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ABSTRACT 

Biomedical sensors, such as eye-imaging systems, and drug delivery mechanisms, 

heavily rely on magnetohydrodynamic (MHD) flow for effective operation. This study 

investigates the heat transfer characteristics in MHD nanofluid flow over an 

exponentially stretching surface, focusing on copper (𝐶𝑢) and alumina (𝐴𝑙2𝑂3) 

nanoparticles suspended in water as the base fluid. The governing equations, which 

include the continuity, momentum, and energy equations, are formulated under the 

assumptions of steady, incompressible, and laminar flow. These equations are then 

made dimensionless using a Similarity Transformation, which reduces the partial 

differential equations (PDEs) to a system of ordinary differential equations (ODEs). 

The resulting system is numerically solved using the MATLAB package bvp4c, which 

is designed for solving boundary value problems. The study emphasises the impact of 

varying the nanoparticle volume fraction on the rate of heat transfer and skin friction. 

The results reveal that the Cu-water nanofluid exhibits higher heat transfer rates and 

lower skin friction compared to the 𝐴𝑙2𝑂3-water nanofluid, highlighting its potential 

for enhanced thermal management in biomedical applications. 
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Chapter 1  

INTRODUCTION 

1.1 Background 

In a search for a fluid with superior thermal and electrical conductivity, Maxwell (1873) 

came up with the idea of mixing solid particles in the base fluid. Scientists embraced the 

concepts and successfully added solid particles up to the millimetre scale. The aim of 

increasing the quality of the base fluid was achieved but issues like clogging and erosion 

of pipe became prevalent. These issues were theoretically addressed when Choi and 

Eastman (1995) came up with the notion of dispersion of nanoparticles in the fluid instead 

of millimetre-sized particles and named such mixture as nanofluid. With the advancement 

in nanotechnology, remarkable progress has been recorded in the preparation and 

applications of nanofluids. Applications of nanofluids have taken the front row in 

engineering and industrial applications such as in recovery of oil wells (McElfresh et al., 

2012; Seethamahalakshmi et al., 2024), recovery of waste heat (Khan et al., 2024; Olabi et 

al., 2021), in heat transfer coolants for microchips, in heat exchangers for car radiators 

(Rutto et al., 2024; Oke et al., 2021). The thermal and electrical property of any fluid is 

also further enhanced when the flow takes place under a magnetically influenced condition. 

Techniques used in the preparation of nanofluids are continuously being reviewed. As of 

now, one method is economical but cannot keep the nanoparticles suspended for too long, 

another method is not economical but it can keep the suspension longer. This is the reason 

many researchers are involved in trying to come up with best technique. Longevity of 

suspension depends on several factors ranging from the material from which the 

nanoparticle was made to the nanoparticle volume fraction, sizes and shapes. Copper 𝐶𝑢, 
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Copper (II) oxide 𝐶𝑢𝑂, Alumina 𝐴𝑙2𝑂3, Titanium oxide 𝑇𝑖𝑂 etc. are some of the most 

reliable metal nanoparticles. Further more, the thermal, electrical and optical properties of 

the materials are superior at nanoscale compared to the original materials from which they 

are made. The superiority of the thermal and electrical properties of the nanoparticles 

contributes to the exceptional performance of nanofluids compared to fluid. 

The passage of a fluid with electrical conductivity in a MF produces an electric current 

inducing a MF; the cycle continues in loop. Lorenz force is generated and it impedes the 

flow of the fluid. It is of practical significance to consider how MF strength affects the flow 

of such fluid. The study of magnetohydrodynamic (MHD) flow of nanofluid is of prime 

importance in biomedical applications, astrophysics, liquid metal flows, and so on. 

1.2 Definitions 

Nanoparticle: particle whose size is within the nanometre scale is called nanoparticle  

Nanofluid: A suspension of nanoparticle in a fluid is called nanofluid.  

Magnetohydrodynamic: The branch of fluid mechanics that deals with the flow of fluid 

in a magnetic field is called magnetohydrodynamic.  

No-slip condition: This is the condition that ensures that the fluid layer on a surface travel 

at the same speed as the surface.  

Free Stream: The free stream is the region, far away from surface, where the impact of 

viscosity is not significant.  

Boundary Layer: This is the region in the flow where viscosity effect is very significant.  
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1.3 Statement of the Problem 

We consider the flow of two conducting nanofluids and compare them as they flow over 

an exponentially stretching surface (ESS). The nanofluids are 𝐶𝑢-𝐻2𝑂 and 𝐴𝑙2𝑂3-𝐻2𝑂 

nanofluids. The surface under consideration is stretched at an exponential rate. By varying 

volume fraction, we investigate the rate of heat transfer. This project shall investigate the 

significance of using 𝐶𝑢 and/or 𝐴𝑙2𝑂3 as the nanoparticle in the magnetohydrodynamic 

flow of water-based nanofluid over an ESS in three dimensions. The impacts of 

nanoparticle volume fraction and the nanoparticle material on flow parameters shall be 

investigated. 

1.4 Justification 

It is no longer new to say that the study of MHD nanofluid has brought about many 

advancements in science and technology. For this reason, MHD flow has received a lot of 

attentions from scientists and researchers. Despite the increased emphasis on MHD flow, 

none of the previous scientific research found in literature has placed emphasis on 

comparing the heat transfer rate of MHD 𝐶𝑢 − 𝐻2𝑂 and 𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid flow. This 

study is therefore raised to fill this research gap. 

1.5 Objectives 

1.5.1 General Objective 

This study investigates the heat transfer in magnetohydrodynamic flow of 𝐶𝑢 − 𝐻2𝑂 and 

𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid over an exponentially stretching plate. 

1.5.2 Specific Objectives 

The specific objectives of this study are to; 
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i. formulate the governing equations for the flow of 𝐶𝑢 − 𝐻2𝑂 and 𝐴𝑙2𝑂3 − 𝐻2𝑂 

nanofluids over an exponentially stretching plate. 

ii. nondimensionalise the governing equations using appropriate similarity variables.  

iii. determine the heat transfer rates in the magnetohydrodynamic flows of 𝐶𝑢 − 𝐻2𝑂 

and 𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluids.  

iv. find the effect of magnetic field intensity and nanoparticle volume fraction on the 

𝐶𝑢 − 𝐻2𝑂 and 𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid magnetohydrodynamic flow over an ESS.  

1.6 Significance 

Applications of MHD nanofluid include recovery of oil wells, recovery of waste heat, heat 

transfer coolants for microchips, and heat exchangers for car radiators. This study shall 

give valuable information to the industries on the choice of nanoparticle required for their 

processes. Furthermore, this study shall identify the best nanoparticle volume fraction 

required to enhance heat transfer rate and reduce shear drag. 
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Chapter 2  

LITERATURE REVIEW 

Nanoparticles are particles whose sizes are below 100𝑛𝑚 and a base fluid is the fluid in 

which a nanoparticle is suspended. Choi and Eastman (1995) referred to the suspension of 

a nanoparticle in some fluid as nanofluid. Nanofluid has gained attentions from scientists 

globally and it has been studied extensively, both experimentally and theoretically. More 

importantly is the attention gained by magnetohydrodynamic nanofluid flow, whose 

applications have made micro-technology more applicable. Due to the complexity and the 

huge resources required to prepare nanofluids, it is always safer and cheaper to 

theoretically and numerically study a certain flow before embarking on the experimental 

aspect. This explains why there are more of theoretical studies on magnetohydrodynamic 

flow of nanofluids than there are experimental results (Ali et al., 2023; Malia and 

Chepkwony, 2019). 

Nayak et al. (2019) studied a free convective MHD flow with emphasis on a varying 

magnetic field strength on three nanofluids with different base fluids. The study compared 

the heat transfer rate and skin friction of three nanofluids (based on three different base 

fluids). To advance the studies in magnetohydrodynamics flow of nanofluid, Elazem 

(2021) numerically explored the significance of MF strength on nanofluid flow when the 

plate is linearly stretched. The emphasis was on heat and mass transfer rate, which was 

studied by considering the different viscous dissipation rate, different magnetic field 

strength, and different Prandtl numbers. A reduction is found in the velocity profiles while 

the temperature is improved. Irfan et al. (2021) focused on the time-dependent 

thermophysical properties of the flow. Irfan et al. (2021) examined the impact of time-
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dependent viscosity, time-dependent thermal conductivity, time-dependent surface 

stretching, and time-dependent wall temperature on a magnetohydrodynamic flow of 

nanofluid. Noor et al. (2021) studied a magnetohydrodynamic flow of Jeffrey nanofluids. 

The interest of the study is centred on the volume fraction rather than the material from 

which the nanoparticle was made. The results indicate that raising magnetic field intensity 

causes retardation in the flow; thereby agreeing with the results of Irfan et al. (2021) and 

Elazem (2021). Most of the previous studies on magnetohydrodynamic flow of nanofluid 

were considered on a linearly stretching sheet or channel. A forward leap was made by 

Ahmed and Akbar (2021). Ahmed and Akbar (2021) numerically studied MHD flow of 

Williamson nanofluid over an ESS, without much emphasis on the nature of the 

nanoparticles. Haroon et al. (2021) enunciated the effect of uniform MF strength on 

nanofluid flow in the presence of heat radiation and concluded that the presence of 

magnetic field hinders fluid flow. Atif et al. (2021) has considered a micropolar-based 

nanofluid with thermal radiation and mixed convection. The results indicated that the 

presence of MF boosts flow temperature. 

Due to the fact that the material from which nanoparticles have significant effects on the 

MHD flow nanofluid, this study shall consider a 3D flow of water-based nanofluid in a 

magnetic field. Comparison is made among two nanoparticles, namely; 𝐶𝑢 and 𝐴𝑙2𝑂3. This 

focuses on the effects of volume fraction, MF intensity and thermal radiation on 

magnetohydrodynamic nanofluid flow over an ESS. 
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Chapter 3  

METHODOLOGY 

3.1 Formulation of Governing Equations 

 

Figure 3.1: Pattern of flow 

The pattern shown in Figure (3.1) shows the configuration of the flow to be considered in 

the project. The flow is steady and in a three-dimensional frame where the magnetic field 

acts along the 𝑧-axis. The nanofluid flows in the 𝑥-𝑦 plane due to the MF acting at angle 

90𝑜 to the flow plane. Since the flow is steady, then the continuity equation is  

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0. 

The four Maxwell equations are given as 

 
∇ × 𝐄⃖ = −

𝜕𝐁⃖  

𝜕𝑡
,        ∇ ⋅ 𝐄⃖ =

𝜌𝑐

𝜀0
 (3.1.1) 
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∇ × 𝐁⃖  = 𝜇0𝐉⃖ +

1

𝑐2

𝜕𝐄⃖ 

𝜕𝑡
,    ∇ ⋅ 𝐁⃖  = 0. (3.1.2) 

where 𝐄⃖  is the electric field intensity, 𝐁⃖   is the MF intensity, 𝐉⃖ is the current density, and 

𝜇0, 𝑐, 𝜌𝑐 , 𝜀0 are the free space permeability, speed of light, charge density, and free space 

permittivity respectively. The Lorentz force 𝐅⃖ is defined as  

𝐅⃖ = 𝐣⃖ × 𝐁⃖   

but in magnetically dominant case, the induced current density is given as  

𝐣⃖ = 𝜎𝐕⃖  × 𝐁⃖  , 

where 𝐕⃖  = (𝑢, 𝑣, 𝑤) is the velocity. For a constant MF normal to the flow as shown in the 

flow configuration (figure 3.1), we have 𝐁⃖  = (0,0, 𝐵0). This gives that 𝐣⃖ =

(𝜎𝐵0𝑣, −𝜎𝐵0𝑢, 0) and the Lorentz force reduces to  

𝐅⃖ = (−𝜎𝐵0
2𝑢, −𝜎𝐵0

2𝑣, 0). 

Including this in the momentum equations of the Navier Stokes equation, then the 

momentum equations are  

𝑢𝑢𝑥 + 𝑣𝑢𝑦 + 𝑤𝑢𝑧 =
𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑧2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) −

𝜎𝑛𝑓𝐵0
2𝑢

𝜌𝑛𝑓
 

𝑢𝑣𝑥 + 𝑣𝑣𝑥 + 𝑤𝑣𝑧 =
𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑤

𝜕𝑦2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) +

𝜎𝑛𝑓𝐵0
2𝑣

𝜌𝑛𝑓
 

 where the left-hand sides represent the convective acceleration, the terms on the RHS 

represent the viscous term, the buoyancy term and the body force exerted by the magnetic 



9 

 

field respectively. 𝜇𝑛𝑓 and 𝜌𝑛𝑓 are the effective dynamic viscosity and effective density 

defined as  

𝜇𝑛𝑓 = (1 + 7.3𝜙 + 123𝜙2)𝜇𝑏𝑓, 

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑏𝑓 + 𝜙𝜌𝑛𝑝. 

 The energy equation is given as  

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= (𝛼𝑛𝑓 +

16𝜎∗𝑇∞
3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
𝜕2𝑇

𝜕𝑧2
, 

where the effective thermal diffusivity 𝛼𝑛𝑓 and specific heat capacity (𝜌𝑐𝑝)
𝑛𝑓

 are defined 

as  

 

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

, (𝜌𝑐𝑝)
𝑛𝑓

= (𝜌𝑐𝑝)
𝑏𝑓

(1 − 𝜙 + 𝜙
(𝜌𝑐𝑝)

𝑛𝑝

(𝜌𝑐𝑝)
𝑏𝑓

) (3.1.3) 

 𝑘𝑛𝑓 = 𝑘𝑏𝑓 [(𝑘𝑛𝑝 + 2𝑘𝑏𝑓 − 2𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)) 𝑘𝑛𝑝 + 2𝑘𝑏𝑓

+ 𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)]. 

(3.1.4) 

For an exponentially stretching surface in the 𝑥- and 𝑦-directions, the boundary conditions 

are given as follows;  

 

 𝑎𝑡   𝑧 = 0,    {

𝑢 = 𝑈𝑤 = 𝑈0exp(𝑥 + 𝑦),

𝑣 = 𝑉𝑤 = 𝑈0exp(𝑥 + 𝑦),
𝑤 = 0,
𝑇 = 𝑇𝑤 = 𝑇∞ + 𝑇0exp(2𝑥 + 2𝑦)

 (3.1.5) 

 

 𝑎𝑠   𝑧 → ∞,    {
𝑢 → 0,
𝑣 → 0,
𝑇 → 𝑇∞,

. (3.1.6) 
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Hence, the equations governing the 3D MHD nanofluid flow over an ESS in the presence 

of thermal radiation are  

 𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0 (3.1.7) 

 
𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
=

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑧2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) −

𝜎𝑛𝑓𝐵0
2𝑢

𝜌𝑛𝑓
 (3.1.8) 

 
𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
=

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑤

𝜕𝑦2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) +

𝜎𝑛𝑓𝐵0
2𝑣

𝜌𝑛𝑓
 (3.1.9) 

 
𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= (𝛼𝑛𝑓 +

16𝜎∗𝑇∞
3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
𝜕2𝑇

𝜕𝑧2
, (3.1.10) 

with the BCs  

 

 𝑎𝑡   𝑧 = 0,    {

𝑢 = 𝑈𝑤 = 𝑈0exp(𝑥 + 𝑦),

𝑣 = 𝑉𝑤 = 𝑈0exp(𝑥 + 𝑦),
𝑤 = 0,
𝑇 = 𝑇𝑤 = 𝑇∞ + 𝑇0exp(2𝑥 + 2𝑦)

 (3.1.11) 

 

 𝑎𝑠   𝑧 → ∞,    {
𝑢 → 0,
𝑣 → 0,
𝑇 → 𝑇∞,

. (3.1.12) 

The factors of engineering applications are the skin frictions and the heat transfer rates;  

 𝐶𝑓𝑥 =
𝜏𝑥

𝜌𝑛𝑓𝑈𝑤
2

,    𝐶𝑓𝑧 =
𝜏𝑦

𝜌𝑛𝑓𝑈𝑤
2

,     𝑎𝑛𝑑       𝑁𝑢 =
𝑧𝑞𝑤

𝜅𝑛𝑓(𝑇𝑤 − 𝑇∞)
. (3.1.13) 

respectively where the shear stress 𝜏 is  

 
𝜏𝑥 = 𝜇𝑛𝑓

𝜕𝑢

𝜕𝑧
|
𝑧=0

     𝑎𝑛𝑑       𝜏𝑧 = 𝜇𝑛𝑓

𝜕𝑣

𝜕𝑧
|
𝑧=0

. (3.1.14) 

and the heat flux 𝑞𝑤 is  
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𝑞𝑤 = −𝜅𝑛𝑓

𝜕𝑇

𝜕𝑦
|
𝑧=0

. (3.1.15) 

 

3.2 Nondimensionalisation 

The system of partial differential equations (3.1.7 – 3.1.10) is a highly nonlinear system 

that cannot be solved analytically using any of the known analytical methods. The best 

attempt to having a closed form solution for the system is the use of semi-analytic methods 

which require a lot of computer resources. In this study, we adopt the use of numerical 

method to solve the model. For the model to be solvable using the chosen numerical 

method, the system of partial differential equations (3.1.7 - 3.1.10), along with its boundary 

and initial conditions (3.1.11 - 3.1.12), is required to be reduced to a system of ODEs. We 

use the similarity variables  

 

𝜂 = (
𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) ,    𝑢 = 𝑈0𝑓′exp(𝑥 + 𝑦), (3.2.1) 

 𝑣 = 𝑈0𝑔′exp(𝑥 + 𝑦),    𝑇 = 𝑇∞ + 𝜃𝑇0exp(2𝑥 + 2𝑦) (3.2.2) 

 

𝑤 = − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)exp (
𝑥 + 𝑦

2
). (3.2.3) 

From the similarity variables,  

𝜕𝜂

𝜕𝑥
=

𝜕𝜂

𝜕𝑦
=

1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) ,     𝑎𝑛𝑑     

𝜕𝜂

𝜕𝑧
= (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
), 

Differentiating 𝑢, we have;  

𝜕𝑢

𝜕𝑥
=

𝜕

𝜕𝑥
(𝑈0𝑓′exp(𝑥 + 𝑦)) = 𝑈0𝑓′′exp(𝑥 + 𝑦)

𝜕𝜂

𝜕𝑥
+ 𝑈0𝑓′exp(𝑥 + 𝑦) 
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      = 𝑈0𝑓′′exp(𝑥 + 𝑦) ⋅
1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) + 𝑈0𝑓′exp(𝑥 + 𝑦) 

      =
𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑓′′ + 𝑈0𝑓′exp(𝑥 + 𝑦), 

 and  

𝜕𝑢

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑈0𝑓′exp(𝑥 + 𝑦)) = 𝑈0𝑓′′exp(𝑥 + 𝑦)

𝜕𝜂

𝜕𝑦
+ 𝑈0𝑓′exp(𝑥 + 𝑦) 

       = 𝑈0𝑓′′exp(𝑥 + 𝑦) ⋅
1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) + 𝑈0𝑓′exp(𝑥 + 𝑦) 

       =
𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑓′′ + 𝑈0𝑓′exp(𝑥 + 𝑦), 

 and  

𝜕𝑢

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑈0𝑓′exp(𝑥 + 𝑦)) = 𝑈0𝑓′′exp(𝑥 + 𝑦)

𝜕𝜂

𝜕𝑧
 

       = 𝑈0𝑓′′exp(𝑥 + 𝑦) (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) = 𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑓′′. 

 and  

𝜕2𝑢

𝜕𝑧2
=

𝜕

𝜕𝑧
(𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑓′′) 

        = 𝑈0 (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑓′′′

𝜕𝜂
𝜕𝑧 , 

         = 𝑈0 (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑓

′′′(
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) 
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         =
𝑈0

2

2𝜈𝑏𝑓
exp(2𝑥 + 2𝑦)𝑓′′′. 

 Differentiating 𝑣, we have;  

𝜕𝑣

𝜕𝑥
=

𝜕

𝜕𝑥
(𝑈0𝑔′exp(𝑥 + 𝑦)) = 𝑈0𝑔′′exp(𝑥 + 𝑦)

𝜕𝜂

𝜕𝑥
+ 𝑈0𝑔′exp(𝑥 + 𝑦) 

       = 𝑈0𝑔′′exp(𝑥 + 𝑦) ⋅
1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) + 𝑈0𝑔′exp(𝑥 + 𝑦) 

       =
𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑔′′ + 𝑈0𝑔′exp(𝑥 + 𝑦), 

and  

𝜕𝑣

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑈0𝑔′exp(𝑥 + 𝑦)) = 𝑈0𝑔′′exp(𝑥 + 𝑦)

𝜕𝜂

𝜕𝑦
+ 𝑈0𝑔′exp(𝑥 + 𝑦) 

       = 𝑈0𝑔′′exp(𝑥 + 𝑦) ⋅
1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) + 𝑈0𝑔′exp(𝑥 + 𝑦) 

       =
𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑔′′ + 𝑈0𝑔′exp(𝑥 + 𝑦), 

and  

𝜕𝑣

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑈0𝑔′exp(𝑥 + 𝑦)) = 𝑈0𝑔′′exp(𝑥 + 𝑦)

𝜕𝜂

𝜕𝑧
 

      =  𝑈0𝑔′′exp(𝑥 + 𝑦) (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) = 𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑔′′. 

and  
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𝜕2𝑣

𝜕𝑧2
=

𝜕

𝜕𝑧
(𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑔′′) = 𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑔′′′

𝜕𝜂
𝜕𝑧 , 

       = 𝑈0 (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑔

′′′(
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) 

     =
𝑈0

2

2𝜈𝑏𝑓
exp(2𝑥 + 2𝑦)𝑔′′′. 

 Differentiate 𝑤 

𝜕𝑤

𝜕𝑧
= −

𝜕

𝜕𝑧
((

𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)exp (
𝑥 + 𝑦

2
)) 

     = − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓′ + 𝜂𝑓′′ + 𝑓′ + 𝑔′ + 𝜂𝑔′′ + 𝑔′)
𝜕𝜂

𝜕𝑧
exp (

𝑥 + 𝑦

2
) 

     = − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓′ + 𝜂𝑓′′ + 𝑓′ + 𝑔′ + 𝜂𝑔′′ + 𝑔′) (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) exp (

𝑥 + 𝑦

2
) 

     = −
𝑈0

2
(2𝑓′ + 𝜂𝑓′′ + 2𝑔′ + 𝜂𝑔′′)exp(𝑥 + 𝑦). 

 Differentiate 𝑇,  

𝜕𝑇

𝜕𝑥
=

𝜕

𝜕𝑥
(𝑇∞ + 𝜃𝑇0exp(2𝑥 + 2𝑦)) = 𝑇0exp(2𝑥 + 2𝑦)𝜃′

𝜕𝜂
𝜕𝑥 + 2𝜃𝑇0exp(2𝑥 + 2𝑦) 

      =
1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′ + 2𝜃𝑇0exp(2𝑥 + 2𝑦) 

and  

𝜕𝑇

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑇∞ + 𝜃𝑇0exp(2𝑥 + 2𝑦)) = 𝑇0exp(2𝑥 + 2𝑦)𝜃

′
𝜕𝜂
𝜕𝑦 + 2𝜃𝑇0exp(2𝑥 + 2𝑦) 
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     =
1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′ + 2𝜃𝑇0exp(2𝑥 + 2𝑦) 

 and  

𝜕𝑇

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑇∞ + 𝜃𝑇0exp(2𝑥 + 2𝑦)) = (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′ 

and  

𝜕2𝑇

𝜕𝑧2
=

𝜕

𝜕𝑧
((

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′) =

𝑈0

2𝜈𝑏𝑓
𝑇0exp(3𝑥 + 3𝑦)𝜃′′. 

In summary,  

 𝑢 = 𝑈0𝑓′exp(𝑥 + 𝑦), 𝑣 = 𝑈0𝑔′exp(𝑥 + 𝑦), 𝑇

= 𝑇∞ + 𝜃𝑇0exp(2𝑥 + 2𝑦) 
(3.2.4) 

 

𝑤 = − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)exp (
𝑥 + 𝑦

2
), (3.2.5) 

 
𝜕𝑢

𝜕𝑥
=

𝜕𝑢

𝜕𝑦
=

𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑓′′ + 𝑈0𝑓′exp(𝑥 + 𝑦), (3.2.6) 

 
𝜕𝑢

𝜕𝑧
= 𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑓′′,

𝜕2𝑢

𝜕𝑧2
=

𝑈0
2

2𝜈𝑏𝑓
exp(2𝑥 + 2𝑦)𝑓′′′ 

(3.2.7) 

 
𝜕𝑣

𝜕𝑥
=

𝜕𝑣

𝜕𝑦
=

𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑔′′ + 𝑈0𝑔′exp(𝑥 + 𝑦) (3.2.8) 
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𝜕𝑣

𝜕𝑧
= 𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑔′′,

𝜕2𝑣

𝜕𝑧2
=

𝑈0
2

2𝜈𝑏𝑓
exp(2𝑥 + 2𝑦)𝑔′′′ 

(3.2.9) 

 𝜕𝑤

𝜕𝑧
= −

𝑈0

2
(2𝑓′ + 𝜂𝑓′′ + 2𝑔′ + 𝜂𝑔′′)exp(𝑥 + 𝑦), (3.2.10) 

 
𝜕𝑇

𝜕𝑥
=

1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′

+ 2𝜃𝑇0exp(2𝑥 + 2𝑦) 

(3.2.11) 

   

 
𝜕𝑇

𝜕𝑦
=

1

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′

+ 2𝜃𝑇0exp(2𝑥 + 2𝑦) 

(3.2.12) 

 
𝜕𝑇

𝜕𝑧
= (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′, 

  
𝜕2𝑇

𝜕𝑧2
=

𝑈0

2𝜈𝑏𝑓
𝑇0exp(3𝑥 + 3𝑦)𝜃′′. 

(3.2.13) 

3.2.1 Nondimensionalisation of governing equations 

Consider the continuity equation becomes  
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𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
=

𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑓′′ + 𝑈0𝑓′exp(𝑥 + 𝑦)

+
𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧exp (
3𝑥 + 3𝑦

2
) 𝑔′′ + 𝑈0𝑔′exp(𝑥 + 𝑦) 

−
𝑈0

2
(2𝑓′ + 𝜂𝑓′′ + 2𝑔′ + 𝜂𝑔′′)exp(𝑥 + 𝑦) 

                       = (
𝑈0

2
𝜂𝑓′′ + 𝑈0𝑓′ +

𝑈0

2
𝜂𝑔′′ + 𝑈0𝑔′) exp(𝑥 + 𝑦)

−
𝑈0

2
(2𝑓′ + 𝜂𝑓′′ + 2𝑔′ + 𝜂𝑔′′)exp(𝑥 + 𝑦) 

                       = 0 

 From here, it is clear that the similarity variables satisfy the continuity equation. Next is 

to consider the first momentum equation;  

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
=

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑧2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) −

𝜎𝑛𝑓𝐵0
2𝑢

𝜌𝑛𝑓
, 

then  

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= 𝑈0𝑓′𝑒𝑥+𝑦 (

𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧𝑒
3𝑥+3𝑦

2 𝑓′′ + 𝑈0𝑓′𝑒𝑥+𝑦) 

                                      +𝑈0𝑔′𝑒(𝑥+𝑦) (
𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧𝑒
3𝑥+3𝑦

2 𝑓′′ + 𝑈0𝑓′𝑒𝑥+𝑦) 

                                       − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)𝑒
𝑥+𝑦

2 𝑈0 (
𝑈0

2𝜈𝑏𝑓
)

1
2

𝑒
3𝑥+3𝑦

2 𝑓′′ 
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= 𝑈0
2(𝑓′ + 𝑔′)𝑒2𝑥+2𝑦 (𝑓′ +

𝜂

2
𝑓′′) −

𝑈0
2

2
(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)𝑒2𝑥+2𝑦𝑓′′ 

                              = ((𝜂𝑓′′ + 2𝑓′)(𝑓′ + 𝑔′) − 𝑓′′(𝑓 + 𝑔) − 𝜂𝑓′′(𝑓′ + 𝑔′))
𝑈0

2

2
𝑒2𝑥+2𝑦 

            𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧

= (2𝑓′(𝑓′ + 𝑔′) − (𝑓 + 𝑔)𝑓′′)
𝑈0

2

2
𝑒2𝑥+2𝑦                         (3.2.14) 

 and the right-hand side  

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑧2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) −

𝜎𝑛𝑓𝐵0
2𝑢

𝜌𝑛𝑓

=
𝜇𝑛𝑓

𝜌𝑛𝑓

𝑈0
2

2𝜈𝑏𝑓
𝑒2𝑥+2𝑦𝑓′′′ + 𝑔∗𝛽𝜃𝑇0𝑒2𝑥+2𝑦 −

𝜎𝑛𝑓𝐵0
2

𝜌𝑛𝑓
𝑈0𝑓′𝑒𝑥+𝑦 

                                

= (
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑓′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃

−
2𝜎𝑛𝑓𝐵0

2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑓′)

𝑈0
2

2
𝑒2𝑥+2𝑦                     (3.2.15) 

 Combining (3.2.14) and (3.2.15), we have  

(2𝑓′(𝑓′+𝑔′) − (𝑓 + 𝑔)𝑓′′)
𝑈0

2

2
𝑒2𝑥+2𝑦

= (
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑓′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃 −

2𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑓′)

𝑈0
2

2
𝑒2𝑥+2𝑦 

2𝑓′(𝑓′ + 𝑔′) − (𝑓 + 𝑔)𝑓′′ =
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑓′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃 −

2𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑓′ 
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𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑓′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃 −

2𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑓′ − 2𝑓′(𝑓′ + 𝑔′) + (𝑓 + 𝑔)𝑓′′ = 0. 

 On setting the parameters 

𝐺𝑟 =
𝑔∗𝛽𝑇0

𝑈0
2 , 𝑀 =

𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
, 

then the dimensionless form of first momentum equation is  

                             
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑓′′′ + 2𝐺𝑟𝜃 − 2𝑀𝑓′ − 2𝑓′(𝑓′+𝑔′) + (𝑓 + 𝑔)𝑓′′

= 0.                  (3.2.16) 

Next is to consider the second momentum equation;  

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
=

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑣

𝜕𝑧2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) +

𝜎𝑛𝑓𝐵0
2𝑣

𝜌𝑛𝑓
, 

then  

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
= 𝑈0𝑓′𝑒𝑥+𝑦 (

𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧𝑒
3𝑥+3𝑦

2 𝑔′′ + 𝑈0𝑔′𝑒𝑥+𝑦) 

                                        +𝑈0𝑔′𝑒(𝑥+𝑦) (
𝑈0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑧𝑒
3𝑥+3𝑦

2 𝑔′′ + 𝑈0𝑔′𝑒𝑥+𝑦) 

                                        − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)𝑒
𝑥+𝑦

2 𝑈0 (
𝑈0

2𝜈𝑏𝑓
)

1
2

𝑒
3𝑥+3𝑦

2 𝑔′′ 

                     = 𝑈0
2(𝑓′ + 𝑔′)𝑒2𝑥+2𝑦 (𝑔′ +

𝜂

2
𝑔′′) −

𝑈0
2

2
(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)𝑒2𝑥+2𝑦𝑔′ 

                     = ((𝜂𝑔′′ + 2𝑔′)(𝑓′ + 𝑔′) − 𝑔′′(𝑓+𝑔) − 𝜂𝑔′′(𝑓′+𝑔′))
𝑈0

2

2
𝑒2𝑥+2𝑦 
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                    = (2𝑔′(𝑓′ + 𝑔′) − 𝑔′′(𝑓 + 𝑔))
𝑈0

2

2
𝑒2𝑥+2𝑦                                      (3.2.17) 

 and the right-hand side  

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑣

𝜕𝑧2
+ 𝑔∗𝛽(𝑇 − 𝑇∞) +

𝜎𝑛𝑓𝐵0
2𝑣

𝜌𝑛𝑓

=
𝜇𝑛𝑓

𝜌𝑛𝑓

𝑈0
2

2𝜈𝑏𝑓
𝑒2𝑥+2𝑦𝑔′′′ + 𝑔∗𝛽𝜃𝑇0𝑒2𝑥+2𝑦 +

𝜎𝑛𝑓𝐵0
2

𝜌𝑛𝑓
𝑈0𝑔′𝑒𝑥+𝑦

 

                                        

= (
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑔′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃 −

2𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑔′)

𝑈0
2

2
𝑒2𝑥+2𝑦          (3.2.18) 

 Combining (3.2.17) and (3.2.18), we have  

(2𝑔′(𝑓′ + 𝑔′) − 𝑔′′(𝑓 + 𝑔))
𝑈0

2

2
𝑒2𝑥+2𝑦

= (
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑔′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃 +

2𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑔′)

𝑈0
2

2
𝑒2𝑥+2𝑦 

2𝑔′(𝑓′ + 𝑔′) − 𝑔′′(𝑓 + 𝑔) =
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑔′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃 +

2𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑔′ 

𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑔′′′ +

2𝑔∗𝛽𝑇0

𝑈0
2 𝜃 +

2𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
𝑔′ − 2𝑔′(𝑓′ + 𝑔′) + 𝑔′′(𝑓 + 𝑔)

= 0          (3.2.19) 

 On setting the parameters 

𝐺𝑟 =
𝑔∗𝛽𝑇0

𝑈0
2 , 𝑀 =

𝜎𝑛𝑓𝐵0
2

𝑈0𝜌𝑛𝑓𝑒𝑥+𝑦
, 

then the dimensionless form of second momentum equation is  
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𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
𝑔′′′ + 2𝐺𝑟𝜃 + 2𝑀𝑔′ − 2𝑔′(𝑓′ + 𝑔′) + 𝑔′′(𝑓 + 𝑔) = 0              (3.2.20) 

 Next is to nondimensionalise the energy equation 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= (𝛼𝑛𝑓 +

16𝜎∗𝑇∞
3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
𝜕2𝑇

𝜕𝑧2
, 

the left-hand side gives  

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= 𝑈0𝑓′𝑒𝑥+𝑦 (

𝑧𝑇0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑒
5𝑥+5𝑦

2 𝜃′ + 2𝜃𝑇0𝑒2𝑥+2𝑦) 

                                       +𝑈0𝑔′𝑒𝑥+𝑦 (
𝑧𝑇0

2
(

𝑈0

2𝜈𝑏𝑓
)

1
2

𝑒
5𝑥+5𝑦

2 𝜃′ + 2𝜃𝑇0𝑒2𝑥+2𝑦) 

                                       − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)𝑒
𝑥+𝑦

2 (
𝑈0

2𝜈𝑏𝑓
)

1
2

𝑇0𝑒
5𝑥+5𝑦

2 𝜃′ 

                           = 𝑈0(𝑓′ + 𝑔′) ((
𝑇0

2
𝜂𝜃′ + 2𝜃𝑇0) −

𝑈0𝑇0

2
(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)) 𝑒3𝑥+3𝑦𝜃′ 

                                 

= 𝑇0𝑈0𝑒3𝑥+3𝑦 (2𝜃(𝑓′ + 𝑔′) −
1

2
(𝑓 + 𝑔)𝜃′)                                   (3.2.21) 

 the right-hand side gives  

 (𝛼𝑛𝑓 +
16𝜎∗𝑇∞

3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
𝜕2𝑇

𝜕𝑧2

= (𝛼𝑛𝑓 +
16𝜎∗𝑇∞

3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
𝑈0

2𝜈𝑏𝑓
𝑇0𝑒3𝑥+3𝑦𝜃′′                       (3.2.22) 
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 Combining 3.2.21 and 3.2.22, we have  

𝑇0𝑈0𝑒3𝑥+3𝑦 (2𝜃(𝑓′ + 𝑔′) −
1

2
(𝑓 + 𝑔)𝜃′) = (𝛼𝑛𝑓 +

16𝜎∗𝑇∞
3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
𝑈0

2𝜈𝑏𝑓
𝑇0𝑒3𝑥+3𝑦𝜃′′ 

(2𝜃(𝑓′ + 𝑔′) −
1

2
(𝑓 + 𝑔)𝜃′) = (𝛼𝑛𝑓 +

16𝜎∗𝑇∞
3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
1

2𝜈𝑏𝑓
𝜃′′ 

(𝛼𝑛𝑓 +
16𝜎∗𝑇∞

3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

)
1

𝜈𝑏𝑓
𝜃′′ − 4𝜃(𝑓′ + 𝑔′) + (𝑓 + 𝑔)𝜃′

= 0.                                   (3.2.23) 

Using the effective dynamic viscosity and effective density as  

𝜇𝑛𝑓 = (1 + 7.3𝜙 + 123𝜙2)𝜇𝑏𝑓, 𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑏𝑓 + 𝜙𝜌𝑛𝑝, 

then, 

          
𝜇𝑛𝑓

𝜌𝑛𝑓𝜈𝑏𝑓
=

(1 + 7.3𝜙 + 123𝜙2)𝜇𝑏𝑓

((1 − 𝜙)𝜌𝑏𝑓 + 𝜙𝜌𝑛𝑝) 𝜈𝑏𝑓

=
(1 + 7.3𝜙 + 123𝜙2)𝜇𝑏𝑓

(1 − 𝜙 + 𝜙
𝜌𝑛𝑝

𝜌𝑏𝑓
) 𝜌𝑏𝑓𝜈𝑏𝑓

= 𝐴1                (3.2.24) 

                                                   where   𝐴1 =
(1 + 7.3𝜙 + 123𝜙2)

(1 − 𝜙 + 𝜙
𝜌𝑛𝑝

𝜌𝑏𝑓
)

, 

 and also,  

𝛼𝑛𝑓 +
16𝜎∗𝑇∞

3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

= 𝛼𝑛𝑓 +
16𝜎∗𝑇∞

3

3𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

= 𝛼𝑛𝑓 (1 +
4

3

4𝜎∗𝑇∞
3

𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

𝛼𝑛𝑓

), 

 meanwhile  
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𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

=

𝑘𝑏𝑓 [
𝑘𝑛𝑝 + 2𝑘𝑏𝑓 − 2𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)

𝑘𝑛𝑝 + 2𝑘𝑏𝑓 + 𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)
]

(1 − 𝜙)(𝜌𝑐𝑝)
𝑏𝑓

+ 𝜙(𝜌𝑐𝑝)
𝑛𝑝

 

        =

𝑘𝑏𝑓 [
𝑘𝑛𝑝 + 2𝑘𝑏𝑓 − 2𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)

𝑘𝑛𝑝 + 2𝑘𝑏𝑓 + 𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)
]

(𝜌𝑐𝑝)
𝑏𝑓

(1 − 𝜙 + 𝜙
(𝜌𝑐𝑝)

𝑛𝑝

(𝜌𝑐𝑝)
𝑏𝑓

)

 

        = 𝛼𝑏𝑓𝐴2, 

 where 

𝛼𝑏𝑓 =
𝑘𝑏𝑓

(𝜌𝑐𝑝)
𝑏𝑓

, 𝐴2 =

[
𝑘𝑛𝑝 + 2𝑘𝑏𝑓 − 2𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)

𝑘𝑛𝑝 + 2𝑘𝑏𝑓 + 𝜙(𝑘𝑏𝑓 − 𝑘𝑛𝑝)
]

(1 − 𝜙 + 𝜙
(𝜌𝑐𝑝)

𝑛𝑝

(𝜌𝑐𝑝)
𝑏𝑓

)

. 

The energy equation becomes 

(1 +
4

3

4𝜎∗𝑇∞
3

𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

𝛼𝑛𝑓

)
𝛼𝑛𝑓

𝜈𝑏𝑓
𝜃′′ − 4𝜃(𝑓′ + 𝑔′) + (𝑓 + 𝑔)𝜃′ = 0, 

and by setting 

𝑃𝑟 =
𝜈𝑏𝑓

𝛼𝑏𝑓
, 𝑅 =

4𝜎∗𝑇∞
3

𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

𝛼𝑛𝑓

, 

then  

(1 +
4

3

4𝜎∗𝑇∞
3

𝑘∗(𝜌𝑐𝑝)
𝑛𝑓

𝛼𝑛𝑓

)
𝛼𝑏𝑓𝐴2

𝜈𝑏𝑓
𝜃′′ − 4𝜃(𝑓′ + 𝑔′) + (𝑓 + 𝑔)𝜃′ = 0, 

(1 +
4

3
𝑅) 𝐴2𝜃′′ − 4𝑃𝑟𝜃(𝑓′ + 𝑔′) + 𝑃𝑟(𝑓 + 𝑔)𝜃′ = 0. 
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3.2.2 Nondimensionalisation of initial-boundary conditions 

To start with the initial conditions at 𝑧 = 0, 𝜂 = 0; 

𝑢 = 𝑈0𝑒𝑥+𝑦 = 𝑈0𝑓′𝑒𝑥+𝑦
⇒ 𝑓′ = 1;     𝑣 = 𝑈0𝑒𝑥+𝑦 = 𝑈0𝑔′𝑒𝑥+𝑦

⇒ 𝑔′ = 1; 

𝑤 = 0 = − (
𝜈𝑏𝑓𝑈0

2
)

1
2

(𝑓 + 𝜂𝑓′ + 𝑔 + 𝜂𝑔′)exp (
𝑥 + 𝑦

2
) ⇒ 0 = 𝑓 + 𝑔; 

𝑇 = 𝑇∞ + 𝑇0𝑒2(𝑥+𝑦) = 𝑇∞ + 𝑇0𝜃𝑒2(𝑥+𝑦) ⇒ 𝜃 = 1; 

and the boundary condition as 𝑧 → ∞, 𝜂 → ∞;  

𝑢 → 0 ⇒ 𝑈0𝑓′𝑒𝑥+𝑦 → 0 ⇒ 𝑓′ = 0;     𝑣 → 0 ⇒ 𝑈0𝑔′𝑒𝑥+𝑦 → 0 ⇒ 𝑔′ = 0; 

𝑇 → 𝑇∞ ⇒ 𝑇∞ + 𝑇0𝑒2(𝑥+𝑦) → 𝑇∞ ⇒ 𝜃 = 0.                                                     

 Hence, the initial and BCs are 

𝑓′ = 1;  𝑔′ = 1;   0 = 𝑓 + 𝑔;   𝜃 = 1;        𝑎𝑡   𝜂 = 0, 

 𝑓′ = 0;   𝑔′ = 0;   𝜃 = 0;        𝑎𝑠   𝜂 → ∞. 

3.2.3 Nondimensionalisation of quantities of interest 

The horizontal and vertical skin friction and the heat transfer rate defined as  

                        𝐶𝑓𝑥 =
2𝜏𝑥

𝜌𝑛𝑓𝑈𝑤
2

,    𝐶𝑓𝑦 =
2𝜏𝑦

𝜌𝑛𝑓𝑈𝑤
2

,     and       𝑁𝑢

=
𝑞𝑤

𝜅𝑛𝑓(𝑇𝑤 − 𝑇∞)
,           (3.2.25) 

 respectively where  



25 

 

                  𝜏𝑥 = 𝜇𝑛𝑓

𝜕𝑢

𝜕𝑧
|
𝑧=0

    𝜏𝑦 = 𝜇𝑛𝑓

𝜕𝑣

𝜕𝑧
|
𝑧=0

 𝑎𝑛𝑑       𝑞𝑤

= −𝜅𝑛𝑓

𝜕𝑇

𝜕𝑧
|
𝑧=0

.              (3.2.26) 

 Hence,  

𝜏𝑥 = 𝜇𝑛𝑓

𝜕𝑢

𝜕𝑧
|
𝑧=0

= 𝜇𝑛𝑓𝑈0 (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑓′′(0). 

𝜏𝑧 = 𝜇𝑛𝑓

𝜕𝑢

𝜕𝑧
|
𝑧=0

= 𝜇𝑛𝑓𝑈0 (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑔′′(0). 

𝑞𝑤 = −𝜅𝑛𝑓

𝜕𝑇

𝜕𝑧
|
𝑧=0

= −𝜅𝑛𝑓 (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) 𝑇0exp(2𝑥 + 2𝑦)𝜃′(0). 

 With this, the skin frictions become  

𝐶𝑓𝑥 =
2𝜏𝑥

𝜌𝑛𝑓𝑈𝑤
2

=
2𝜇𝑛𝑓

𝜌𝑛𝑓(𝑈0𝑒𝑥+𝑦)2
𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑓′′(0), 

        =
2𝜇𝑛𝑓

𝜌𝑛𝑓𝑈0
(

𝑈0

2𝜈𝑏𝑓
)

1
2 𝑓′′(0)

exp (
𝑥 + 𝑦

2 )
=

2𝐴1𝜈𝑏𝑓

𝑈0
(

𝑈0

2𝜈𝑏𝑓
)

1
2 𝑓′′(0)

exp (
𝑥 + 𝑦

2 )
, 

                 = 𝐴1 (
2𝜈𝑏𝑓

𝑈0
)

1
2 𝑓′′(0)

exp (
𝑥 + 𝑦

2 )
= 𝐴1𝑅𝑒

1
2𝑓′′(0) ⇒ 𝑅𝑒−

1
2𝐶𝑓𝑥

= 𝐴1𝑓′′(0)       (3.2.27) 

𝑓𝑦 =
2𝜏𝑥

𝜌𝑛𝑓𝑈𝑤
2

=
2𝜇𝑛𝑓

𝜌𝑛𝑓(𝑈0𝑒𝑥+𝑦)2
𝑈0 (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
3𝑥 + 3𝑦

2
) 𝑔′′(0) 
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           =
2𝜇𝑛𝑓

𝜌𝑛𝑓𝑈0
(

𝑈0

2𝜈𝑏𝑓
)

1
2 𝑔′′(0)

exp (
𝑥 + 𝑦

2 )
=

2𝐴1𝜈𝑏𝑓

𝑈0
(

𝑈0

2𝜈𝑏𝑓
)

1
2 𝑔′′(0)

exp (
𝑥 + 𝑦

2 )
, 

           = 𝐴1 (
2𝜈𝑏𝑓

𝑈0
)

1
2 𝑔′′(0)

exp (
𝑥 + 𝑦

2 )
= 𝐴1𝑅𝑒

1
2𝑔′′(0) ⇒ 𝑅𝑒−

1
2𝐶𝑓𝑦 = 𝐴1𝑔′′(0).         (3.2.28) 

𝑁𝑢 =
𝑞𝑤

𝜅𝑛𝑓(𝑇𝑤 − 𝑇∞)
=

−𝜅𝑛𝑓 (
𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2 ) 𝑇0exp(2𝑥 + 2𝑦)𝜃′(0)

𝜅𝑛𝑓𝑇0exp(2𝑥 + 2𝑦)
 

       = −𝑇0 (
𝑈0

2𝜈𝑏𝑓
)

1
2 exp (

𝑥 + 𝑦
2 ) 𝜃′(0)

𝑇0
= − (

𝑈0

2𝜈𝑏𝑓
)

1
2

exp (
𝑥 + 𝑦

2
) 𝜃′(0) 

      = −𝑅𝑒−
1
2𝜃′(0) ⇒ 𝑅𝑒

1
2𝑁𝑢 = 𝜃′(0)                       (3.2.29) 

3.3 Numerical Method 

The dimensionless form of the governing equation is  

               𝐴1𝑓′′′ + 2𝐺𝑟𝜃 − 2𝑀𝑓′ − 2𝑓′(𝑓′ + 𝑔′) + 𝑓′′(𝑓 + 𝑔) = 0,                     (3.3.1) 

               𝐴1𝑔′′′ + 2𝐺𝑟𝜃 + 2𝑀𝑔′ − 2𝑔′(𝑓′ + 𝑔′) + 𝑔′′(𝑓 + 𝑔) = 0,                     (3.3.2) 

               (1 +
4

3
𝑅) 𝐴2𝜃′′ − 4𝑃𝑟𝜃(𝑓′ + 𝑔′) + 𝑃𝑟(𝑓 + 𝑔)𝜃′ = 0.                           (3.3.3) 

 with the initial and BCs  

                   𝑓′ = 1;  𝑔′ = 1;   0 = 𝑓 + 𝑔;   𝜃 = 1;        𝑎𝑡   𝜂 = 0,                        (3.3.4) 

                   𝑓′ = 0;  𝑔′ = 0;   𝜃 = 0;        𝑎𝑠   𝜂 → ∞.                                           (3.3.5) 

 The dimensionless forms of the quantities of interest are  

𝑅𝑒−1/2𝐶𝑓𝑥 = 𝐴1𝑓′′(0);   𝑅𝑒−1/2𝐶𝑓𝑦 = 𝐴1𝑔′′(0);   𝑅𝑒1/2𝑁𝑢 = 𝜃′(0). 
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Equations (3.3.1 – 3.3.3) are put as a system of 1st order ODEs 

𝑑𝑌1

𝑑𝜂
= 𝑌2 ,    

𝑑𝑌2

𝑑𝜂
= 𝑌3, 

𝑑𝑌3

𝑑𝜂
= −

1

𝐴1
(2𝐺𝑟𝑌7 − 2𝑀𝑌2 − 2𝑌2(𝑌2 + 𝑌5) + 𝑌3(𝑌1 + 𝑌4)), 

𝑑𝑌4

𝑑𝜂
= 𝑌5 ,    

𝑑𝑌5

𝑑𝜂
= 𝑌6, 

𝑑𝑌6

𝑑𝜂
= −

1

𝐴1
(2𝐺𝑟𝑌7 + 2𝑀𝑌5 − 2𝑌5(𝑌2 + 𝑌5) + 𝑌6(𝑌1 + 𝑌4)), 

𝑑𝑌7

𝑑𝜂
= 𝑌8, 

𝑑𝑌8

𝑑𝜂
= −

1

(1 +
4
3 𝑅) 𝐴2

(−4𝑃𝑟𝑌4(𝑌2 + 𝑌5) + 𝑃𝑟(𝑌2 + 𝑌4)𝑌8). 

 with the conditions  

𝑋2(0) = 1;  𝑋5(0) = 1;  𝑋1(0) + 𝑋4(0) = 0;  𝑋7(0) = 1; 

𝑋2(∞) = 0;  𝑋5(∞) = 0;  𝑋7(∞) = 0. 

Two steps are required to solve this ODE system. The first step is the use of Shooting 

Technique and the second step is the use of Runge-Kutta method. 

3.4 Shooting Technique  

The system of equations resulting from the nondimensionalisation process comes with 

Neumann boundary conditions which cannot be used for a numerical procedure. In order 

to make the system suitable for any numerical procedure, the following steps shall be 

followed; 

STEP 1: Assume initial guesses for the initial conditions. 
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STEP 2: Solve the equations using the guess values 

STEP 3: Check if the solution satisfies the given boundary conditions. If the boundary 

conditions are satisfied, then the initial guesses are good and the solution has been reached, 

otherwise repeat steps 1 and 2 to convert the mixed boundary conditions and initial 

conditions to initial conditions. 

3.5 Runge-Kutta (RK) method 

The resulting ordinary differential equations from the nondimensionalisation is rewritten 

as a system of coupled 1st order ODE. The RK scheme of the fourth order shall be used to 

solve the 1st order ODE. Given the system of first order autonomous ODEs  

                                          
𝑑

𝑑𝜂
𝑋 = 𝐹(𝑋),

𝑋(0) = 𝑋0                                                      (3.5.1) 

 with  

𝑋 = [𝑋1, 𝑋2, ⋯ , 𝑋𝑛]𝑇 , 𝐹(𝜂) = [𝐹1, 𝐹2, ⋯ , 𝐹𝑛] 

Runge-Kutta scheme of the fourth order is then given as  

𝐾1 = ℎ𝐹(𝑋(𝑚));  𝐾2 = ℎ𝐹 (𝑋(𝑚) +
1

2
𝐾1) 

𝐾3 = ℎ𝐹 (𝑋(𝑚) +
1

2
𝐾2) ;  𝐾4 = ℎ𝐹(𝑋(𝑚) + 𝐾3) 

𝑋(𝑛+1) = 𝑋(𝑛) +
1

6
(𝐾1 + 2𝐾2 + 2𝐾3 + 𝐾4) 
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Chapter 4  

ANALYSIS OF RESULTS AND DISCUSSION 

Heat transfer rates and skin friction of copper- and alumina-water nanofluids are 

investigated and the outcomes are graphically displayed in figures (4.1) and (2). In figures 

(4.1) and (4.2), Copper-water nanofluid is represented by the black lines while the blue 

lines represent the alumina-water nanofluid. Each nanofluid is considered under two 

conditions; low thermal radiation and high thermal radiation. Figure (4.1) shows that heat 

transfer rates increase with thermal radiation. One can easily observe that copper-water 

nanofluid possess more heat transfer rate compared with alumina-water. Alumina 

nanoparticles possess higher specific heat than the copper nanoparticles and this is 

probably responsible for the lower heat transfer rate in the alumina-water nanofluids. The 

skin friction is low at low thermal radiation for both copper- and alumina-water nanofluids 

but high a high thermal radiation (figure (4.2)). A further look at figure (4.2) shows that 

there is an increased skin friction during the alumina-water nanofluid flow than it is during 

the copper-water flow. Hence, heat transfer rate is higher in 𝐶𝑢 − 𝐻2𝑂 nanofluid than the 

𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid but the skin friction is high in 𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid than in 

𝐶𝑢 − 𝐻2𝑂 nanofluid. 
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Figure 4.1: Heat transfer rates against ϕ at low and high thermal radiation 

 

 

Figure 4.2: Skin friction against ϕ at low and high thermal radiation 

 In this project, volume fraction represents the ratio of the volume of copper or alumina 

nanoparticles suspended in a certain volume of water. By varying 𝜙, the response of the 
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velocity and temperature of the flow are analysed and presented in figures (4.3) to (4.5). 

Suspending more volume of nanoparticles in the fluid can lead to agglomeration which can 

wear away pipe linings. The alumina nanoparticle possesses lower density compared with 

the copper nanoparticle, this is probably the reason why the flow velocity is higher in the 

𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid than the copper-water nanofluid as shown in figures (4.3) and 

(4.4). By taking a further look at Figures (4.3) and (4.4), it can be generally deduced that 

the flow velocity is enhanced as the volume fraction is raised. However, flow temperature 

lowers down as more volume of the nanoparticle as suspended in the base fluid (figure 

(4.5)). 

 

Figure 4.3: Primary velocity against volume fraction 
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Figure 4.4: Secondary velocity with volume fraction 

 

 

 

Figure 4.5: Temperature against volume fraction 
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The effects of MF strength are analysed over the flow of copper-water and alumina-water 

nanofluids and the results are shown in figures (4.6) to (4.8). Firstly, it is important to note 

that Lorenz force is produced when a flow takes place in a MF. The Lorenz force acts 

against the flow and thereby reduces velocity as the magnitude of the MF strength is raised. 

Just as expected, the velocity profile is reduced as MF strength increases as illustrated in 

figure (4.6). Due to the opposition caused by the Lorenz force, flow in the secondary 

direction is enhanced as 𝜙 increases. Hence, figure (4.7) shows that the secondary velocity 

increases with increasing MF strength. Also, it is important to note from figure (4.6) and 

(4.7) that the alumina-water nanofluid flows at higher velocity than the 𝐶𝑢 − 𝐻2𝑂 

nanofluid. 𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid possesses higher flow temperature compared to the 

𝐶𝑢 − 𝐻2𝑂 nanofluid (figure (4.8)). 

 

 

Figure 4.6: Primary velocity with MF 
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Figure 4.7: Secondary velocity with MF 

 

 

Figure 4.8: Temperature with MF  
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Chapter 5  

CONCLUSION AND RECOMMENDATION 

5.1 Conclusion 

This study has analysed and discussed the transmission of heat during the flow of copper- 

and alumina-water nanofluids in a MF. The surface undergoes exponential stretching 

horizontally while there is an application of thermal radiation normally to the flow. The 

model is formulated as mathematical equations whose dimensions are removed by the 

Similarity Variables. Solutions are obtained to the dimensionless equations by employing 

the RK4-Sh method. The outcomes of this project show that;   

    1.  Heat transfer rates increase with thermal radiation while copper-water nanofluid 

possess higher heat transfer rate compared with 𝐴𝑙2𝑂3 − 𝐻2𝑂.  

    2.  The skin friction increase with thermal radiation while the skin friction is high in 

𝐴𝑙2𝑂3 − 𝐻2𝑂 nanofluid than in 𝐶𝑢 − 𝐻2𝑂 nanofluid.  

    3.  Flow velocity is enhanced as the volume fraction is raised. Flow velocity is higher in 

the alumina-water nanofluid than the copper-water nanofluid  

    4.  Flow temperature lowers down as more volume of the nanoparticle as suspended in 

the base fluid.  

    5.  The primary velocity profile is reduced as MF strength increases while flow in the 

secondary direction is enhanced as the 𝜙 increases.  
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5.2 Recommendations 

The flow and heat transfer rate of two nanofluids over an ESS are considered in the 

presence of a MF and thermal radiation. Based on the outcomes of this study, the following 

recommendations are made;   

    1.  To increase heat transfer rates, copper-water nanofluid should be considered over the 

alumina-water nanofluid.  

    2.  To reduce the skin friction in a flow with thermal radiation, copper-water nanofluid 

should be considered over the alumina-water nanofluid.  

    3.  The flow velocity can be controlled by varying the volume fraction of the nanofluid.  
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APPENDIX 

Appendix I: MATLAB CODES 

clc 

global A1 A2 Gr M R Pr  

phi = 0.3; M = 0.1; Gr = 0.5; Pr = 6.9; R = 2; infty = 7; 

rho_bf=997.1; k_bf=0.613; cp_bf=4179; %Water 

values = [8933, 400, 385; 3970, 40, 4179]; %[Cu; Al2O3] 

j=1; Par_Val = 'M = 0.1; Gr = 0.5; Pr = 6.9; R = 2;'; 

Values = '\phi = ';  

for R = [0.1,0.4] 

i=1; Cf=[];Nu=[]; 

if j==1 

lin_sty_1 = 'k-'; 

lin_sty_2 = 'b-'; 

lin_sty_3 = 'k-'; 

lin_sty_4 = 'b-'; 

elseif j==2 

lin_sty_1 = 'k:'; 

lin_sty_2 = 'b:'; 

lin_sty_3 = 'k:'; 

lin_sty_4 = 'b:'; 

end 

for phi = [0.1,0.15,0.2,0.2] 

txt = 'Nu'; 

Values = strcat(Values,string(phi),'; '); 

dim_1 = [.5 .6 0.1 .1]; dim_2 = [.3 .5 0.5 .15]; 

rho_np=values(1,1); k_np=values(1,2); cp_np=values(1,3); 

A = A_one(phi,k_bf,k_np,rho_bf,rho_np,cp_bf,cp_np); 

A1 = A(1); A2=A(2); 

solinit=bvpinit(linspace(0,infty,100),[0 0 0 0 0 0 0 0]); 

sol_1= bvp4c(@Fluid,@Bc,solinit); 

sol_1.y; 

rho_np=values(2,1); 

k_np=values(2,2); 

cp_np=values(2,3); 

A = A_one(phi,k_bf,k_np,rho_bf,rho_np,cp_bf,cp_np); 

A1 = A(1); A2=A(2); 

solinit=bvpinit(linspace(0,infty,100),[0 0 0 0 0 0 0 0]); 

sol_2= bvp4c(@Fluid,@Bc,solinit); sol_2.y; 

Cf = [Cf; phi, sol_1.y(3,1), sol_2.y(3,1)]; 

Nu = [Nu; phi, sol_1.y(8,1), sol_2.y(8,1)]; 

i = i+1; 

end 

figure(1), plot(Cf(:,1),Cf(:,2),lin_sty_1,'LineWidth',2) 

hold on 

figure(1), plot(Cf(:,1),Cf(:,3),lin_sty_2,'LineWidth',2) 

xlabel('\phi'), ylabel("Skin Friction") 

annotation('textbox',dim_1,'String',Values); 

annotation('textbox',dim_2,'String',Par_Val); 

hold on 

txt_vel = strcat(txt,'_Cf'); 

saveas(gcf,txt_vel) 

figure(2), plot(Nu(:,1),Nu(:,2),lin_sty_3,'LineWidth',2) 

hold on 

figure(2), plot(Nu(:,1),Nu(:,3),lin_sty_4,'LineWidth',2) 

xlabel('\phi'), ylabel("Heat Transfer Rate") 

annotation('textbox',dim_1,'String',Values); 

annotation('textbox',dim_2,'String',Par_Val); 

hold on 

txt_vel = strcat(txt,'_Nu'); 
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saveas(gcf,txt_vel) 

j=j+1 

end 

  

  

function res = Fluid(eta,x) 

global A1 A2 Gr M R Pr 

dx1 = x(2); dx2 = x(3); 

dx3 = -(2*Gr*x(7) - 2*M*x(2) -2*x(2)*(x(2)+x(5))... 

+ x(3)*(x(1)+x(4)))/A1; 

dx4 = x(5); dx5 = x(6); 

dx6 = -(2*Gr*x(7) + 2*M*x(5) -2*x(5)*(x(2)+x(5)... 

) + x(6)*(x(1)+x(4)))/A1; 

dx7 = x(8); 

dx8 = -(-4*Pr*x(4)*(x(2)+x(5)) + Pr*(x(2)+x(4))... 

*x(8))/(A2*(1+4*R/3)); 

res = [dx1;dx2;dx3;dx4;dx5;dx6;dx7;dx8]; 

end 

  

function res = Bc(x0,xinf) 

global A1 A2 Gr M R Pr 

fw = 0.01; 

res = [x0(1)-fw 

x0(2)-1 

x0(4)+fw 

x0(5)-1 

x0(7)-1 

xinf(2) 

xinf(5) 

xinf(7)]; 

end 

  

  

function res = A_one(phi,k_bf,k_np,rho_bf,rho_np,cp_bf,cp_np) 

A11 = 1 + 7.3*phi + 123*phi^2; 

A12 = 1 - phi + (rho_np/rho_bf)*phi; 

A21=k_np+2*k_bf-2*phi*(k_bf-k_np); 

A22=k_np+2*k_bf+phi*(k_bf-k_np); 

A23 = 1 - phi + (rho_np*cp_np/(rho_bf*cp_bf))*phi; 

res =[A11/A12; A21/(A22*A23)]; 

end  

  

  

 

 


