b,f}>=<{b,c,d,f,g}{hcde g} >

98. Agg = {0, X, {h, e}, {b, g}, {h,b,e, g}, {b,c,d,f,g}{h.c.d e[ {cdf}} =

<f{he}{b, g} >=<{b,c,d, f,g}{hcde f}>

99. Age = {0, X, {h, e}, {c,d}, {h,c,d, e}, {b,c,d,f,g}{hb,e f g}{b f,g}} =

100.

101.

102.

103.

104.

<{he}{c,d} >=<{b,c,d,f,g},{h,b,e, f,g} >

Argo = {0, X, {h e}, {c, 1 {h,c.e, 1 {b,c,d, f, g}, {h,b,d,e, g}, {b,d, g}} =
<f{helicf}>=<{bcdf g}{hbd e g}>

Aior = {0, X,{h, e} {c, g}, {h,c,e, g}, {b,c,d, f, g}, {h b, d e, f},{b,d, f}} =
<f{he}{c,g} >=<{b,c,d f,g}{h b, de f}>

Aoz = {0,X,{h, e}, {d, f},{h.d, e, f},{b,c.d, f, g}, {h,b,c.e, g}, {b,c,g}} =
<{heh{d f}>=<{b,cdf ghihb ceg}>

Aoz = {0, X, {h,e},{d, g}, {h,d, e, g}, {b,c,d, f, g}, {h,b,c,e, f}{b,c, f}} =
<f{he}{d g} >=<1{b,cd f,g},{hb,ce g}>

Aros = {0, X,{h, e}, {f, g} {h e, f, g}, {b,c.d,f, g}, {h,b,c,d e}, {b,c,d}} =

<{he}{f,g} >=<{b,c,d,f,g}{hb,c,d e} >
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105. Aros = {0, X,{h, f},{b,c},{h,b,c,f},{b,c,d,e, g}, {h.d,e,f,g}{d e g}} =
< {h,f}{b,c} >=<{b,c,d,e g} {hde f}>

106. Aros = {0, X,{a, f},{b,d},{h,b,d, f},{b,c,d,e g}, {hc e f,g}{ce g} =
<{h f}{b,d} >=<{b,c,d,e, g}l {hc.e f g} >

107. Aro7 =1{0,X,{h, f},{b, e}, {h, b, e, f},{b,c,d, e, g}, {h,c,d,f,g}{c.d g}} =

< f{hf}{b,e} >=<{b,cd,e g} {hcd,f,g} >

108.A105 = {8, X, {h, f},{b, g}, {h, b, f, g}, {b,c,d, e, g}, {h,c,d, e, f},{c,d,e}} =
<{hf}{b,g} >=<{b,cdeglihcdef}>
109. Ay90 = {0, X, {h, f}.{c,d},{h,c,d,f,},{b,c,d,e, g}, {h, b,e,f, g}, {be g}} =
<{h flic,d} >=<{b,cd e g}{hbef g}>
110. Ay10 = {0, X,{h, f}{c, e}, {h,c.e,f.},{b,c,d, e, g}, {h, b, d,f, g}, {b,d,g}} =
<{h f}{ce}>=<{b,c,d e g}{hbef g} >
111. Ayq; ={0,X,{h, f}{c, gl {hc.f, g} {b,c,d,e, g}, {h,b,d, e, f},{b,d, e}} =
<{hf}{c, g} >=<{b,c,deg}{h b, de f}>
112. Ay, = {8, X, {h, f1{d, e} (h,d, e, f}.{b,c.d e, g} {hb,c. f, g} {b,c, g}} =
<{hf}{d e} >=<{b,cdeg}{hb,cf g} >
113. Ay13 ={0,X,{h, f},{d, g}.{h.d. f, g}.{b,c,d,e, g}, {h,b,c,e, f},{b,c,e}} =
<{hf}{d g} >=<{bcdeg}{hbcef}>
114. Ayq4 = {0,X,{h, f}.{e, g} {h e, f, g} {b,c,d,e, g}, {h, b, c,d, f},{b,c,d}} =
<{h f}{e, g} >=<{b,c,d, e, g} {hb,c,d f}>
115. Ay15 = {0, X,{h, g}, {b,c}, {h,b,c, g}, {b,c,d,e, f}{h,d, e, f,g}. {b,e f}} =

<{h,g}{b,c} >=<{b,c,d,e,f},{hb,e f,g} >
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116. Aq16 = {0, X,{h, g}, {b,d}, {h, b,c, g}, {b,c,d, e, f}{h c.e, f, gl {c e, f}} =
<{h,g}{b,d} >=<{b,c,d,e f},{hce f,g} >

117. Ay17 = {0,X,{h, g}, {b,e}, {h,b,e, g}, {b,c,d,e, f},{h,c,d,f, g} {c.d f}} =
<{h g} {be}>=<{b,cde f}{hcd f g}>

118. Ay15 =1{0,X,{h, g}, b, f},{n b, f,g}.{b,c,d,e, f},{h,c,d e g}{c.d e}} =
<{h,g}{b,f}>=<{b,cde f}{hcde g} >

119. Ay19 = {0, X, {h, g} {c,d}, {h,c,d, g}, {b,c,d, e, f},{h, b,e, f, g}, {(b,e, f}} =
<{h,g}{c,d}>=<{b,c,d e f}{hb,ef, g} >

120. A150 = {0, X,{h, g}, {c, e}, {h,c,e, g}, {b,c,d,e, f},{h b, d, f, g} {b,d f}} =
<{hg}{ce}>=<{b,c.de f},{hb,d f, g} >

121. Az = {0, X,{h, gl {c, L {hc.f, g} {b,c,d, e, f},{h,b,d,e,g},{b,d,e}} =
<{hghicf}>=<{bcdef}{nbdf g} >

122. A1y, ={0,X,{h, g}, {d, e}, {h,d,e,g},{b,c,d, e, f},{hb,c,f, g} {b,c,f}} =
<{a,g}{id,e} >=<{b,c,d, e f}{ab,cf, g} >

123. A153 = {0,X,{a, g}, {d, f}.{a,d,f, g} {b,c,d, e, f},{a b,c e g} {bce}} =
<f{h ghtid, f} >=<{b,c,d,e f},{h,b,ce g} >

124. Ay, = {0, X,{h, g} {e, f}.{h,e, f, g}, {b,c,d, e, f},{h,b,c,d, g}, {b,c,d}} =
<f{h gtie f}>=<{b,c,de f}{hb,cd g} >

Suppose we take two singleton subsets of the set X, we obtain the following sigma algebras.

125. A5 = {0, X, {h},{b}, {h, b}, {b,c,d, e, f, g}, {h,c,d,e,f, g} {c.d e f,g}} =
<{h},{b}>=<{b,c,d,e f,gl{hcdef g} >

126.A156 = {0, X,{h},{c},{h, c},{b.c,d,e,f, g}, {h.b,d, e, f, g}, {b,d e, f, g}} = < {h},{c} >

=<{b,c,d,e f,g}{hb,d,e f, g} >
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127A157 = {0, X,{n},{d},{h,d},{b,c,d, e, f,g}.{h,b,c,e,f, g} {b,c e f,g}} = < {h},{d} >

=<{b,cdef,ghihb.cef g}>

128.A155 = {®, X, {h},{e}, {h, e}, {b,c,d, e, f, g}, {h,b,c,d, f, g}, {b,c,d, f, g}} = < {h},{e} >

=<{b,c,def ghihb,cdf g} >

129.A4150 = {0, X, {h}, {f} {h. f}.{b,c,d,e. f, g}, {h, b,c,d, e, g}, {b,c,d, e, g}} = < {h}, {f} >
=<{b,c,def,gh{hb,cde g} >

130.A130 = {9, X, {h}. {g}, {h, g} {b,c.d,e, f. g}, {h. b, c,d, e, f},{b,c,d, e, f}} = < {h}, {g} >
=<{b,cdef,ghihbcdef}>

131. Arz1 = {8, X, (b}, {c}, {b, L {h,c, d,e, £, g} {h. b d, e, £, g}, {hy d,e, f, g3} = < (b}, {c} >
=<{hcd,ef,g},{h b, d,e, f,g} >

132.A43, = {0, X, {b},{d},{b,d}, {h,c,d,e, f, g}, {h,b,c e, f, g} {hc e f, g}} = < {b},{d} >
=<{hc,de, f,g}{h b,cef, g} >

133.A433 = {0, X, {b}, {e},{b, e}, {h,c,d, e, f, g}, {h,b,c,d, f, g} {hc e f,g}} = < {b} {e} >
=<{hcdef,g}{h b, cd,f, g} >

134. Ay3q = {0, X, (0}, {f},{b, f1{h.c,d,e, f, g}, {h, b, c,d, e, g}, {h,c,d, e, g}} = < {b}, {f} >
=<{h,c,d,e f,g}{hb,cde g} >

135.Ay35 = {0, X, {b}, {g}.{b, g}, {h,c.d, e, f, g} {h, b,c,d, e, f}, {h,c,d e, f}} = < {b},{g} >
=<{hcd,ef,g},{h b,c d,e f}>

136.A136 = {0, X, {c},{d}, {c,d},{h,b,d,e,f, g}, {hb,c,e f, g} {h b, e f, g}} = < {c} {d} >

=< {h;b;d:e;fpg}r{h;b;c;e,f:g} >
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137.Aq37, = {0, X,{c}, {e},{c,e},{h, b, d,e,f, g} {h,b,c,d,f, g} {h,b,d f,g}} = < {c},{e} >
=<{nb,def,g}{hb,cdf g} >

138. Ay35 = {8, X, {c}, {f}. {c. L {h, b, d,e, f, g} {h,b,c,d, e, g}, {h,b,d,e, g}} = < {c}, {f} >
=<{hb,def,g}{hb,cde g} >

139. Ay30 = {0, X, {c}, {g}. {c. g}, {h. b, d, e, f, g} {h, b,c,d,e, f}. {h, b, d, e, f}} = < {c}, {g} >
=< {nb,d,ef,g}{hb,cde f}>

140.A140 = {0, X, {d}, {e}, {d. e}, {h,b,c,e, f, g}, {h,b,c,d, f, g}, {h,b,c, f,g}} = < {d},{e} >
=<{nb,cef,g}{hb,cdf g} >

141.A141 = {0, X, {d}, {f},{d, £}, {h,b,c,e, f, g}, {h,b,c,d, e, g}, {h,b,c,e, g}} = < {d}, {f} >
=<{nb,cef,g}{hbcde g} >

142. Aq4p = {0, X,{d}, {g},{d, g}, {h,b,c,e, f, g}, {h,b,c,d, e, f},{h,b,c,e, f}} = < {d}, {f} >
=<{hb,cef,g}{hb,cdef}>

143.A143 = {0, X, {e}, {f}. {e. fL{h.b,c.d, f, g} {h,b,c,d,e, g}, {h,b.c,d, g}} = < {e}, {f} >
=<{hb,c,d,f,g}{hb,cd e g} >

144.A14e = {0, X, {e}, {g} {e. g}, (N, b,c,d, f, g} {h,b,c,d, e, [}, {h,b.c,d, f}} = < {e}, {g} >
=<{nb,c,d,f,g}{hb,c d e f} >

145. Aq4s = {0, X, /3 g} {f g}, {h,b,c,d, e, g}, {h,b,c,d,e, f},{hb.c,d, e}} = < {f},{g} >

=<{hb,c,d, e, g},{h,b,c,d e f}>
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Suppose we take three distinct singleton subsets of a set X, we obtain the following sigma algebras;
146'04146 -

{0, X,{h},{b},{c},{h,b,c},{b,c,d,e, f,g}{h,c,d e f,gl{h b de f,gt{d e f,g}{c def, g},
{b,d,e,f,g}
{h,d,e,f, g} {b,c},{h,c},{h b}} = <{h},{b}{c} >=<{b,c,d e f,glihcdef g},
{h,b,d,e, f,g} >
=< {b,c},{h,c},{h, b} >}

147.Aq47 =
{0, X,{n},{b},{d},{h,b,d},{b,c,d e f,g}{hc def ghihbcef glicef ghicdef g}
{b,c,e,f, g}
{h,c,e,f,g},{b,d},{h,d},{h,b}} = < {h},{b},{d} > =
<{b,c,d,e f,g}{hcd,e f,g}{h b,ce f,g} >
= < {b,d},{h,d}, {h, b} >}
148 A, 45 =
{0,X,{h},{b},{e},{h,b,e},{b,c,d,e,f, g}, {h,c,d,e f,g},{h,b,c,d,f, g} {c e f,g}{c.def, g}
{b,c,d,f, g},
{h,c,d,f},{b,e}, {h, e}, {h,b}} = <{h},{b},{e} >=<{b,c,d,e, f, g} {hcd,e f,g}{h b,cd f, g} >
=< {b,e},{h, e}, {h, b} >}
149.A 49 =
{0, X,{h}, (b}, {f}.{h, b, f},{b,c,d,e,f, g}, {h,c,d,e, f,g},{h,b,c,d, e, g}, {c,d, e, g} {c,d e f, g},
{b,c,d,e, g},
{h,c,d,e, g} {b,f}.{h, f}{a,b}} = <{h},{b},{f} >=<{b,c,d,e f,g}{hc.de f,gl{hb,cd e g} >
=<{b,f}{hf}{h b} >}
150.A,5p =
{0,X,{n},{b},{g},{h b, g}{b,c,d e f,ghihc def,g}{h b, d e f}{cdeg}{cdef, g}
{b,c,d,e,f},
{h,c,d e, f},{b, g}, {h, g} {h b}} = <{h}{b},{g} >=<{b,c,de f,g}{hcd e f g}{h b de f}>
=<{b,f}{hf}{h b} >}
151 A5, =
{0,X,{h},{c}{a},{n,c,d},{b,c,d,e f,g},{h b,d,e f,g}{h b,cef,g}{be f,g}{b,d e f, g}
{b,ce,f, g}

{h.be f,g}{c,d}{h d}{h c}} =<{h}{ch{d} >=<{b,c,d,e f,g}{hb,d e f,g},{h b,cef g} >
=< {c,d}, {h, d},{h,c} >}

152. A5y =
{0,X,{h},{c}{e}, {h,c,e},{b,c,d,e,f,g},{h,b,d,e,f,g},{h,b,c,d, f,g},{b,d,f,g}{b,d, e f, g},
{b,c,d,f,g}
{h,b,d,f,g}{c,d},{h e}, {h c}} =< {h}{c}{e} >=<{b,c,d,e f,g}{h D, def,g},{hb,cdf g} >

=< {c,d},{h e}, {a,c} >}
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153.04153 =

(0.X, (), (e}, (/) (. £, b, c.doe, £, gh (b, b dye, £, g}, (b, b, do e, g), (b, e, g), by e, £ g),
{b,c,d,e, g},
(h.b,d,e. g} 1c,fL {0 1, 1h, e}y = < (WL () > =< (b d e f.g) (hbd e f,gh (b bc de g} >
= < (e fhh fhih >}
154.:/1154 =
©.%, (1), (c} (g} (h.c. g} b,c.d e, f.gh {hb,d,e.f, g} {h,b,c.d e f),{b,d,e, g} {b,d,e.f, g},
{b,c,d e f},
(hb,d,e.f} (e[} fhih By = < (B {ch g} > =< {bc.def ghihbdef.g) (hbedef}>
=< {C, g}: {h, g}l {h' C} >}
155.1-/1155 =
(0,X, (1}, (), (e}, (h.d, e}, b,c.d,e.f, g}, {h.b,c,e.f, g} {hb,c.d, £} {b,c.f. g} {bc.e. g},

{b,c,d,f, g}
{h; blclflg}l{dp e}l {h; e}) {h; d}} = < {h}; {d}’{e} > = < {bl C, d’ e’f)g}) {h) b’ C) elfJg}’ {h’ b’ C’ d'f’g} >
=<{d, e}, {he},{d} >}

156.c/1156 =
{0,X,{h},{d},{f},{h,d,f},{b,c,d,e f,g},{h,b,c,e f,g},{h,b,c,d, e, g},{b,c.e, g}, {b,c e f,g}
{b,c,d,e, g},
(h.b,c,e, g} {d £, {h f,{h dYy = < (0}, {d}, (f} > =< (b,c.d,e.f gh{h b, e f,g), (h.b,c.d e, g} >
=< {d,f}r {th}' {h'd} >}
157.A457 =
{0,X,{h},{d},{g},{h.d,g},{b,c,d,e f,g},{h,b,ce, f,g},{h b,c,d e f}{b,c.e f}{b,ce f, g}
{b,c,d,e, [},
(hbce [l f) b ) dY) =< (1) (g} > =< {b,c.d e, f.gh(hbcef,g) (hbedef) >
=<{d, g} {h g} {h,d} >}
158.1-/1158 =
0., {h}{e}, ) {hef){b,c.d e f,g}{hb,cd f g} {hbc,deg}{bceglibcdf g}
{b,c,d,e, g},
{h,b,ce gliefLi{hf}{h el =<{h}{e}{f} >=<{bcdef gl{hbcdf, g},
{h,b,c,d,e, g} >
=< {e;f}: {h,f}, {hle} >}
159.c/1159 =
(0,X,{h},{e},{g},{h,e, g}, {b,c,d,e, f,g},{h,b,c,d,f,g},{h,b,c,de f}{b,c.e g}{b,cd,f, g}
{b,c,d,e,f},
hb,c e, fhie.ghth ghihely =<{hhle}{g}>=<{bcdef ghihb,cdf g},
{h,b,c,d,e, f} >
=< {e, g}; {h' g}' {h, e} >}
160.A4¢49 =
(©.%, () 3 (gh (h f.g) bc.doe. f.gh (hubc.d e, gh (b, d e f (bic, drel. (b cidoe, g}
{b,c,d,e, f},
{h,b,c,d, e}, {h, g}, {f g} {h, f}} = < {h},{f}{g} > =< {b,c.d,e,f, g} {h,b,c,d,f, g},

{h,b,c,d,e, f} >
=< {h,g};é{ug}' {hrf} >}



161"'/4161 =

{0,X,{b},{c},{d},{b.c,d},{h,c,d e f,g}l{h b,d e f,g}l{hb,cef,g}{he f,g}l{hd e f, g},
{h,c,e,f,g},
{hb,e,f,g}{c,d},{b.d},{b,c}} = <{b}{c}{d} >=<{hc.def,g}{hb,def, g},

{h,b,c,e f,g}>
=< {c,d},{b.d},{b,c} >}

162.A,¢, =
{0,X, {196}. {c}{e},{b.c,e},{h,c,d,e,f, g}, {h,b,d,e,f, g}, {h,b,c,d, f,g}{hd.f, g}{h d e f, g},
{h,c,d,f,g},
{hb,d,f, g} {c e}, {b,e},{b,c}} = <{b}{c}{e} >=<{hc,def,g}{h b, def, g},
{h,b,c,d,f,g}>
=<{c e}, {b.e}, {b,c} >}
163.A,55 =
{0,X,{b},{c},{f}{b.c.f}.{h,c,d,e,f,g}.{h,b,d e f,g},{h,b,c,d, e g}, {h d e g}{hdef, g}
{h,c,d,e, g},
{h,b,d,e, g} {c, f1L{b,f}L{b,c}} =< {b}{c}{f} >=<{hcde f,gh{hb,d e f, g}
{h,b,c,d,e, g} >
=<{c,fL{b.f},{b,c} >}
164.A1, =
{0, X,{b},{c},{g}. {b.c,g}.{h,c,d,e,f,g},{h,b,d, e f,g}{h b,cd e f}{hde g}{hdef, g},
{h,c,d, e, f},
{h,b,d,e, f}{c.f1L{b, f},{b,c}} = <{b}{c}{g} >=<{hcd,e f,g}{h,b,d e f, g}
{h,b,c,d,e, f}>
=<{c,g},{b. g}, {b,c} >}
165.A165 =
{0,X,{b},{d}, {e},{b.d,e},{h,c,d,e,f,g},{h,b,c,e,f, g}, {h,b,c,d,f,g}{hc f,g}thce f,g}
{h,c,d,f, g},
{h,b,c,f,g}{d e}, {b.e},{b,d}} = <{b}{d}{e} >=<{h,c d,e f,g},{hb,cef, g}
{h,b,c,d,f,g} >
=< {d, e}, {b.e},{b,d} >}
166.A,5¢ =
{0, X,{b},{d},{f},{b.d,f},{h,c,d,e, f, g} {h b, c,e,f, g} {hb,c,d e g} {hce g}{hce f g},
{h,c,d,e, g},
{h,b,c,e,gh{d, f}3,{b.f}{b,d}} = < {b}{d} {f} >=<{hcdef,g}{hbce f g}
{h,b,c,d, e, g} >
=<{d,f}{b.f},{b,d} >}
167.Aq67 =
{0, X,{b},{d}, {9}, {b.d,f},{hc,d e f,g},{h b ce f,g},{h D c d e f}{hce g}{hcef g},
{h,c,d,e, f},
{h,b,c,e, f},{d, g} {b.g},{b,d}} = <{b}{d}{g} >=<{hc,d,e f,g}{hb,ce f, g}
{h,b,c,d,e, f}>

=<{d, g}, {b.g},{b,d} >}
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168"'/4168 =

{0,X,{b},{e} {f}.{b.e,fL{hcd e f,g}{hb,cd f,g}{hb,cde g}{hcd g}{hcd f g}
{h,c,d,e, g},
{h,b,c,d, gl {e, f},{b, f},{b,e}} =< {b}{e} {f} >=<{hcd e f,g}.{hb,cd f, g}
{h,b,c,d,e, g} >
=<{e,fLi{b.f},{b,e} >}
169460 =
{0,X,{b},{e},{g}.{b.e, g}, {h,c,d,e,f, g}, {h, b,c,d,f, g} {hb,c,d e f}{hcd g}{hcd f, g},
{h,c,d,e,f},
{h,b,c,d,f}{e g} {b, g} {b,e}} = <{b}{e} {f} >=<{hcd,ef, g} {hb,cd f, g}
{h,b,c,d,e, f}>
=<{e g}, {b.g},{b,e} >}
170.A479 =
{0,X,{b},{f}{gh{b.f, g} {h,c.d,e f,g}{hb,c,d e g}, {h D,cd e f}{hcd e g}lihcdf, g}

{h,c,d,e, f},
{h,b,c,d, e} {b,g}{b, f}.{f, 93} =< {b}L{f{g} >=<{hcd,ef,g},{h b, cde g},
{h,b,c,d,e, f} >

=<{b,gh{f.9}{b.f >}
171. A7 =
{0,X,{c}{a},{e}.{c.d,e},{h,b,d,e,f,g},{h,b,c,e,f, g}, {h,b,c,d,f, g}, {h,b.f,g},{h,b,e,f, g},
{h,b,d,f,g},
{hbc f,ghid e} {ce}{c,d}}=<{c}h{d}{e} >=<{nb,d,e f,g}{hb,cd f g} >
=< {d, e}, {c.e},{c,d} >}
172.Aq75 =
{0,X,{c}{a},{f}.{c.d,f}.{h,b,d,e,f, g}, {h,b,c,e,f, g}, {h,b,c,d,e, g}, {h,b,e,g},{h, b, e, f, g},
{h,b,d,e, g},
{h,b,c,e,ghid, f}{c, f}.{c.d}} =<{ch{a}{f} >=<{hb,d,e f,g}{h,b,ce f,g}{hb,cd e g} >
=<{d,f}{c, f}{c,d} >}
173.A173 =
{0,X,{c},{d} {g}{c.d,g}.{h.b,d,e f,g},{hb,ce . f,g},{h b,c,d,e f},{h b,e g} {h Db e f, g}
{h,b,d,e, [}
{h.b,ce, f}{d, g} {c, g} {c,d}} =<{c}{d}{g} >=<{hb,d,e f,g}{hb,cef,g}{hb,cde f}>
=<{d, g} {c, g} {c.d} >}
174.A 174 =
{0,X,{c},{e}. {f}{c.e,fL{n,b,d,e,f, g}, {h,b,c,d,f,g}.{h,b,c,d,e,g},{h,b,c,g},{h,b,d, f, g},
{h,b,d,e, g},
{h,b,c,d, g} {e. f,g}{c. f,g}{c.e,g}} =<{c}{e}{g} >=<{hb,d,e f,g}{hb,cdf g}
{h,b,c,d,e, g} >
=<{e f}ic, f}{c e} >}
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175. A5

{0,X,{c},{e},{g} {c.e,g}.{h,b,d,e f,g},{hb,c,d f,g}{h b,cde f}{hb,c g} {hb,d,f, g},
{h,b,d,e, f},
= {hb,c,d fhie f.glic. f.g}{c e g}} =<{cl{el{g} >=<{hb,d,ef,g}{hb,cdf g}

{h,b,c,d, e, f}>
=<{e g} {c, g} {c e} >}

176A,7¢ =
{0,X,{c},{f}{g}.{c.f.g}.{h,b,d,e,f, g}, {h,b,c,d,e,g},{h,b,c,d, e, f},{hb,ce},{hb,d, e g},
{(h,b,d,e, f},
{h,b,c,d,f}{e f,gb{c,f,gl{c e g}} =<{ch{el{g}>=<{hbdef,g}{hbcd f, g},
{h,b,c,d,e, f} >
=<{e g} {c, g} {c e} >}
177.Aq77 =
{0,X,{d},{e},{f}.{d.e,f},{h.b,c,e,f, g}, {h,b,c,d,f,g},{h,b,c,d, e, g},{h,b,c,g},{h,b,c,f, g},
{h,b,c,e, g},
{h,b,c,d, g} {e, f}.{d, f}.{d, e}} = <{a}{e}, {f} >=<{hb,ce,f, g}, {hb,c,d,f, g}, {h b,c,d, e, g} >
=<{e f}{d f}{d e} >}
178.A7g =
{0,X,{d},{e},{g}.{d.e,g},{h.b,c,e,f, g}, {h,b,c,d,f,g},{h,b,c,d,e, f},{h b,c,f}{h b,cf, g},
{h,b,c,e, g},
{h,b,c,d,f}{e g} {d g} {d e}} =< {d}{e},{g} >=<{hb,ce,f, g} {h,b,c,d,f, g}, {h b,c,d e f}>
=<{e g} {d, g}, {d e} >}
179. Aq79 =
{0,X,{d},{f}{g}.{d.f,g},{h,b,c,e,f, g}, {h,b,c,d,e,g},{h,b,c,d, e, f},{h,b,c,g},{h,b,c e g},
{h,b,c,e f},
{hb,c,d, f},{d fhid, gh{f. g3} =<{a} {f}{g} >=<{hb,ce,f,g}{h,b,c,d,e g} {hb,c,d,e f} >
=<{e,f}{d f}{d e} >}
180.A4g0 =
{0,X,{e}, {f}{g}{e.f. g} {hb,c,d, f, g} {h b,c,d e g} {hb,cde f}{hb,c,d}{hb,c,d, g},
{h,b,c,d, e},
{h,b,c,d, f{e flie gh{f. g3} =<{el{fl{g} >=<{hb,cef,g}{hb,c,d e g} {hb,c,de [} >
=<{e f}{f gl {e. g} >}
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Suppose we take four distinct singleton subsets of a set X we obtain the following sigma algebras;

181.Ag; =

{0,X,{h}, {b},{c},{d},{h,b.c,d},{b,c,d,e, f,g},{h,c.d,e f,g},{h,b,d,e f,g},{hb,ce f,g}{e.f. g}
{c,d,e,f, g},
{h,d,e f, g}

{b,d,e,f,g}{b,ce,f,gl{hce f,g}{c.e f, g} {h b},{h c},{h,d},{b,c},{b,d},{c,d},{h b,ef, g}
{h,b,c},
{h,b,d},{h,c,d},{b,c,d},{d,e,f,g}{b,e f. g} {h.e f,g}}
=< {h},{b}L{c}{d} >=<{b,c,d e f,g}l{hc de f,g}{h b, def,g}{hD,cef, g} >}

182A,g, =

{0,X,{h},{b},{c},{e},{h,b.c,e},{b,c,d,e f,g}th,c.d,e f,g}{hb,d e f,g}{hb,cd f,g}{d f. g}
{c,d,e,f, g},
{b,d,e f, g}

{b,c.d,f,g}{h.d,e f,g}{h,cd f,g}{hb,d f,g},{b,c e} {h c e}, {h b,e}{h b, c} {h b},
{h,c},{h, e}, {b,c},{b,e}.{c,e},{h.d.f,g}.{b,d,f,g}{c.d,f,g}{d e f, g}

=< {h},{b},{c}{e} >=<{b,c,d,e,f, g} {hc,de,f, g} {hb,d e f,g},{hb,cdf, g} >}
183cA g3 =
{®,X, {h}r {b}l {C}, {f}i {hl b C, f}) {b' c, d' eif' g}r {h, c, d' e, f' g}; {hr b' d, e, f’ g}' {h, br c, d, e, g}; {d, e, g};
{c.d,e,f, g},
{b,d,ef, g}

{b,c,d,e g}thdef,g}{hcdeg}{hb,de g}ib,c f,g}{hc f,g},{hDb,f, g} {h b, c} {h b},
{h,c},{h f},{b,c},{b,f}{c,f}{h,d,e g} {b,d, e g} {c,d e g} {d e f g}
=< {h},{b}{c}{f} >=<{b,cdef,g}{hcdef,g}{hb,de f,g},{hDb,cde g} >}

184.A g, =
{0,X,{h},{b},{c}{g}.{h,b.c,g}{b,c,d,e f,g}{h,c,de f,gl{h b,d e f,g}{hb,cd e f}
{d,e,f},

{c.d,e, f, g},
{b,d,e,f, g}

{b,c.d,e,f},{h,d,e,f,g}{h,c,d e f},{h,b,d,e f}{b,c,f,g}{hc,f,g},{h.b,f, g}, {h, b, c} {h, b},

{h,c},{h, g} {b,c},{b, g} {c, g} {h.d,e,f},{b,d,e,f}{c.,d,e f}{d e f, g}
=< {h},{b}.{c}{g} >=<{b,c,d,e,f, g}, {h,c,d,e,f,g},{h,b,d, e, f,g}.{h b,c,d,e [} >}

1854, g5 =
{0,X,{h},{b},{d},{e},{h,b.d,e},{b,c,d,e f,g}{hc,de f,g}{hb,cef,g}{hb,cd f,g}{cf g}
{c,d,e,f, g},
{b,c,e,f,g},
{bc,d f.ghihcef,ghihcd f,gh{hb,c f,g}{b d e} {h d e}, {h b, e}, {h b,d} {h, b},
{h,d},{h,e},{b,d},{b,e},{d, e},{h,c,f, g} {b,c,f,g}{c.d f, g} {cef g}
=< {h},{b},{d}{e} >=<{b,c,d,e,f, gl {hcd e f,g}{hb,cef g}{hb,cdf g} >}
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186A g5 =
{0,X,{h}, {b},{d}, {f3},{h,b,d,f},{b,c,d,e, f,g},{h,c,d, e f,g},{h,b,c,e,f,g},{h,b,c,d, e, g}, {c,e g}
{c.d,e f, g},
{b,cef g}
{b,c.d, e glihcef,g}{hcdeglihb,ceg}{b,d f,g},{hd f,g}{hb,f, g} {h b,d}{h b},
{h,a}, {n, f},{b,d},{b,f}.{d, f}.{h,c,e,g}.{b,c,e, g} {c.d, e, g} {c.e f,g}
=< {h},{b},{d},{f} >=<{b,c, de f,g}{hc,d e f,ghinb,ce f,g}{hb,cd, e g} >}

187.Aqg; =
{0,X, {1;13}, {b},{d},{g}.{h,b.d, g}, {b,c,d,e,f, g} {h,c,d,e f,g},{h,b,ce,f, g}, {hb,c,d,e f}{c,e g},
{c.d,e,f, g},
{b,c.e,f, g}
{b,c.d,e,f},{h,ce,f,g}{h.c.d, e f},{hb,ce f}i{b,d f,g}thd, f,g}{hb,f, g} {h b,d},
{h, b},
{h., d}r {h’) g}, {b, d}r {b' g}, {d, g}' {h; Ge, f}! {br Ge, f}t {C, d' e, f}r {C' e, f' g}
=< {h},{b},{d},{g} >=<{b,c,d,e, f,g}l{hcd e f,g}{h b,ce,f,g},{hb,c,d e [} >}
188.A g5 =
{0,X,{h}, {b},{e},{f},{h,b.e,f},{b,c,d,e,f, g}, {h.c,d,e f,g},{h,b,c,d, f,g}{h b,cde g}{cd g}
{bef, g}
{c.d,e,f, g},
{b,c,d,f,g}{b,c,d,e, g}, {h, e, f,g},{h b, f,g},{hb,e g}{hb,cd g}{hc,d f,g}{hc d e g},
{h, b},
{h,e}, {b,e},{h f},{b,f}{e f}1{h c,d,g}{b,c,d, g} {c.d, f,g}{c.d e g}
=< {h}, {bL{e} {f} >=<{b,c, d,e,f,g}{hc d e f,g}{h b,c.d f,g},{hb,cde g} >}
189.A,g9 =
{0,X,{h},{b},{e},{g}.{h,b.e, g}, {b,c,d,e,f,g},{h,c,d,e, f,g},{h,b,c,d,f,g},{h,b,c,d, e, f},
{c.d,f},
{bef g}
{c.d,e,f, g},
{b, c, d!f' g}' {b: c, d' e!f}' {h, e;f; g}r {h' b!f’ g}l {h' b' e,f}, {h; b' (o8 d,g}, {hr (o8 d'flg};
{h,c,d,e, f},{h, b},

{h,e}, {b,e},{h, g}, {b,g}{e g}, {h,c,d, g} {b,c,d, g} {c,d f,g}{c.d e f}
=< {h},{b},{e},{g} >=<{b,c,d,e f,g},{hc,d,e f,g}{hb,cd f,g}{hb,cde f}>}
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190.A49 =
{0,X,{n},{b},{f}.{g}.{n,b,f,g}.{b,c,d,e,f,g}.{h.,c.d,e,f,g},{h,b,c,d,e, g}, {h,b,c,d,e, f},
{c,d, e},
{bef g},
{c.d,e,f, g},
{b,c,d,e,glib,c,d e f}ihnef,g}{h b, f,g}{h be f},{hb,cd g}{hc,d, e g},
{h,c,d,e, f},{h, b},
{hf}{b, f}.{h. g} {f, 9}.{b, g} {h,c,d, g}, {b,c.,d, g} {c.d, f, g}.{c.d,e, f}
=< {h}L{bL{f}{g} >=<{b,c,d,e,f,g}thc.d e f,g}{h b,c,d e g}{hb,c,de f}>}

191.A19; =
{0,X,{h},{c},{d}. {e},{h,c,d,e},{b,c,d,e,f,g},th,b,d,e,f, g}, {h.b,c,e,f,g}.{h,b,c,d, f, g},
{b,f, g}

{b,cef g}
{b,d,e f, g},

{b,c,d,f,g}.{h,b,e,f, g} {n,b,d,f,g}{hb,c f,g}{c,d e}, {h d e}, {hc e} {hc,d},{hc},

{h,d}, {h, e}, {c,d}{c,e},{d, e}, {h,b,f,g}{b,c f,g}{b,d f g} {bef g}
=< {h}{c}{d}{e} >=<{b,c,d,e f,g},{hb,d e f, g}, {hb,c,e f,g},{hb,c,df,g} >}

192. 4,0, =
{0, X,{h}, {c}{a}, {f}{h,c.d, f}{b,c,d,e,f, g} {h.b,d,e,f, g} {h,b,c,e f,g},{h,b,c,d, e g},
{b,e, g},
{b,d,ef g}
{b,c.e,f, g}
{br ¢, d, e, g}, {h: b! e, f’ ,g}; {h, b, d, e, g}, {h: b, Ge, g}, {C, d' f}; {h, d! f}r {h, c f}i {hr (o8 d}, {h; C},
{h,a},{h,f}{c,a}.{c,f1.{d,f}.{h b, e}, {b,c,e},{b,d, e}, {b,e f}
=< {h},{c}{d},{f} >=<{b,c,d, e, f},{hb,d, e f},{h b,ce f},{h b, cd, e} >}

193.A 193 =
{0,X,{h},{c},{d}. {g}.{h.c,d, g} {b,c,d,e,f, g}, {h.b,d,e, f,g},{h,b,c,e,f, g}, {h b,c,d, e f}
{b,e, g},
{b,d,ef g}
{b,c,e,f, g}

{br ¢ d, e, g}: {h: b! e, f' g}' {h, b' d, e, f}' {hr b' ce, f}r {C' d! g}’ {h: d, g}r {h' c, g}’ {h, c, d}: {hr C}:
{h,d}, {h, g} {c,d}{c,g}{d, g} {h,b,e,f}.{b,c.e,f},{b,d,e,f}{b e, f, g}
=<{h}{c}{d}{g} >=<{b,c,d,e,f, g}, {hb,d e f,g}{hb,ce [, g} {hb,cde [} >}
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194A,9, =
{0,X,{h}, {c}.{e}, {f1.{h.c.e,f}{b,c,d,e,f,g},{h,b,d,e,f,g},{h,b,c,d, f, g}, {h,b,c,d, e g},
{b,d,f,g}
{b,d,ef, g},
{b,c,d,f, g},
{b,c,d,e,g},{h,b,d,f,g},{h,b,d,e g}thb,cd g}l{c,e f}{he f}{hc f}{hc e} {hc},
{h,e},{h,f}{c,e}{c,fl{e f}{h,c,e},{b,d,e g} {b,c,d, g}, {hb,d, g}

=< {h}{c}{e} {f} >=<{b,c,d,e f,g}.{hb,d e f,g},{h b,cd f,g},{hb,cd e g} >}
195.A,95 =
{0,X,{h},{c}, {e}, {g}{h,c.e,g}.{b,c,d,e,f, g}, {h,b,d,e,f,g},th,b,c,d, f, g}, {h,b,c,d,e,f},{b,d, f, g},
{b,d,ef, g}
{b,c,d,f.g}

{b’ ¢ d' e, f}; {hr b, d' f’ g}: {hr b' d! e, f}r {h' br G d' f}' {C' e, g}, {a, e, g}, {h., ¢ g}' {hr o e}: {h: C};
{h: e}: {h' g}' {Cr e}: {C' g}: {er f}ﬂ {h: o e}r {b, dr e, f}' {b’ ¢ d' f}f {h'b' d' f}

— < W {c)(eh g} > =< (bcrde fgh th b e f. g} (hbc,d, £ (1 brc,dy e, £} >)
196.A 05 =
(8., (1), (3, U}, (g}, (e £, 93, (b, do e, £rg3, T b e, £ 0% U by, dy e, g (o by e,
{b,d,e, g},
{b,d,e, f, g},
{b,c,d,e, g},

{b: c d! e,f}, {h: b, d' e, g}! {h: b! d, e'f}! {h,b, c dr e}: {C' f’ g}' {h!f' g}, {h' (o8 g}, {h' C, f}r {h: C}’
{h;f}, {Cug}; {C,f}, {C,g}, {f' g}r {hr C'f}' {b, d' e,f}, {b: (oh d, e}, {hr b' d' e}
=< {h}{cL{f}.{g} >=<{b,c,d e f,g}{hb,d e f,g}{hb,cd e g}{hb,c,de f}>}

197.Aq9; =
{0,X,{h},{d}, {e},{f}.{h.d,e,f}.{b,c,d,e,f,g}.{h,b,c,e,f, g} {h,b,c,d,f,g},{h,b,c,d, e g},
{b,c,g},
{b,cef. g},
{b,c,d,f, g}
{b,c,d,e, g} {h,b,c,d, gl {hb,ce gt{de f,glihe f,g}t{hd f,g}{h d e} {he f}{h d f},
{d,e, f},{h,d},

{h,e},{d, e}, {d, f}.{e, f},{h f},1b,c. f, 9} b, c,d, g}, {b,c,e, g}, {h,D,c, g}
=<{h}{d}{e}{f} >=<{b,c,d,e,f,g}{hDb,cef,g}{hb,cd f,g}.{hb,c d e g} >}

198.A,05 =
{0,X,{n},{d},{e},{g}. {h.d,e, g}, {b,c,d,e,f, g}, {h,b,c,e,f,g}{h,b,c,d,f,g}{h,b,c,d e f},
{b,c.f}
{b,c.e f g}
{b,c,d,f,g}
{b,c,d,e,f}{a,b,c,d,f}{h,b,ce,fl{d e, f, g}l {he f,glthd, f, g} {h.d, e} {he g} {h d g},
{d,e, g}, {h, d},

{h,e}{d, e}, {d, g}, {e, g}, {h, g}, {b,c, f, 9}, {b,c,d, f},{b,c.e, [}, {h, b, c, f}
=<{h}{d}{e}{g} >=<{b,c,d,e,f,g}48 b,c.e.f, g} {hD,c d f,g}{hb,cdef}>}



199.A90 =
{®,X, {h}r {d}, {f}; {g}; {h, d!f' g}' {br c, d' e!f'g}' {hr b) c, eif' g}, {h; b; c, d, e,g}, {h; b' (o8 d' e,f},
{b,c,e},
{b,c,e,f, g},
{b,c,d,e, g},
{b: (oF d) e,f}, {h; br ¢, d' e}, {h, b, o e,f}, {d' e!f'g}' {h, e,f, g}: {h, d, e,g}, {h, d!f}' {h'f’g}! {d'f' g};

{h,d, g}, {h,d},
{h.f1Aad, f1.Ad, g3 {f, g}.{b,c.f, g} {b,c,d, e}, {b,c,e,f},{h,b,c,e}
=< {h},{d}{f}{g} >=<{b,c,de f,g},{hb,ce,f, g}, {hb,c,d e g}, {h b,cde f}>}
200.A 500 =
{0,X,{h},{e}, {f}.{g}{he f.g}{b,c.d,e f,g}{hb,c,d f,g}{h b,cde g}{hb,cde,f}
{b,c,d,},
{b,c,d,f.g}
{b,c,d,e, g},
{b,c,d,e,f},{h,b,c,d, g}{h b,c,d f},{h b,cde}{e f,g}{h f,g}{he f}{he g},
{h,e},{h, g},
{h,f1{e f}{e g} {f, 9} {hb,c,d},{b,c,d e} {b,c,d g} {b,cd, f}
=<{n{e} {fhlgl >=<{bcdef,gh{hb,cd f,g}{hbcd e gh{hb,cde f}>}
201..Ayp; =
{0,X,{b},{c},{d},{e},{b,c.d,e},{h,c,d,e,f,g},{h,b,d,e,f,g},{h,b,c,e,f, g}, {h b,c,d,f,g}{hf g}
{h.d,e,f, g},
{h,c.e,f, g},

{h’ C’ d' f’ g}’ {hl b' e' f’ g}’ {hl b’ d’ f’ g}' {h’ b’ C’ f’ g}’ {C' d’ e}l {bJ dl e}l {bl Cl e}) {bl C) d}l {bl C})
{b,d},{b,e},{c,d},{c,e},{d,e},{h,b,f,g}{h,c,.f, g} {th.d,f, g} {he f, g}

=< {b},{c}{d}{e} >=<{h,c,d e f,g},{hbd,e f,g}{hb,cef,g}{hb,cd f, g} >}
202.A 50, =
{0,X,{b},{c},{d},{f},{b,c.d,f}{hc,d,e f,g}th b, d,e f,g}{hb,c,e f,g}{h b,cd e g}{he g},
{h.d,e,f, g},
{h,c.e,f, g},

{h,c,d,e g} {h,b,e f,g},{h,b,d,e, g} {hb,c e g} {c,d f}{bd f}{b,c f},{b,c,d},{b,c},
{b,d},{b, f}{c,d} {c,f},{d, f},{h,b,e g}, th,c.e,g},{h d e g} {hef g}
=<{b}{ch{d}{f} >=<{hcdef,ghihbdef g} {hbcef g} {hb,cde g} >}

203.A 503 =

{0,X,{b},{c},{d},{g}.{b,c.d, g}, {h,c,d,e f,g}th,b,d,e f,g},{h,b,ce,f, g} {h,b,c,d, e f},{he [},
{h,d,e,f, g},
{h,c.e,f. g},

{h,c,d,e,fL{hD,ef,g}{h b, d e f}{hD,ce f}{cd g}{b d, g}{b,c g}, (b c,d},{b,c},
{b,d},{b, g}, {c,d},{c,g},{d, g} {h,b,e,f},{h,c.e,f},{hd,e f}{hef g}
=<{b}{ch{d}{g} >=<{hc def g} {hbd e f,g}{hD,ce f,g}{h b d e [} >}
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204.A,0, =
{0, X,{b}, {c}{e}, {f}.{b,c.e, fhihc,de f,g}{hb,def,g}{hb,cd f,g}{hb,cde g} {hd g}
{h.d,e,f, g},
{h,c,d,f, g},
{h,c,d,e,g},{h,b,d,f,g},{h,b,d,e,g},{h,b,c,d, g} {c,e,f}.{b,e,f}.{b,c,f}{b,c, e}, {b,c, g},
{b,e}, {b,f}{c,e}.{c,f}{e, f}{hb,d g}{hc,d g} {hde g} {hd, f, g}

=< {b}{ch{e} {f} >=<{hcdef g} {hbdef,g}{hb,cdf gh{hb,cde g} >}
205. A5 =
{Q; X; {b}: {C}: {e}' {g}' {b' c.e, g}l {h, c, d, e, f' g}l {h, b' d' e, f' g}; {h: b) (N d, f’ g}r {h; b' (o8 d, e, f}; {h' d' f};
{h.d,e,f, g},
{h,c,d,f. g},

{h,c.d,e,f},{h,b,d,f,g},{h,b,d,e f}{h b,c,d f}{c,e,g}{b,e g}{b,c,g}{b,c e} {b,c g},
{b,e},{b, g} {c,e}{c.g}t{e gt{h b, d f}{hcd fL{hd e f}{hd f, g}
=< {b}{c}{e}{g} >=<{hcdef,g}{hb,d,e f,g}{hb,cd f,g}{hb,cde f}>}
206.A 505 =
{0,X,{b},{c},{f}{gh{b,c.f.gh{hc.d e f,gh{h b, d e f,g},{h b,c,d e g} {hj,b,c,d e f}{hd e},
{h.d,e,f, g}
{h,c,d, e, g},
{h,c,d,e,f},{h,b,d,e, g}, {h,b,d,e,f},{hb,cde}{cf,g}{b f g}{b,c,g}.{b,c.f}.{b,c g}
{b,e},{b, g} {c,f}.{c.g}.{f g} {h,b,d, e}, {hc,d, e}, {h d e f},{hde g}
=< {b}{cL{ft{g} >=<{hcde f,gh{hb,d,e f,g}{h b,c,d e g}{hb,cde f}>}
207. Ay, =
{0,X,{b},{d}, {e},{f},{b.d, e, f},{h,c,d,e f,g}{hb,c e f,g}{h b,c,d, f,g}{hb,cd e g} {hc g},
{h.c,e,f, g},
{h,c,d,f, g},
{h.c.d,e,g}{h,b,c,f, g} {h,b,ce,g}{h b,c,d g}l{d,e f}{be f}{b,d f}{b,d, e}, {b d},
{b, e} {b,f1{d, e}, {d, fl{e,f},{h,b,c,g}{h,cd g}thc,e g}{hc f,g}

=< {b}{d}{e},{f} >=<{hcd,e f,g}{hb,ce f,g}{hb,cd f,g}{hD,cd e g} >}
208. A, =
{0,X,{b},{d}, {e},{g}.{b.d,e, g}, {h,c,d,e f,g}{hb,cef,g}{hb,cd e g} {hb,cd f,g}{hc [}
{h,c.e,f. g},
{h,c,d,e, g},

{h, ¢ dr e, f}: {h: b} G f’ g}' {hr br ¢e, f}ﬂ {h: b' G d' g}' {d, e, g}: {b, e, g}: {b, d' g}r {b: d, e}r {b’ d}!
{b: 8}, {b, g}’ {d; e}: {dr g}; {e, g}' {hr bv ¢ f}v {h: ¢ d' f}i {h) ¢e, f}i {hr C f’ g}

=< {b}L{d}{e}{g} >=<{hcdef,glthb,c,e f,g}{hb,cd e g}{hb,cdf, g} >}
209. Aygo =
{@,X, {b}r {d}, {f}t {g}; {b d' f’ g}; {h, C, d, e, f’ g}' {hr b) ¢ e!f' g}r {h; b, C, d' e, g}l {hr b: (o8 d, e,f}, {h: c, 8},
{h,c.e,f, g},
{h,c,d,e, g},

{h,c,d,e,f},{h,b,c,f, g}, {h,b,c,e,g},{h,b,c,d,g}{d, f,g},{b,d, g}, {b,d,f},{b,f, g} {b,d},
{b,f},{b,g}.{d, f},{d, g}, {f, g} {h,b,c,e}, {h,c,e,f},{h,c,e g} {hcd e}
=< {b},{d}, {f}{g} >=<{hcd e f,g}{hb,ce f,g}{hb,cd e g}{hb,cde f}>}
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210.A 510 =
{0,X,{b}{e}, {f}.{g}{b,e f.g}{hc,d e f,g}{hb,cd f,g}{h b,cd e g}{hb,cde f}{hcd}
{h,c,d,f, g},
{h,c,d,e, g},
{h,c,d,e,f},{h,b,c,f,gh{h b,c,d, g} {hb,c.f,gl{e f,9}{b,f,g}.{b,e,f}.{b,e g} {b, e},
b, f1{b,glie f},{b,g}{f. g}, {hb,c,d}{h,c,d, g} {hc,d f}{hc e g}
=< {b},{d}{f}{g} >=<{hcdef, g} {hbcd f,g},{hb,cd e g} {hb,cde, f}>}

211.Ayyq =
{8,X,{c},{d}, {e}, {f} {c.d, e, fl{h,b,d,e,f, g}, {h,b,c,e,f,g},{h,b,c,d, f,g},{h,b,c,d,e, g}, {h, b, g},
{h,b,e,f, g},
{h,b,d,f,g},
{h,b,d,e,g},{h,b,c,f,g}{h b,c e g}ihb,cd g}idef,glice flicd fl{c.d e} {d e f}{cd},
{c,e}{c,f}{d, e} {d, f}{e f}{h b,c,g}{h b, d g}{h b e g} {hc [, g}
=<{ch{d}{e} {f} >=<{nbdef, g} {hb,ce,f,g},{hb,c,d f,g}{hb,cd e g} >}

212. Ay, =
{0,X,{c},{d},{e},{g}.{c.d,e,g},{h,b,d,e, f,g},{hb,c,e f,g}{h,b,c,d, f,g}{hDb,cde f}{h Db, g}
{h,b,e,f, g}

{h,b,d,f,g},
{h.b,d,e,f},{n,b,c,f,g}{hb,ce,fLihb,cd f}{c e g}{cd g}{c d e}{d e g} {c d},
{c,e}{c, g} {d, e}, {d, g} {e, g} {h,b,c,f}.{h,b,d,f},{h,b,e f},{hD,f, g}
=<A{c}{d}{e}{g} >=<{hb,d e f,g}{hb,c,e f,g}{h b,c,d,f,g}{hb,c,d e f}>}

213.Ayq3 =
{8,X,{c},{a},{f}.{g}{c.d.f,g}.{h,b,d,e,f, g}, {h,b,c,e,f, g}, {h,b,c,d,e, g}, {h,c,d, e, f},{h b,e},
{h,b,e,f, g},
{h,b,d,e, g},
{h,b,d,e, g}, {h,b,c,e,g},{h,b,c,e,g},{h,b,c,d, g} {c.f,g}.{c.d, g} {c.d,f}{d, f, g} {c d},
{c. 1 c,gb{d, f1{d, g} {f. g} {h.b,c,f},{h,b,d,f},{h,b,e, f},{h b, f, g}
=< {C}: {d}; {f}: {g} > =< {h' b, d» e;f:g}, {h: b' (o8 e:f! g}; {h; b: C, d}f' g}: {h' br (o d' e'f} >}

214.A,,, =
{0,X,{c}{e}, {f}{g}{c.e.f.g}{n b, d,e f,g},{h,b,c,d e, g}, {h,b,c,d, e, f},{h,b,c,d,e, f},{h b, d},
{h,b,d,f, g},

{h,b,d,e, g},

{h,b,d,e, f},{h,b,c,d, g},{h,b,c,e, g}, {h,b,c,d,e}{c,f, g} {c,e,g}{c,e, fl{e f, g} {c e},
{c.f}{c, gl e fl{e g} {f g} {h,b,d, e}, {h,b,d,f},{h b,d, g}, {h D, f, g}
=<{c}{e} {fL{g} >=<{hb,d,ef, ‘96}1 {h,b,c,d,f,g},{h,b,c,d,e,g},{h,b,cd,e,f}>}



215.A,,5 =
{0,x,{d},{e},{f}. {g}.{d, e, f, g}, {h,b,c,e,f, g}, {h,b,c,d,f,g},{h,b,c,d e g} {hb,cd, e f}{hb,c}
{h,b,c,f,g},
{h,b,c,e, g},
{h,b,d,e,f},{h,b,c,e,f},{h,b,c,f,gl{h b,c,d, gh{d f,g}{d e f}{d e g} {e f,g}.{d e},
{d,f}.{d, gl {e.fl{e.9}.{f, g} {h.b,c,e},{h,b,d, f},{h,b,c,d},{h,b,c, g}
=<{ad}{eh{f}{g} >=<{hb,c,e f,g}{hb,ce f,g}{hb,cde g}{hb,cde f}>}

Suppose we take five singleton subsets of a set X, we obtain;

216.A,,6 =
{0,X,{h},{b},{c},{d},{e},{h,b,c,d,e},{b,c,d,e,f,g}.{h,cd e f,g}{h b,def, g}
{h,b,c e f, g}
{h,b,c,d,f,g},{f, 9}, {h, b,c,d},{b,c,d, e}, {h,cd, e} {hb,d, e} {hb,c,e}
{c.d,e f,g},
{b,d,ef g}
{b,ce,f,g}hi{b,c.d, f,glthcef.ghihndef g}hihcd f,gh{hbef, g}
{h,b,d,f,g}{h,b,c,f, g}, {h, b}, {h,c},{h,d},{h,e},{b,c},{b,d},{b, e}, {c,d} {c, e}, {d, e},
{h,b,c},{h,b,d},{h,b,e},{h,c,d},{h c e} {h d e}, {b,c,d},{b,c e} {b,d, e} {cd, e}
{b,c.f.g}{he f,g}thd f,g}{h b, f, g}
{d,e,f,g}{ce,f,gl{icd f . g}}
=< {h},{b},{c}{d},{e} >=<{b,c,d,e f,g}l{hc d e f,gl{h b d e f,gl{hb,ce f,g}{hb,cd f,g} >}
217. Ay, =
{0,X,{h},{b},{c},{d}, {f}.{h,b.c,d,f}.{b,c.d,e f,g}{h c.d e f,g}{h b, d ef, g},
{h,b,c e f, g}
{h,b,c,d,e, g}, {e,g},{h b,c,e}{b,c,d,f},{hc,d,f},{hb,d, f},{h b,c, [},
{c,d,e f, g},
{b,d,e,f, g},
{b,ce,f,ghib,c,d f,ghihcef . ghihdef ghihcd f,gh{hb,ef, g}
{h,b,d,e, g},{h,b,c,e, g}, {h, b}, {h,c},{h,a},{h, f},{b,c},{b,d},{b, f},{c,d}. {c, f}.{d. f}
{h,b,c},{h,b,d},{h,b,f},{h,c,d}{hc fL{hd f}{b,c,d},{b,c,f},{b,d, f}{c.d f},
{b,ce,g}{he f,g}{h,d e g}{h b,e g},
{def, glicef ghicdf g}}
=< {h},{b},{c}{d},{f} >=<{b,c,d,e,f, g} {h,c,d,e f,g},{hb,d,e f,g},{h b, cef,g}{hb,cde g} >}
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218A,15 =
{0,X,{h}, {b},{c},{d}, {g}.{h,b.c,d, g}, {b,c,d,e,f, g}, {h,c,d,e,f,g},{h,b,d e f, g},
{h,b,c,e, f, g},
{h,b,c,d,e, f},{e,f},{h,b,c,g},{b,c,d g} {hcd, g} {h b,d, g}, {hb,cd}
{c,d,e,f, g},
{b,d,ef, g}
{b,c,d,e,fl{b,c,d,f,g}t{hc,d f,g}{h.de f,g}{hce f,g}{hbef, g},
{h,b,d,e,g},{h,b,c,e, g}, {h,b},{h,c},{h,d},{h, g}, {b, c},{b,d},{b, g}, {c,d},{c, g}.{d, g},
{a,b,c},{h,b,d},{h,b,g},{h,c,d},{h,c, g} {h d, g} {b,c,d},{b,c g} {b,d g}{cd g},
{b,c.e,fl{he f, g} {h.d e f},{h b,e [},
{d,e,f,gl{ce.f.gl{c.d f e}}

= < {1}, (B),(c} (), (g} > = < bc,dye £, g} (hc,dre f,g) (b doe, £ g, (b c e, f g} (R by, d e, £} )
219A,, =
{0,X,{h},{b},{c}{e}, {fL{n,b.c,e,f},{b,c,d,e,f, g} {h.c.d,e,f, g}, {h,b,d, e, f, g},
{h,b,c,d,f, g},
{h,b,c,d,e, g}, {d, g}, {b,c,e f}{hc,e f}{h b,e f},{h b,c f},{h b,c, e},
{c.d,e, f,g},
{b,d,e,f, g},

{b,c,d,e,g}i{b,c,d f,g}th.d,ef,ghihc,d f,g}{hc,d,e g} {hb,df, g}

{h,b,d,e, g}, {h,b,c,d, g}, {h,b},{h,c},{h e} {h g} {b,c},{b,e},{b, g} {c e} {c, g} {e g},
{h,b,c},{h,b,e},{h,b,f}{hc e} {b,ce}{he fLib,c,e}{b,c,f}{be f}{c e f},
{c.d,f,g}{he f,g}{hd, e f}{hD,e f},

{d,e,f,g}{ce.f. g} {c.d f,e}}
=< {h},{b},{c}{e}, {f} >=<{b,c,d,e,f,g}{h,c.d,e f,g}{h b, d e f,g}{hb,c,d f,g}{hb,cd e g} >}

220.A 550 =
{0,X,{h}, {b},{c}{e},{g}.{h,b.c,e,g}.{b,c,d,e,f,g}{h c.d e f,g}{h b, def, g}
{h,b,c,d,f,g},
{h,b,c,d,e, f},{d,f},{b,ce f}{hce g} {hb,e g} {h b,c g} {hb,c,e}
{c.d,e, g},
{b,d,e, g},
{b,c,d,e g}ib,cdf,g}{hdeg}{hcdf,g}{hcdeg}{hbdf, g}
{h,b,d,e, g},{h,b,c,d, g}, {h, b}, {h,c},{h e}, {h g}, {b,c},{b,e},{b, g} {c e}, {c,g}.{e g},
{h,b,c},{h,b,e},{h,b, g}, {h,c,e},{h,c,g}l{h e g}{b,ce}{b,c,g}{b,e g}{ce g}
{c.d,f, g} {he f,g}{h.d, e g}, {h b,e g},
{d,e,f,g}{ce.f. g} {c.d [ e}}
= <{h},{b},{c}{e}{g} >=<{b,c,d e, f,gl{hc d e f,g}{hbd e f g}{hb,cd f,g}{hbcde f}>}
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221A 4y, =
{0, X,{h}, (b}, {c},{f} {g}.{h,b,c,f, g9}, {b,c,d,f, g}, {h,c,d,f, g}, {h,b,d,f, g},
{h,b,c,d, g},
{h,b,c,d,f}{d, e}, {b,c.f,ghihcf,g}{hb,f, g} {h b, c, g} {h b, c f},
{c,d,f. g},
{b,d,f, g}
{b,c,d,e,g}{b,c,d f,g}thd f,g}{hcd f,g}{hcd e g}{hb,d f, g}
{h,b,d,e,g},{h,b,c,f,g}{h b}, {h c},{h f}{h g}, {b,c}{b,f},{b, g} {c, f}.{c.9}.{f. 9}
{h,b,c},{h,b,e},{h,b, g}, {h,c,e}, {hc g}{he g}ib,ce}{b,c,g}{b,f, g} {c e g},
{c.d,f.g}.{he f,g}{hd e f}{hbe f}
{d,e,f, g} {c.e.f, g} {c.d f,e}}
=< {h},{b},{c},{f}.{g} >=<{b,c,d,f,g}{h,c.d,f,g}{hb,d f,g},{h,b,c,d, g}, {h b,c,d, f} >}

222.Ayyy =
{0,X,{h},{b},{d},{e}, {f}.{h,b,d,e,f},{b,c,d,e,f,g},{h,c,d,e,f,g},{h,b,c,e f, g}
{h,b,c,d,f, g},
{h,b,c,d,e, g}, {c,g},{b,d,e f}{b,cd e} {hcd g} {hb,d, g} {hb,c,d},
{c.d,e, f, g},
{b,ce,f, g}
{b,c.d,eghib,cdf,ghihcef g}{hdef ghthcd f,gh{hb,ef g},
{h,b,d,e,g},{h,b,c,d, g}, {h,b},{h,d}, {h, e}, {h, f},{b,d},{b,e}, {b, f},{d, e}, {d, f}.{e, f},
{h,b,d},{h,b, e}, {h,b,f},{h,d e}, {hd, f},{he f}ib,d,f}{b,e g}{b,e fl{d e f}
{b,ce,fhid e f,g}{c,d e g}ib,c e g},
{b,c,d, gl{c,d f,g}{cdf e}

= <{h},{b},{d}{e}{f} >=<{b,c. de f,glihcd e f,ghihb,ce f,ghihb,cd, f,g}{hb,cd e g} >}
223.A,y =
{0,X,{h},{b},{d},{e}, {g}.{h,b,d,e,g},{b,c,d,e,f,g},{h,c,d,e f,g}{h b cef, g}
{h,b,c,d,f, g}
{h,b,c,d,e, f},{c,f}{b.d e f}{b,cd, e} {acd g} {h b, d, g}, {h b,c, d},
{c,d,e f,g},
{b,ce,f,g}

{b,c,d,e,g}{b,c,d,f,g}{hce f,g}{hdef,g}{hcd, f,g}{hb,ef, g}

{h,b,d,e, g}, {h,b,c,d, g}, {h,b},{h,d},{h e}, {h, f},{b,d}, {b,e},{b, f},{d, e}, {d, f} {e f},
{h,b,d},{h,b,e},{h,b,f},{h,d e}, {h,d, g}, {h,e g} {b,d, g}, {b,d e}, {b,e g}{d e g},
{b,c.e,g}{d,e,f,gl{c.d e f}ib,cef},

{b,c.d, f}{c,d,f,g}{c.d f e}}
= <{h},{b},{d}{e}{g} >=<{b,c,d e, f, gl {h c,d,e f,g}{hb,c e f,g}{h b,cd f,g}l{hb,cde f}>}

64



224. Ay, =
{@,X,{h},{b},{d},{f}{g}{h,b,d,f, g}, {b,c,d,e f,g}{h,c,d e, f, g} {h,b,c e f, g},
{h,b,c,d,e, g},

{h,b,c,d,e,f}{c e} {b,d f,g}{b,c,d e} {a,d f,g}{hb f,g}{h b,d g} {hb,d f}
{c.def g},
{b,c,e,f,g}

{b,c,d,e, g}, {b,c,d,e f}{hc,e f,g}{hcde f},{hb,c,e g} {hb,ce,f}
{h,b,c,d, e}, {h,b},{h,d},{h, f},{h, g}, {b,d},{b, f},{b, g}, {d, f},{d, g}.{f g},
{h,b,d},{h,b, f},{h,b,g},{h,d,f}{h,d,g},{h f,g}{b,d, g}, {b,d, f},{b,f, g} {d, f, g},
{c,e,f, g} {c,d,e g} {cde f}{b,ce [},

{b,c,d, e}, {c,d,f,g}{hc,d e}}

=<{h}{b},{d}{f}{g} >=<{b,c,d,e,f, g} {hc d e f,g}{hb,ce f,g}{h b,c,d e g}{hb,c,de,f}>}
225.Ayps =
{0,X,{h}, {b},{e},{f}.{g}.{h,b,e,f, g} {b,c,d,e f,g},{h c,d,e f,g}{h b,cd f, g},
{h,b,c,d,e, g},
{h,b,c,d,e f},{c,d},{be f,g}{b,c,d, e}, {he f,g}{hb,f,g}{h be g} {hD,e [}
{c.d,e,f, g},
{b,c,d,f.g}

{b,c,d,e, gl {b,c,de f}{hcd f,g}{hcdeg}l{hc,de f}{hb,cd gl
{h,b,c,d,f},{h, b}, {h,e},{h,f}{h g}, {b, e}, {b,f}{b, g} {e f}{e g} {f. g9}
{h,b,e},{h,b,f},{h,b, g}, {h,e,fL{h e g}{h f, g} {be f}{b,e g}{b.f.g}{ef. g}
{c.d,f,g}{c.d e g}{cde f}{b,cd g},
{h,c,d,f},{h b,c,d}{hc,d e}
=< {h}: {b}: {e}' {f}: {g} >=< {b' (o8 d: e,f,g}, {h; c, d, e'f'g}: {h; b' C, d:f'g}; {h; b: ¢, d} e, g}; {h, b» o d' e'f} >}

226. A =
{0,X,{h},{c}{d}.{e}, {f}{h.c.d,e,f},{b,c,d,e,f,g},{h,b,d,e,f,g},{h,b,c,e,f, g},
{h,b,c,d,f, g}
{h,b,c,d,e, g}, {b, g} {c,d,e f}{hd,e f}{hce f}{hcd f},{hcd, e}, {b,d,e f, g}
{b,c,d,f, g},
{b,c,e,f, g},
{b,c,d,e,g},{h,b,e,f, g} {h,b,d, f,g},{h,b,d,e, g}, {h,b,c,f,g},{h,b,c e g},
{h,b,c,d, g}, {h,c},{h,d},{h, e}, {h f}{d, e}, {c, e} {c,d}, {d, f}.{e f}{c,f}.{h,c,d},
{h,c,e}, {h,c,f},{h,d,e},{h,d, f},{c,d, e}, {c,d, f}{c,e,f},{d, e[},
{b,d,f,g}{b,d e g}{b,d e f}{b,c,d g},
{h,b,d, f},{h,b,c,d},{h,b,d,e}}
= <{h}{c}{d}{e} {g} >=<{b,c,d e f,g}{h b, d e f,g},{h b,c,e,f, g} {h b,c,d f,g}{hb,cdef}>}
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227. Ayyy =
{0,X,{h},{c}{d},{e}, {g}.{h,c,d, e, g}, {b,c,d,e,f, g}, {h,b,d,e,f, g}, {h, b,c e f, g},
{h,b,c,d,f, g},

{h,b,c,d,e, f},{b,f}.{c,d, e g} {h,d,e g} {hc,e g}{hcd g}{h c d e}, {b,d,ef, g}
{b,c,d,f, g},
{b,c,e,f, g},
{b,c,d,e,f},{hb,ef,g}thb,d, f,g},{h b, d e f},{hb,c f,g}{hb,ce [}
{hb,c,d, f},{h,c}{a,d},{h e}, {h, g} {d, e}, {c e}, {c,d},{d, g}, {e, g}. {c, g},
{h, c, e}: {h! o g}! {h, (o8 d}r {d, e, g}' {h, e, g}' {h, d' g}' {Cr dr e}: {C! d, g}, {C, e, g}! {h, d, e},
{b, d!f’ g}' {b: d' e,f}, {hr b, dr e}r {b, o d, f};
{h,b,d,f}{b,c,e,f},{h,b,c,f}}

=< {h}{c}{d}{e}{g} >=<{b,c, d,e,f,g}{h,b,d,e f,g}{h b,cef,g}{hb,cd f,g}{hb,cdef}>}
228. A0 =
0,X,{h}, {c},{d}, {f}.{g}. {h.c.d,f, g} {b,c,d e, f,g},{h b, d,e f,g},{h b,ce,f, g},
{h.b,c,e f, g},
{h,b,c,d,e, f},{b,e}{c,d f,g}{hd f,g}{hc f,g}{hc,d gl{hc d f}{b.d,ef, g}
{b,c,d,f,g}
{b,ce,f, g}

{b,c,d,e, f},{h,b,e f,gl{h b,d, f,g}{hb,d e f}{hb,cf,g}{hb,ce, g}
{hb,ce f}{h c}{h d},{h f},{h g}{d f}{c f}{c,d}{d, g} {f, g} {c.g},
the,fhihc, gt {h c,d}{d, f,g}.{h f,g}.{h.d, g} {c.d,f}{c,d, g} {c.f, g} {h.d,f},
{b,d,e,g},{b,d,e, f},{a,b,f,e} {b,cd, e},
{h,b,d,e},{b,c,e,g},{h,b,c e}}

2=2§ {h}{ch{d} {f}{g} >=<{b,c,d e, f. g} {hb,d,e,f, gl {hb,c e f,g}{hb,c,d e g}{hbcdef}>}
- Apzg =
{0,X,{h},{c}{e}. {f}{g} th.ce,f, g} {b,c,d,e,f,g},{h,b,d,e, f,g},{h,b,c,d,f, g},
{h,b,c,e,f, g},
{h.b,c,d,e, f},{b,d}{ce f,g}{he f,g}{h e g} {hce gh{hce fL{bdef, g}
{b,c,d,f, g}
{b,ce f, g},

{b,c,d,e,f},{h,b,e, f,g}{h b, d, f,g}{h,b,d,e f},{h b,c,f,g}{h b,c e g},
{h,b,ce,f},{h c{h e}, {h f},{h g}t {e f}{c.f}{c e} {e g}.{f g} {c. g}
{h,c,fL{hc, gl {hc e} {e. f.g}th f. g} {h e g}l {c,e, gl {c e, f}{c.f.g}{hef}
{b,d,e,g},{b,d,e f}{hb,f,g}{b,cd f}
{h,b,d, f},{b,c.e f}{hb,c e}
=<{h}{ch{el {fL{g} >=<{b,c,def ,g}{h b d e f,gl{hbcd f,g}{hb,c,d, e g}{hbc,de f}>}
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230.A,530 =
{0,X,{h},{d},{e}, {f}.{g}.{h.d,e,f,g}.{b,c,d,e,f,g}{h,b,ce f,g}{hD,cdf, g}
{h,b,c,e,f,g},
{hr br (o8 d' e;f}; {br C}; {d, e!f'g}' {h' e,f, g}! {h, d! e,g}, {h, c, e,g}, {hr c, e,f}, {br d' e'f' g}
{b,c,d,f, g}
{b,c,e,f, g}
{b,c.d,e,f},{n,d,e f,g}{h,b,d,f,g},{h,b,d,e, f},{hb,c, f,g}{hDb,c,e g}
{h,b,c,e,f},{h c},{h e}, {h f},{h g} {e f}.{c, f}{c e} {e g}.{f g9} {c g}
{h.d,f},{h,d,g},{h,d, e} {e f, g} {h f, g}, {h,e g} {d e g} {d f g} {h e},
{b! c, e,g}, {br o e;f}; {h, b;f:g}; {br o d,f},
{h,b,c,f},{b,c,e, f},{h,b,c, e}
=< {h}{d}{e}, {f}.{g} >=<{b,c,d,e f,g}{h b,c,e f,g}{hb,cd f,g}{h b,c,d e g}{hb,c,de,f}>}

231, Ays; =
{0, X,{b}, {c} {d} {e}, {f}.{b,c,d,e, f}{hc,d e f, g} {h b, d e f,gl{hb,cef g},
{h,b,c,d,f, g}
{h,b,c,d,e, g}, {h, g}, {c,d,e f},{b,d,e f}{bce f}{b,c d,e},{h,d,e f,g}{hce f, g}
{h,c,d,f, g},
{h,c,d,e, g},
{h,b,e,f,g}{h,b,d,f,g}{h b, d e g}{hb,cf,g}{hb,ceg}{hb,cd g}
{b,c},{b,e}, {b, f},{b,d},{e,f}.{c.f}{c, e} {e,d}{c,d}{d f}
{h.d,e,f.glf{e d f}{be f}ib,c,d}{c,d e} {b,d e} {b,d f}{cd [}
{h,c.e,g}{h,c.e f}{n b, f,g}{hcd f},
{h,b,c,f},{h,c,e,f},{h,b,c,e}}

=<{b}h{ch{d}{el{f} >=<{hcdef.ghinbdef,ghihb,ce f,ghihb,cd, f,g}{hb,cde g} >}
232. A =
0,01 @ (e (g} b de g) (hede f.gh (b de f,g) (hbce.f,g),
{h,b,c,d,f,g},
{h,b,c,d,e, f},{h f}{c,d,e f},{b,d,e f}{b,c,e f},{b,cd e}, {h d,e f,g}{hc,e f, g}
{h,c,d,f, g},
{h,c,d, e, f},

{hb,e,f,g}{h,b,d,f,g}{h,b,d e, f},{hb,c f,g}{hb,ce f},{hb,cd, f}

{b,c},{b,e},{b, g}, {b,d},{e, g}, {c, g}, {c, e}, {e,d}, {c,d},{d, g},
{h.d,e,f,g}.{c,e,g}.{b,e,g},{b,c,d},{b,c,e},{b,c,g},{c,d, e}, {b,d, e}, {b,d, g}, {c,d, g}, {d, e, g}
{h,b,e,f},{h,c,e,gl{h,c,e, g} {h b, f,g}thcd f},

{h,b,c,f},{h,c,e, f},{h,b,c,e}}
=< {b},{c}{d}{e}, {g} >=<{hcdef,g}{h b, d e f,g}{h b,ce f,g}{hb,cd f,g}{hb,cd e, f}>}
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233, Ayss =
{0,X,{b}, {c},{a}, {f}{g}{b,c.d,f, g} {h,c,d e f,g}{hb,d e f,g},{hb,c e f, g},
{h,b,c,d,f, g}

{h.b,c,d,e fi{he}{cd f,gh{bd f,ghib,c f,g}{b,c,d f}{h d e f, g} {hc e f, g}
{h,c,d,f, g}
{h,c,d, e, f},
{h.be f,g}{hb,d,f,g}{h b, d e f}{hb,c f,gl{hb,ce f}{hb,cd f},
{b,c},{b, f},{b, g}, {b,d},{f, g} {c.g}.{c. f}.{d, f}.{c,d}{d, g}
{h.d,e,f,g}{d, f,g}{b,f, g} {b,c,d},{b,c,f},{b,c, g} {c,d,f}{b,d f}{b,d g}{c.d g}{d f, g}
{h,d,e,g},{h,c,e,g}{h,c e f},{h b, e g} {h c,d, e},
{h,b,c,d},{h,c,e f},{hDb,c, g}}

=<{bl{ch{d}{f}1{g} >=<{hc def gh{hbd e f,gl{hb,ce f,g}{h b,c,d e g}{h Db cd e f} >}
234. Ay =
{0,X,{b}, {c}{e}, {f}.{gl{b,c,e,f. g} {h,c,d e, f, g}, {h,b,d,e f,g},{h,b,cef, g},
{h,b,c,d,f,g},
{h,b,c,d,e,f},{hd}{ce,f,g},{b,d,f, g} {b,e f, g} {b,ce,fL{h d e f, g} {hc e f g}
{h,c,d,f. g},
{h,c,d,e, f},

{h,b,e,f, g} {nb,d,f,g}{hb,d e f},{hb,cf,g}{hb,ce f}{h b,cd,f}
{b,c},{b,f},{b, g}, {b,d},{f, g}.{c.g}.{c.f}.{d, f}.{c,d},{d, g},
{h.d,e,f,gb{d, f,93.{b,f, g} {b,c e} {c.e,fL{b,e f}{be g} {ce g},
{h,d,e,gHh,c,d,g}{h,cd, f},{h b,d, g}, {h c,d, e},
{h,b,c,d},{h,c,e f},{hb,c g}}
=<{b}{ch{e} {f}{g} >=<{hcdef gb{hbd e f,gh{hbcd f,g}{hbcd e g}{hbcde f}>}

235, A yzs =
{0,X,{b},{a} {e}. {f}.{g}. {b.d,e,f, g}, {h,c,d e, f, g}, {h,b,c,e f,g},{h,b,c,d,f, g},
{h,b,c,d,e, g},
{h,b,c,d,e, f},{h,c}{d,e f,g}{be f,g}{b,c.f,g}{b,d,f,g},{b,d e g}, {b,d,e f}
{h,c,e,f, g},
{h,c,d,f, g},
{h,c,d,e,g},{h,c,d,e f},{hb,cf,g}{h b,ce g}{h b,c e f},{hb,cd, f}
{h,b,c,d, g},{b,d},{b, f},{b, g}, {b,e},{f, g} {e, g}, {e, f}.{d, e}, {d, g}, {d, f},
{h, d' e!f' g}' {d'flg}' {b'fJ g}; {b'fl d}' {e' d!f}' {b' d;f}; {b, d,g}, {e' d! g};
{h,c,e,f},{h,c,e,g},{h,c,e,f},{h,b,e, g}, {h,c d, e},
{h,b,c,d},{h,c,d,},{hb,c, e}}
=< {b},{d}{e} {f}{g} >=<{hc def,g}{h b,c.e f,g}{hb,cd f,g}.{h b,c,d e g} {h b,cde,f}>}
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236. Aysg =
{0,X,{c},{d},{e}, {f}{g}{c.d e, f, g}, {h,b,d,e,f,g},{h,b,ce,f,g}{hD,cdf, g},
{h,b,c,d,e, g},
{h; b' Crd! e,f}, {h; b}r {d' e;f;g}; {b, e;f;g},{h; e!f'g}' {b, d,f,g},{c, d!f'g}' {C! d' e'g}
{h,b,e f, g},
{h,b,d,f, g},
{h,c,d,e, f},{h,c,d,e, f},{h,b,c,f,g},{h,b,d, e, g}, {h,b,d,e f},{h b,cf, g}
{h,b,c,d, g} {c,d}{c,f}{c, g} {c. e}, {f, g} {e. g} {e,f}{d, e}, {d, g} {d, f}
{h.de f,gh{d f,g}{c f,g}{c f,d}{e,d f}{c,d f}{c d g}{ed g},
{h,b,e,f},{h,b,e,g},{h,d,e, f},{h,b,e g}, {h,c,d, e},
{h,b,c,d},{h,c,d,},{hb,c, e}}
= <{ch{al{e} {f{g} >=<{nbd e f,gh{hb,ce f,g}{h b cd f,g}{h b,c,d e g}{h Db cd e f} >}

Suppose we take six singleton subsets of a set X, we obtain
237.Aysy =
70, (), (0}, (), 1), e}, {7, {h b}, (e (., ), (1) 151001 ) 6,01 071 9 e ),
c,etic f},
{c,g9}.{d, e}, {d, f}.{d, g} {e f}.{e g% {f, g}}. {h,b,c},{h,b,d},{h,b,e}, {h,b,f},{h b,g}{h c d}{hc e},
h,c, f},
{h, o g}' {h: d: e}, {h' d' f}l {h! d! g}' {h! e, f}ﬁ {h' e, .g}a {h, f! g}: {br c, d}'
{b,c,e},{b,c,flib,c,g}{b,d, e}, {b,d, f},{b,d, g} {b,e f},{b,e g} {b,f, g} {c,d, e} {c.d.f}{c.d. g},
{C, e;f}; {C, e,g}, {le’g}! {d' e;f}; {d' e, .g}, {d!f! g}: {e!f' g}, {h, b! o d}, {h, b! e'f}
{h,b,c,e},{h,b,c,f},{h,b,c,g},{h,b,d, e}, {h,b,d,f},{h, b,d, g}, {h,c,d e}, {h,cd, f}{h c,d, g},
{h, ¢e, f}! {h, ce, g}; {hr d, e, f}! {h, d' e, g}! {h, d' f' g}; {b, c, dr e}: {b! Ge, f}l {br Ge, g}:
{b,c.f,9b{b,c,d f}{b,d e f}{b,d e g}{b e f,gt{c d e f}{c,d e g}{icd f glicef g}
{d! e!f’ g}! {h, C,f, g}' {b, ¢, d! g}! {h,b, e, g}, {h, b!f’ g}, {b: c, d, e,f}, {h: c d, e'f}{h: b! d, e'f};

{h,b,c,e, f}
{h,b,c,d,f},{h,b,c,d, e}, {hb,cd, g}{hcd,e g} {hde f,g},{b,c,d, e g} {b,c,d,f, g}
{h,b,d,e, g},
{h,b,e,f,g}{b,c,e f.g}{h,b,d, f, g} {h c e f,g}{c.d,e f,g}{b.d,e f,g}{h c d, f, g}
{h,b,c.f, g}
{h,b,c,e, gk {h,b,c,de,f}{hb,cdeglibcdef ghihcdef,g}ihbdef g}ihb.cef, g}
{h,b,c,d,f,g}{hb,c d e f}{g} X}=P(X)

Thus, there are 237 § — algebras when|X| = 7
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4.8 Findings on counting the number of & — algebras

1. For | X |=n, |P(X) = 2"| (Bartle, 1966), there isa ¢ - algebra with 2 elements and 2"

elements, the minimal and maximal & -algebras.

. To investigate the number of & -algebras with say 4=2° elements such that;

o ={, X, A A'}, the & -algebras g are uniquely determined by A.

The number of ways to choose A is 2" —2. Since, Aand A® generate the same
O - algebra, then there are;

Z-2=2"" -1 . These 2"* -1 & - algebras are of the form o =< A> .

. We observe that when a ¢ - algebra is generated by two disjoint subsets A and B of a set

X,
such that X ={a,b,c,d,e}, where A={a} and B ={b} ; then

@=<AB>={0, X,AB, A" B", AUB,(AUB)"}.
¢ is closed under unions and complements since;
i) A", B® existin the & - algebra ¢, satisfying that g is closed under complement
i)  Since A" UBgp=(ANB") ¢p then;
AU(AUB) = AU(A' ~BY)

=(AUAY N (AUB')
=X n(AuUB"Y)
=AUB' =(A'nB)"
If A= {a} and B={b}, A° ={b,c,d,e}=Band B ={a,c,d,e}# A existin & -
algebra g, thus the intersection of AnB = exist therefore,
AUB" = (A" NB) g, it follows that A" UBsg

4.9 Analysis of Derived Sigma Algebras
In this subsection we illustrate general breakdown of the number of sigma algebras considering the
number of elements in a given set.

4.9.1 Table

The table shows the number of elements in X and respective number of sigma algebras derived.

Number of Elements of X Number of Sigma Algebras

1

2

5

15

52

113

N[OOI~ WIN(EF

237
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4.10 Proposition
There is no sigma algebra with 5 elements
Proof
Suppose by contradiction there exists a sigma algebra say B, with five elements, such that;
B ={0,X,A,B,(C}, since B is a sigma algebra, we show whether it satisfies all the axioms of a
sigma algebra;
i. @, X € B The property is satisfied.
ii. If A € B then A° = B € B, butsince C € B, C¢ does not exist thus the compliment
property is not satisfied.
iii. ANB=BnNC=0nX = @ the property is satisfied.
iv. Since A € B,B € B,C € B but {A, B, C}< B hence the property is not satisfied.
Since all the axioms are not satisfied then B is not a sigma algebra thus there is no sigma algebra

with five elements.
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4.10.1 Distribution of Sigma Algebras In Relation with |X|
In this section we tabulate the breakdown of the number of sigma algebras derived as the size of

the set X increases. We take the number of elements of the set to a maximum of seven and show
how the sigma algebras derived varies.

4.10.2 Table

IX| | [IP(X)] | No. of | Distribution of § — algebra in ascending order of

6 — IX]
algebra
1 |2 1 1 with 2elements
2 |4 2 1 each with 2 and 4 elements
3 |8 5 1 each with 2 and 8 elements; 3 with 4 elements
4 |16 15 1 each with 2 and 16 elements;

7 with 4 elements;

6 with 8 elements

5 [32 52 1 each with 2 and 32 elements;
15 with 4 elements,

25 with 8 elements;

10 with 16 elements

6 |64 113 1 each with 2 and 64 elements;
31 with 4 elements;

45 with 8 elements;

20 with 16 elements;

15 with 32 elements

7 128 237 1 each with 2 and 128 elements;
63 with 4 elements;

81 with 8 elements;

35 with 16 elements;

35 with 32 elements;

21 with 56 elements

The above table illustrates the distribution of sigma algebra for each set X, with a at most seven
elements in X, it can be deduced that no sigma algebra has 5 elements, moreover, its notably seen
that, all the number of elements of sigma algebras are multiples of 2. For instance,
2,4,8,16,32 and 56 are all divisible by 2. Therefore, The number of elements in any sigma algebra
must be a multiple of two despite the size the set taken. Further to that, it can be seen from the

tabulation that there is no sigma algebra with odd number of elements.
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CHAPTER FIVE : CONCLUSIONS AND RECOMMENDATIONS

5.1 CONCLUSIONS

In this project we found;

In section 4.1 that the number of sigma algebras when |X|=1, is only one

In section 4.2 that the number of sigma algebras when |X|=2, is only two

In section 4.3 that the number of sigma algebras when |X|=3, is five

In section 4.4 that the number of sigma algebras when |X|=4, is fifteen

In section 4.5 that the number of sigma algebras when |X|=5, is fifty two

In section 4.6 that the number of sigma algebras when |X|=6, is one hundred and thirteen.

In section 4.7 that the number of sigma algebras when |X|=7, is two hundred and thirty seven.

Thus we clearly tabulated our findings in section 4.10.2 and concluded that the number of elements
in any sigma algebra must be a multiple of two. Clearly, from our tabulation above, it can be seen
that there is no sigma algebra containing odd number of elements given any size of a set X. For
instance, 2,4,8,16,32 and 56 are number of elements in a sigma algebra and are all divisors of 2.
We as well ascertained that, the number of sigma algebras is directly proportional to the size of

the set X.

5.2 RECOMMENDATIONS
Since we have generated finite 5 — algebras of the a set X when | X |7 this project can be

extended to finding a general formula for generating 6 — algebras of any given finite set X and

even advance to generation of infinite & — algebras with their respective measurable functions.
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