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ABSTRACT

In this project we compare the performance of two different estimators of
the population total. One estimator is model-based and the other one is model
assisted. We look at model-based properties of the two estimators. We observe

that under the general model, the biases of the two estimators are different.
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CHAPTER ONE

INTRODUCTION AND LITERATURE REVIEW

1.1 INTRODUCTION

In sample surveys, the aim is to obtain the desired information from a
population, which might be finite or infinite. We have two major ways of
gathering the information namely census and sampling. Census involves carrying
out a complete enumeration where by the whole population is observed. The
second method employs a scientific mathematical process of carrying out the
survey. In this process, a part of the population, referred to as a sample is used to

make inference about the whole population.

The two methods are employed depending on the complexity of the survey
to be carried out. Generaly, census is assumed to be more accurate than the
sampling method but it is not applicable when the target population is large. This
is due to certain constraints involved like time, cost, literacy and other
geographical factors. These factors are prone to error, which may result to low
precision. So the statistician prefers sampling method rather than census because it
is deemed to be appropriate especially when dealing with complex surveys. In this

chapter we briefly discuss the sample survey problem and major approaches to



inference in sample surveys. We also give the objectives and the outline of the

project.

1.2 SAMPLE SURVEY PROBLEM

The survey problem is two fold:
i) How to choose the sample.
i)  How to use the observed sample values to estimate the finite

population parameters.

The former is the design problem while the latter is the estimation problem.

A finite population is a collection of identifiable N units, U = (u1 s Uy geveene u N)
where N < oo, is the size of the population. Corresponding to each unit ie U, is

a vector of survey variables with values ¥, i=L2,..,N.

In design stage, the sample surveyor employs a mechanism of getting a
sample from the finite population. Any auxiliary information will help in choosing:

the sampling scheme.

In estimation stage, we use a statistic Q(X ) which is a function of the

sample to estimate some function G(Y) of the vector ¥ =(¥,,Y,,.......Y, ) . The

function G(Y) can be:
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N

a) Finite population total, T =) Y,

b) Finite population mean, 7 =-=

c¢) Finite population variance, var(7)= etc.

In this project, the focus is on the estimation problem and in particular, the
estimation of finite population totals. We assume the sample has already been

chosen and sample values of the characteristic of interest already obtained.

1.3 MAJOR APPROACHES TO INFERENCE IN SAMPLE

SURVEYS

Despite the complexity and intensiveness of the literature on inference in

sample surveys, generally we have two distinguishable approaches, namely:

i) Randomization approach (design-based approach);

i) Model-based approach (super population approach).



From these two approaches, a third approach called model-assisted approach

which combines the two has been suggested in the literature.

1.3.1 The Randomization Approach |

In this approach, a randomizer comes up with a design. We note that there
is no rule in choosing the design hence the choice is individualistic. Once a sample
design has been chosen, we get a procedure of drawing samples of sizes »
repeatedly. The framework of randomization inference is formed from the

repetition of this procedure.

The values of the study variable Y are assumed to be unknown constants
and the only probabilities are those from the sampling design, which is exactly
known. To make inference, an estimator must be defined and the distribution of
this estimator over the repeated samples must be evaluated. Otherwise, our interest
in this project is not in randomization approach but in model-based approach and

model-assisted approach.

Despite the proof by Godambe (1955) on non-existence of a uniformly
minimum variance unbiased estimator for all possible class of populations ¥, the
concept of unbiasness is used to judge the goodness of an estimator. We can make
an improvement on this by considering other factors like consistency and

efficiency of the estimator.



1.3.2 The Model-Based Approach

Here, we start by assuming that the unknown vector Y is a random variable,
hence the concept of randomization is introduced into the Y values directly.
Further, we assume that the vector ¥ is generated as a sample from a super

population.

The major problem in this approach is how to come up with a parametric
probability model that relates the auxiliary variable X and the survey variable.
~After specification of the model, a sample selection scheme is employed to draw a
sample. Hence we make predictive inference about the unobserved random
variables V,, where i¢ s (s being the sample), by making use of the sample data,
the selected model and the information in the sample scheme used. We estimate
functions of the finite population values such as the population total T, which is
indeed the core issue in this project. Instead of choosing a specific model, we can

also choose a general model, for example

TR F O(X)l e eenneeeeeeeeeenenecineeceee v snsnsas s onssiions (1.1)

Where m(-)and o () are smooth functions and the ¢, independently distributed

with mean 0 and constant variance. We discuss this in more details in chapter two.



1.3.3 The Model-Assisted Approach

According to the argument in the literature, the above two approaches to
inference are statistically valid for many finite populations. Now a very
challenging question is, which of the two positions is better? Intuitively, there is
no strategy between the two that is better than the other simply because each
method has its own merits and demerits depending on the complexity of the
survey to be considered, see Hansen et al (1983), Smith (1983), Little (1982),

Royall and Pferffermann (1982).

A suggestion has been made in the literature, where the two approaches are
blended to come up with a mode-assisted approach. The resulting estimator
(model-assisted estimator) has both characteristics of the design and the model. It
could be design-unbiased and model unbiased. The distribution of this estimator
forms the framework for inference in this integrated approach. This idea of model-
assisted approach will be discussed in chapter three where we develop an

estimator based on it for the population total and investigate its properties.



1.4 OBJECTIVES AND OUTLINE OF THE PROJECT

1.4.1 Objectives of the Project

In this project, we investigate the model-based properties of a model-based
estimator and a model-assisted estimator for estimating a finite population total. In
particular, we study their biases and variances. After investigating their properties,

we compare their performance in an empirical study.

1.4.2 Outline of the Project

In chapter two, we consider the model-based approach in estimation of a
finite population total. In particular we consider the application of non-parametric

regression in estimating a finite population total.

In chapter three, we look at the model-assisted approach, which
incorporates the Horvitz-Thompson estimator in the local polynomial set up. Here
we introduce a new estimator, which does not have inclusion probability like the

one suggested by Opsomer and Breidt (2000).

In chapter four we carry out an empirical study to compare the performance
of these estimators and lastly in chapter five, we suggest areas for further study

and give conclusions of the project



CHAPTER TWO

MODEL - BASED APPROACH

2.1 INTRODUCTION

In this chapter we consider the work done by Dorfman (1992) on
application of non parametric regression to the estimation of a finite population
total based on a sample from the population. From a population P of N identifiable
units with study variable Y and sample values available, our aim is to estimate the

population total 7 = ZY, . Another work parallel to this may be found in chambers

?
et al (1992), Dorfman and Hall (1992). Smith and Njenga (1992) applied non-
parametric regression to the estimation of superpopulation parameters.

Generally in this approach we use a model, which is either specific or
general. A specific model usually leads to the problem of robustness. Hansen,

Madow and Tepping (1983) discusses the problem of robustness in more details.

2.2 NONPARAMETRIC REGRESSION

The concept of non-parametric regression goes back to Nadaraya (1964)
and Watson (1964). Recently, we have a reference on this by Hardle (1991). In
this chapter we consider the simple Nadaraya Watson kernel estimation although

there are many types on this. We assume that the auxiliary information is available



for the entire population and the auxiliary variable X and study variable Y are
related in a more general way, i.e. the relationship between them is not strong. We
consider the general model (1.1) throughout.

The studies of the properties of the proposed estimator are conditional on
the available sample and non sample values of the auxiliary variable X. We
assume that sample and non sample X’s are independent random variables with
densities d (x)and d,  (x)respectively.

To estimate m(x) in model (1.1), one method is to average the nearby

3

values of Y,where * nearby” is measured in terms of the distance |x, —x|. Let
K,(u)=b"K (%) where k(u) is kernel ,b is bandwidth and weight sequences for

Kernel smoothers (one dimensional x)

Kb (xi = x)

K-

w.

7

The Nadaraya — Watson estimator of m(x)is

=T ()7, e .1



2.3 NONPARAMETRIC REGRESSION - BASED ESTIMATOR OF

THE FINITE POPULATION TOTAL.

We let x = x,be any point in the non sample and estimate m(xj}, Then the

nonparametric regression —based estimator, 7, , for the population total 7 is given

np?

by

A
In the following subsection we verify the conditional mean and variance of 7,,—T

under model (1.1) as obtained by Dorfman (1992).
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2.4 CONDITIONAL MEAN OF T,,—T

From (2.2),

. Wﬁz (x)! (nb)‘lg[k( . ;x-f J(m(x )—m(xj)):! ................. (2.3)
where

&s(x_,):(nb)*;kﬁ’&;_xﬁ

is the kernel estimator of d. (x‘,.),

11



From (2.3) the relationship between the conditional mean and the selected
bandwidth cannot be established. Consequently we rewrite (2.3) in a different

form. To do this, we utilize the following assumptions and theorem.

Assumptions (2.0)

Let k(u)be a symmetric density function with §uk(u)du =0and k, = juzk(u)du >0,
assume # and N increase together such that 7 N> with 0 <7 <1; assume

sample and non sample values of x are in the interval [c,d] and are generated by
densities d; and d,,.; respectively, both bounded away from zero on [c,d], and

assumed to have continuous second derivatives.

Theorem: (2.1)

If for any expression Z, E(Z/u)= A(u)+ O(B)and var (% ): O(c), then

Z = Au)+0 5 (B o ) This result follows from the Chebychev inequality.

From expression (2.3),

Let Z - Q’S(x].):;—bZk(xi ;xjja

12



then

=;%Z j‘;{W;x"' ]ds(w}dw,

By letting

vaj

=u and using the Taylor’s series expansion, we have

i1
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Considering orders in magnitude we have

A Ao

Combining (2.4) and (2.5) then

Next we consider the expectation of the second part of (2.3), that is

15
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)] {5 o) i

b

b

- [ - wm]z}

= (nb)” Y |plo?m'(x ) d(x, )k, + O(p*))+ Op°)]

A

_—

S0, e PR (2.8).
Therefore combining (2.7) and (2.8), then

% =3

) 5 )k, )

= b k—zzﬁ(xj)+0p(b3 )

17



Now from (2.3), we have

X i
= ,B(xj)Jr Op[b3 +n? sz

E{T”P_%}Z k Ay,
b e Eeate ) o, (5 on oK)

b/,B +0 (b Jrn?1 %]
ZJ§S (;z}s(xj) o

But 6?5 (x].): d. (xj )(1 +x)

bz!ﬁd"( )

where x = +
d, éxj )

O \b ( +nph }

Hence

_72 — T bzkzﬁ(x/) V!
E[ . AJ:/;[J“W—%Q,@ +n/b/>:l ,,,,,,,,,,,,,,,,,,,,,,,,,,, 2.9).



From (2.9) we get the mean with respect to nonsample X’s to get

E{T - %J: 5 Jbzkzﬁ(;,d)d(:}(xj)dxj

<

= bz(N_n)ig_z [BG), (x) ', () + OP(nb3 . n%b%).,..@.m)

2.5 CONDITIONAL VARIANCE OF 7, -T

From (2.2), we derive the conditional variance of 7. .» — I as follows

19



then

- }’Zb i€s b I
r,-T=3

x,.—xj

”ﬂwfz{ b

ies

JEP-S

. ZY[
|

=2wY, -2,
i J

where

Therefore,



var {T”P —% } = V&I‘{ZW[. Y.~ zY]}
p i J !

:ZW].ZGZ(JQ)—{— Zgz(xj)u .................................... 2.11).

J

Using assumptions 2.0 and theorem 2.1 we rewrite 2.11 in another form which is

more convenient.

We let

Then



E[W% J - E{Z(nb)zkz (xf ;x" ) L, )K} -

E{ (b)* Z Zk[ X, ;x,. }{xj, ; X, ]&S (x,) d(x, )% J (2.12).

Considering the first term of (2.12) and replacing c;’(x f )‘2 with its expansion, then

anbz{kz (xf - jds (x, )2{1 i (bz " "%b%)/lﬂ

= Mn b~ [ 15 ( e ; al )a’s (w)*d, (w)dw
+ fo, (bz +n’p’ )1« (l%ﬁ)ds w)’d ., (w)dw]

=Mn"b"" Ikz(u)du d, (x,)7d,., (x, )du +O(n‘1 +n’1'5b'2“5) ............... (2.13)

39}
8}



Where

Considering the second term of 2.12 and assuming that j' and j are i.i.d, we have

M(M —1)nb)” [EH % ; a ]a’s (x,) (1 e k—zzc(xj )j

+ 0, (b3 +nlp )l/x ]Z

i

Where Clx,)=—-d, (x j )_1 d;’(xj)



= M(M -1)nb)” [ j‘k(w — % )dS w)'d, ,(w)aw

b

25 0) 5 Ko, o

b

+ j 0, (b3 +nhp )2' (w)'d,., (W)dwjz

= MM — 1)) [bds ()'d, )+ 20l )alx) d,  (x)

* O(b3 " n/b/)]Z

+ Mzn‘zO(b2 + n%b'l's)...(2,14)

24



where  C'(x,)=Clx,)d,(x,)"d,_,(x,).

Therefore, combining (2.13) and (2.14) then

E[sz x}:MnAZbl k), (x Y d., (x,)

1

+M’n’ {ds (x[ )72 d,, (x,. )2 +b° %C’(xi )}

" 0(192 + n%b‘”)— —_(2.15).

Next we consider the conditional variance of w’*, i.e



Now

E{Wé } =0(n57)+0ln b

) (e ) (e

and

[E[W% ﬂ =0(n7 )+ Oln™b")

4 O(n'lb)+ O(}’l_lb“l )O(b2 + n%b‘l-S)

Gl ds (xl_ )’4 d,,AS (xi )4 .,

From these two expressions, the dominant terms cancel and we find that



2

var[wl X,} 0] (2 N (2.17).

From (2.15) and (2.17) we have
w' =Mn’b" Ikz(u)duds (x,)*d, ,(x,)

P 1), () 4 )]

0,6 416 H ) (2.18).

Next we get the mean with respect to sample X's and sum overi so that



varrw - %} 3 b G [, ) 2, (o e ) ek

i

+ 2w fo2 (x) (x) ", (5 s e

+ Z[Mzn‘2 fczx,.bz k—zzc* (x, Jax, + 0, (bz * n%b%)}

* ZI: jcz(xi )dp_s (xj.)dxj



=(N-np'p" sz(u)du j&z (x)a (x)'d,_, (x)dx. +

+ (N=n)n? o2 (x)d, ()", () &

+(N —nfn'p? % jcz (x)C (x)d., (x )ax

(W =) jGZ(x)dm(x)dHop(nbz +n%b%) ............................. 2.19)

where C’(x)is a complicated function of the derivatives d (x)andd,_, (x).



CHAPTER THREE

MODEL ASSISTED APPROACH

3.1 INTRODUCTION

In this chapter a new type of model assisted nonparametric regression
estimation for the finite population total based on local polynomial smoothing is
considered. We investigate the model-based properties of this new estimator, i.e.
its conditional mean and variance. In this approach, we introduce the concept of
local polynomial regression estimation where we incorporate the Horvitz-
Thompson estimator to come up with a model-assisted estimator. The concept of
local polynomial regression is a general concept in kernel regression. The two can
be applied to a variety of problems. See Cleveland (1979) and Cleveland Delvin

(1988).

3.2 LOCAL POLYNOMIAL REGRESSION ESTIMATION

In local polynomial regression estimation, we consider a model which is
more general, i.e. a model which is parametrically unspecified. This is different

from traditional regression estimation (Ratio and linear regression estimation)

30



which makes use of parametrically specified models. Model (1.1) will be
considered in this case.

To obtain a local polynomial regression estimator, Wwe assume a
polynomial regression model locally around x. Given that the regression function

m(-)has derivatives up to order p, then by a Taylor approximation,

)= 372y =3 e )

J=0 ]?

Where B,(x) is a smooth and z is in a neighborhood of x. We use the weighted

least squares method, locally to obtain 7(x)the estimator for m(x), i.e. with

B, = (B, (x) B ()5, (x) .

We minimize the following expression with respect to 8_, i.e.

Min B, Z(Y —ZS B (), »x)‘szwi(x) .................. 3.1).

i=1 E

[Augustyns (1997)]

31



Considering a local polynomial regression model with kernel weights

i-Laliz)

where k(),is the kemel function and 5>0 the smoothing parameter (bandwidth),

equation (3.1) becomes

Min 8. Z”:(Yi—iﬁj(x x,.—x)jj %k(Xi;x) .................. 3.2).

i=1 j=0

To get the solution of equation (3.2),

let

Y=(%7,..Y,) be the vector of ¥'s in the sample.

Define

L (x =l o= x )

a2



a nx p+1design matrix and

b )’ a nx n matrix.

2

Then (3.2) can be written as

Min B, (¥-X,B,)W.(Y - X,B.)

Min BX[Y' W\Y i Y, WtXxﬁx . (X\ﬁx) VK:Y + (Xxﬁx) I/VxXxﬂ,\} """"" (3'3)'
To minimize the above with respect to 8., we have

%FQ =X WY+ 2X_1.’WxX B.=0

X

where F(-)represents (3.3).

Then

33



XWXB. =X WY

which implies that
5 ; =1 r
B. :(Xx WAXA_) X wY.

The estimator for m(x) is
ilx)= B, (x)=£,(x W X ) (XW.Y)

where ¢! =(1,0,0...,0) which is a (p +1)vector.

We note that [;/. (x), Jj =1,2,...p are the estimators of the derivatives of the

regression function m(-) at x up to order p. The above shows that local polynomial

estimators are linear smoothers of the form

34



The coefficient of the linear combination depends on the degree p of the
polynomial approximation. We note that for p=0, the estimator reduces to the

Nadaraya-Watson estimator [ Augustyns (1997)].

3.3 LOCAL POLYNOMIAL REGRESSION ESTIMATOR
Now let the proposed estimator of the population total be the Horvitz-

Thompson estimator

_z_

ies ,'

This estimator is design-unbiased for any design p(-).. The sample weights do not
depend on the variables of interest i’ s, meaning that the sample weights can be
applied directly to any other variables of interest in the same sample. Due to
mathematical complexity we assume that p=0 throughout. Then, under this
assumption, the local polynomial regression estimator for the finite population

total based on the Horvitz-Thompson estimator is given by

f, -y o) im ................ (3.4)

i€s T,

35



where 7i(x, )is the sample estimator for m(x, ).

Opsomer and Breidt (2000) suggests another estimator different from this
new one in the sense that it has inclusion probability in the smoothing weight. Our
proposed estimator has a major advantage over the one suggested above, since it is
easy to compute as compared to the other which complicates the algebra in
calculation of its bias and variance, although the presence of the inclusion

probabilities in the smoothing weights makes the sample based estimator 7i(x) a

design-consistent estimator of the finite population smooth m(x).

Now the error T, —T'is given by

Let i and & refer to sample values and ;j to nonsample values. Then

T,-T= ;(Zw,.(x,.)x —Y})—Z(%—l){Zwk(xi)Yk —Y,} ............... (3.6)

i i i kes

36



where 3w, )Y, = i(s,Jand 3w, (), = ().

kes

3.4 THE CONDITIONAL MEAN OF 7, -T

The conditional mean of f,p — T under the model (1.1) is given by

-5 [zt

-3 Snle)e)-£6)|- 3 1] T dete)-0)

/ i i kes

37



I
M

- A

X

+Z(L~1j&s(xi)1;;bzk( AR ][m(xﬂ—m(xk)]”.“(&?)

Using theorem (2.1) and assumptions (2.0) the first term of (3.7) is equivalent to
bW - n{%j B (), (ke 0, + 6K ...3.8)

We now consider the expansion of the second term of the equation (3.7) i.e.

38



Z[i”ljé’ix,-)l%Zk

kes

( X, —%, ][m(xl,)~ mix, )]

b
= Z(;} - lj[bz[%—j jﬂﬁ (x)ds (x}q dp_s(x)dx + Op (b3 + n%b%):l ,,,,,,,,,,,,, 3.9).
Assuming simple random sampling design where 7, = %9 (3.9) becomes

(V- n)b(%) 50,0, (K + 0,5+ 555 ... (.10)

combining (3.8) and (3.10), we have

A

EFP E %IJ =0 (N =)k, [B(x)d,(x)"d,_,(x)dx+ 0p(nb3 L ) ........ 3.11)
3.5 CONDITIONAL VARIANCE OF 7, - T

So far we have shown that

39



and

where

-¥,
(nb)™ S | 2 xk]
kes b
[L—I}Yi ....................................... (.13)
T, )

40



REMARK:

Ifw, = Z(ﬂb} Xk) /

. (x, —x,)
(nb)™ ;k———b

then w, has more weight than w, provided the inclusion probability =, is less
than 2 . Otherwise w, and w, have the same weight if =, =% .

Now we combine equations (3.12) and (3.13) to get

TIP—T:Zwi +ZY +2 Y=Y WY, +Z(——1J -

kes kes

Let w, =z, then

oooooo

TT.

L

1

Var[T,p —T/Xp]: Var{Z(wi—zi +(i—1BY, —ZYJ}
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:%wagz(xi)+ng@2(xf)+Z(%—ljzaz(xi)—Zi;Zwizioz(xi)-kZZ(%—l)w,ﬁz(xi}

i

—22[—1%—1}2,02(&)4—252(%) ...................... (3.14).
From the previous chapter, we have shown that

wacz(xi)—%ZGz(xj)

J

=Mn"'b" Ikz (u)du IG Mo, (x) ' d_ (x)dx + M*n” IGZ (), (x)"d,_, (x)dx

+ M*n7'b? k; j-crz(x)é(x)ds (o )ebx + (N - n)joz(x)dp‘s(x)dx +0, (nb2+n%b%) ....... (3.15)

.For the remaining section of equation (3.14) we expand w,and z, to get
= i 5 y fy %
w, = Mn Jk(u)duds(xi) dp_s(xl.)-kOp (n b+n’?b 2)

and

7, = (——1] j‘k(u)dum( b+ 05 ) }

i



Next we multiply z, with w, and integrate with respect to samples Xi’s, to get

Wz, = Z[i - 1)/\4}7'2 jds (x, )_ldpfs(x,. ). (x, ), + Op(nzb ¥ nl‘sb'l's) ........... (3.17).
i\ %

We also square z,and integrate the result with respect to sample Xi's, to get

) (——1) ? [d, (), + 0, b+ w7 e (3.18).

Lastly we replace equations (3.15), (3.16), (3.17) and (3.18) in equation

(3.14) so that

var[T,p —T/Xp]:Mn"lb‘l jkz(u)du Iaz(x)ds (x)'d,  (x)dx+M*n" .[O'Z(x)ds (x)'d, (x)ax

2yip? % o2 ()C(M, () + (N =) for* (6, ()

B[ L0 oo ok 5 L1 oo o
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_ZZZ(%—I in”? Jncrz(x)dpﬂ(x)dan

2Z[i - 1);(-1— ~1}n™ o (x)d, ()t

l ﬁi ni

+Op [n3b + n%bl‘sj] .

Assuming simple random design, the above simplifies to
var[T,p - T/XP ] = Mn'b" jkz (u)du IG ? (x)ds (x)fl dp_s (x)cbc +M*n™ _[02 (x)ds (x)_1 dpﬁs (x)2 dx

+ M’n7'b? % Icz(x)é(x)ds (ox)dx + (N—n)jlcrz(x)dpfs (x)dx +

[lv:ﬁj Jo ek, ek~ Y= [ (e + 0, b 7 ]........019).
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3.6 CONCLUSION

Under the assumptions given in the project, we observe that the bias based
on the local polynomial regression estimator is large compared to the bias based
on nonparametric regression estimator.

Again the error variance of 7,, - T is small than the error variance of 7,, - T

provided n is large. Therefore, we conclude that nonparametric regression

estimator 7, is a good estimator in terms of bias compared to the local polynomial

regression estimator 7, .
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CHAPTER FOUR

EMPIRICAL STUDY

4.1 INTRODUCTION

In this chapter, we carry out an empirical study to compare the performance
of the two estimators discussed in chapters two and three. Two artificial

populations and one natural population are used in the study.

4.2 DESCRIPTION OF THE STUDY POPULATIONS

In artificial population I, 300 data points were generated according to the

model

Y=Bx +{, with Ei_~N(O,GZ) ,x, ~U[0,1Jmutually independent across i and f3
a constant (100).In artificial population ﬁ, we again generate 300 data points
according to the model ¥ =fx +x/, where x ¢ ,andfare the same as in

artificial population 1.
The natural population of size 46 was obtained from the Central Bureau of
Statistics. In this population, the variable of interest Y; is the total income while

the auxiliary variable X; is the total expenditure both from the same district .
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4.3 DESIGN OF THE STUDY

For each of the two artificial populations, 500 samples of size 100 were
drawn by simple random sampling without replacement. The same procedure is
used in the natural population but with 100 samples of size 10. The Epanechnikov

Kernel

k(u)= %(1 - uz) if |u’ < 1 or zero otherwise was used in the study for the two

nonparametric estimators considered.

We search for an optimal bandwidth for Nadaraya-Watson Smoother

within the interval

IA
S
IA

3o
4n% 2

Where o is the standard deviation of  xi's [Silverman (1986)].

47



4.4 DESCRIPTION OF THE COMPUTATION PROCEDURE

For each of the three populations, we compute

N
= ZX and for the i th sample, i=1,2,...500 (for the artificial population) and

i=1

i =1,2,...100 (for the natural population),

A

T,,and T, the values of 7,  and 7, respectively.

The biases for the artificial populations were computed as

and

% (flpi_T) :

& 500

For the natural population, the biases were computed as

100 (fn i_T)
Zl 112)0
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and

The two mean square errors for each of the two artificial populations were

computed as

and

and
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4.5 RESULTS

The results of this study are summarized in table I and in Figure 1.

Table 1: Biases and mean square errors of the estimators

1 ARTIFICIAL POPULATION I

ESTIMATOR BIAS MEAN SQUARE ERROR
(MSE)

. 790.1541 1307605.3929

3 100.7838 1773713.8530

2 ARTIFICIAL POPULATION II

ESTIMATOR BIAS MEAN SQUARE ERROR
(MSE)

i, -2.3852 514380.8937

7, -22.4549 426765.6454

3 NATURAL POPULATION

ESTIMATOR | BIAS MEAN SQUARE ERROR
(MSE)

7 -20.6693 12244.5396

: -20.6693 12244.5396
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4.6 DISCUSSION OF THE RESULTS

In artificial population one, we notice that the bias of T » 15 small
compared to the bias of f,,p . This shows that as far as this population is concerned,
T ,» 18 better than T -
The mean square error of f‘,p is greater than the mean square error of f,w :

A

In artificial population II, T,, proves to be a good estimator compared to T,,, a

result portrayed by theoretical work.

For the natural population, there is no significant difference between the two
estimators. Theoretically if the sampling function approaches one, the two

estimators are the same.

We observe that for the two artificial populations, the two estimators
perform differently depending on whether the model is homoscedastic or
heteroscedastic. In natural population, the structure of the population is not

known, but from the scatter diagram, this structure could be linear.



CHAPTER FIVE

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

5.1 INTRODUCTION

In this last chapter, we give our concluding remarks and outline suggestions

for further areas of study, which have emerged during the course of our project.

5.2 CONCLUSIONS

The entire research project was about the comparison of the performance of
two different estimators in estimation of two finite population totals. Generally,
the two approaches to sample survey that is model-based approach and model-
assisted approach are statistically valid. We cannot determine which one is better
than the other, since each one of them has different conditions, which favours its
validity. This is outlined by what we have observed in our project for the

performance of the two estimators.

Theoretically, we have discovered that the incorporation of the Horvitz-
Thompson estimator in local polynomial regression estimation does not improve
the performance of the resulting model-assisted estimator. This was witnessed in
the calculation of its bias, a result that is our major contribution to knowledge in
this area of study.

53



5.3 AREAS FOR FURTHER RESEARCH

In the course of our research project, areas for further study have emerged.
For example in our theoretical work, we only considered the case when p=0. We
did not consider the case of higher order derivatives of m (x), that is the case

where p=1,2.3, etc. this is an open area fro further study.

Despite the fact that we considered a general design initially, we went ahead and
considered the specific case of simple random sampling design in model-assisted
approach and in the empirical work. The case for other designs was not

considered, a proposal still open for further research.
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