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ABSTRACT 

The action of the symmetric group nS  on ordered subsets from the set  1, 2, ,X n  is 

an aspect that seems to have received little attention for a long time. Most studies have 

focused on the action of 
nS  on unordered subsets leaving many properties about its 

action on ordered subsets unknown. This research is set to determine the rank and 

subdegrees of nS  acting on  r
X , the set of all ordered r-element subsets from X. 

Particular cases when 2, 3r   and 4 have been considered first and then a generalization 

has been made for any value of r and n. In the action of nS
 
on    2 3

,  X X and  4
X , the 

rank is shown to be 7, 34 and 209 respectively. By generalizing these results, we have 

come up with the formulas for the rank and subdegrees of nS  acting on  r
X . This study 

shows that if 2n r , then for a fixed value of r, the rank of nS  on  r
X  is a constant 

while the subdegrees vary with n. The action of nS  on  r
X  has been shown to be both 

transitive and imprimitive. We have also formulated the conditions for a suborbit of nS  

corresponding to this action to be either self-paired or paired with another. A formula for 

computing the number of self-paired suborbits has also been derived using a theorem 

from character theory. Finally, the suborbital graphs corresponding to this action have 

been constructed and their theoretic properties studied. The results show that all these 

graphs are disconnected. We have also come up with the formulas for computing the 

number of connected components in these graphs. The girth sizes of the suborbital graphs 

corresponding to suborbits of nS
 
containing exactly r elements and no element from 

 1, 2,...,A r  have also been determined. For the suborbital graphs corresponding to 

self-paired suborbits of nS
 
with exactly r elements from A, the girth is shown to be zero 

while that of paired suborbits with precisely r elements from A is shown to be three. This 

study also reveals that the girth of the suborbital graph corresponding to the suborbit of 

nS
 
with no element from A  is three provided 3n r . The results obtained have been 

summarized in form of theorems while others are displayed in tables. 
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CHAPTER ONE 

 

INTRODUCTION 

1.1 Definitions and Preliminary Results 

Definition 1.1.1 

If X is a finite set  1, 2, , n , then the symmetric group of degree n is the group of all 

permutations of X under the binary operation of composition of maps. It is denoted by nS  

and has order !n . 

Definition 1.1.2 

If nS   has 1  cycles of length 1, 2  cycles of length 2, …, n  cycles of length n, then 

the cycle type of   is the n-tuple  1 2, , , n   . 

Theorem 1.1.3 

Two permutations in nS  are conjugate if and only if they have the same cycle type; and if 

ng S  has cycle type  1 2, , , n   , then the number of permutations in nS  conjugate 

to g is 

  

1

!

! i

n

i
i

n

i





. (Krishnamurthy, 1985) 

Definition 1.1.4 

Let X be a set and G be a group. We say that G acts on the left of the set X if for each 

x X  and g G  there corresponds a unique element gx X  such that, for all x X  

and 1 2,g g G  

i)    1 2 1 2g g x g g x  

ii) 1x x , where 1 is the identity in G. 
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Definition 1.1.5 

Let G act on the set X, and let x X . The orbit of x is the set 

 ( )GOrb x gx g G  . 

Definition 1.1.6 

Let G act on the set X, and let x X . The stabilizer of x in G is the set 

 ( )GStab x g G gx x   . 

This set is also denoted by xG . It can easily be shown that  GStab x G . 

Theorem 1.1.7 (Orbit-Stabilizer Theorem) 

Let G be a group acting on a finite set X, and let x X . Then  

  ( ) : ( )G GOrb x G Stab x . (Rose, 1978) 

Definition 1.1.8 

The action of a group G on a set X is said to be transitive if for each pair of points 

,x y X , there exists g G such that gx y ; in other words the action has only one 

orbit. 

Definition 1.1.9 

Suppose G is a group acting transitively on a set X and let Gx be the stabilizer in G of a 

point x X . The orbits  0 1 2 1, , , , rx       of xG  on X are known as suborbits of 

G. The rank of G in this case is r. The sizes  0,1, 2, , 1i in i r     often called the 

'lengths' of suborbits are known as the subdegrees of G. It can be shown that both r and 

the cardinalities of the suborbits  0,1, 2, , 1i i r    are independent of the choices 

of x X  (Ivanov et al., 1983). 
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Definition 1.1.10 

Let G act transitively on a set X and let   be an orbit of 
xG  on X. Define 

 ,gx g G x g     , then   is also an orbit of xG  and is called the xG -orbit (or 

G-suborbit) paired with   (Wielandt, 1964). Clearly     and    . If    , 

then   is said to be self-paired. The transitive constituent of xG  on  , denoted 
xG  is the 

permutation group on   obtained by restricting elements of 
xG  to  . 

Theorem 1.1.11 

Let G act transitively on X. Then xG  has an orbit different from  x  and self-paired if 

and only if G has even order. (Wielandt, 1964) 

Definition 1.1.12 

Let G act on a set X, then the character   of permutation representation of G on X is 

defined by 

      ,  for all g Gg Fix g   . 

Theorem 1.1.13 

Let G act transitively on a set X, and let g G . Suppose   is the character of the 

permutation representation of G on X, then the number of self-paired suborbits of G is 

given by 

   21

g G

n g
G

 


  . (Cameron, 1974) 

Definition 1.1.14 

Suppose that G acts transitively on a finite set X. Then a subset Y of X is said to be a 

block for the action if, for each g G , either gY Y  or gY Y   . In particular,  , X 
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and all 1-element subsets of X are obviously blocks: these are called the trivial blocks. 

The action is said to be primitive if the only blocks are the trivial blocks; otherwise the 

action is imprimitive. 

Theorem 1.1.15 

Let G be transitive on X and let 
xG  be the stabilizer of the point x X . Let 

 0 1 2 1, , , , kx       be orbits of xG  on X of lengths 0 1 2 11, , , , kn n n n  , where 

0 1 2 1... kn n n n     . If there exists an index 0j   such that 1 1j jn n n  , then G is 

imprimitive. (Wielandt, 1964) 

Definition 1.1.16 

A graph is a diagram consisting of a set V whose elements are called vertices, nodes or 

points and a set E of unordered pairs of vertices called edges or lines. We denote such a 

graph by  ,G V E  or by G if there is no ambiguity of V and E. 

Definition 1.1.17 

A directed graph is a diagram consisting of a set V whose elements are called vertices, 

nodes or points and a set E of ordered pairs of vertices called directed edges or arcs.  

Definition 1.1.18 

A walk in a graph G consists of a finite sequence of edges of the form 

0 1 1 2 2 3 1, , , , m mv v v v v v v v . The number m of edges is called the length of the walk. A path 

is a walk in which all the vertices are distinct. A cycle or circuit is a closed path.  

Definition 1.1.19 

The girth of a graph G is the length of the shortest cycle in G. 
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Definition 1.1.20 

A graph G is said to be connected if every pair of vertices of G is joined by some path; 

otherwise, G is disconnected. A connected component of G is a maximal connected 

subgraph of G. Each vertex and edge of G belongs to precisely one connected component 

of G. 

Theorem 1.1.21 

Let G be transitive on X and let suborbit  0,1, , 1i i r    correspond to suborbital 

i . Then the corresponding suborbital graph iG  is undirected if i  is self-paired and 

directed if i is not self-paired. (Sims, 1967) 

Theorem 1.1.22 

Let G be transitive on X and let xG  be the stabilizer of the point x X . Suppose 

 0 1 2 1, , , , rx       are the orbits of xG  on X and let , 0,1, , 1i X X i r      

be the suborbital corresponding to , 0, 1, , 1i i r   . Then G is primitive if and only 

if each suborbital graph ,  1, 2, , 1i i r G  is connected. (Sims, 1967) 

 

1.2 Background information 

The rank and subdegrees are very significant characteristics of a group action. In certain 

cases, knowledge of these properties is sufficient for resolution of the following 

problems: 

i) identification of rank 3 graphs (Hubaut, 1975); 

ii) proof of the existence and non-existence of distance-transitive graphs 

(Ivanov et al., 1984); 
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iii) computation of the decomposition of the permutation character of the 

group into irreducibles by means of the character table (Faradzev et al., 

1994). 

 

There are different approaches to computation of subdegrees of a transitive permutation 

group. One of these approaches relies on the famous Cauchy-Frobenius Lemma. This 

lemma is usually but erroneously attributed to Burnside (1911). It is stated as follows: 

Theorem 1.2.1 (Cauchy-Frobenius Lemma) 

Let G be a finite group acting on a finite set X. Then the number of G-orbits in X is 

 
1

g G

Fix g
G 

 , 

where     .Fix g x X gx x    (Rose, 1978) 

This is one of the classical enumeration techniques and is applicable to groups of finite 

order only. 

 

The second approach relies on solution of systems of linear equations arising from the 

computation of marks of a finite group. For any two subgroups A and B of a group G, the 

mark of A in the representation of G on the cosets of B is the number  , ,m A B G  of the 

cosets of B that are fixed by every permutation of A (Ivanov et al., 1983). If G is 

transitive on X and  0 1 2 1, , , , rx       are suborbits of G, then the action of G on X 

is equivalent to its action on the cosets of ,xH G x X  , while that of H on 

 0,1, 2, , 1i i r    is equivalent to its action on the set of cosets of some subgroup 

F H . 
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Now, let  1 2, , , tH H H  be a set of representatives of all distinct conjugacy classes of 

subgroups of H in G, ordered such that 1 2 tH H H H    . Form a matrix 

 ijM m , where  , ,ij j im m H H H . We call M the table of marks of H. If we denote 

by iQ  the number of suborbits j  on which the action of H is equivalent to its action on 

the cosets of  1, 2, ,iH i t , then by computing all iQ  we get the subdegrees of G on 

X. 

Theorem 1.2.2 

The numbers iQ  satisfy the system of linear equations 

    , , , ,
t

i j i j

i j

Q m H H H m H H G


  ,  

for each 1, 2, ,j t . (Ivanov et al., 1983)  

This method can be applied not only in concrete groups, but also in infinite series of 

groups provided detailed structural information about the group under investigation is 

known. 

 

The final approach relies on the use of combinatorial arguments. In this method, all the 

possible arrangements of the combinatorial objects are listed down and then the 

fundamental principles of counting are applied. The technique is applicable to 

permutation groups of both finite and infinite order. Consequently, in this research we 

have used this approach to compute the rank and subdegrees of the symmetric group nS  

acting on ordered r-element subsets from  1,2, ,X n . 
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Now, let G be a transitive permutation group acting on X. Then G acts on X X  by 

      , , , ,   ,g x y g x g y g G x y X   . The orbits of this action are called suborbitals 

of G. The orbit containing  ,x y  is denoted by  ,x y . Now, if X X   is a G-

orbit, then for any   , ,x X y X x y      is a xG -orbit on X. Conversely, if 

X   is a 
xG -orbit, then   , ,gx gy g G y     is G-orbit on X X . We say 

that   corresponds to  . 

 

From  ,x y  we can form a suborbital graph  ,x yG : its vertices are elements of X, 

and there is a directed edge from v to w if and only if    , ,v w x y . Clearly  ,y x  

is also a suborbital, and it is either equal to or disjoint from  ,x y . In the former case, 

   , ,x y y xG G  and the graph consists of pairs of oppositely directed edges. It is 

convenient to replace each such pair by a single undirected edge, so that we have an 

undirected graph which we call self-paired. In the latter case,  ,x yG  is just  ,y xG  

with arrows reversed, and we call  ,x yG  and  ,y xG  paired suborbital graphs. If 

x y , then     , ,x x x x x X    is the diagonal of X X . The corresponding 

suborbital graph  ,x xG , called the trivial suborbital graph, is self-paired and consists of 

a loop based at each vertex x X .  
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1.3 Statement of the problem 

Although the action of nS  on ordered subsets from the set  1, 2, ,X n  has been 

known for a long time, little has been done in this area. For the last 40 years, a lot of 

attention has been given to the action of nS  on unordered subsets leaving many properties 

about its action on ordered subsets unknown. This study is set to determine the rank and 

subdegrees of the symmetric group nS  acting on  r
X , the set of all ordered r-element 

subsets from the set  1, 2, ,X n . Suborbital graphs corresponding to this action will 

also be constructed and their theoretic properties studied. These properties include; self-

pairing, pairing, girth sizes, connectivity and number of connected components. 

 

1.4 Hypotheses 

i) The rank and subdegrees of the symmetric group nS  acting on  r
X  where 

 1, 2, ,X n  are functions of both n and r. 

ii) Some suborbital graphs corresponding to the action of nS  on  r
X  are paired 

and disconnected. 

 

1.5 Objectives  

1.5.1 General objective 

To study the properties of the action of the symmetric group nS  on  r
X , where 

 1, 2, ,X n .  
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1.5.2 Specific objectives 

i) To determine the rank and subdegrees of nS  acting on  r
X  where 

 1, 2, ,X n . 

ii) To construct the suborbital graphs corresponding to this action. 

iii) To study theoretic properties of the suborbital graphs constructed. 

 

1.6 Significance of the Study 

This study has generalized some of the existing results in the area of combinatorial 

enumeration. By so doing, new results have been realized. In addition, the results of this 

study provide valuable information to the graph theorists. Graphs have several practical 

applications in real life situations as well as in other fields of study. For instance, they can 

be used to determine the shortest or longest distance between places on the earth’s 

surface. In Chemistry and Physics, graph theory can be used to study the structure of 

molecules. In particular, the three-dimensional structure of complicated simulated atoms 

in condensed matter physics can be studied quantitatively by gathering statistics on 

graph-theoretical properties related to the topology of the atoms. On the other hand, in 

Chemistry, a graph makes a natural model for molecules, where vertices represent atoms 

and edges bonds. 

 

1.7 Outline of the Thesis 

This thesis is organized into six chapters. Chapter two gives a literature review on ranks, 

subdegrees and suborbital graphs. In Chapter three the properties of the action of nS  on 

ordered 2-element subsets, 3-element subsets and 4-element subsets from 
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 1, 2, ,X n  are investigated. The results in this chapter form a basis for 

generalization to be made on ranks and subdegrees in the following chapter. Chapter four 

is the keystone of this thesis, it provides computations of ranks and subdegrees for the 

action of nS  on ordered r-element subsets. The concluding section of this chapter gives 

some properties of suborbits of nS  on  r
X . In Chapter Five the general suborbital graphs 

for the action of nS  on  r
X  are studied. Chapter six gives the conclusion of this study 

and a brief discussion of future research. 
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CHAPTER TWO 

LITERATURE REVIEW 

2.1 Introduction 

In this chapter we consider studies that have already been done on ranks, subdegrees and 

suborbital graphs. The chapter is divided into three sections. In Section 2.2 we review 

ranks and subdegrees while in Section 2.3 we review suborbital graphs. 

 

2.2 Ranks and subdegrees 

The rank and subdegrees of a permutation group G have been considered by several 

mathematicians before. Higman (1970) investigated finite permutation groups of rank 3. 

It was proved that the symmetric group nS
 
on  1, 2, ,X n , 4n  , acts as a rank 3 

group on the set of 
2

n 
 
 

 unordered 2-element subsets of X, with subdegrees  1, 2 2n   

and 
2

2

n  
 
 

. Higman also proved that if nG S , 4n  , has rank 3 on the unordered 2-

element subsets, then G is 4-fold transitive unless 9n   and  2 8G P L  . 

 

Quirin (1971) classified all primitive permutation groups G which have a suborbit   of 

length 4 for which 4xG A   or 4xG S   and is faithful. Permutation groups G which have 

a suborbit   of prime length 5p   such that 2xG p   were also considered and this 

reduced the classification problem to that of classifying simple groups with maximal 

dihedral subgroups of order 2p. Finally, it was proved that if G is a transitive group on a 
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finite set X and   is a suborbit of G of length greater than 1, then for any x X  the 

groups 
xC G  and 

xD G
  have a common non-trivial homomorphic image. 

 

Cameron (1972) studied the aspect of bounding the rank of certain permutation groups. It 

was shown that if G is a primitive permutation group with subrank 3, then one of the 

following holds: 

i) G has rank at most 3. 

ii) G is a Frobenius group with Frobenius complement of order 3. 

iii)  16 5G V D , with degree 16 and rank 4. 

(Here  16 5V D  denotes a split extension of an elementary abelian group of order 16 by a 

dihedral group of order 10). The proof depended on graph-theoretic methods and 

elementary facts about permutation characters. 

 

Cameron (1973) studied primitive groups with most suborbits doubly transitive. It was 

found that if G is primitive on X and xG  is doubly transitive on all non-trivial suborbits 

except possibly one, with 2xG  , then G has rank at most 4. It was further proved that if 

the rank is 4, then the two doubly transitive suborbits of G are paired with each other, and 

the degrees, subdegrees, and intersection numbers are polynomials in a single parameter. 

 

Neumann (1977) extended the work of Higman on finite permutation groups. It was 

shown that when 5S  acts on unordered 2-element subsets from the set  1, 2, 3, 4, 5X  , 

the rank is 3 and its suborbits are all self-paired. Neumann also constructed the famous 

Petersen graph corresponding to one of the non-trivial suborbits. This graph was first 
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constructed by Julius Petersen in 1898. The Petersen graph serves as a useful example 

and counter example for many problems in graph theory.  

 

Numata (1978) studied primitive rank 5 permutation groups. It was proved that if G is a 

primitive rank 5 permutation group on a finite set X, and the stabilizer xG  of a point 

x X  is doubly transitive on  1 x  and  2 x , where  1 x  and  2 x  are two xG -

orbits with 1 1 2 2

       , then G is isomorphic to the small Janko simple group and 

266X  .  

 

Praeger and Saxl (1979) studied fixed points in paired suborbits. They showed that if P is 

a Sylow p-subgroup of xG  for some prime p dividing xG  and   is the set of fixed 

points of P in X, and  GN N P , then * and    are paired xN -orbits 

provided   . This led to an immediate conclusion that a Sylow subgroup of xG  

fixes the same number of points in   and * . 

 

Faradzev and Ivanov (1990) computed the subdegrees of primitive permutation 

representations of  2,PSL q . They showed that if (2, )G PSL q  acts on the cosets of a 

maximal subgroup H, then the rank is at least 2

G

H
 and if 100q  , the rank is more 

than 5. 

 

Marusic and Nedela (1998) characterized transitive permutation groups having a non-

self-paired suborbit of length 2 in terms of their point stabilizers. As a consequence, 
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elementary abelian groups were proved to be the only possible abelian point stabilizers 

arising from such actions, and 
4D  was shown to be the only non-abelian group of order 8 

with the same property. Constructions of such group actions with point stabilizers 

isomorphic to 4D  or 
2 , 1h h   were also given there. 

 

Evans (2001) showed how to construct a primitive permutation group which has a finite 

suborbit paired with a suborbit of size k, for every cardinal k. The existence of such 

groups answered a question raised by Neumann (1992) and completed a rough taxonomy 

of infinite, primitive permutation groups as outlined below: 

Case A: There is no (non-trivial) finite suborbit; 

Case B: There is a (non-trivial) finite suborbit   and   is finite; 

Case C: There is a finite suborbit   with   infinite. 

In order to accomplish this, a digraph with finite out-valency and in-valency k, whose 

automorphism group is primitive on vertices and transitive on directed edges was 

constructed and studied. 

 

Kamuti (2006) computed the subdegrees of primitive permutation representations of 

 2,PGL q  using a method proposed by Ivanov et al. (1983) which uses marks of a 

permutation group. It was proved that when  2,PGL q  acts on the cosets of its maximal 

subgroup H isomorphic to 4S , the rank is  

  
3 189 82

576

q q
r

 
 , 
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where q is a power of a prime. The subdegrees corresponding to this action were found to 

be 1, 4, 6, 8, 12 and 24. On the other hand in the action of  2,PGL q  on the cosets of its 

maximal subgroup H isomorphic to the dihedral group of degree  2 1q  , it was found 

that the rank is 

  

 

 

1
3 ,  if q is odd

2

1
2 ,  if q is even.

2

q

r

q




 
 


 

If q is odd the subdegrees were shown to be      
1

1, 1 , 1 and 2 q 1
2

q q    while if q 

is even the subdegrees were    1, 1 , and 2 1q q  . 

 

2.3 Suborbital graphs 

The idea of suborbital graphs corresponding to non-trivial suborbits of a group G acting 

on a set X was first introduced by Sims (1967) when he studied graphs and finite 

permutation groups. He defined the suborbital graph   corresponding to suborbital 

O X X   as a graph whose vertex set is X and edge set E consists of directed edges 

x y , where  ,x y  . Some other researchers have studied these graphs; 

 

Jones et al. (1991) considered the action of the modular group 

       2, 2,PSL SL I     

on the upper half-plane   Im 0U z z    and on the rational projective line 

 


   . They defined the action of   on U  as follows; 
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az b

z
cz d




,     , , , , 1a b c d ad bc   . 

For 


, each element was represented as a reduced fraction 

 ,   with  ,   and  , 1.
x

x y x y
y

   The action of   on 


 was defined as follows; 

  : ,  where  
a b a bx ax by

c d c dy cx dy

   
    

   
. 

This action was shown to be both transitive and imprimitive. 

 

They also constructed the suborbital graphs corresponding to the action of   on 


. 

Since   acts transitively on 


, each suborbital was shown to contain the pair  , v  for 

some v


 . If uv
n

 , with 0n  , and  , 1u n  , then the corresponding suborbital 

graph was denoted by ,u nG . The simplest of these graphs was the Farey graph F . In this 

graph, the vertex   is joined to integers, while two rational numbers 
r

s
 and 

x

y
 (in 

reduced form) are adjacent if and only if 1ry sx   , or equivalently if they are 

consecutive terms in the Farey sequence  mF  consisting of rationals 
x

y
 with y m , 

arranged in ascending order. They found that F  is connected, contains anti-directed 

triangles, such as 1 2    and further conjectured that any other suborbital graph 

is a forest if and only if it contains no triangles. 
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Kamuti (1992) devised a method for constructing some of the suborbital graphs of 

 2,PSL q  and  2,PGL q  acting on the cosets of their maximal dihedral subgroups of 

orders  1q   and  2 1q   respectively. This method gave an alternative way of 

constructing the Coxeter graph which was first constructed by Coxeter (1983). The 

Coxeter graph is a non-Hamiltonian cubic graph on 28 vertices and 42 edges with girth 7.  

 

Akbas (2001) extended the work of Jones et al. (1991) on the action of the modular group 

on 


. It was shown that ,u nG  contains a directed triangle if and only if 

 2 1 0 modu u n  . If 1n  , it was found that ,u nG  contains no anti-directed triangles 

and for every even natural number n, ,u nG  is a forest. Finally, Akbas proved the 

conjecture by Jones et al. (1991) that if 1n  , then the suborbital graph ,u nG  is a forest if 

and only if it contains no triangles. 

 

Heng et al. (2004) studied primitive permutation groups with small suborbits and their 

suborbital graphs. Based on the classification result of Quirin (1971) and Wang et al. 

(1992), they came up with a precise list of primitive permutation groups with a suborbit 

of length 4. In particular, they showed that there exists no example of such groups with 

the point stabilizer of order 4 62 3 , clarifying an open question (since 1970s). They also 

analyzed the suborbital graphs of primitive permutation groups with a suborbit of length 

3 or 4. They were able to obtain a complete classification of vertex-primitive arc-

transitive graphs of valency 3 and 4. They also proved that there exists no vertex-

primitive half-arc-transitive graph of valency less than 10. Finally, they constructed 
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vertex-primitive half-arc-transitive graphs of valency 2k for infinitely many integers k, 

with 14 as the smallest valency. 

 

Keskin (2006) characterized all circuits in the suborbital graph for the normalizer of the 

congruence subgroup  0 m  of the modular group in  2,PSL  when m is a square-

free integer. The normalizer of  0 m  was taken to consist of matrices of the form 

  
/

/

ae b h

cm h de

 
 
 

, 

where  2/e m h  and h is the largest divisor of 24 for which 2h m  with the 

understanding that the determinant of the matrix is 0e  , and that  2, / 1e m h e  . It was 

shown that if m has prime power decomposition 31 2

32 .3 . ... r

rp p
   , then the normalizer of 

 0 m  acts transitively on 


 if and only if 1 27, 3, 1, 3, 4,...,i i r      . 

Consequently, each non-trivial suborbital graph was seen to contain a pair  , u
n

  for 

some u
n



  and this graph was denoted by  , uG
n

 .  

 

Keskin also proved that if  , 1m n  , then any circuit in  , uG
n

  is in the form  

         2 3 1... kv T v T v T v T v v       

for a unique elliptic mapping T in the normalizer of  0 m  of order k and for some 

v


 . Finally, it was conjectured that if 1n   and the normalizer of  0 m  acts 
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transitively on 


, then any circuit of length k in the suborbital graph  , uG
n

  is of the 

form  

         2 3 1... kv T v T v T v T v v       

for a unique elliptic element T in the normalizer of  0 m  of order k and for some 

v


 . 

 

Guler et al. (2008) worked on the suborbital graphs of the congruence subgroup  0 N  

of the modular group  . The elements of this subgroup were taken to be matrices of the 

form; 

     0 0 mod  
a b

N c N
c d

  
     

  
.  

Without loss of generality, for making calculations easier, N was taken to be a prime p. 

They showed that the action of  0 p  on 


 is both intransitive and imprimitive. They 

also showed that the orbits of  0 p  on 


 are 
1

1

 
 
 

 and 
1

p

 
 
 

. Finally, they determined 

the suborbital graphs for  0 p  on 
1

p

 
 
 

; each suborbital was found to contain a pair 

 , v  for some 
1

,
u

v v
p p

 
  
 

 and was denoted by ,u p . The corresponding suborbital 

graph was denoted by ,u pF . They proved that ,u pF  contains a triangle if and only if 

 2 1 0 modu u p  . 
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Keskin and Bahar (2009) proved the conjecture by Keskin (2006) concerning the general 

form of any circuit of length k in the suborbital graph  , uG
n

 . They also showed that 

if m is a square-free positive integer and  , 1u n  , then  , uG
n

  contains a triangle if 

and only if m n ,  2 1 0 modu u n  , a rectangle if and only if 2 m , 2m n  and 

 22 2 1 0 modu u n  , and a hexagon if and only if 3 m , 3m n  and 

 23 3 1 0 modu u n  . They finally concluded that if the normalizer of  0 m  is 

transitive on 


, then the length of any circuit in  , uG
n

  is either 3 or an even natural 

number. 

 

Besenk et al. (2010) examined some suborbital graphs for the normalizer  Nor N  of 

 0 N  in  2,PSL  when N is an integer of the form 22 p , where 8   and p is a 

prime greater than 3. Since  Nor N  is not transitive on 


, they considered the action of 

 22Nor p  on  22 p


, which is the set 

   2      2 , where , 1, 2 or 2 ; 0,1, 2, 3 and  0, 2 .i j i j
a

p a b b p p i j
b

 



  

      
  

This is the maximal subset of 


 on which  22Nor p  acts transitively. They showed 

that each non-trivial suborbital graph corresponding to this action contains a pair 

2,
2

u
p

 
 
 

 for some 22
u

p



  and denoted such a graph by 2,
2

uF
p

 
 
 

. They 

proved that 2,
2

uF
p

 
 
 

 is self-paired if and only if  2 3 21 mod 2u p   and that it 
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is a forest. Finally, they conjectured that if N has prime decomposition 3

32 .3 . ... r

rp p
   , 

then among others than the case of the transitive action, also for 4  , the suborbital 

graphs of the normalizer would be a forest. 

 

The action of the symmetric group nS  on  r
X  is an aspect that seems to have received 

little attention for a long time. Also the suborbital graphs corresponding to this action 

have not been studied. This study is aimed at investigating the action of the symmetric 

group nS  on  r
X . Suborbital graphs corresponding to this action will also be constructed 

and their theoretic properties studied. 
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CHAPTER THREE 

ACTION OF 
n

S  ON ORDERED 2-ELEMENT SUBSETS, 3-ELEMENT SUBSETS 

AND 4-ELEMENT SUBSETS 

3.1 Introduction 

The main objective of this chapter is to come up with some results that will form a basis 

for generalization to be made on rank and subdegrees in the next chapter. We consider 

particular cases when the symmetric group nS  is acting on ordered 2-element subsets,     

3-element subsets and 4-element subsets from the set  1, 2, ,X n . Section 3.2 gives 

some properties of nS  acting on  2
X , the set of all ordered pairs from X. In Section 3.3 

we discuss some properties of nS  acting on  3
X  while in Section 3.4 we consider the 

action of nS  on  4
X . Throughout this chapter and the remaining chapters, G will 

represent the symmetric group nS  while X will represent the set  1, 2, , n . 

 

3.2 Action of G  on 
 2

X  

The set  2
X  has 

 
 2

!
1

2 !

n n
P n n

n
  


 elements and the action of G on  2

X  is defined 

as follows; 

         2
, , , , ,g x y g x g y g G x y X      .   

 

3.2.1 Properties of the action of G  on 
 2

X  

Theorem 3.2.1.1 

G acts transitively on  2
X . 



 24 

Proof 

Let    2
,x y X , where  , 1, 2, ,x y n . We need to show that the length of the orbit 

of  ,x y  is equal to  2
X . We first determine  ,GH Stab x y . Now ng S  fixes 

 ,x y  if and only if    , ,g x y x y  so that     and g yg x x y  . Thus x and y must 

come from 1-cycles. Hence H is isomorphic to the symmetric group 2nS   and so 

 2 !H n  . 

By Theorem 1.1.7, 

        , : ,G GOrb x y G Stab x y  

   
 ,G

G

Stab x y
  

   
 

!

2 !

n

n



 

   2

nP  

   
 2

X . 

Hence G acts transitively on  2
X .        

Theorem 3.2.1.2 

If 4n  , then the rank of G  on  2
X  is equal to 7.  

Proof 

Let G  act on  2
X . Then  1, 2

G  has orbits with exactly 2, 1 and no element from 

 1, 2A  . Now, there are 2! 2  suborbits with exactly two elements from A. Also there 

are 2 ways of selecting an element from A and each can occupy the two positions in 2 
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ways. Hence there are 4 suborbits with exactly one element from A. Finally, there is 1 

suborbit with no element from A. Hence the rank of G on  2
X is equal to 

 R G  2 4 1 7   .          

The 7 orbits of 
 1,2

G  on  2
X  are: 

a) Suborbits of G containing both 1 and 2; 

 
 
    

1, 2 01, 2 1, 2GOrb      
 
    

1, 2 12,1 2,1GOrb     

b) Suborbits of G containing exactly one element from  1, 2A  ; 

 
 
          

1, 2 21, 3 1, 3 , 1, 4 , 1, 5 ,..., 1,GOrb n    

 
 
          

1, 2 33,1 3,1 , 4,1 , 5,1 ,..., ,1GOrb n    

 
 
          

1, 2 42, 3 2, 3 , 2, 4 , 2, 5 ,..., 2,GOrb n    

 
 
          

1, 2 53, 2 3, 2 , 4, 2 , 5, 2 ,..., , 2GOrb n    

c) Suborbit of G containing neither 1 nor 2; 

 
 
              

1, 2 63, 4 3, 4 , 3,5 ,..., 3, , 4, 3 , 4, 5 ,..., , 1GOrb n n n     

 

The subdegrees of G are as shown in Table 3.1 below: 

Table 3.1: Subdegrees of G acting on  2
X  for 4n   

Suborbit length 1  2n     2 3n n    

Number of suborbits 2 4 1 
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3.2.2 Suborbital graphs corresponding to the action of n
G = S n  ≥ 4  on 

 2
X  

The suborbital graph corresponding to 0  is a null graph which is of little interest in our 

case. We then remain with suborbits 1 2 3 4 5 6, , , , and      . Since G  is even, then 

by Theorem 1.1.11, 
 1, 2

G  has at least an orbit different from 0  which is self-paired. In 

fact the suborbits 1 2 5 6, , and     are self-paired by Definition 1.1.10. Thus by 

Theorem 1.1.21 the corresponding suborbital graphs have undirected edges. On the other 

hand, 3 4 and     are paired and so their corresponding suborbital graphs have directed 

edges. 

 

Now, let V and W be any two distinct ordered pairs from X. Then we construct these 

graphs as follows; 

a) The suborbital 1  corresponding to suborbit 1  is 

       1 11, 2 , 2,1 , 2,1g g g G    . Therefore, 
1
G , the corresponding 

suborbital graph has an edge from V to W if and only if the first coordinate of V is 

identical to the second of W and the second coordinate of V is identical to the first of 

W. The graph 
1
G  has no cycles and hence has girth zero. It is also disconnected, 

regular of degree 1 and bipartite with one part corresponding to pairs  ,a b  with 

a b , and the other to a b . 

 

Example 3.2.2.1 

If 4n  , 
1
G  is as shown in Figure 3.1 below; 
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Figure 3.1: The suborbital graph 
1
G  corresponding to the action of 4G S  on  2

X  

 

b) The suborbital 2  corresponding to suborbit 2  is 

       2 21,2 , 1,3 , 1,3g g g G    . Therefore, the corresponding suborbital 

graph 
2
G  has an edge from V to W if and only if the first coordinate of V is identical to 

the first of W and the second coordinate of V is not identical to the second of W. The 

graph 
2
G  is disconnected, regular of degree 2 and has girth three. 

Example 3.2.2.2 

If 4n  , 
2
G  is as shown in Figure 3.2 below; 

 1, 3  

 4, 2  

 3, 2  

 1, 4   1,2  

 4,1  

 2, 4  

 2,1  

 3, 4  
 3,1  

 4, 3  

 2, 3  
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Figure 3.2: The suborbital graph 
2
G  corresponding to the action of 4G S  on  2

X  

 

c) The suborbital 3  corresponding to suborbit 3  is 

       3 31, 2 , 3,1 , 3,1g g g G    . Therefore, the corresponding suborbital 

graph 
3
G  has a directed edge from V to W if and only if the first coordinate of V is 

identical to the second of W and the second coordinate of V is not identical to the first 

of W. The graph 
3
G  is disconnected, has girth 3 and each of its vertices has indegree 2 

and outdegree 2. 

Example 3.2.2.3 

If 4n  , 
3
G  is as shown in Figure 3.3 below; 

 

 1, 3  

 4, 2  

 4,1

 
 2, 4  

 3, 2  

 1, 4  
 1, 2

 

 2,1  

 3, 4  

 3,1  

 4, 3  

 2, 3
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Figure 3.3: The suborbital graph 
3
G  corresponding to the action of 4G S  on  2

X  

 

d) The suborbital 4  corresponding to suborbit 4  is 

       4 41, 2 , 2, 3 , 2, 3g g g G    . Therefore, the corresponding suborbital 

graph 
4
G  has a directed edge from V to W if and only if the first coordinate of V is not 

identical to the second of W and the second coordinate of V is identical to the first of 

W. The graph 
4
G  is disconnected, has girth 3 and each of its vertices has indegree 2 

and outdegree 2. 

Example 3.2.2.4 

If 4n  , 
4
G  is as shown in Figure 3.4 below; 

 4, 2  

 1, 4

 
 1, 2  

 3, 4  

 4, 3

 

 2,1  

 1, 3  

 3,1  

 2, 4

 

 3, 2  

 2, 3

 

 4,1  
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Figure 3.4: The suborbital graph 
4
G  corresponding to the action of 4G S  on  2

X  

 

e) The suborbital 5  corresponding to suborbit 5  is 

       5 51, 2 , 3, 2 , 3, 2g g g G    . Therefore, the corresponding suborbital 

graph 
5
G  has an edge from V to W if and only if the first coordinate of V is not 

identical to the first of W and the second coordinate of V is identical to the second of 

W. The graph 
5
G  is disconnected, regular of degree 2 and has girth three. 

Example 3.2.2.5 

If 4n  , 
5
G  is as shown in Figure 3.5 below; 

 4, 2  

 1, 4   1, 3  

 1, 2  

 3, 4  

 4, 3  
 2,1  

 3,1  

 2,4  

 2, 3  

 4,1  

 3, 2  
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Figure 3.5: The suborbital graph 
5
G  corresponding to the action of 4G S  on  2

X  

 

f) Finally, the suborbital 6  corresponding to suborbit 6  is 

       6 61, 2 , 3, 4 , 3, 4g g g G    . Thus, the corresponding suborbital 

graph 
6
G  has an edge from V to W if and only if the coordinates of V are not identical 

to the coordinates of W. The graph 
6
G  is disconnected, regular of degree 2 and has 

girth 4. 

Example 3.2.2.6 

If 4n  , 
6
G  is as shown in Figure 3.6 below; 

 

 1, 3  

 4, 2  

 3, 2  

 1, 4  

 4,1  

 2, 4  

 2,1  

 3, 4  
 3,1  

 4, 3

 

 2,3  

 1, 2  
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Figure 3.6: The suborbital graph 
6
G  corresponding to the action of 4G S  on  2

X  

Theorem 3.2.2.7  

G acts imprimitively on  2
X  provided 3n  . 

Proof 

Consider the orbits  0 1 2 61, 2 , , , ,      of 
 1, 2

G  on  2
X . Suppose the lengths of 

these orbits are 0 1 2 6, , , ,n n n n , where 0 1 2 6...n n n n    . Then from Table 3.1, 1 1n   

and  2 2n n  . Now, let 2j  , then 0j   and      1 12 1 1j jn n n n      if 3n  . 

Hence by Theorem 1.1.15, G acts imprimitively on  2
X  provided 3.n     

Corollary 3.2.2.8 

Let G act on  2
X . If 3n  , then all the corresponding suborbital graphs are disconnected. 

 

 

 4, 2

 

 1, 4

 

 1, 2

 

 3, 4

 

 4, 3

 

 2,1  

 1, 3  

 3,1

 

 2, 4

 

 3, 2

 

 2, 3

 

 4,1

 



 33 

Proof 

From Theorem 3.2.2.7, G acts imprimitively on  2
X  if 3n   and so by Theorem 1.1.22 

all the corresponding suborbital graphs are disconnected provided 3n  .   

 

3.3 Action of G  on 
 3

X  

The cardinality of  3
X  is 

 
  3

!
1 2

3 !

n n
P n n n

n
   


 and the action of G on  3

X  is 

defined as follows; 

           3
, , , , , , , ,g x y z g x g y g z g G x y z X      . 

 

3.3.1 Properties of the action of n
G = S  on 

 3
X  

Theorem 3.3.1.1 

G acts transitively on  3
X . 

Proof 

Let    3
, ,x y z X , where  , , 1, 2, ,x y z n . We need to show that the length of the 

orbit of  , ,x y z  is equal to the cardinality of  3
X . We first determine 

 , ,GH Stab x y z . Now ng S  fixes  , ,x y z  if and only if    , , , ,g x y z x y z , so 

that    ,g x x g y y   and  g z z . This implies that x, y and z come from 1-cycles. 

Therefore H is isomorphic to the symmetric group 3nS   and so  3 !H n  . 

By Theorem 1.1.7, 

        , , : , ,G GOrb x y z G Stab x y z  
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 , ,G

G

Stab x y z
  

   
 

!

3 !

n

n



 

   
3

nP  

    3
X . 

Hence G acts transitively on  3
X .        

Theorem 3.3.1.2 

If 6n  , then the rank of G on  3
X is equal to 34. 

Proof 

Let G  act on  3
X . Then 

 1, 2, 3
G  has orbits with exactly 3, 2, 1 and no element from 

 1, 2, 3A  . Now, there are 3! 6  suborbits with exactly 3 elements from A. Also there 

are 3

2 6P   ways of selecting an ordered pair from A and each ordered pair can occupy 

the three positions in 
3

3
2

 
 

 
 ways. Hence there are 18 orbits of 

 1, 2, 3
G  on  3

X  

containing exactly 2 elements from A. Similarly, there are 3 3

1 1 9P C   suborbits with 

exactly 1 element from A. Finally, there is 1 suborbit with no element from A. Hence the 

rank of G on  3
X is equal to  R G  6 18 9 1 34    .     

 

The suborbits 0 1 33, ,...,    of G on  3
X  are as given in Appendix A. Finally, the 

subdegrees of G are as shown in Table 3.2 below: 
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Table 3.2: Subdegrees of G acting on  3
X  for 6n   

Suborbit length 1 (n-3) (n-3)(n-4) (n-3)(n-4)(n-5) 

Number of suborbits 6 18 9 1 

 

3.3.2 Suborbital graphs corresponding to the action of n
G = S n  ≥ 6 on  3

X  

By Definition 1.1.10, the suborbits  1, 2, 5, 6, 9,13,16, 20, 23, 24, 28, 32, 33i i   are 

self-paired. Therefore, by Theorem 1.1.21 their corresponding suborbital graphs are 

undirected. On the other hand, the suborbits  3, 7, 8,10,11,14,17, 25, 26, 29j j   are 

respectively paired with suborbits  4,12,18,15, 21,19, 22, 27, 30, 31k k  . Similarly 

by Theorem 1.1.21, for each j and k, the corresponding suborbital graphs are directed. 

Theorem 3.3.2.1 

G acts imprimitively on  3
X  provided 4n  . 

Proof 

Consider the orbits  0 1 2 331, 2, 3 , , , ,      of  1, 2, 3
G  on  3

X . Suppose the lengths 

of these orbits are 0 1 2 33, , , ,n n n n , where 0 1 2 33...n n n n    . Then from Table 3.2, 

1 1n  , 5 1n   and  6 3n n  . Now, let 6j  , then 0j   and 

     1 13 1 1j jn n n n      if 4n  . Hence by Theorem 1.1.15, G acts imprimitively on 

 3
X  provided 4.n            

Corollary 3.3.2.2 

Let G act on  3
X . If 4n  , then all the corresponding suborbital graphs are 

disconnected. 
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Proof 

From Theorem 3.3.2.1, G acts imprimitively on  3
X  if 4n   and so by Theorem 1.1.22 

all the corresponding suborbital graphs are disconnected provided 4n  .   

 

3.4 Action of G  on 
 4

X  

The set  4
X  has 

 
   4

!
1 2 3

4 !

n n
P n n n n

n
    


 elements and the action of G on 

 4
X  is defined as follows; 

             4
, , , , , , , , , , ,g x y z w g x g y g z g w g G x y z w X      . 

 

3.4.1 Properties of the action of G  on 
 4

X  

Theorem 3.4.1.1 

G acts transitively on  4
X . 

Proof 

Let    4
, , ,x y z w X , where  , , , 1, 2, ,x y z w n . We need to show that the length of 

the orbit of  , , ,x y z w  is equal to the cardinality of  4
X . We first determine 

 , , ,GH Stab x y z w . Now ng S  fixes  , , ,x y z w  if and only if 

   , , , , , ,g x y z w x y z w , so that        , ,  and g wg x x g y y g z z w    . This 

implies that x, y, z and w come from 1-cycles. Hence H is isomorphic to the symmetric 

group 4nS   and so  4 !H n  . 

By Theorem 1.1.7, 

        , , , : , , ,G GOrb x y z w G Stab x y z w  
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 , , ,G

G

Stab x y z w
  

   
 

!

4 !

n

n



 

   
4

nP  

    4
X . 

Hence G acts transitively on  4
X .        

Theorem 3.4.1.2 

If 8n  , then the rank of G on  4
X  is equal to 209. 

Proof 

Let G  act on  4
X . Then 

 1, 2, 3, 4
G  has orbits with exactly 4, 3, 2, 1 and no element from 

 1, 2, 3, 4A  . Now, there are 4! 24  suborbits with exactly 4 elements from A. Also 

there are 4

3 24P   ways of selecting an ordered triple from A and each ordered triple can 

occupy the four positions in 
4

4
3

 
 

 
 ways. Hence there are 96 orbits of  1, 2, 3, 4

G  on  4
X  

containing exactly 3 elements from A. Similarly, there are 4 4

2 2 72P C   and 

4 4

1 1 16P C   suborbits with exactly 2 and 1 element respectively from A. Finally, there 

is 1 suborbit with no element from A. Hence the rank of G on  4
X  is equal to 

 R G  24 96 72 16 1 209     .         

 

The suborbits 0 1 208, ,...,    of G on  4
X  are as given in Appendix B. Finally, the 

subdedgrees of G are as shown in Table 3.3 below: 
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Table 3.3: Subdegrees of G acting on  4
X  for 8n 

 

Suborbit Length 1 (n-4) (n-4)(n-5) (n-4)(n-5)(n-6) (n-4)(n-5)(n-6)(n-7) 

Number of Suborbits 24 96 72 16 1 

 

3.4.2 Suborbital graphs corresponding to the action of n
G = S n  ≥ 8  on  4

X  

By Definition 1.1.10, the suborbits i  ( 1i  , 2, 5, 6, 7, 14, 16, 21, 23, 24, 29, 32, 38, 41, 

46, 48, 53, 63,71, 78, 80, 87, 105, 114, 119, 120, 127, 134, 138, 149, 154, 157, 167, 171, 

176, 184, 189, 192, 197, 202, 207, 208) are self-paired. Thus by Theorem 1.1.21 their 

corresponding suborbital graphs are undirected. On the other hand, the suborbits           

j  ( 3j  , 8, 9, 10, 11, 15, 17, 25, 26, 27, 30, 31, 33, 34, 35, 39, 42, 43, 47, 49, 50, 51, 

54, 55, 56, 57, 58, 59, 64, 65, 66, 67, 74, 75, 79, 81, 82, 83, 89, 90, 91, 93, 94, 95, 106, 

107, 115, 121, 122, 123, 124, 125, 128, 129, 130, 131, 135, 136, 137, 139, 140, 141, 142, 

143, 147, 148, 153, 158, 159, 160, 161, 164, 165, 166 ,177, 178, 183, 193, 194, 195, 198, 

199, 203) are paired respectively with suborbits k  ( 4k  , 12, 18, 13, 19, 20, 22, 28, 36, 

60, 37, 61, 40, 44, 68, 62, 45, 69, 70, 52, 76, 84, 77, 85, 72, 96, 100, 108, 73, 97, 101, 

109, 88, 92, 86, 104, 112, 116, 98, 102, 110, 99, 103, 111, 113, 117, 118, 126, 132, 168, 

150, 144, 133, 169, 151, 145, 170, 152, 146. 156, 174, 186, 180, 162, 173, 155, 172, 175, 

187, 181, 163, 179, 191, 185, 188, 182, 190, 196, 200, 204, 201, 205, 206). Similarly by 

Theorem 1.1.21, for each j and k, the corresponding suborbital graphs have directed 

edges. 
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Theorem 3.4.2.1 

G acts imprimitively on  4
X  provided 5n  . 

Proof 

Consider the orbits  0 1 2 2081, 2, 3, 4 , , , ,      of 
 1, 2, 3, 4

G  on  4
X . Suppose the 

lengths of these orbits are 0 1 2 208, , , ,n n n n  where, 0 1 2 208...n n n n    . Then from 

Table 3.3, 1 1n  , 23 1n   and  24 4n n  . Now, let 24j  , then 0j   and 

     1 14 1 1j jn n n n      if 5n  . Hence by Theorem 1.1.15, G acts imprimitively on 

 4
X  provided 5.n            

Corollary 3.4.2.2 

Let G act on  4
X . If 5n  , then all the corresponding suborbital graphs are disconnected. 

Proof 

From Theorem 3.4.2.1, G acts imprimitively on  4
X  if 5n   and so by Theorem 1.1.22 

all the corresponding suborbital graphs are disconnected provided 5n  .   
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CHAPTER FOUR 

RANKS AND SUBDEGREES OF 
n

S  ACTING ON 
 r

X  

 

4.1 Introduction 

Let G  act on  1, 2, ,X n . Then the action of G on X induces an action of G on  r
X  

that is defined as follows; 

            
1 2 1 2 1 2, , , , , , , , , , ,

r

r r rg a a a g a g a g a g G a a a X      . 

In this chapter we discuss in detail some properties of the above action. The chapter is 

presented in four sections. 

In Section 4.2, we investigate some properties of the symmetric group nS  acting on  r
X . 

In Section 4.3, we determine the ranks and subdegrees of nS  acting on  r
X . Finally in 

Section 4.4 we investigate some properties of suborbits of nS  acting on  r
X . 

 

4.2 Some properties of G acting on 
 r

X  

Theorem 4.2.1 

Let the cycle type of g G  be  1 2, , , n   . If 1 r  , then the number of elements in 

 r
X  fixed by g is given by the formula 

    1
!Fix g r

r

 
  

 
.       4.1) 

Proof 

Let    
1 2, , ,

r

ra a a X  and g G . Then g fixes    
1 2, , ,

r

ra a a X  if and only if 

1 2, ,.., ra a a  are mapped onto themselves by g. That is 
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         1 2 1 2 1 2, , , , , , , , ,r r rg a a a g a g a g a a a a     implying that 

     1 1 2 2, , , r rg a a g a a g a a   . Therefore each of the elements 1 2, , , ra a a  

comes from a 1-cycle. Hence the number of unordered r-element subsets fixed by ng S  

is 
1

r

 
 
 

. But an unordered r-element subset say,  1 2, , , ra a a  can be rearranged to give 

!r  distinct ordered r-element subsets. Hence 

    1
!Fix g r

r

 
  

 
.        

Example 4.2.2 

Consider the action of 7G S  on  3
X  and let   71234g S  , then the cycle type of g is 

 3, 0, 0,1, 0, 0, 0 . Now, by Theorem 4.2.1 we have, 

 
3

3! 6
3

Fix g
 

  
 

 

  and 

              5, 6, 7 , 5, 7, 6 , 6, 5, 7 , 6, 7, 5 , 7, 5, 6 , 7, 6, 5Fix g  . 

Theorem 4.2.3 

Suppose g G  has cycle type  1 2, , , n   . Then the number of permutations fixing 

   
1 2, , ,

r

ra a a X  and conjugate to g is given by 

  
 

 1

1

2

!

1 ! ! i

n
r

i

i

n r

r i
  





 
.      4.2) 
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Proof 

Suppose g G  has cycle type  1 2, , , n   . Then g fixes an ordered r-element subset 

 1 2, , , ra a a  if and only if each of the elements 1 2, , , ra a a  comes from a 1- cycle. 

Hence the number of permutations in G fixing  1 2, , , ra a a  and conjugate to g is equal 

to the number of permutations in n rS   having cycle type  1 2, , , nr   . By 

Theorem 1.1.3, this number is  

  
 

 1

1

2

!

1 ! ! i

n
r

i

i

n r

r i
  





 
.       

 

We can apply the above theorem to compute the order of the stabilizer of a point in a 

group action.  

Example 4.2.4 

Consider the action of 7G S  on  3
X . We want to compute  1, 2, 3GStab . Now, by 

Theorem 4.2.3 we have the following results recorded in Table 4.1 below: 
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Table 4.1: Number of permutations in  1, 2, 3GStab  

Permutation Type Number of permutations fixing  1, 2, 3  

1 1 

 ab  6 

 abc  8 

 abcd  6 

 abcde  0 

 abcdef  0 

 abcdefg  0 

   ab cd  3 

   ab cde  0 

   ab cdef  0 

   ab cdefg  0 

     ab cd ef  0 

     ab cd efg  0 

   abc def  0 

   abc defg  0 

 

From the second column, we see that  
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 1, 2, 3 1+ 6 + 8 + 6 + 0 + 0 + 0 + 3 + 0 + 0 + 0 + 0 + 0 + 0 + 0GStab  24 . 

Theorem 4.2.5 

Let G act on  r
X . Then the order of the stabilizer of    

1 2, , ,
r

ra a a X  in G is equal 

to  

   1 2, , ..., !G rStab a a a n r  .     4.3) 

Proof 

Let    
1 2, , ,

r

ra a a X  and g G . Then g fixes  1 2, ,..., ra a a  if and only if each of the 

elements 1 2, , , ra a a  comes from a 1-cycle. Hence the order of  1 2, , ,G rStab a a a  is 

equal to the order of the group of all permutations of the set  1 2, , ,r r na a a  . But this 

group is isomorphic to n rS  . Hence 

     1 2, , ..., !G rStab a a a n r   .     

Example 4.2.6 

Consider the action of 7G S  on  3
X , then by Theorem 4.2.5 

   1, 2, 3 7 3 !GStab   24 . 

This agrees with the results obtained earlier by applying Theorem 4.2.3 (See example 

4.2.4). 

Theorem 4.2.7 

G acts transitively on  r
X . 
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Proof 

Let    
1 2, , ,

r

ra a a X , we only need to show that the length of the orbit of 

 1 2, , , ra a a  is equal to  r
X . Now, from Theorem 4.2.5 we have 

   1 2, , , !G rStab a a a n r  . Also !G n ; hence by Theorem 1.1.7 we have 

    1 2 1 2, , , : , , ,G r G rOrb a a a G Stab a a a  

    
 1 2, , ,G r

G

Stab a a a
  

    
 

!

!

n

n r



 

    n

rP  

    =
 r

X . 

Hence G acts transitively on  r
X .        

 

4.3 Ranks and Subdegrees of G acting on 
 r

X  
 

4.3.1 Ranks of G acting on 
 r

X  

From the results obtained in Sections 3.2, 3.3 and 3.4, we can generalize the ranks of G 

on  r
X  as follows; 

Case 1 

If n r , then  1, 2, , r
G  has !r  orbits with exactly r elements from  1, 2, ,A r . Hence 

the rank of G on  r
X  in this case is equal to 

   !R G r .         4.4) 
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Case 2 

If 1n r  , then 
 1, 2, , r

G  has orbits with exactly r and  1r   elements from 

 1, 2, ,A r . Now, there are !r  suborbits with exactly r elements from A. Also there 

are 1

r

rP   ways of choosing an ordered  1r  -tuple from A and each ordered  1r  -

tuple can occupy the r positions in 1

r

rC   ways. Hence there are 

 2

1 1 ! 1 !r r

r rP C r r r r      suborbits with exactly  1r   elements from A. 

Therefore the rank of G on  r
X  in this case is equal to 

    2! 1 !R G r r r   .       4.5) 

Case 3 

If 2n r  , then  1, 2, , r
G  has orbits with exactly r,  1r   and  2r   elements from 

 1, 2, ,A r . Now, there are !r  suborbits with exactly r elements from A. Also there 

are  2

1 1 1 !r r

r rP C r r     and 
   

22

2 2

1 2 !

2!2!

r r

r r

r r r
P C 

 
   suborbits 

with exactly  1r   and  2r   elements from A respectively. Hence the rank of G on 

 r
X  in this case is equal to 

    
   

22

2
1 2 !

! 1 !
2!2!

r r r
R G r r r

 
    .    4.6) 
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Case r 

If 2 1n r  , then 
 1, 2, , r

G  has orbits with exactly r,  1r  ,  2r  ,  3r  , , 2 

and 1 element from  1, 2, ,A r . The number of each of these orbits is as shown in 

Table 4.2 below: 

 

Table 4.2: Suborbits of G acting on  r
X , where  1, 2, , , 1, ,2 2, 2 1X r r r r     

Number of elements m 

from  1, 2, ,A r  

Number of orbits of  1, 2, ... , r
G  on  r

X  containing exactly 

m elements from A 

r !r  

 1r    2! 1 !r r r r   

 2r        
22! 1 1 2 !

2!2! 2!2!

r r r r r r  
  

 3r           
2 22! 1 2 1 2 3 !

3!3! 3!3!

r r r r r r r r    
  

… … 

… … 

2    

   

 
2 2 22 2 2 21 2 ... 4 3 2! 1

2 ! 2 ! 2!

r r r r r

r r

  


 
 

1    

   

2 22 2 2 2

2
1 2 ... 4 3 2 1!

1 ! 1 !

r r r
r

r r

 


 
 

 

Hence the rank of G on  r
X  in this case is given by  
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   
           

2 2 2 22 2 2

2 2
1 2 ! 1 2 3 ! 1

! 1 ! ... .
2!2! 3!3! 2!

r r r r r r r r r
R G r r r r

     
         

           4.7) 

Case r + 1  

If 2n r , then 
 1, 2, , r

G  has orbits with exactly r,  1r  ,  2r  ,  3r  , , 2, 1 

and no element from  1, 2, ,A r . The number of each of these orbits is as shown in 

Table 4.3 below: 

 

Table 4.3: Suborbits of G acting on  r
X , where  1, 2, , , 1, ,2 1, 2X r r r r    

Number of elements m 

from  1, 2, ,A r  

Number of orbits of  1, 2, ... , r
G  on  r

X  containing 

exactly m elements from A 

r !r  

 1r    2! 1 !r r r r   

 2r        
22! 1 1 2 !

2!2! 2!2!

r r r r r r  
  

 3r           
2 22! 1 2 1 2 3 !

3!3! 3!3!

r r r r r r r r    
  

… … 

… … 

2    

   

 
2 2 22 2 2 21 2 ... 4 3 2! 1

2 ! 2 ! 2!

r r r r r

r r

  


 
 

1    

   

2 22 2 2 2

2
1 2 ... 4 3 2 1!

1 ! 1 !

r r r
r

r r

 


 
 

0    
2 22 2 2 2 21 2 ... 4 3 2 1 0!

1
! !

r r r

r r

 
  
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Hence the rank of G on  r
X  in this case is given by  

   
           

2 2 2 22 2 2

2 2
1 2 ! 1 2 3 ! 1

! 1 ! ... 1.
2!2! 3!3! 2!

r r r r r r r r r
R G r r r r

     
        

           4.8) 

For the values of 2n r , we have the following theorem: 

Theorem 4.3.1.1 

If 2n r , then the rank of G on  r
X  is equal to 

   
           

2 2 2 22 2 2

2 2
1 2 ! 1 2 3 ! 1

! 1 ! ... 1.
2!2! 3!3! 2!

r r r r r r r r r
R G r r r r

     
        

Proof 

We prove by induction. If 2n r , then the rank of G on  r
X  is given by equation 4.8 

(See case r +1). Hence the theorem holds for 2n r . Next, we assume that the theorem 

holds for 2n r k  , where k  and show that it holds for  2 1n r k   . Now, 

suppose we add an extra element to the set  1, 2, , , 1, , 2 , 2 1, ..., 2X r r r r r k    . 

Then the extra element changes the lengths of suborbits of G with exactly  1r  , 

 2r  ,  3r  , , 2, 1 and no elements from  1, 2, ,A r  and not the number of 

suborbits. Therefore if  2 1n r k   , then the rank of G on  r
X  is the same as that 

when 2n r k   and so the theorem holds for  2 1n r k   . Hence by the principle of 

mathematical induction the theorem holds for all 2n r .     

 

Example 4.3.1.1 

a) If 2r   and 4n  , then the rank of G on  2
X  is equal to 
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  
2 2

2 2 1 0!
2! 2 1!

2!2!
R G     

  2 4 1   = 7. 

b) If 3r   and 6n  , then the rank of G on  3
X  is equal to 

  
2 2 2 2 2

2 3 2 1! 3 2 1 0!
3! 3 2!

2!2! 3!3!
R G      

  6 18 9 1    34 . 

c) If 4r   and 8n  , then the rank of G on  4
X  is equal to 

  
2 2 2 2 2 2 2 2 2

2 4 3 2! 4 3 2 1! 4 3 2 1 0!
4! 4 3!

2!2! 3!3! 4!4!
R G       

  24 96 72 16 1     = 209. 

This agrees with the results obtained in Sections 3.2, 3.3 and 3.4. 

 

4.3.2 Subdegrees of G acting on 
 r

X  

From the results obtained in Sections 3.2, 3.3 and 3.4, the subdegrees of G on  r
X  can be 

generalized as shown in Table 4.4 below: 
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Table 4.4: Subdegrees of nS acting on  r
X  for 2n r  

Suborbit length Number of suborbits 

1 !r  

 n r   2 1 !r r   

  1n r n r       
22 1 2 !

2!2!

r r r 
 

   1 2n r n r n r           
2 22 1 2 3 !

3!3!

r r r r  
 

… … 

… … 

     1 2 ... 2 3n r n r n r n r         
22 1

2!

r r 
 

      1 2 ... 2 3 2 2n r n r n r n r n r          2r  

       1 2 ... 2 3 2 2 2 1n r n r n r n r n r n r          

 

1 

 

Example 4.3.2.1 

If 4r   and 8n  , then the subdegrees of G on  4
X  are as shown in Table 4.5 below: 

 

Table 4.5: Subdegrees of G acting on  4
X  for 8n   

Suborbit Length 1 (n-4) (n-4)(n-5) (n-4)(n-5)(n-6) (n-4)(n-5)(n-6)(n-7) 

Number of Suborbits 24 96 72 16 1 
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This also agrees with the results obtained in Section 3.4. 

 

4.4 Properties of suborbits of G acting on  r
X  

Theorem 4.4.1 

Let G act on  r
X . Suppose   1 2, , , ra a a   is an orbit of 

 1, 2, ... , r
G  on  r

X  of length 

1, where  1, 2, ,ia r  1, 2, ,i r  . Then   is self-paired if and only if the 

permutation 
1 2

1 2 ...

... r

r

a a a


 
  
 

 is such that 2 1.   

Proof 

Let   be self-paired. Then there exists g G  such that  

   1 2, , , 1, 2, ,rg a a a r , that is  

       1 2, , , 1, 2, ,rg a g a g a r   . 

      1 21, 2,..., rg a g a g a r   . 

Since   is self-paired, then by Definition 1.1.10 

     1 21 , 2 ,..., rg a g a g r a   . 

  g exchanges ia  and i  if ia i  or fixes i . Thus the permutation 
1 2

1 2 ...

... r

r

a a a


 
  
 

 is 

such that 2 1.   Conversely, let 2 1  , then 1   . Now, g G  such that 

1 2

1 2 ... ...

... ... nr

nr
g

aa a a

 
  
 

 takes  1 2, , , ra a a  to  1, 2, , r  and  1, 2, , r  to 

 1 2, , , ra a a . Therefore   is self-paired.       
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Example 4.4.2 

Consider the following suborbit of nG S  on  4
X  of length 1 (See Appendix B); 

 
 

    
1, 2, 3, 45 1, 4, 3, 2 1, 4, 3, 2GOrb   . 

Now, 

  
1 2 3 4

24
1 4 3 2


 

  
 

 and   2 24 24 1   .  

Hence 5  is self-paired by Theorem 4.4.1. This agrees with the results in Section 3.4. 

Corollary 4.4.3 

Let G act on  r
X  and   be an orbit of  1, 2, ... , r

G  on  r
X  of length l  with 1l  . Suppose 

 1 2, , , ra a a  , where  1, 2, ,ia n  1, 2, ,i r  . Then   is self-paired if and 

only if the permutation 
1 2

1 2 ...

... r

r

a a a


 
  
 

 is such that 2 1.   

Proof 

Let   be a self-paired suborbit of G on  r
X  of length 1l   and suppose that 

 1 2, , , ra a a  . Then there exists g G  such that    1 2, , , 1, 2, ,rg a a a r . 

Proceeding with arguments similar to those of Theorem 4.4.1, we see that   is self-

paired if and only if the permutation 
1 2

1 2 ...

... r

r

a a a


 
  
 

 is such that 2 1.     

Theorem 4.4.4 

Let G act on  r
X  and suppose   1 2, , ,i ra a a   and   1 2, , ,j rb b b   are orbits 

of  1, 2, ... , r
G  on 

 r
X  of length 1, where  , 1, 2, ,i ia b r  1, 2, ,i r  . Then i  and 
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j  are paired if and only if the permutations 
1 2

1 2 ...

...
i

r

r

b b b


 
  
 

 and 
1 2

1 2 ...

...
j

r

r

a a a


 
  
 

 are 

inverses of each other. 

Proof 

Suppose i  and j  are paired. Then there exist ,i jg g G  such that  

   1 2, , , 1, 2, ,i rg a a a r  and    1 2, , , 1, 2, ,j rg b b b r . 

That is, 

       1 2, , , 1, 2, ,i i i rg a g a g a r    and        1 2, ,..., 1, 2, ,j j j rg b g b g b r     . 

      1 21, 2, ,i i i rg a g a g a r    and      1 21, 2, ,
jj j rg b g b g b r   . 

Since i  and j  are paired, then by Definition 1.1.10 

     1 21 , 2 , ,i i i rg b g b g r b    and      1 21 , 2 , ,j j j rg a g a g r a   . 

         1 1, 2 2, ,i j i j i jg g g g g g r r   . 

Similarly,  

        1 1, 2 2, ,j i j i j ig g g g g g r r   . 

Hence the permutations 
1 2

1 2 ...

...
i

r

r

b b b


 
  
 

 and 
1 2

1 2 ...

...
j

r

r

a a a


 
  
 

 are inverses of each 

other. Conversely, suppose 
1 2

1 2 ...

...
i

r

r

b b b


 
  
 

 and 
1 2

1 2 ...

...
j

r

r

a a a


 
  
 

 are inverses of each 

other. Now, if ,i jg g G  where 
1 2

1 2 ... ...

... ...
i

nr

nr
g

bb b b

 
  
 

 and 
1 2

1 2 ... ...

... ...
j

nr

nr
g

aa a a

 
  
 

, then ig  

takes  1 2, , , ra a a  to  1,2, , r  and  1, 2, , r  to  1 2, , , rb b b . Similarly, jg  takes 
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 1 2, , , rb b b  to  1, 2, , r  and  1, 2, , r  to  1 2, , , ra a a . Hence i  and j  are 

paired.            

Example 4.4.5 

Consider the following suborbits of nG S  on  4
X  of length 1 (See Appendix B): 

 
    

1, 2, 3, 43 1, 3, 4, 2 1, 3, 4, 2GOrb    

  and  

 
    

1, 2, 3, 44 1, 4, 2, 3 1, 4, 2, 3GOrb   . 

Now, 

 3

1 2 3 4
324

1 4 2 3


 
  
 

 and  4

1 2 3 4
234

1 3 4 2


 
  
 

, so 

  3 4 324 234 1     

 and 

  4 3 234 324 1    . 

 3  and 4  are inverses of each other, hence 3  and 4  are paired by Theorem 4.4.4. 

Similarly, this agrees with the results in Section 3.4. 

Corollary 4.4.6 

Let G act on  r
X  and let i  and j  be orbits of  1, 2, ... , r

G  on  r
X  of length l  with 1l  . 

Suppose  1 2, , , r ia a a   where  1, 2, ,ia n  1, 2, ,i r  . Then i  is paired 

with j  if there exists an element  1 2, , , r jb b b   with  1, 2, ,ib n  
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1, 2, ,i r   such that the permutations 
1 2

1 2 ...

...
i

r

r

b b b


 
  
 

 and 
1 2

1 2 ...

...
j

r

r

a a a


 
  
 

 are 

inverses of each other. 

Proof 

Let i  and j  be paired suborbit of G on  r
X  of length 1l   and suppose that 

 1 2, , , r ia a a   and  1 2, , , r jb b b  . Then there exists ,i jg g G  such that 

   1 2, , , 1, 2, ,i rg a a a r  and    1 2, , , 1, 2, ,j rg b b b r . Proceeding with 

arguments similar to those of Theorem 4.4.4, we see that i  and j  are paired if and 

only if the permutations 
1 2

1 2 ...

...
i

r

r

b b b


 
  
 

 and 
1 2

1 2 ...

...
j

r

r

a a a


 
  
 

 are inverses of each 

other.            

Theorem 4.4.7 

Let G act on  r
X  and suppose g G  has cycle type  1 2, , , n   , then the number of 

self-paired suborbits of G on  r
X  is given by 

  
1 22!

! g

r
n

rn


  
  

 
 .      4.9) 

Proof 

Let the cycle type of g G  be  1 2, , , n   , then 2g  has  1 22   cycles of length 

1. Hence by Theorem 4.2.1, the number of elements in  r
X  fixed by 2g  is given by 

    1 22
2

!Fix g r
r

  
  

 
. 
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By using this together with Theorem 1.1.13 we see that the number of self-paired 

suborbits of G on  r
X  is equal to 

   21

g G

n g
G

 


   

  
1 221

!
! g

r
rn

  
  

 
  

  
1 22!

! g

r

rn

  
  

 
 .        

Example 4.4.8 

Consider the action of 7G S  on  3
X . Let the cycle type of 7g S  be  1 2 7, , ,   , 

then the number of permutations in 7S  conjugate to g is given by Theorem 1.1.3. Hence 

we have the following results recorded in Table 4.6 below: 
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Table 4.6: Permutations in G and number of points fixed by 2g  

Permutation Type Cycle type Number of permutations 
1 22

3

  
 
 

 

1 (7, 0, 0, 0, 0, 0, 0) 1 35 

 ab  (5, 1, 0, 0, 0, 0, 0) 21 35 

 abc  (4, 0, 1, 0, 0, 0, 0) 70 4 

 abcd  (3, 0, 0, 1, 0, 0, 0) 210 1 

 abcde  (2, 0, 0, 0, 1, 0, 0) 504 0 

 abcdef  (1, 0, 0, 0, 0, 1, 0) 840 0 

 abcdefg  (0, 0, 0, 0, 0, 0, 1) 720 0 

  ab cd  (3, 2, 0, 0, 0, 0, 0) 105 35 

  ab cde  (2, 1, 1, 0, 0, 0, 0) 420 4 

  ab cdef  (1, 1, 0, 1, 0, 0, 0) 630 1 

  ab cdefg  (0, 1, 0, 0, 1, 0, 0) 504 0 

   ab cd ef  (1, 3, 0, 0, 0 ,0 ,0) 105 35 

   ab cd efg  (0, 2, 1, 0, 0, 0, 0) 210 4 

  abc def  (1, 0, 2, 0, 0, 0, 0) 280 0 

  abc defg  (0, 0, 1, 1, 0, 0, 0) 420 0 
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Now, 

1 22!

! g

r
n

rn


  
  

 
  

 
1 223!

37! g

  
  

 
  

 
1 35 21 35 70 4 210 1 504 0 840 0 720 0 105 353!

420 4 630 1 504 0 105 35 210 4 280 0 420 07!

                
  

             
 

  
6

35 735 280 210 3675 1680 630 3675 840
5040

          

  
6

11,760
5040

  

 14 . 

Hence 7S  has 14 self-paired suborbits on  3
X . Alternatively, by Theorem 4.4.1 and 

Corollary 4.4.3, the orbits  0,1, 2, 5, 6, 9,13,16, 20, 23, 24, 28, 32, 33i i   of  1, 2, , 7
G  

on  3
X  are self-paired (See Appendix C). Thus 7S  on  3

X  has 14 self-paired suborbits. 

This agrees with the results obtained earlier using Theorem 4.4.7. 
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CHAPTER FIVE 

SUBORBITAL GRAPHS OF 
n

S  ACTING ON 
 r

X  

 

5.1 Introduction 

In this chapter we study the suborbital graphs corresponding to the action of G on  r
X . 

In Section 5.2, we give a construction of suborbital graphs corresponding to the action of 

G on  r
X . Finally in Section 5.3, we investigate some properties of the suborbital graphs 

constructed in Section 5.2. 

 

5.2 Construction of Suborbital Graphs  

Let G act on  r
X  and let   be an orbit of 

 1, 2, ... , r
G  on  r

X . Suppose  1 2, , , ra a a  , 

where  1, 2, ,ia n  1, 2, ,i r  . Then the suborbital   corresponding to   is 

given by 

       1 2 1 21, 2, , , , , , , , , ,r rg r g a a a g G a a a    . 5.1) 

We form the suborbital graph G  corresponding to suborbital   by taking  r
X  as the 

vertex set and by including an edge from  1 2, , , rb b b  to  1 2, , , rc c c  if and only if 

    1 2 1 2, , , , , , ,r rb b b c c c  . Now, if the coordinates of  1, 2, , r  in positions 

, , ,i j k  are respectively identical to the coordinates of  1 2, , , ra a a  in positions 

, , ,x y z ., then     1 2 1 2, , , , , , ,r rb b b c c c   if and only if the coordinates of 

 1 2, , , rb b b  in positions , , ,i j k  are respectively identical to the coordinates of 
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 1 2, , , rc c c  in positions , , ,x y z . Consequently we have an edge from  1 2, , , rb b b  

to  1 2, , , rc c c  in G . 

Example 5.2.1 

Consider the action of 
nG S  on  4

X  and the following suborbit of G (See Appendix B); 

  
 

    
1, 2, 3, 410 2, 4,1, 3 2, 4,1, 3GOrb   . 

Then the suborbital 10  corresponding to suborbit 10  is given by 

       10 101, 2, 3, 4 , 2, 4,1, 3 , 2, 4,1, 3g g g G    . Thus the suborbital graph 
10
G  

corresponding to 10  has  4
X  as the vertex set and there exists an edge from 

 1 2 3 4, , ,b b b b  to  1 2 3 4, , ,c c c c  in 
10
G  if and only if the coordinates of  1 2 3 4, , ,b b b b  in 

positions 1, 2, 3 and 4 are respectively identical to the coordinates of  1 2 3 4, , ,c c c c  in 

positions 3, 1, 4 and 2. That is, 1 2 3 4, ,  and b b b b  are respectively identical to 

3 1 4 2, ,  and c c c c . By Theorem 4.4.4, 10  is paired with 13 , hence by Theorem 1.1.21 
10
G  

has directed edges. 

 

5.3 Properties of suborbital graphs corresponding to the action of G on 
 r

X
 

Theorem 5.3.1 

Let G act on  r
X . If 1n r  , then G acts imprimitively on  r

X . 

Proof 

Consider the orbits  0 1 2 11, 2, , , , , , kr       of  1, 2, ... , r
G  on  r

X . Suppose the 

lengths of these orbits are 0 1 2 1, , , , kn n n n   where, 0 1 2 1kn n n n     . Then from 
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Table 4.4, 
 1, 2, ... , r

G  has r! orbits of length 1. Thus 
1 1n   and 

 ! 1
1

r
n


 . Also 

 !rn n r  . Now, let !j r , then 0j   and      1 11 1j jn n r n n      if 1.n r   

Hence by Theorem 1.1.15, G acts imprimitively on  r
X  provided 1.n r    

Corollary 5.3.2 

If 1n r  , then all the suborbital graphs corresponding to the action of G on  r
X  are 

disconnected.  

Proof 

By Theorem 5.3.1, G acts imprimitively on  r
X  if 1n r   hence by Theorem 1.1.22 all 

the corresponding suborbital graphs are disconnected provided 1.n r     

 

Next, we consider the other two cases: 

Case 1 

If n r , then each orbit of 
 1, 2,..., r

G  on  r
X  is of length 1. Thus the suborbital graphs 

corresponding to self-paired suborbits are regular of degree 1. Also the graphs 

corresponding to the paired suborbits have vertices each of which has indegree 1 and 

outdegree 1. Hence these graphs must be disconnected implying that G acts imprimitively 

on  r
X  if n r . 

Case 2 

If 1n r  , then  1, 2,..., r
G  has orbits with exactly r and  1r   elements from 

 1, 2, ,A r . Now, the former orbits have length 1 while the latter have length 

 1 1n r r r      (See Table 4.4). Thus the corresponding suborbital graphs have 
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vertices each of which has degree 1 or indegree 1 and outdegree 1. Hence these graphs 

must be disconnected implying that G is imprimitive on  r
X  if 1n r  .  

Theorem 5.3.3 

Let G act on  r
X . Then the number of connected components in the suborbital graph 

i
G

 

corresponding to a self-paired orbit of  1,2,...,r
G  on  r

X  with exactly r elements from 

 1,2,...,A r  is equal to 

 
 

!

2 !
i

n
n

n r



G .        5.2) 

Proof 

Let 
i
G  be the suborbital graph corresponding to a self-paired orbit of  1, 2, , r

G  on  r
X  

with exactly r elements from  1, 2, ,A r . Since each vertex of 
i
G  has degree 1, then 

the connected components in 
i
G  are trees with two vertices and one edge (See Figure. 

5.1). Hence the number of connected components in 
i
G  is equal to 

  

 
Number of vertices in  

22

i

r
X


G

 

     

!

2

n
r

r

 
 
   

     
 

!

2 !

n

n r



. 
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Figure 5.1: A connected component in 
i
G  

 

Theorem 5.3.4 

Let G act on  r
X . Then the number of connected components in the suborbital graph 

j
G

 

corresponding to a paired orbit of  1,2,...,r
G  on  r

X  with exactly r elements from 

 1,2,...,A r  is equal to 

 
 

!

3 !
j

n
n

n r



G .        5.3) 

Proof 

Let 
j

G  be the suborbital graph corresponding to a paired orbit of  1,2, , r
G  on  r

X  with 

exactly r elements from  1, 2, ,A r . Then each vertex of 
j

G  has indegree 1 and 

outdegree 1. Moreover, construction shows that the connected components of 
j

G  are 

directed triangles (See Figure 5.2). Hence the number of connected components in 
j

G  is 

equal to 

  

 
Number of vertices in 

33

j

r
X


G
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!

3

n
r

r

 
 
   

     
 

!

3 !

n

n r



. 

 

Figure 5.2: A connected component in 
j

G  

 

Theorem 5.3.5 

Let G  act on  r
X  and let 

i
G  be the suborbital graph corresponding to a self-paired orbit 

of  1, 2, , r
G  on  r

X  with exactly r elements from  1, 2, ,A r . Then 
i
G  has girth 

equal to zero. 

Proof 

By Theorem 5.3.3, the connected components in 
i
G  are trees with two vertices and one 

edge. Hence 
i
G  cannot have a cycle which implies that its girth is equal to zero.  

Theorem 5.3.6 

Let G  act on  r
X  and let 

j
G  be the suborbital graph corresponding to a paired orbit of 

 1, 2, , r
G  on  r

X  with exactly r elements from  1, 2, ,A r . Then 
j

G  has girth 3. 
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Proof 

By Theorem 5.3.4, the connected components in 
j

G  are directed triangles, that is, directed 

cycles of length 3. Hence the girth of 
j

G  is equal to 3.     

Theorem 5.3.7 

Let G  act on  r
X  and let G  be the suborbital graph corresponding to the orbit of 

 1, 2, , r
G  on  r

X  with no element from  1, 2,...,A r . Then G  has girth 3 provided 

3n r . 

Proof 

Let   be the orbit of  1, 2, , r
G  on  r

X  with no element from  1, 2, ,A r  and 

suppose  1 2, , , rd d d  . Then the suborbital   corresponding to   is given by 

        1 2 1 21, 2, , , , , , , , , ,r rg r g d d d g G d d d    . 5.4) 

Therefore the corresponding suborbital graph G  has  r
X  as the vertex set and has an 

edge from  1 2, , , re e e  to  1 2, , , rf f f  if and only if 

   1 2 1 2, , , , , ,r re e e f f f   . Hence the cycle in Figure 5.3 below exists in G  if 

and only if the sets      1 2 1 2 1 2, , , , , , ,  and , , ,r r rd d d e e e f f f  are mutually 

disjoint. But clearly this is possible if 3n r . 
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Figure 5.3: A cycle in G  

 

 

 1 2, , , rf f f  

 1 2, , , rd d d   1 2, , , re e e  
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CHAPTER SIX 

 

CONCLUSION AND RECOMMENDATIONS FOR FURTHER RESEARCH 

 

6.1 Introduction 

This chapter is divided into three sections. Section 6.2 gives the conclusion of this 

research while Section 6.3 gives recommendations for further research. 

 

6.2 Conclusion 

The purpose of this research was to study the action of the symmetric group nS  on the set 

of ordered r-element subsets,  r
X . In particular, the ultimate goal was to determine the 

ranks and subdegrees of nS  acting on  r
X  and consequently construct and investigate 

theoretic properties of the corresponding suborbital graphs. 

 

To do this, we set out specific objectives which were achieved as follows: 

i) For the ranks and subdegrees of nS  on  r
X , particular cases when 2, 3r   and 4 

were considered first and then a generalization was made for any value of r and n. 

The formulas for computing the ranks of nS  on  r
X  are as given in Section 4.3 

while the subdegrees are as displayed in Table 4.4. This study shows that if 

2n r , then for a fixed value of r, the rank of nS  on  r
X  is a constant while the 

subdegrees vary with n. This action was shown to be both transitive and 

imprimitive. 

 

ii) The suborbital graphs for the action of nS  on  r
X  were constructed and their 

theoretic properties studied. These graphs were all found to be disconnected. The 
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girth of the graphs corresponding to self-paired orbits of 
 1, 2, , r

G  on  r
X  with 

exactly r elements from  1, 2, ,A r  was shown to be zero while that of 

paired orbits with precisely r elements from A was found to be three. For the 

suborbital graph corresponding to the orbit of 
 1, 2, , r

G  on  r
X  with no element 

from A, the girth was found to be equal to three provided 3n r . The formulas 

for computing the number of connected components were also derived and are as 

given by equations 5.2 and 5.3. 

 

6.3 Recommendations for further research 

We have described various properties of the symmetric group nS  acting on  r
X . One can 

extend this work by considering the action of the alternating group nA  on both  r
X  and 

 r
X , that is, the set of all unordered and ordered r-element subsets from  1, 2, ,X n   

respectively. 
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APPENDIX A 

 

A.1 Suborbits of  
n

G = S  acting on 
 3

X  

 
    

1, 2, 3 01, 2, 3 1, 2, 3GOrb     

 
    

1, 2, 3 11, 3, 2 1, 3, 2GOrb     

 
    

1, 2, 3 22,1, 3 2,1, 3GOrb     

 
    

1, 2, 3 32, 3,1 2, 3,1GOrb     

 
    

1, 2, 3 43,1, 2 3,1, 2GOrb     

 
    

1, 2, 3 53, 2,1 3, 2,1GOrb     

 
        

1, 2, 3 61, 2,4 1, 2, 4 , 1, 2, 5 ,..., 1, 2,GOrb n    

 
        

1, 2, 3 71, 4, 2 1, 4, 2 , 1, 5, 2 ,..., 1, , 2GOrb n    

 
        

1, 2, 3 84,1, 2 4,1, 2 , 5,1, 2 ,..., ,1, 2GOrb n    

 
        

1, 2, 3 92,1, 4 2,1, 4 , 2,1, 5 ,..., 2,1,GOrb n    

 
        

1, 2, 3 102, 4,1 2, 4,1 , 2, 5,1 ,..., 2, ,1GOrb n    

 
        

1, 2, 3 114, 2,1 4, 2,1 , 5, 2,1 ,..., , 2,1GOrb n    

 
        

1, 2, 3 121, 3, 4 1, 3, 4 , 1, 3, 5 ,..., 1, 3,GOrb n    

 
        

1, 2, 3 131, 4, 3 1, 4, 3 , 1, 5, 3 ,..., 1, , 3GOrb n    

 
        

1, 2, 3 144,1, 3 4,1, 3 , 5,1, 3 ,..., ,1, 3GOrb n    
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 
        

1, 2, 3 153,1, 4 3,1, 4 , 3,1, 5 ,..., 3,1,GOrb n    

 
        

1, 2, 3 163, 4,1 3, 4,1 , 3, 5,1 ,..., 3, ,1GOrb n    

 
        

1, 2, 3 174, 3,1 4, 3,1 , 5, 3,1 ,..., , 3,1GOrb n    

 
        

1, 2, 3 182, 3, 4 2, 3, 4 , 2, 3, 5 ,..., 2, 3,GOrb n    

 
        

1, 2, 3 192, 4, 3 2, 4, 3 , 2, 5, 3 ,..., 2, , 3GOrb n    

 
        

1, 2,3 204, 2, 3 4, 2, 3 , 5, 2, 3 ,..., , 2, 3GOrb n    

 
        

1, 2, 3 213, 2, 4 3, 2, 4 , 3, 2, 5 ,..., 3, 2,GOrb n    

 
        

1, 2, 3 223, 4, 2 3, 4, 2 , 3, 5, 2 ,..., 3, , 2GOrb n    

 
        

1, 2, 3 234, 3, 2 4, 3, 2 , 5, 3, 2 ,..., , 3, 2GOrb n    

 
              

1, 2, 3 241, 4, 5 1, 4, 5 , 1, 4, 6 ,..., 1, 4, , 1, 5, 4 , 1,5,6 ,..., 1, , 1GOrb n n n     

 
              

1, 2, 3 254,1, 5 4,1, 5 , 4,1, 6 ,..., 4,1, , 5,1, 4 , 5,1, 6 ,..., ,1, 1GOrb n n n     

 
              

1, 2, 3 264, 5,1 4, 5,1 , 4, 6,1 ,..., 4, ,1 , 5, 4,1 , 5, 6,1 ,..., , 1,1GOrb n n n     

 
              

1, 2, 3 272, 4, 5 2, 4, 5 , 2, 4, 6 ,..., 2, 4, , 2, 5, 4 , 2, 5, 6 ,..., 2, , 1GOrb n n n     

 
              

1, 2, 3 284, 2, 5 4, 2, 5 , 4, 2, 6 ,..., 4, 2, , 5, 2, 4 , 5, 2, 6 ,..., , 2, 1GOrb n n n     

 
              

1, 2, 3 294, 5, 2 4, 5, 2 , 4, 6, 2 ,..., 4, , 2 , 5, 4, 2 , 5, 6, 2 ,..., , 1, 2GOrb n n n     

 
              

1, 2, 3 303, 4, 5 3, 4, 5 , 3, 4, 6 ,..., 3, 4, , 3, 5, 4 , 3, 5,6 ,..., 3, , 1GOrb n n n     

 
              

1, 2, 3 314, 3, 5 4, 3, 5 , 4,3,6 ,..., 4, 3, , 5, 3, 4 , 5, 3, 6 ,..., , 3, 1GOrb n n n     
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 
              

1, 2, 3 324, 5, 3 4, 5, 3 , 4, 6, 3 ,..., 4, , 3 , 5, 4, 3 , 5, 6, 3 ,..., , 1, 3GOrb n n n     

 
              

1, 2, 3 334, 5, 6 4, 5, 6 , 4, 5, 7 ,..., 4, 5, , 4, 6, 5 , 4, 6, 7 ,..., , 1, 2GOrb n n n n    
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APPENDIX B 

B.1 Suborbits of  nG = S acting on 
 4

X  

 
    

1, 2, 3, 4 01, 2, 3, 4 1, 2, 3, 4GOrb     

 
    

1, 2, 3, 4 11, 2, 4, 3 1, 2, 4, 3GOrb     

 
    

1, 2, 3, 4 21, 3, 2, 4 1, 3, 2, 4GOrb     

 
    

1, 2, 3, 4 31, 3, 4, 2 1, 3, 4, 2GOrb     

 
    

1, 2,3, 4 41, 4, 2, 3 1, 4, 2, 3GOrb     

 
    

1, 2, 3, 4 51, 4, 3, 2 1, 4, 3, 2GOrb     

 
    

1, 2, 3, 4 62,1, 3, 4 2,1, 3, 4GOrb     

 
    

1, 2, 3, 4 72,1, 4, 3 2,1, 4, 3GOrb     

 
    

1, 2, 3, 4 82, 3,1, 4 2, 3,1, 4GOrb     

 
    

1, 2, 3,4 92, 3, 4,1 2, 3, 4,1GOrb     

 
    

1, 2, 3, 4 102, 4,1, 3 2, 4,1, 3GOrb     

 
    

1, 2, 3, 4 112, 4, 3,1 2, 4, 3,1GOrb     

 
    

1, 2, 3, 4 123,1, 2, 4 3,1, 2, 4GOrb     

 
    

1, 2, 3, 4 133,1, 4, 2 3,1, 4, 2GOrb     

 
    

1, 2, 3, 4 143, 2,1, 4 3, 2,1, 4GOrb     
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 
    

1, 2,3, 4 153, 2, 4,1 3, 2, 4,1GOrb     

 
    

1, 2, 3, 4 163, 4,1, 2 3, 4,1, 2GOrb     

 
    

1,2, 3, 4 173, 4, 2,1 3, 4, 2,1GOrb     

 
    

1, 2, 3, 4 184,1, 2, 3 4,1, 2, 3GOrb     

 
    

1, 2, 3, 4 194,1, 3, 2 4,1, 3, 2GOrb     

 
    

1, 2, 3, 4 204, 2,1, 3 4, 2,1, 3GOrb     

 
    

1, 2, 3, 4 214, 2, 3,1 4, 2, 3,1GOrb     

 
    

1, 2, 3, 4 224, 3,1, 2 4, 3,1, 2GOrb     

 
    

1, 2, 3, 4 234, 3, 2,1 4, 3, 2,1GOrb     

 
        

1, 2, 3, 4 241, 2, 3, 5 1, 2, 3, 5 , 1, 2, 3, 6 ,..., 1, 2, 3,GOrb n    

 
        

1, 2, 3, 4 251, 2, 5, 3 1, 2, 5, 3 , 1, 2, 6, 3 ,..., 1, 2, , 3GOrb n    

 
        

1, 2, 3, 4 261, 5, 2, 3 1, 5, 2, 3 , 1, 6, 2, 3 ,..., 1, , 2, 3GOrb n    

 
        

1, 2, 3, 4 275,1, 2, 3 5,1, 2, 3 , 6,1, 2, 3 ,..., ,1, 2, 3GOrb n    

 
        

1, 2, 3, 4 281, 2, 4, 5 1, 2, 4, 5 , 1, 2, 4, 6 ,..., 1, 2, 4,GOrb n    

 
        

1, 2, 3, 4 291, 2, 5, 4 1, 2, 5, 4 , 1, 2, 6, 4 ,..., 1, 2, , 4GOrb n    

 
        

1, 2, 3, 4 301, 5, 2, 4 1, 5, 2, 4 , 1, 6, 2, 4 ,..., 1, , 2, 4GOrb n    

 
        

1, 2, 3, 4 315,1, 2, 4 5,1, 2, 4 , 6,1, 2, 4 ,..., ,1, 2, 4GOrb n    
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 
        

1,2, 3, 4 321, 3, 2, 5 1, 3 ,2, 5 , 1, 3, 2, 6 ,..., 1, 3, 2,GOrb n    

 
        

1, 2, 3, 4 331, 3, 5, 2 1, 3, 5, 2 , 1, 3, 6, 2 ,..., 1, 3, , 2GOrb n    

 
        

1, 2, 3, 4 341, 5, 3, 2 1, 5, 3, 2 , 1, 6, 3, 2 ,..., 1, , 3, 2GOrb n    

 
        

1, 2, 3, 4 355,1, 3, 2 5,1, 3, 2 , 6,1, 3, 2 ,..., ,1, 3, 2GOrb n    

 
        

1, 2, 3, 4 361, 3, 4, 5 1, 3, 4, 5 , 1, 3, 4, 6 ,..., 1, 3, 4,GOrb n    

 
        

1, 2, 3, 4 371, 3, 5, 4 1, 3, 5, 4 , 1, 3, 6, 4 ,..., 1, 3, , 4GOrb n    

 
        

1, 2, 3, 4 381, 5, 3, 4 1, 5, 3, 4 , 1, 6, 3, 4 ,..., 1, , 3, 4GOrb n    

 
        

1, 2, 3, 4 395,1, 3, 4 5,1, 3, 4 , 6,1, 3, 4 ,..., ,1, 3, 4GOrb n    

 
        

1, 2, 3, 4 401, 4, 2, 5 1, 4, 2, 5 , 1, 4, 2, 6 ,..., 1, 4, 2,GOrb n    

 
        

1, 2, 3, 4 411, 4, 5, 2 1, 4, 5, 2 , 1, 4, 6, 2 ,..., 1, 4, , 2GOrb n    

 
        

1, 2, 3, 4 421, 5, 4, 2 1, 5, 4, 2 , 1, 6, 4, 2 ,..., 1, , 4, 2GOrb n    

 
        

1, 2, 3, 4 435,1, 4, 2 5,1, 4, 2 , 6,1, 4, 2 ,..., ,1, 4, 2GOrb n    

 
        

1, 2, 3, 4 441, 4, 3, 5 1, 4, 3, 5 , 1, 4, 3, 6 ,..., 1, 4, 3,GOrb n    

 
        

1, 2, 3, 4 451, 4, 5, 3 1, 4, 5, 3 , 1, 4, 6, 3 ,..., 1, 4, , 3GOrb n    

 
        

1, 2, 3, 4 461, 5, 4, 3 1, 5, 4, 3 , 1, 6, 4, 3 ,..., 1, , 4, 3GOrb n    

 
        

1, 2, 3, 4 475,1, 4, 3 5,1, 4, 3 , 6,1, 4, 3 ,..., ,1, 4, 3GOrb n    

 
        

1, 2, 3, 4 482,1, 3, 5 2,1, 3, 5 , 2,1, 3, 6 ,..., 2,1, 3,GOrb n    
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 
        

1, 2 ,3, 4 492,1, 5, 3 2,1, 5, 3 , 2,1, 6, 3 ,..., 2,1, , 3GOrb n    

 
        

1, 2, 3, 4 502, 5,1, 3 2, 5,1, 3 , 2, 6,1, 3 ,..., 2, ,1, 3GOrb n    

 
        

1, 2, 3, 4 515, 2,1, 3 5, 2,1, 3 , 6, 2,1, 3 ,..., , 2,1, 3GOrb n    

 
        

1, 2, 3, 4 522,1, 4, 5 2,1,4, 5 , 2,1, 4, 6 ,..., 2,1, 4,GOrb n    

 
        

1, 2,3, 4 532,1, 5, 4 2,1, 5, 4 , 2,1, 6, 4 ,..., 2,1, , 4GOrb n    

 
        

1, 2 ,3, 4 542, 5,1, 4 2, 5,1, 4 , 2, 6,1, 4 ,..., 2, ,1, 4GOrb n    

 
        

1, 2, 3, 4 555, 2,1, 4 5, 2,1, 4 , 6, 2,1, 4 ,..., , 2,1, 4GOrb n    

 
        

1,2, 3, 4 562, 3,1, 5 2, 3,1, 5 , 2, 3,1, 6 ,..., 2, 3,1,GOrb n    

 
        

1, 2, 3, 4 572, 3, 5,1 2, 3, 5,1 , 2, 3, 6,1 ,..., 2, 3, ,1GOrb n    

 
        

1, 2, 3, 4 582, 5, 3,1 2, 5, 3,1 , 2, 6, 3,1 ,..., 2, , 3,1GOrb n    

 
        

1, 2, 3, 4 595, 2, 3,1 5, 2, 3,1 , 6, 2, 3,1 ,..., , 2, 3,1GOrb n    

 
        

1, 2, 3, 4 602, 3, 4, 5 2, 3, 4, 5 , 2, 3, 4, 6 ,..., 2, 3, 4,GOrb n    

 
        

1, 2, 3, 4 612, 3, 5, 4 2, 3, 5, 4 , 2, 3, 6, 4 ,..., 2, 3, , 4GOrb n    

 
        

1, 2, 3, 4 622, 5, 3, 4 2, 5, 3, 4 , 2, 6, 3, 4 ,..., 2, , 3, 4GOrb n    

 
        

1, 2, 3, 4 635, 2, 3, 4 5, 2, 3, 4 , 6, 2, 3, 4 ,..., , 2, 3, 4GOrb n    

 
        

1, 2, 3, 4 642, 4,1, 5 2, 4,1, 5 , 2, 4,1, 6 ,..., 2, 4,1,GOrb n    

 
        

1, 2, 3, 4 652, 4, 5,1 2, 4, 5,1 , 2, 4, 6,1 ,..., 2, 4, ,1GOrb n    
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 
        

1, 2, 3, 4 662, 5, 4,1 2, 5, 4,1 , 2, 6, 4,1 ,..., 2, , 4,1GOrb n    

 
        

1, 2 , 3, 4 675, 2, 4,1 5, 2, 4,1 , 6, 2, 4,1 ,..., , 2, 4,1GOrb n    

 
        

1, 2, 3, 4 682, 4, 3, 5 2, 4, 3, 5 , 2, 4, 3, 6 ,..., 2, 4, 3,GOrb n    

 
        

1, 2, 3, 4 692, 4, 5, 3 2, 4, 5, 3 , 2, 4, 6, 3 ,..., 2, 4, , 3GOrb n    

 
        

1, 2, 3,4 702, 5, 4, 3 2, 5, 4, 3 , 2, 6, 4, 3 ,..., 2, , 4, 3GOrb n    

 
        

1, 2, 3, 4 715, 2, 4, 3 5, 2, 4, 3 , 6, 2, 4, 3 ,..., , 2, 4, 3GOrb n    

 
        

1, 2, 3, 4 723,1, 2, 5 3,1, 2, 5 , 3,1, 2, 6 ,..., 3,1, 2,GOrb n    

 
        

1, 2, 3, 4 733,1, 5, 2 3,1, 5, 2 , 3,1, 6, 2 ,..., 3,1, , 2GOrb n    

 
        

1, 2, 3, 4 743, 5,1, 2 3, 5,1, 2 , 3, 6,1, 2 ,..., 3, ,1, 2GOrb n    

 
        

1, 2, 3, 4 755, 3,1, 2 5, 3,1, 2 , 6, 3,1, 2 ,..., , 3,1, 2GOrb n    

 
        

1, 2, 3, 4 763,1, 4,5 3,1,4,5 , 3,1, 4, 6 ,..., 3,1, 4,GOrb n    

 
        

1, 2, 3, 4 773,1, 5, 4 3,1, 5, 4 , 3,1, 6, 4 ,..., 3,1, , 4GOrb n    

 
        

1, 2, 3, 4 783, 5,1, 4 3, 5,1, 4 , 3, 6,1, 4 ,..., 3, ,1, 4GOrb n    

 
        

1, 2, 3, 4 795, 3,1, 4 5, 3,1, 4 , 6, 3,1, 4 ,..., , 3,1, 4GOrb n    

 
        

1, 2, 3, 4 803, 2,1, 5 3, 2,1, 5 , 3, 2,1, 6 ,..., 3, 2,1,GOrb n    

 
        

1, 2, 3, 4 813, 2, 5,1 3, 2, 5,1 , 3, 2, 6,1 ,..., 3, 2, ,1GOrb n    

 
        

1, 2, 3, 4 823, 5, 2,1 3, 5, 2,1 , 3, 6, 2,1 ,..., 3, , 2,1GOrb n    
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 
        

1, 2, 3, 4 835, 3, 2,1 5, 3, 2,1 , 6, 3, 2,1 ,..., , 3, 2,1GOrb n    

 
        

1, 2, 3, 4 843, 2, 4, 5 3, 2, 4, 5 , 3, 2, 4, 6 ,..., 3, 2, 4,GOrb n    

 
        

1, 2, 3, 4 853, 2, 5, 4 3, 2, 5, 4 , 3, 2, 6, 4 ,..., 3, 2, , 4GOrb n    

 
        

1, 2, 3, 4 863, 5, 2, 4 3, 5, 2, 4 , 3, 6, 2, 4 ,..., 3, , 2, 4GOrb n    

 
        

1, 2, 3, 4 875, 3, 2, 4 5, 3, 2, 4 , 6, 3, 2, 4 ,..., , 3, 2, 4GOrb n    

 
        

1, 2, 3, 4 883, 4,1, 5 3, 4,1, 5 , 3, 4,1, 6 ,..., 3, 4,1,GOrb n    

 
        

1, 2, 3, 4 893, 4, 5,1 3, 4, 5,1 , 3, 4, 6,1 ,..., 3, 4, ,1GOrb n    

 
        

1, 2, 3, 4 903, 5, 4,1 3, 5, 4,1 , 3, 6, 4,1 ,..., 3, , 4,1GOrb n    

 
        

1, 2, 3, 4 915, 3, 4,1 5, 3, 4,1 , 6, 3, 4,1 ,..., , 3, 4,1GOrb n    

 
        

1, 2, 3, 4 923, 4, 2, 5 3, 4, 2, 5 , 3, 4, 2, 6 ,..., 3, 4, 2,GOrb n    

 
        

1, 2, 3, 4 933, 4, 5, 2 3, 4, 5, 2 , 3, 4, 6, 2 ,..., 3, 4, , 2GOrb n    

 
        

1, 2, 3, 4 943, 5, 4, 2 3, 5, 4, 2 , 3, 6, 4, 2 ,..., 3, , 4, 2GOrb n    

 
        

1, 2, 3, 4 955, 3, 4, 2 5, 3, 4, 2 , 6, 3, 4, 2 ,..., , 3, 4, 2GOrb n    

 
        

1, 2, 3, 4 964,1, 2, 5 4,1, 2, 5 , 4,1, 2, 6 ,..., 4,1, 2,GOrb n    

 
        

1, 2, 3, 4 974,1, 5, 2 4,1, 5, 2 , 4,1, 6, 2 ,..., 4,1, , 2GOrb n    

 
        

1, 2, 3, 4 984, 5,1, 2 4, 5,1, 2 , 4, 6,1, 2 ,..., 4, ,1, 2GOrb n    

 
        

1, 2, 3, 4 995, 4,1, 2 5, 4,1, 2 , 6, 4,1, 2 ,..., , 4,1, 2GOrb n    
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 
        

1, 2, 3, 4 1004,1, 3, 5 4,1, 3, 5 , 4,1, 3, 6 ,..., 4,1, 3,GOrb n    

 
        

1, 2, 3, 4 1014,1, 5, 3 4,1, 5, 3 , 4,1, 6, 3 ,..., 4,1, , 3GOrb n    

 
        

1, 2, 3, 4 1024, 5,1, 3 4, 5,1, 3 , 4, 6,1, 3 ,..., 4, ,1, 3GOrb n    

 
        

1, 2, 3, 4 1035, 4,1, 3 5, 4,1, 3 , 6, 4,1, 3 ,..., , 4,1, 3GOrb n    

 
        

1, 2, 3, 4 1044, 2,1, 5 4, 2,1, 5 , 4, 2,1, 6 ,..., 4, 2,1,GOrb n    

 
        

1, 2, 3, 4 1054, 2, 5,1 4, 2, 5,1 , 4, 2, 6,1 ,..., 4, 2, ,1GOrb n    

 
        

1, 2, 3, 4 1064, 5, 2,1 4, 5, 2,1 , 4, 6, 2,1 ,..., 4, , 2,1GOrb n    

 
        

1, 2, 3, 4 1075, 4, 2,1 5, 4, 2,1 , 6, 4, 2,1 ,..., , 4, 2,1GOrb n    

 
        

1, 2, 3, 4 1084, 2, 3, 5 4, 2, 3, 5 , 4, 2, 3, 6 ,..., 4, 2, 3,GOrb n    

 
        

1, 2, 3, 4 1094, 2, 5, 3 4, 2, 5, 3 , 4, 2, 6, 3 ,..., 4, 2, , 3GOrb n    

 
        

1, 2, 3, 4 1104, 5, 2, 3 4, 5, 2, 3 , 4, 6, 2, 3 ,..., 4, , 2, 3GOrb n    

 
        

1, 2, 3, 4 1115, 4, 2, 3 5, 4, 2, 3 , 6, 4, 2, 3 ,..., , 4, 2, 3GOrb n    

 
        

1, 2, 3, 4 1124, 3,1, 5 4, 3,1, 5 , 4, 3,1, 6 ,..., 4, 3,1,GOrb n    

 
        

1, 2, 3, 4 1134, 3, 5,1 4, 3, 5,1 , 4, 3, 6,1 ,..., 4, 3, ,1GOrb n    

 
        

1, 2, 3, 4 1144, 5, 3,1 4, 5, 3,1 , 4, 6, 3,1 ,..., 4, , 3,1GOrb n    

 
        

1, 2, 3, 4 1155, 4, 3,1 5, 4, 3,1 , 6, 4, 3,1 ,..., , 4, 3,1GOrb n    

 
        

1, 2, 3, 4 1164, 3, 2, 5 4, 3, 2, 5 , 4, 3, 2, 6 ,..., 4, 3, 2,GOrb n    
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 
        

1, 2, 3, 4 1174, 3, 5, 2 4, 3, 5, 2 , 4, 3, 6, 2 ,..., 4, 3, , 2GOrb n    

 
        

1, 2, 3, 4 1184, 5, 3, 2 4, 5, 3, 2 , 4, 6, 3, 2 ,..., 4, , 3, 2GOrb n    

 
        

1, 2, 3, 4 1195, 4, 3, 2 5, 4, 3, 2 , 6, 4, 3, 2 ,..., , 4, 3, 2GOrb n    

 
            

1, 2, 3, 4 1201, 2, 5, 6 1, 2, 5, 6 , 1, 2, 5, 7 ,..., 1, 2, 5, , 1, 2, 6, 5 ,..., 1, 2, , 1GOrb n n n   

 

 
            

1, 2, 3,4 1211, 5, 2, 6 1, 5, 2, 6 , 1, 5, 2, 7 ,..., 1, 5, 2, , 1, 6, 2, 5 ,..., 1, , 2, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1221, 5, 6, 2 1, 5, 6, 2 , 1, 5, 7, 2 ,..., 1, 5, , 2 , 1, 6, 5, 2 ,..., 1, , 1, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1235, 6,1, 2 5, 6,1, 2 , 5, 7,1, 2 ,..., 5, ,1, 2 , 6, 5,1, 2 ,..., , 1,1, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1245,1, 6, 2 5,1, 6, 2 , 5,1, 7, 2 ,..., 5,1, , 2 , 6,1, 5, 2 ,..., ,1, 1, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1255,1, 2, 6 5,1, 2, 6 , 5,1, 2, 7 ,..., 5,1, 2, , 6,1, 2, 5 ,..., ,1, 2, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1261, 3, 5, 6 1, 3, 5, 6 , 1, 3, 5, 7 ,..., 1, 3, 5, , 1, 3, 6, 5 ,..., 1, 3, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1271, 5, 3, 6 1, 5, 3, 6 , 1, 5, 3, 7 ,..., 1, 5, 3, , 1, 6, 3, 5 ,..., 1, , 3, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1281, 5, 6, 3 1, 5, 6, 3 , 1, 5, 7, 3 ,..., 1, 5, , 3 , 1, 6, 5, 3 ,..., 1, , 1, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1295, 6,1, 3 5, 6,1, 3 , 5, 7,1, 3 ,..., 5, ,1, 3 , 6, 5,1, 3 ,..., , 1,1, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1305,1, 6, 3 5,1, 6, 3 , 5,1, 7, 3 ,..., 5,1, , 3 , 6,1, 5, 3 ,..., ,1, 1, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1315,1, 3, 6 5,1, 3, 6 , 5,1, 3, 7 ,..., 5,1, 3, , 6,1, 3, 5 ,..., ,1, 3, 1GOrb n n n   
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 
            

1, 2, 3, 4 1321, 4, 5, 6 1, 4, 5, 6 , 1, 4, 5, 7 ,..., 1, 4, 5, , 1, 4, 6, 5 ,..., 1, 4, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1331, 5, 4, 6 1, 5, 4, 6 , 1, 5, 4, 7 ,..., 1, 5, 4, , 1, 6, 4, 5 ,..., 1, , 4, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1341, 5, 6, 4 1, 5, 6, 4 , 1, 5, 7, 4 ,..., 1, 5, , 4 , 1, 6, 5, 4 ,..., 1, , 1, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1355, 6,1, 4 5, 6,1, 4 , 5, 7,1, 4 ,..., 5, ,1, 4 , 6, 5,1, 4 ,..., , 1,1, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1365,1, 6, 4 5,1, 6, 4 , 5,1, 7, 4 ,..., 5,1, , 4 , 6,1, 5, 4 ,..., ,1, 1, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1375,1, 4, 6 5,1, 4, 6 , 5,1, 4, 7 ,..., 5,1, 4, , 6,1, 4, 5 ,..., ,1, 4, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1382,1, 5, 6 2,1, 5, 6 , 2,1, 5, 7 ,..., 2,1, 5, , 2,1, 6, 5 ,..., 2,1, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1392, 5,1, 6 2, 5,1, 6 , 2,5,1,7 ,..., 2,5,1, , 2,6,1,5 ,..., 2, ,1, 1GOrb n n n     

 
            

1, 2, 3, 4 1402, 5, 6,1 2, 5, 6,1 , 2, 5, 7,1 ,..., 2, 5, ,1 , 2, 6, 5,1 ,..., 2, , 1,1GOrb n n n   

 

 
            

1, 2, 3, 4 1415, 6, 2,1 5, 6, 2,1 , 5, 7, 2,1 ,..., 5, , 2,1 , 6, 5, 2,1 ,..., , 1, 2,1GOrb n n n   

 

 
            

1, 2, 3, 4 1425, 2, 6,1 5, 2, 6,1 , 5, 2, 7,1 ,..., 5, 2, ,1 , 6,2, 5, 1 ,..., , 2, 1,1GOrb n n n   

 

 
            

1, 2, 3, 4 1435, 2,1, 6 5, 2,1, 6 , 5, 2,1, 7 ,..., 5, 2,1, , 6, 2,1, 5 ,..., , 2,1, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1442, 3, 5, 6 2, 3, 5, 6 , 2, 3, 5, 7 ,..., 2, 3, 5, , 2, 3, 6, 5 ,..., 2, 3, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1452, 5, 3, 6 2, 5, 3, 6 , 2, 5, 3, 7 ,..., 2, 5, 3, , 2, 6, 3, 5 ,..., 2, , 3, 1GOrb n n n   
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 
            

1, 2, 3, 4 1462, 5, 6, 3 2, 5, 6, 3 , 2, 5, 7, 3 ,..., 2, 5, , 3 , 2, 6, 5, 3 ,..., 2, , 1, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1475, 6, 2, 3 5, 6, 2, 3 , 5, 7, 2, 3 ,..., 5, , 2, 3 , 6, 5, 2, 3 ,..., , 1, 2, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1485, 2, 6, 3 5, 2, 6, 3 , 5, 2, 7, 3 ,..., 5, 2, , 3 , 6, 2, 5, 3 ,..., , 2, 1, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1495, 2, 3, 6 5, 2, 3, 6 , 5, 2, 3, 7 ,..., 5, 2, 3, , 6, 2, 3, 5 ,..., , 2, 3, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1502, 4, 5, 6 2, 4, 5, 6 , 2, 4, 5, 7 ,..., 2, 4, 5, , 2, 4, 6, 5 ,..., 2, 4, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1512, 5, 4, 6 2, 5, 4, 6 , 2, 5, 4, 7 ,..., 2, 5, 4, , 2, 6, 4, 5 ,..., 2, , 4, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1522, 5, 6, 4 2, 5, 6, 4 , 2, 5, 7, 4 ,..., 2, 5, , 4 , 2, 6, 5, 4 ,..., 2, , 1, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1535, 6, 2, 4 5, 6, 2, 4 , 5, 7, 2, 4 ,..., 5, , 2, 4 , 6, 5, 2, 4 ,..., , 1, 2, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1545, 2, 6, 4 5, 2, 6, 4 , 5, 2, 7, 4 ,..., 5, 2, , 4 , 6, 2, 5, 4 ,..., , 2, 1, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1555, 2, 4, 6 5, 2, 4, 6 , 5, 2, 4, 7 ,..., 5, 2, 4, , 6, 2, 4, 5 ,..., , 2, 4, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1563,1, 5, 6 3,1, 5, 6 , 3,1, 5, 7 ,..., 3,1, 5, , 3,1, 6, 5 ,..., 3,1, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1573, 5,1, 6 3, 5,1, 6 , 3, 5,1, 7 ,..., 3, 5,1, , 3, 6,1, 5 ,..., 3, ,1, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1583, 5, 6,1 3, 5, 6,1 , 3, 5, 7,1 ,..., 3, 5, ,1 , 3, 6, 5,1 ,..., 3, , 1,1GOrb n n n   

 

 
            

1, 2, 3, 4 1595, 6, 3,1 5, 6, 3,1 , 5, 7, 3,1 ,..., 5, , 3,1 , 6, 5, 3,1 ,..., , 1, 3,1GOrb n n n   
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 
            

1, 2, 3, 4 1605, 3, 6,1 5, 3, 6,1 , 5, 3, 7,1 ,..., 5, 3, ,1 , 6, 3, 5, 1 ,..., , 3, 1,1GOrb n n n   

 

 
            

1, 2, 3, 4 1615, 3,1, 6 5, 3,1, 6 , 5, 3,1, 7 ,..., 5, 3,1, , 6, 3,1, 5 ,..., , 3,1, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1623, 2, 5, 6 3, 2, 5, 6 , 3, 2, 5, 7 ,..., 3, 2, 5, , 3, 2, 6, 5 ,..., 3, 2, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1633, 5, 2, 6 3, 5, 2, 6 , 3, 5, 2, 7 ,..., 3, 5, 2, , 3, 6, 2, 5 ,..., 3, , 2, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1643, 5, 6, 2 3, 5, 6, 2 , 3, 5, 7, 2 ,..., 3, 5, , 2 , 3, 6, 5, 2 ,..., 3, , 1, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1655, 6, 3, 2 5, 6, 3, 2 , 5, 7, 3, 2 ,..., 5, , 3, 2 , 6, 5, 3, 2 ,..., , 1, 3, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1665, 3, 6, 2 5, 3, 6, 2 , 5, 3, 7, 2 ,..., 5, 3, , 2 , 6, 3, 5, 2 ,..., , 3, 1, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1675, 3, 2, 6 5, 3, 2, 6 , 5, 3, 2, 7 ,..., 5, 3, 2, , 6, 3, 2, 5 ,..., , 3, 2, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1683, 4, 5, 6 3, 4, 5, 6 , 3, 4, 5, 7 ,..., 3, 4, 5, , 3, 4, 6, 5 ,..., 3, 4, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1693, 5, 4, 6 3, 5, 4, 6 , 3, 5, 4, 7 ,..., 3, 5, 4, , 3, 6, 4, 5 ,..., 3, , 4, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1703, 5, 6, 4 3, 5, 6, 4 , 3, 5, 7, 4 ,..., 3, 5, , 4 , 3, 6, 5, 4 ,..., 3, , 1, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1715, 6, 3, 4 5, 6, 3, 4 , 5, 7, 3, 4 ,..., 5, , 3, 4 , 6, 5, 3, 4 ,..., , 1, 3, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1725, 3, 6, 4 5, 3, 6, 4 , 5, 3, 7, 4 ,..., 5, 3, , 4 , 6, 3, 5, 4 ,..., , 3, 1, 4GOrb n n n   

 

 
            

1, 2, 3, 4 1735, 3, 4, 6 5, 3, 4, 6 , 5, 3, 4,7 ,..., 5, 3, 4, , 6, 3, 4, 5 ,..., , 3, 4, 1GOrb n n n   
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 
            

1, 2, 3, 4 1744,1, 5, 6 4,1, 5, 6 , 4,1, 5, 7 ,..., 4,1, 5, , 4,1, 6, 5 ,..., 4,1, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1754, 5,1, 6 4, 5,1, 6 , 4, 5,1, 7 ,..., 4, 5,1, , 4, 6,1, 5 ,..., 4, ,1, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1764, 5, 6,1 4, 5, 6,1 , 4, 5, 7,1 ,..., 4, 5, ,1 , 4, 6, 5,1 ,..., 4, , 1,1GOrb n n n   

 

 
            

1, 2, 3, 4 1775, 6, 4,1 5, 6, 4,1 , 5, 7, 4,1 ,..., 5, , 4,1 , 6, 5, 4,1 ,..., , 1, 4,1GOrb n n n   

 

 
            

1, 2, 3, 4 1785, 4, 6,1 5, 4, 6,1 , 5, 4, 7,1 ,..., 5, 4, ,1 , 6, 4, 5,1 ,..., , 4, 1,1GOrb n n n   

 

 
            

1, 2, 3, 4 1795, 4,1, 6 5, 4,1, 6 , 5, 4,1, 7 ,..., 5, 4,1, , 6, 4,1, 5 ,..., , 4,1, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1804, 2, 5, 6 4, 2, 5, 6 , 4, 2, 5, 7 ,..., 4, 2, 5, , 4, 2, 6, 5 ,..., 4, 2, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1814, 5, 2, 6 4, 5, 2, 6 , 4, 5, 2, 7 ,..., 4, 5, 2, , 4, 6, 2, 5 ,..., 4, , 2, 1GOrb n n n   

 

 
            

1, 2, 3, 4 1824, 5, 6, 2 4, 5, 6, 2 , 4, 5, 7, 2 ,..., 4, 5, , 2 , 4, 6, 5, 2 ,..., 4, , 1, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1835, 6, 4, 2 5, 6, 4, 2 , 5, 7, 4, 2 ,..., 5, , 4, 2 , 6, 5, 4, 2 ,..., , 1, 4, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1845, 4, 6, 2 5, 4, 6, 2 , 5, 4, 7, 2 ,..., 5, 4, , 2 , 6, 4, 5, 2 ,..., , 4, 1, 2GOrb n n n   

 

 
            

1, 2, 3, 4 1855, 4, 2, 6 5, 4, 2, 6 , 5, 4, 2, 7 ,..., 5, 4, 2, , 6, 4, 2, 5 ,..., , 4, 2, 1GOrb n n n   

 

 
            

1,2, 3, 4 1864, 3, 5, 6 4, 3, 5, 6 , 4, 3, 5, 7 ,..., 4, 3, 5, , 4, 3, 6, 5 ,..., 4, 3, , 1GOrb n n n   

 

 
            

1, 2, 3, 4 1874, 5, 3, 6 4, 5, 3, 6 , 4, 5, 3, 7 ,..., 4, 5, 3, , 4, 6, 3, 5 ,..., 4, , 3, 1GOrb n n n   
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 
            

1, 2, 3, 4 1884, 5, 6, 3 4, 5, 6, 3 , 4, 5, 7, 3 ,..., 4, 5, , 3 , 4, 6, 5, 3 ,..., 4, , 1, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1895, 6, 4, 3 5, 6, 4, 3 , 5, 7, 4, 3 ,..., 5, , 4, 3 , 6, 5, 4, 3 ,..., , 1, 4, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1905, 4, 6, 3 5, 4, 6, 3 , 5, 4, 7, 3 ,..., 5, 4, , 3 , 6, 4, 5, 3 ,..., , 4, 1, 3GOrb n n n   

 

 
            

1, 2, 3, 4 1915, 4, 3, 6 5, 4, 3, 6 , 5, 4, 3, 7 ,..., 5, 4, 3, , 6, 4, 3, 5 ,..., , 4, 3, 1GOrb n n n   

 

 
              

1, 2, 3, 4 1921, 5, 6, 7 1, 5, 6, 7 , 1, 5, 6, 8 ,..., 1, 5, 6, , 1, 5, 7, 6 , 1,5,7,8 ,..., 1, , 1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 1935,1, 6, 7 5,1, 6, 7 , 5,1, 6, 8 ,..., 5,1, 6, , 5,1, 7, 6 , 5,1,7,8 ,..., ,1, 1, 2GOrb n n n n    

 

 
              

1, 2, 3 , 4 1945, 6,1, 7 5, 6,1, 7 , 5, 6,1, 8 ,..., 5, 6,1, , 5, 7,1, 6 , 5,7,1,8 ,..., , 1,1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 1955, 6, 7,1 5, 6, 7,1 , 5, 6, 8,1 ,..., 5, 6, ,1 , 5, 7, 6,1 , 5, 7, 8,1 ,..., , 1, 2,1GOrb n n n n    

 

 
              

1, 2, 3, 4 1962, 5, 6, 7 2, 5, 6, 7 , 2, 5, 6, 8 ,..., 2, 5, 6, , 2,5, 7, 6 , 2,5,7,8 ,..., 2, , 1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 1975, 2, 6, 7 5, 2, 6, 7 , 5, 2, 6, 8 ,..., 5, 2, 6, , 5, 2, 7, 6 , 5,2,7,8 ,..., , 2, 1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 1985, 6, 2, 7 5, 6, 2, 7 , 5, 6, 2, 8 ,..., 5, 6, 2, , 5, 7, 2, 6 , 5,7,2,8 ,..., , 1, 2, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 1995, 6, 7, 2 5, 6, 7, 2 , 5, 6, 8,2 ,..., 5, 6, , 2 , 5, 7, 6, 2 , 5,7,8,2 ,..., , 1, 2, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 2003, 5, 6, 7 3, 5, 6, 7 , 3, 5, 6, 8 ,..., 3, 5, 6, , 3, 5, 7, 6 , 3,5,7,8 ,..., 3, , 1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 2015, 3, 6, 7 5, 3, 6, 7 , 5, 3, 6, 8 ,..., 5, 3, 6, , 5, 3, 7, 6 , 5, 3, 7, 8 ,..., , 3, 1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 2025, 6, 3, 7 5, 6, 3, 7 , 5, 6, 3, 8 ,..., 5, 6, 3, , 5,7, 3, 6 , 5, 7, 3, 8 ,..., , 1, 3, 2GOrb n n n n    
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 
              

1, 2, 3, 4 2035, 6, 7, 3 5, 6, 7, 3 , 5, 6, 8, 3 ,..., 5, 6, , 3 , 5, 7, 6, 3 , 5, 7, 8, 3 ,..., , 1, 2, 3GOrb n n n n    

 

 
              

1, 2, 3, 4 2044, 5, 6, 7 4, 5, 6, 7 , 4, 5, 6, 8 ,..., 4, 5, 6, , 4, 5, 7, 6 , 4, 5, 7, 8 ,..., 4, , 1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 2055, 4, 6, 7 5, 4, 6, 7 , 5, 4, 6, 8 ,..., 5, 4, 6, , 5, 4, 7, 6 , 5, 4, 7, 8 ,..., , 4, 1, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 2065, 6, 4, 7 5, 6, 4, 7 , 5, 6, 4, 8 ,..., 5, 6, 4, , 5, 7, 4, 6 , 5, 7, 4, 8 ,..., , 1, 4, 2GOrb n n n n    

 

 
              

1, 2, 3, 4 2075, 6, 7, 4 5, 6, 7, 4 , 5, 6, 8, 4 ,..., 5, 6, , 4 , 5, 7, 6, 4 , 5, 7, 8, 4 ,..., , 1, 2, 4GOrb n n n n    

 

 
              

1, 2, 3, 4 2085, 6, 7, 8 5, 6, 7, 8 , 5, 6, 7, 9 ,..., 5, 6, 7, , 5, 7, 6, 8 , 5, 7, 6, 9 ,..., , 1, 2, 3GOrb n n n n n     
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APPENDIX C 

C.1 Suborbits of  7G = S  acting on  3
X  

 
    

1, 2, 3 01, 2, 3 1, 2, 3GOrb     

 
    

1, 2, 3 11, 3, 2 1, 3, 2GOrb     

 
    

1, 2, 3 22,1, 3 2,1, 3GOrb     

 
    

1, 2, 3 32, 3,1 2, 3,1GOrb     

 
    

1, 2, 3 43,1, 2 3,1, 2GOrb     

 
    

1, 2, 3 53, 2,1 3, 2,1GOrb     

 
          

1, 2, 3 61, 2, 4 1, 2, 4 , 1, 2, 5 , 1, 2, 6 , 1, 2, 7GOrb     

 
          

1, 2, 3 71, 4, 2 1, 4, 2 , 1, 5, 2 , 1, 6, 2 , 1, 7, 2GOrb     

 
          

1, 2, 3 84,1, 2 4,1, 2 , 5,1, 2 , 6,1, 2 , 7,1, 2GOrb     

 
          

1, 2, 3 92,1, 4 2,1, 4 , 2,1, 5 , 2,1, 6 , 2,1, 7GOrb     

 
          

1, 2, 3 102, 4,1 2, 4,1 , 2, 5,1 , 2, 6,1 , 2, 7,1GOrb     

 
          

1, 2, 3 114, 2,1 4, 2,1 , 5, 2,1 , 6, 2,1 , 7, 2,1GOrb     

 
          

1, 2, 3 121, 3, 4 1, 3, 4 , 1, 3, 5 , 1, 3, 6 , 1, 3, 7GOrb     

 
          

1, 2, 3 131, 4, 3 1, 4, 3 , 1, 5, 3 , 1, 6, 3 , 1, 7, 3GOrb     

 
          

1, 2, 3 144,1, 3 4,1, 3 , 5,1, 3 , 6,1, 3 , 7,1, 3GOrb     

 
          

1, 2, 3 153,1, 4 3,1, 4 , 3,1, 5 , 3,1, 6 , 3,1, 7GOrb     
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 
          

1, 2, 3 163, 4,1 3, 4,1 , 3, 5,1 , 3, 6,1 , 3, 7,1GOrb     

 
          

1, 2, 3 174, 3,1 4, 3,1 , 5, 3,1 , 6, 3,1 , 7, 3,1GOrb     

 
          

1, 2, 3 182, 3, 4 2, 3, 4 , 2, 3, 5 , 2, 3, 6 , 2, 3, 7GOrb     

 
          

1, 2, 3 192, 4, 3 2, 4, 3 , 2, 5, 3 , 2, 6, 3 , 2, 7, 3GOrb     

 
          

1,2 ,3 204, 2, 3 4, 2, 3 , 5, 2, 3 , 6, 2, 3 , 7, 2, 3GOrb     

 
          

1, 2, 3 213, 2, 4 3, 2, 4 , 3, 2, 5 , 3, 2, 6 , 3, 2, 7GOrb     

 
          

1, 2, 3 223, 4, 2 3, 4, 2 , 3, 5, 2 , 3, 6, 2 , 3, 7, 2GOrb     

 
          

1, 2, 3 234, 3, 2 4, 3, 2 , 5, 3, 2 , 6, 3, 2 , 7, 3, 2GOrb     

 
                 

       
1, 2 , 3

24

1, 4, 5 1, 4, 5 , 1, 4, 6 , 1, 4, 7 , 1,5,4 , 1,5,6 , 1,5,7 , 1,6,4 , 1,6,5 ,

                                1,6,7 , 1, 7,4 , 1,7,5 , 1,7,6

GOrb 

 
 

 
                 

       
1, 2 ,3

25

4,1, 5 4,1, 5 , 4,1, 6 , 4,1, 7 , 5,1, 4 , 5,1, 6 , 5,1, 7 , 6,1, 4 , 6,1, 5 ,

                             6,1, 7 , 7,1, 4 , 7,1, 5 , 7,1, 6

GOrb 

 
 

 
                 

       
1, 2, 3

26

4, 5,1 4, 5,1 , 4, 6,1 , 4, 7,1 , 5, 4,1 , 5, 6,1 , 5, 7,1 , 6, 4,1 , 6, 5,1 ,

                              6, 7,1 , 7, 4,1 , 7, 5,1 , 7, 6,1

GOrb 

 
 

 
                 

       
1, 2 ,3

27

2, 4, 5 2, 4, 5 , 2, 4, 6 , 2, 4,7 , 2, 5, 4 , 2, 5, 6 , 2, 5, 7 , 2, 6, 4 , 2, 6, 5 ,

                              2, 6, 7 , 2, 7, 4 , 2, 7, 5 , 2, 7, 6

GOrb 

 

 

 
                 

       
1, 2, 3

28

4, 2, 5 4, 2, 5 , 4, 2, 6 , 4, 2, 7 , 5, 2, 4 , 5, 2, 6 , 5, 2, 7 , 6, 2, 4 , 6, 2, 5 ,

                               6, 2, 7 , 7, 2, 4 , 7, 2, 5 , 7, 2, 6

GOrb 

 
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 
                 

       
1, 2, 3

29

4,5,2 4, 5, 2 , 4, 6, 2 , 4,7,2 , 5, 4, 2 , 5, 6, 2 , 5, 7, 2 , 6, 4, 2 , 6, 5, 2 ,

                              6, 7, 2 , 7, 4, 2 , 7, 5, 2 , 7, 6, 2

GOrb 

 

 

 
                 

       
1, 2, 3

30

3, 4, 5 3, 4, 5 , 3, 4, 6 , 3,4,7 , 3, 5, 4 , 3, 5, 6 , 3, 5, 7 , 3, 6, 4 , 3, 6, 5 ,

                              3, 6, 7 , 3, 7, 4 , 3, 7, 5 , 3,7,6

GOrb 

 

 

 
                 

        
1, 2, 3

31

4, 3, 5 4, 3, 5 , 4, 3, 6 , 4, 3, 7 , 5, 3, 4 , 5, 3, 6 , 5, 3,7 , 6, 3,4 , 6, 3,5 ,

                              6, 3,7 , 7, 3, 4 , 7, 3, 5 , 7, 3, 6

GOrb 

 
 

 
                 

       
1, 2,3

32

4, 5, 3 4, 5, 3 , 4, 6, 3 , 4,7,3 , 5,4,3 , 5,6,3 , 5,7,3 , 6,4,3 , 6,5,3 ,

                              6,7,3 , 7, 4, 3 , 7, 5, 3 , 7,6,3

GOrb 

 
 

 
                 

               

       

1, 2, 3
4, 5, 6 4, 5, 6 , 4, 5, 7 , 4, 6, 5 , 4, 6, 7 , 4, 7, 5 , 4, 7, 6 , 5, 4, 6 , 5, 4, 7 ,

                              5, 6, 4, , 5, 6, 7 , 5, 7, 4 , 5, 7, 6 , 6, 4, 5 , 6, 4, 7 , 6, 5, 4 , 6, 5, 7 ,

                              6, 7, 4 , 6, 7, 5 , 7, 4, 5 , 7, 4, 6 , 7, 5,

GOrb 

        334 , 7, 5, 6 , 7, 6, 4 , 7, 6, 5  

 


