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ABSTRACT

Researchers over the years have studied group actions. The action of symmetric
and alternating groups on ordered and unordered subsets of a set X have been
considered leaving out the product action. In this study, we have considered the
product action of A, x A, x A, on X XY xZ, wheren >4, X ={1,2,3,--- ,n}, Y =
{n+1,---,2n} and Z = {2n+1,--- ,3n}. This action is shown to be transitive using
the Orbit-Stabilizer theorem. The subdegrees and rank have been determined using
the definition of an orbit of product action. The rank is 8 and the subdegrees are; 1,
(n—1), (n—1), (n—1), (n — 1), (n — 1), (n — 1)* and (n — 1)*. Sim’s procedure has
been used in the construction of the corresponding non-trivial suborbital graphs. The
suborbital graphs of this action are undirected, regular and their girth is 3. All the
suborbital graphs except the one corresponding to the suborbit of length (n—1)3, are
disconnected. The suborbital graphs corresponding to suborbits of length (n—1) and
(n— 1)2 have n? and n components respectively. Finally, the cycle index formulas
of this action when n = 4,5,6,7,8, are derived using the product of monomials.



CHAPTER 1

INTRODUCTION

1.1  Background information

The collection of all permutations on a set X forms a group under the binary
operation of composition of maps which is referred to as the symmetric group S|x| of
degree | X|. The symmetric group has order |X|!. The set of all even permutations
in S|x| forms a group referred to as the alternating group A|x| of degree |X| and
has order % Note that Ajx| is a normal subgroup of Sx| of index 2. The
direct product G; x G5 x --- x G,, of the groups G1,Gs,--- , G, with operations

1, %9, -+ , %, respectively, is the set of n—tuples (g1, 92, - , gn) Where g; € G;; with

the operation defined component wise as,

(91,92,"' >gn) * (h17h27"' ahn) = (91 k1hy  ga*kaha oo gn *n hn) (1-1)

The group G; X Go X -+ x G, has order |G1| |Ga|---|Gy|. Let G act on a set X,
G5 act on a set Y and (G5 act on a set Z, then the product action of G; x G5 x G3

on X XY x Z is given by the rule,

(91,92, 93)(x,y,2) = (91 () , 92 (¥) , g3 (2))- (1.2)

[See (Cameron et al., 2007).]



Theorem 1.1.1. (Armstrong, 2013) The Gy x Gy x Gs—orbit containing (z,y,z) €
X XY x Z is given by Orbg, (x) X Orbg,(y) X Orbg,(z) and the stabilizer of (z,y, z)

is given by Stabg, (x) x Stabg,(y) X Stabg,(z).

1.2  Definition of terms and Preliminary results
Definition 1.2.1. A group G is said to act on the left of a set X if for each g € G
and x € X, there exist a unique element gr € X such that for all x € X and

g1, g2 € G, (q192) x = g1 (go7) and ex = x, where e is the identity in G.

Definition 1.2.2. The action of a group G on a set X partitions X into disjoint
equivalence classes referred to as orbits or transitivity classes of action. The orbit

containing © € X, is denoted by Orbg(z).

Definition 1.2.3. The action of a group G on a set X is said to be transitive if for
all x,y € X, there exist g € G such that gx = y. That is, the action is transitive if

it results to only one orbit.

Definition 1.2.4. Let a group G act on a non-empty set X and g € G. Then the

set Fix(g) = {x € X|gx = x} is known as the fized point set of g.

Definition 1.2.5. Let a group G act on a non-empty set X and x € X. The set

G, = {9 € Glgz = z} is known as the stabilizer of x in G.

Theorem 1.2.6. (Rose, 1978) Let G act on a set X. Then

|Orbg(x)| = [G : Stabg(z)]. (1.3)



Theorem 1.2.7. (Rose, 1978) [Cauchy’s Frobenius lemma] Let a group G act on a

set X. The number of G-orbits on X is given by

|—(1;| S| Fix(g)). (1.4)

geG

Definition 1.2.8. Let G act transitively on a set X and x € X. Then G,-orbits on
X are called suborbits of G on X. The number of these suborbits is called the rank

of G on X and the sizes of the suborbits are called the sub degrees of G on X.

Definition 1.2.9. Let A be a G,-orbit on X. The set A* = {gx|g € G,z € gA }
is also a Gg-orbit and it is known as a suborbit of G on X paired with A. Clearly

|A*] = |Al. A is said to be self-paired if A* = A.

Theorem 1.2.10. (Cameron, 1999) Let the action of a group G on set X be

transitive and let g € G. Then the number v of self-paired suborbits of G is given by,

1 o,
v = @Z ‘Fz:z:(g )‘ (1.5)

geG

Definition 1.2.11. Let the action of G on a set X be transitive. Then a block of
the action is a subset A C X such that either g(A)NA =0 or g(A) = A for all
g € G. In particular X, and all singleton subsets of X are blocks known as trivial
blocks. The action is said to be primitive if it does not have blocks other than the

trivial ones; otherwise its imprimitive.

Theorem 1.2.12. (Higman, 1967) Let G act transitively on set X. Then the action

15 primitive if and only if all non-trivial suborbital graphs are connected.



Definition 1.2.13. Let g € S,, with o; (i = 1,2,--- ,n) cycles of length i. Then g

is said to have cycle type (a1, ag, -+, ap).

Theorem 1.2.14. (Krishnamurthy, 1985) Two permutations in S, are conjugate
if and only if they have the same cycle type and if g € S, has cycle type

(o1, 9, - -+, av,), then the number of permutations in S, conjugate to g is

n!

n . 'a.'
[T, ailie

(1.6)

Definition 1.2.15. A graph G(V,E) is a diagram consisting of a set V, whose
elements are called vertices and a set E of unordered pairs of the vertices called

edges. If a graph has only one vertex and no edge it is called a trivial graph.
Definition 1.2.16. If a graph has no edges it is called a null graph.

Definition 1.2.17. A sequence of edges of the form vy, vy, v2, v4—1 v in a graph G is
known as a walk of length t. A walk with distinct vertices is called a path. A closed

path is called a cycle or a circuit.

Definition 1.2.18. Let G be a graph. If for all vertices x,y € G there exist a path
joining x and y, then G is said to be connected. If G is not connected then it is

disconnected. A mazimal connected sub-graph of G is called a component of G.

Definition 1.2.19. The girth of a graph G is the length of the shortest cycle in the

graph.

Definition 1.2.20. Let G be a group and X be a finite set. The suborbitals of G on

X are the G-orbits on X x X.



Theorem 1.2.21. (Wilson and Watkins, 1990) Let I" be a connected undirected

graph. Then T' is Eulerian if and only if every vertex is of even degree.

Definition 1.2.22. A suborbital graph T' corresponding to suborbital O C X x X is

a graph whose vertex set is X and xy is a directed edge if and only if (z,y) € O.

Theorem 1.2.23. (Lauri and Mizzi, 2011) All the components of a suborbital graph

are isomorphic to one another.

Definition 1.2.24. If a finite group G acts on a set X, |X| = n and g € G has
cycle type (o, g, - -+, v, ), we define the monomial of g to be mon(g) = t$1t5* - - - to,

where tq, to, -+ 1, are distinct commuting indeterminates.

Definition 1.2.25. The cycle index of the action of a group G on a set X is the

polynomial (say over the rational field Q) in ty, to, ..., t, given by

2(6) = g 3 (mon(9)}. (17)

Note: If G has conjugacy classes Ky, Ky, --- , K,,with ¢g; € K;, then

|G\ Z | K;| mon(g;). (1.8)

Theorem 1.2.26. (Cameron et al., 2007) Take an i—cycle in a permutation g1 € G4
and a j—cycle in a permutation go € Go. The pair (g1,92) acts on the product of
the supports of these two cycle as ged(i, j) cycles each of length lem(i, j). Hence the

cycle index of Gy x Gy can be computed as follows: define t§ ot? = (Liem(,j )ab(ng(i’j)),



and extend multiplicatively to arbitrary monomaials and then additively to arbitrary
polynomials. Then,

Z(G1x G) = Z(G1)o Z(Gy). (1.9)

1.3 Statement of the problem
Numerous studies have been done on permutation groups acting on ordered and
unordered subsets of a set X, in particular symmetric group and alternating group.
Nevertheless, little has been done on the product action of permutation groups
acting on the Cartesian product. Therefore in this research we will study the
action of A4,, x A,, X A,, (n > 4) on the Cartesian product X x Y x Z. In particular,
we will consider ranks, subdegrees, suborbital graphs and the cycle index formula
corresponding to the action.
1.4  Objectives of the study
1.4.1 General objective
To study the properties associated with the action of A, x A, x A, (n > 4) on the
Cartesian product X x Y x Z.
1.4.2 Specific objectives

i To determine whether the action of A, x A, x A, (n > 4) on the Cartesian

product X x Y x Z is transitive.

ii To determine the ranks and subdegrees of the action of 4, x A, x A,, (n > 4) on

the Cartesian product X x Y x Z.

iii To construct the suborbital graphs corresponding to the action.



iv To investigate the theoretic properties arising from the constructed suborbital

graphs.

v To determine the cycle index formula of the action.

1.5  Significance of the study

Graph theory has proven to be of great importance in various fields. In Biology for
example, it has boosted conservation efforts whereby a vertex of a graph represents
habitats of species while the edges represents migration routes of the organisms.
This has been useful in combating diseases which spread and breeding patterns.
Connectivity in graph theory helps to represent how one part of the brain is connected
to the other in terms of their function and how they work together for various
cognitive processes. In communication, the social network represents the connection
between different people in the world. Transportation system use graph theory
to compute the shortest and longest distance and this can be used by traders to
determine the cheapest ways of distributing their products to different customers. In
combinatorics, cycle index formulae are important tools in counting. For instance,
they can be used in counting isomers in chemical compounds and as well as in

counting graphs.



CHAPTER 2

LITERATURE REVIEW
2.1 Ranks and subdegrees
The concept of rank of a group was introduced by Higman (1964). Later Higman
(1970) computed rank and the subdegrees of the symmetric group S, acting on

unordered pairs from the set X = {1,2,--- ,n}. It was proved that the rank is 3

n—2
while the subdegrees are 1, 2 (n — 2) and

2

Cameron (1973) worked on permutation groups that are transitive. It was proved
that G has at most rank 4 if GG is primitive on X and G, is doubly transitive on all
non-trivial suborbits except possibly one, with |G| > 2.

Kamuti (1992) studied the action of PGL(2,q) and PSL(2,q) on the cosets of their
maximal subgroups. It was proved that when PGL(2,q) acts on the cosets of its
maximal dihedral subgroup of order @, then its rank is % (g + 3) if ¢ = 1mod 4,
1(3¢+7)if ¢ = —1mod 4 and 3(¢q + 2) ¢ is even.

Kamuti (2006) worked on the actions of PGL(2,q) on the cosets of its dihedral
subgroup of order 2(¢ — 1). The rank was found to be ‘1;—3 for ¢ odd and # for
q even. Nyaga et al. (2011) worked on the action of the symmetric group S, on
set X of unordered t-element subsets from X, where X = {1,2,--- ,n }. It was
proved that the action is transitive, the rank is ¢t + 1 for n>2t and the subdegrees

e, 1 (1700 () G20 (5) () () (7). (75) respectively.

Rimberia et al. (2012) proved that for n > 2t, S, acts transitively on the set of



t-ordered subset of X ={1,2,---,n} with a rank of

R(G) =tl+2t—1)+ U ;)!2§t_2)! 4l (t—1) (;!;!2) (t—3)! o

£2(t — 1)
+"'+%+t2+1.

Kimani et al. (2014) used table of marks to compute rank of S, (n =15,6,7) acting
on ordered pairs from X = {1,2,---,n} and proved that it is 7.

Gachago et al. (2015) proved that the alternating group A, (n = 5,6,7) acts
transitively on ordered and unordered quadruples of X ={1,2,--- ,n}.

Magero (2015) computed the rank and subdegrees of PSL(2, q) acting on the cosets
of its cyclic subgroup C’% where k is the greatest common divisor of ¢ — 1 and 2.
It was found that the rank is 1, ¢ +4 and 2(q + 3) for ¢ even and odd respectively.
The subdegrees were found to be, 1, g —1, ¢ —1,--- ;g — 1, ¢ + 2 times for ¢ even
and 1, %, %, e q;21, 2(q + 2) times for ¢ odd.

Rotich (2016) computed the rank and subdegrees of PGL (2, q) acting on the cosets
of its cyclic subgroup C,_;. It was found that the rank is ¢ + 4 and subdegrees are
landg—1, ¢g—1,--- ,g—1, ¢+ 2 times.

2.2 Suborbital graphs

Sims (1967) introduced the concept of suborbital graphs for permutation groups that
are finite acting on a set X. In the study, a suborbital graph was defined.

Kamuti (1992) constructed suborbital graphs of PGL(2, q) acting on the cosets of its

maximal dihedral group of order 2(¢ — 1). The method used provided another way

of constructing the coxeter graph which was first constructed by Coxeter (1983).
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Akbas (2001) studied the modular group acting on the rational projection line. It
was proved that the suborbital graph for a modular group is a forest if and only if
it has no triangles.

Kamuti et al. (2012) studied the action of the stabilizer of co in the modular group
on the set of integers. It was proved that the action is transitive and imprimitive.
If a,b € Z and a # b, then suborbitals O(0,a) and O(0, b) are disjoint. Furthermore
the suborbital graph I'(0, a) has |a| components and it is paired with I'(0, a).
Rimberia (2012) studied suborbits and suborbital graphs of the symmetric group
S, acting on ordered t-element subsets. It was found that all these graphs are
disconnected. The girth of the graphs corresponding to self-paired orbits of G|y 3.... 4
on X! with exactly ¢ elements from A = {1,2,--- ¢} was shown to be zero while
that of paired orbits with precisely ¢ elements from A was found to be three. For
the suborbital graph corresponding to the orbit of Gy 5. 4y on X " with no element
from A, the girth was found to be equal to three provided n > 3t.

Magero (2015) constructed suborbital graphs corresponding to the action of PSL(2, q)
on the cosets of its cyclic subgroup C% , where k is the greatest common divisor
of ¢ — 1 and 2. It was found that the action is imprimitive. Also the number of
self-paired suborbital is ¢+ 2, ¢+3 and ¢+ 1 for p = 2,q¢ = Imod 4 and ¢ = —mod4
respectively.

2.3 Cycle indices

The concept of cycle index of a permutation group was introduced by Redfield
(1927). The study stressed on the relationship between combinatorial analysis and

permutation groups. Each permutation group was associated with a group reduced
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function which is nowadays known as cycle index.

Later, Pélya (1937) used the cycle index to count graphs and chemical compounds
via the famous Polya’s Enumeration Theorem. Through this theorem the cycle index
became a very powerful tool in enumeration and hence the need arose to compute
the cycle indices of permutation groups.

Kamuti (1992) computed the disjoint cycle structures of elements of PGL (2,q )
and PSL (2,q) for any primitive permutation representation of these groups. He
also derived general formulae for the cycle indices of these representations.

The cycle index of the reduced ordered triple group 57[13] was computed by Kamuti
and Obong’o (2002). Kamuti and Njuguna (2004) later extended this study to cycle
index of the reduced ordered r-group s,

Muthoka et al. (2015) derived the cycle index formulas for D,, acting on unordered

pairs. It was found that the cycle index formula is given by,

Z(Dn X?) = — |3 6 (d) e (2.2)
5 2 d 1 ) .
d|n

when n is odd and

Z(Do, X*) = o Zgb <ntn2d">+2¢(d) (t”2d")+nt§t;4” . (2.3)

d|ln d|n
2|d 2td

when n is even.
From the above, it is clear that there is a lot that has not been done on the action

of A, x A, x A, (n>4,5,6,7,8) on the Cartesian product X x Y x Z. Therefore,
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this research will determine ranks, subdegrees, suborbital graphs and the cycle index

formula corresponding to the action.
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CHAPTER 3

RANKS AND SUBDEGREES OF A, x A, X A,, ACTING ON
X XY XxZ

This chapter is divided into two sections. Section 3.1 examines the transitivity of
A, x A, x A, acting on X XY X Z and Section 3.2 gives the rank and subdegrees
of the action.
We will denote G = A, x A, x A, to be the external direct product of the
alternating groups A, on X = {1,2,---,n}, Y = {n+ 1,n+ 2,---,2n} and
Z={2n+1,2n+2,--- ,3n} respectively. Also X' ={2,--- . n},Y' ={n+2,--- 2n}
and 7' = {2n+1,2n+2,--- ,3n}.
3.1  Transitivity
Proposition 3.1.1. Let K be an alternating group on set Q = {aq, a9, -+ ,ap}.

Then the stabilizer of Staby(ay) is the alternating group A,—1 on set Q\ {aq }.

Proof: The element g € K fixes a; € Q if oy is in its own cycle as a permutation.
Therefore Stabg (aq) is isomorphic to the group of all even permutations of the set

{ag,as, -+ ,a,}, which is the alternating group A,,_;. O

Proposition 3.1.2. Let G, Gy and G3 be alternating groups A, on X, Y and Z
respectively. Suppose G = G x Gy X Gz acts on X xY x Z. Then, the stabilizer of

(ILn+1,2n+1) in G is isomorphic to A,_1 X Ap_1 X Ap_q.

Proof: By Proposition 3.1.1, the Stabg, (1), Stabg, (n + 1) and Stabg, (2n + 1) are
isomorphic to the alternating groups A,, on X', Y/ and Z’ respectively. By Theorem
1.1.1, we have,
Stabg(1,n+1,2n+1) = Stabg, (1)xStabg, (n+1)xStabg,(2n+1) = A1 X Ap_1 X Ap_1.
(3.1)
O
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Example 3.1.1. The action of Ay x Ay x Ay on X XY X Z is transitive.

Proof: Let G =G x Gy x G3 = Ay x Ay x Ay act on X x Y x Z. By Proposition

3.1.2, we get,
|Stabg<1,5,9)| = ]Stabgl(l) X Stabg2(5> X Stabg3(9)| = ‘Ag X A3 X Ag’
3! x 3! x 3! o7 (3.2)
Co2x2x2 T
Thus, by Theorem 1.2.6, we have,
41x41x4! 1728
|0rbe(1,5,9)| = |G : Stabg(1,5,9)] = “227“ =5 =64=]X xY x 7. (3.3)
Hence, the action is transitive.
O

Example 3.1.2. The action of A5 X A5 X A5 on X XY X Z is transitive.

Proof: Let G =G x Gy x G3 = A5 X A5 x A5 act on X x Y x Z. By Proposition

3.1.2, we get,
|Stabg(1,6,11)| = |Stabg, (1) x Stabg,(6) x Stabg,(11)] = |Ay X Ay X A4l
41 x 41 x 4! 1798 (3.4)
C2x2x2 '
Applying Theorem 1.2.6, we get,
5!x5!x5!
216000
ba(1,6,11)| = |G : Staba(1,6,11)] = 2222 — =125=|XxY x Z|.
(3.5)
Thus the action is transitive.
O

Example 3.1.3. The action of Ag X Ag X Ag on X XY X Z is transitive.

Proof: Let G = G X Gy x G3 = Ag X Ag X Ag act on X X Y x Z. By Proposition

3.1.2, we obtain,

5! x 5! x 5!
|Stabg(1, 7, 13)| = |Stabcl(1)XStabG2(7)XSt(le3(13)| = |A5 X A5 X A5| = -

2X2X2
= 216000.

(3.6)
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Thus, by Theorem 1.2.6, we have,
6!x6!x6!

46656000
Orbe(1,7,13)| = |G : Stabg(1,7,13)] = 222 —
|0rbe(1,7,13)] = | aba(1,7,13)] 216000 216000

=216=|X xY x Z|.

(3.7)
Thus the action is transitive. O

Example 3.1.4. The action of A7 x A7 X A7 on X XY X Z is transitive.

Proof: Let G = G X Ga x G3 = A7 x Ay x Ay act on X x Y x Z. It follows from

Proposition 3.1.2, that,

6! % 6! x 6!
|Stab(1,8,15)| = |Stabg, (1)x Stabe, (8)x S%abG3(15)|::L46><146:x446|::-E%izigéé-
— 46656000.
(3.8)

Applying Theorem 1.2.6, we get,
TIXTIXT!

16003008000
Orbe(1,8,15)| = |G:Staba(1,8,15)] = —2X2X2_ _
(Orbo(1,8,15)] = |G:5taba (1,8, 19)| = 1656000 ~ ~ 26656000

=343 =X xY x Z|.

(3.9)
Hence the action is transitive. ]

Example 3.1.5. The action of Ag x Ag X Ag on X XY X Z is transitive.

Proof: Let G = Gy x Gy xG3 = Agx Agx Ag act on X xY x Z. Then by Proposition

3.1.2,
]Stabg(l,Q, 17)| = ]Stabgl(l)x StabG2<9)X Stabg3(17)| = ‘A7 X A7 X A7|
=TT 6003008000 310
C2%x2x2 '
Applying Theorem 1.2.6, we get,
8!x8!x8!
8IxBIxBl 19354
Orbo(1,9,17)| = |G=Stabg (1,9, 17)] = 222 _ 8193540096000

16003008000 16003008000 (3.11)

=512=|X xY x Z|.
Therefore, the action is transitive. O]

Theorem 3.1.6. The action of A, X A, Xx A, on X XY X Z is transitive.
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Proof: Let G = G| X Gy x G3 = A, x A, X A, act on X XY x Z. Then by

Proposition 3.1.2, we obtain,

|Stabg(1,n + 1,2n + 1)| = |Stabg, (1) x Stabg,(n + 1)x Stabg,(2n + 1)|

= |An71 X An,1 X An71| (312)
C(n=DIx(n-1)!'x(n—1)!
B 2 X2 %2 ‘
Thus, by Theorem 1.2.6, we have,
n!xn!xn!
|Orbe(1,n+1,2n+ 1)| = |G:Stabg(1,n + 1,2n + 1)| = (nil)!xiiffﬁx(nil)!
2X2x2
_ 3 (3.13)
=X xY x Z|.
Hence, the action is transitive. O

3.2 Ranks and subdegrees
Example 3.2.1. Let G =G X Ga x G3 = Ay x Ay x Ay act on X XY xX Z. Then

the rank is 8 and the subdegrees are 1, 3, 3, 3, 9, 9, 9 and 27.

Proof: Let Hy = Stabg, (1), Hy = Stabg,(5), H3 = Stabg,(9) and H = Stabg(1,5,9).
Then by Proposition 3.1.2, H = H; x Hy x H3. By Proposition 3.1.1, Hy, Hy and

Hj are isomorphic to alternating groups As on the sets X’ = {2,3,4}, Y’ = {6,7,8}

and Z' = {10,11, 12} respectively. Suppose H; acts on X = {1,2,3,4}. Then

Orby, (1) = {1} and Orby, (2) = {2,3,4}. Also let Hy act on Y = {5,6,7,8}, then

Orby,(5) = {5} and Orby,(6) = {6,7,8}. Similarly, let H3 act on Z = {9,10, 11, 12},

then Orby,(9) = {9} and Orby,(10) = {10, 11, 12}.

By Theorem 1.1.1, we have:

AO = OTbH(1,5,9) = OT’le(l) X O’I“bH2(5) X O?”bH3(9) = {1} X {5} X {9} = {(1,5,9)}

(3.14)
Therefore, |Ag] = 1.
Al = OTbH(2, 5, 9) = O?“le (2, 3, 4) X O?"bH2(5) X O?“I)H3 (9)
= {2,3,4} x {5} x {9} (3.15)

=1{(2,5,9),(3,5,9),(4,5,9)}.
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Therefore, |A;]| = 3.
Ay = Orby(1,6,9) = Orby, (1) X Orby,(6) x Orby,(9)

={1} x{6,7,8} x {9}

- {<17 6, 9)? (17 7,9), (1,8, 9)}
Therefore, |Aq| = 3.

Ag = O?“bH<1, 5, 10) = OT'le(l) X OTbH2(5) X O?"bH3(1O)
= {1} x {5} x {10,11, 12}

={(1,5,10),(1,5,11),(1,5,12)}.
Therefore, |A3| = 3.

A4 = O’f’bH(Q, 6, 9) = OTle (2) X O’f’bH2 (6) X O?"bHS(g)
— {2,3,4} x {6,7,8) x {9}
=1{(2,6,9),(2,7,9),(2,8,9),(3,6,9),(3,7,9),(3,8,9),

(4,6,9), (4,7,9), (4,8,9)}.
Therefore, |Ay] = 9.

A5 = Orby(2,5,10) = Orbg, (2) X Orby,(5) x Orby,(10)
= {2,3,4} x {5} x {10,11,12}
- {(27 5’ 10)’ (27 5’ 11)’ (27 57 12)7 (37 5’ 10)7 (37 57 11)7 (37 57 12)7

(4,5,10), (4,5,11), (4,5,12)}.
Therefore, |As| = 9.

Aﬁ = OTbH(l,G, 10) = O’f’le(l) X OTbH2(6) X OrbHd(lO)
= {1} x {6,7,8} x {10,11,12}
- {(17 67 10)7 (17 77 1O)a (17 87 1O)a (17 67 11)a (17 77 11)a (17 87 11)7 (17 67 12)7

(1,7,12),(1,8,12)}.

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Therefore, |Ag| = 9.
A7 = Orby(2,6,10) = Orby, (2) X Orby,(6) x Orby,(10)
= {2,3,4} x {6,7,8} x {10,11,12}
= {(2,6,10), (2,6,11),(2,6,12), (2,7,10), (2,7,11),(2,7,12),
(2,8,10), (2,8,11),(2,8,12), (3,6,10), (3,6, 11), (3,6,12), (3.21)
(3,7,10),(3,7,11),(3,7,12), (3,8, 10), (3,8, 11), (3,8, 12),
(4,6,10), (4,6,11), (4,6,12), (4,7,10), (4,7,11), (4,7,12),

(4,8,10), (4,8,11), (4,8,12)}.
Therefore |A7| = 27.

It follows that, the subdegrees of G are 1, 3, 3, 3, 9, 9, 9 and 27. The number of
elements in all the eight H—orbits is 1+3+3+3+94+94+9427 =64 =|X x Y x Z|.
Thus the rank is 8. 0

Example 3.2.2. Let G =G X Gy X G3 = A5 X A5 X A5 act on X XY x Z. Then
the rank is 8 and the subdegrees are 1, 4, 4, 4, 16, 16, 16 and 64.

Proof: Let H, = Stabg, (1), Hy = Stabg,(6) and H3 = Stabg,(11) acting on
X, Y and Z respectively. Let H = Stabg(1,6,11). Then by Proposition 3.1.2,
H = Hyx Hyx Hz. By Proposition 3.1.1, H,, H, and Hj are isomorphic to alternating
groups A, on the sets X', Y’ and Z’ respectively. Let H;, Hy and Hz act on X, Y
and Z respectively. Let Hy, H, and Hjz act on X, Y and Z respectively. Then
Orbg, (1) = {1}, Orby,(2) ={2,3,4,5}, Orby,(6) = {6}, Orbg,(7) = {7,8,9,10},
Orbp,(11) = {11} and Orbg,(12) = {12,13,14,15}. By Theorem 1.1.1, we have:
Ag = Orby(1,6,11) = Orbg, (1) x Orbp,(6) x Orby,(11)
— {1} x {6} x {11} = {(1,6,11)}. (3.22)
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Al = OTbH(2,6, 11) = O’I“le (2) X OTbH2<6) X OT‘bHJ(]_l)

={2,3,4,5} x {6} x {11}

(3.23)
={(2,6,11),(3,6,11), (4,6,11), (5,6, 11)}.
Ag = O’l“bH(l, 7, 11) = OTbH1(1> X OTbH2(7) X O?"bHS(ll)
= {1} x {7,8,9,10} x {11}
(3.24)
= {(1,7,11),(1,8,11),(1,9,11), (1,10, 11)}.
Ag = O?“bH<1,6, 12) = OTle(l) X OTbHQ(G) X OrbH3(12)
= {1} x {6} x {12,13,14,15}
(3.25)

= {(1,6,12),(1,6,13), (1,6, 14), (1,6,15)}.
oA =4
Ay = Orby(2,7,11)
= Orby, (2) x Orbg,(7) x Orby,(11)
={2,3,4,5} x {7,8,9,10} x {11}
={(2,7,11),(2,8,11),(2,9,11),(2,10,11), (3,7, 11), (3,8, 11), (3.26)
(3,9,11),(3,10,11), (4,7,11), (4,8,11), (4,9, 11), (4,10, 11),
(5,7,11),(5,8,11), (5,9, 11), (5,10, 11)}.
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A5 = Orby(2,6,12) = Orby, (2) X Orby,(6) x Orbgy,(12)
— {2,3,4,5) x {6,} x {12,13, 14,15}
— {(2,6,12),(2,6,13), (2,6,14), (2,6,15), (3,6,12), (3,6, 13), -
(3,6,14), (3,6,15), (4,6,12), (4,6,13), (4,6, 14), (4,6, 15), 20
(5,6,12), (5,6,13), (5,6, 14), (5,6, 15)}.

Ag = Orby(1,7,12)
= Orby, (1) x Orbg,(7) x Orby,(12)
= {1} x{7,8,9,10} x {12,13,14,15}
= {(1,7,12),(1,7,13),(1,7,14), (1,7,15), (1,8,12), (1, 8,13), (3.28)
(1,8,14),(1,8,15), (1,9,12), (1,9,13), (1,9, 14), (1,9, 15),
(1,10,12),(1,10,13), (1,10, 14), (1,10, 15)}.
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A7 =Orbg(2,7,12)

= Orby, (2) x Orbg,(7) x Orby,(12)

={2,3,4,5} x {7,8,9,10} x {12,13,14, 15}

={(2,7,12),(2,7,13),(2,7,14),(2,7,15), (2, 8,12), (2,8, 13),
(2,8,14),(2,8,15),(2,9,12),(2,9,13),(2,9,14), (2,9, 15),
(2,10,12), (2,10,13), (2,10, 14), (2,10,15),(3,7,12), (3,7, 13),
(3,7,14),(3,7,15),(3,8,12),(3,8,13), (3,8, 14), (3, 8, 15),
(3,9,12),(3,9,13),(3,9,14), (3,9,15), (3,10, 12), (3, 10, 13), (3.29)
(3,10,14), (3,10,15),(4,7,12),(4,7,13),(4,7,14), (4,7, 15),
(4,8,12), (4,8,13),(4,8,14), (4,8,15), (4,9,12), (4,9, 13),
(4,9,14), (4,9,15), (4,10, 12), (4,10, 13), (4, 10, 14), (4, 10, 15),
(5,7,12),(5,7,13),(5,7,14), (5,7,15), (5,8, 12), (5, 8, 13),
(5,8,14), (5,8,15),(5,9,12), (5,9, 13), (5,9, 14), (5,9, 15),
(5,10,12), (5,10, 13), (5,10, 14), (5, 10, 15)}.

oAl = 64.
It follows that the subdegrees of G are 1, 4, 4, 4, 16, 16, 16 and 64. The number

of elements in all the eight H—orbitsis 1 +4+4+4+ 16+ 16 + 16 + 64 = 125 =
|X xY x Z|. Thus the rank is 8. O

Example 3.2.3. Let G = G X Gy X G3 = Ag X Ag X Ag act on X XY x Z. Then

the rank is 8 and the subdegrees are 1, 5, 5, 5, 25, 25, 25 and 125.

Proof: Let Hy = Stabg, (1), Hs = Stabg,(7), Hy = Stabg,(13) act on X, Y and
Z respectively. Also, Let H = Stabg(1,7,13). Then by Proposition 3.1.2, H =
Hi, x Hy x Hs. It follows from Proposition 3.1.1, that, Hy, H, and Hs are isomorphic
to alternating groups As on the sets X' = {2,3,4,5,6} , Y’ = {8,9,10,11,12} and

7' ={14,15,16,17,18} respectively.
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Let Hy,H, and H act on {1,2,3,4,5,6},{7,8,9,10,11,12} and {13, 14, 15, 16, 17, 18}
respectively. Then Orby, (1) = {1}, Orby,(2) = {2,3,4,5,6}, Orby,(7) = {7},
Orby, (8) = {8,9,10,11,12}, Orby, (13) = {13} and Orby, (14) = {14, 15, 16,17, 18}.

Applying Theorem 1.1.1, we get:
Ao = OTbH<1, 7, 13) = OTle(l) X O’f’bH2(7) X OTbH3(13)

= {1} % {7} x {13} = {(1,7,13)}. (3.30)
Al = OTbH<2, 7, 13) = OT’le (2) X OTbH2(7) X OTbH3(13)

— {2,3,4,5,6} x {7} x {13}

(3.31)
={(2,7,13) : z € X'}.
AQ = OTbH(l, 8, 13) = OT’le(l) X OT‘bH2 (8) X OTbH3(13)
= {1} x {8,9,10,11, 12} x {13}
(3.32)
={(Ly,13):yeY'}.
A3 = OT’bH<1, 7, 14) = O?”le(l) X O’I“bH2(7) X OTbH3(]_4)
= {1} x {7} x {14,15, 16,17, 18}
(3.33)
={(1,7,2): z € Z'}.
A4 = O’I"bH(Q, 8, 13) = O’I"le (2) X OTbH2 (8) X OT‘bHs(]_?))
= {2,3,4,5,6} x {8,9,10,11,12} x {13}
(3.34)

={(z,y,13):z € X',y € Y'}.
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A5 = OTbH<2, 7, 14) = OTle (2) X OTbH2(7) X OTbH3(14)

= {2,3,4,5,6} x {7} x {14,15,16,17,18}

(3.35)
={(z,7,2):x e X'z 7'}
|A5| = 25.
A6 = O?"bH<1,8, 14) = OT'le(l) X OT’bHQ(S) X OTbH3(14)
= {1} x {8,9,10, 11,12} x {14, 15, 16, 17, 18}
(3.36)
={(1,y,2):yeY' ze 7'}
A7 = O’I’bH(2, 8, 14) = OTle(Q) X OTbH2 (8) X OT’bH3<14>
= {2,3,4,5,6} x {8,9,10,11,12} x {14, 15, 16,17, 18} .
3.37

={(z,y,2):2€e X yeY' ze 7}

oA =125
Therefore the subdegrees of G are 1,5,5,5,25,25,25,125. The number of elements

in all the eight H—orbitsis 1+5+5+5+25+25+25+125 =216 =|X x Y x Z|.
Thus the rank is 8. [

Example 3.2.4. Let G =Gy X Goa X G3 = A7 X Ay X A7 act on X XY xX Z. Then
the rank 1s 8 and the subdegrees are 1, 6, 6, 6, 36, 36, 36 and 216.

Proof: Let H; = Stabg, (1), Hy = Stabg,(8), Hs = Stabg,(15) and H =
Stabg(1,8,15). Then by Proposition 3.1.2, H = H; x Hy x Hs. By Proposi-
tion 3.1.1, Hy, H, and Hj3 are isomorphic to alternating groups Ag on the sets
X' = {2,3,4,5,6,7}, Y’ = {9,10,11,12,13,14} and Z' = {16,17,18, 19,20, 21}
respectively. Suppose H; acts on X = {1,2,3,4,5,6,7}, then Orbg, (1) = {1}
and Orby, (2) = {2,3,4,5,6,7}. Also let Hy act on Y = {8,9,10,11,12,13,14}.
Then Orby,(8) = {8} and Orbg,(9) = {9,10,11,12,13,14}. Similarly, let Hj
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act on Z = {15,16,17,18,19,20,21}, then Orby,(15) = {15} and Orby,(16) =

{16,17,18,19,20,21}. Now, by Theorem 1.1.1, we have,

Ao = O?“bH<1,8, 15) = OT’le(l) X OT’bHQ(S) X OTbH3(15)
= {1} x {8} x {15}

={(1,8,15)}.
Therefore |Ag| = 1.

Al = O’l“bH(Z, 8, 15) = O’l“le (2) X OT'bH2 (8) X OTbH3(15)
= X' x {8} x {15}

={(z,8,15) : z € X'}.
Therefore |A;| = 6.

Ay = Orby(1,9,15) = Orbg, (1) x Orbp,(9) x Orby,(15)
= {1} x Y’ x {15}
={(1,y,15) :y €Y'}
Therefore, |As| = 6.
Az = Orby(1,8,16) = Orbg, (1) x Orbp,(8) x Orby,(16)
={1} x {8} x 7'
={(1,8,2): z € Z'}.
Therefore, |As| = 6.
Ay =O0rby(2,9,15) = Orbg, (2) x Orbp,(9) x Orby,(15)
= X'xY' x {15}

={(z,y,15):z € X',y e Y'}.

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Therefore, |A4]| = 36.
A5 = OTbH<2, 8, 16) = O?”le (2) X ()’I”[)H2 (8) X OTbH3(16)
=X'x {8} x 7 (3.43)

={(z,8,2):x e X',z € Z'}.
Therefore, |As| = 36.

A6 = O?“bH<1,9, 16) = OT'le(l) X OTbHQ(g) X O?"bH3(16)
= {1} xY'xZ' (3.44)

={(l,y,2):yeY' zeZ'}.
Therefore, |Ag| = 36.

A7 = OTbH<2, 9, 16) = OT’le (2) X OT’bH2 (9) X OTbH3(16)
(3.45)
=X'xY' xZ.
Therefore, |A7| = 216.

It follows that, the subdegrees of G are 1, 6, 6, 6, 36, 36, 36 and 216. The number
of elements in all the eight H—orbits is 1 +6 + 6 + 6 + 36 + 36 + 36 + 216 = 343 =
|X XY x Z|. Thus the rank is 8. O

Example 3.2.5. Let G = G X Gy X G3 = Ag X Ag X Ag act on X XY x Z. Then

the rank 1s 8 and the subdegrees are 1, 7, 7, 7, 49, 49, 49 and 343.

Proof: Let H; = Stabg, (1), Hy = Stabg,(9), Hy = Stabg,(17) and H =
Stabg(1,9,17). Then by Proposition 3.1.2, H = H; x Hs x Hs. By Proposition
3.1.1, Hy, Hy and Hj are isomorphic to alternating groups A; on the sets X' =
{2,3,4,5,6,7,8), Y’ = {10,11,12,13, 14, 15,16} and Z’ = {18, 19,20, 21, 22, 23, 24}
respectively. Suppose H; acts on X = {1,2,3,4,5,6,7,8}, then Orby, (1) = {1} and
Orb, (2) = {2,3,4,5,6,7,8}. Also let Hy act on Y = {9,10,11,12,13, 14, 15, 16},
then Orbg,(9) = {9} and Orbg,(10) = {10, 11,12,13,14,15,16}. Similarly, let Hj
act on Z = {17,18,19,20,21,22, 23,24}, then Orby, (17) = {17} and Orby,(18) =
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{18,19,20,21,22,23,24}. By Theorem 1.1.1, we have:
AO = OTbH<1, 9, 17) = O?”le(l) X ()’I”[)H2 (9) X OTbH3(17)

= {1} x {9} x {17} (3.46)
={(1,9,17)}.
Therefore, |Ag| = 1.
Ay = Orby(2,9,17) = Orby, (2) X Orby,(9) x Orby,(17)
— X' x {9} x {17} (3.47)
={(z,9,17) : 2 € X'}

Therefore, |Ay| = 7.

AQ = O?"bH(l, 10, 17) = OTle(l) X OT’bHQ(lO) X OTbH3(17)
= {1} x Y7 x {17} (3.48)
={(1,y,17) : y € Y'}.

Therefore, |Ag| = 17.

A3 = Orbg(1,8,16) = Orby, (1) x Orby,(8) x Orby,(16)
={1} x {9} x 7' (3.49)
={(1,9,2): z € Z'}.
Therefore, |As| = 17.
Ay = Orbg(2,10,17) = Orby, (2) x Orby,(10) x Orby,(17)
= X'xY' x {17} (3.50)

={(z,y,17):z e X",y e Y'}.
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Therefore, |A4] = 49.

A5 = OTbH<2, 97 18) = OT’le (2) X OT’bH2 (9) X OTbH3(18)
= X' x% {9} x 7' (3.51)
={(2,9,2):z € X'z € 7'}

Therefore, |As| = 49.

Aﬁ = OT'bH(l, 10, 18) = O?“le(l) X OTbHQ(lo) X O?“bHS(lS)
={1} xY'xZ (3.52)
={(l,y,2):yeY' ,ze 7'}

Therefore, |Ag| = 49.

A7 = O’T‘bH(Q, 10, ].8) = O’I“le (2) X Orsz(lO) X O’I"bH3(18)
(3.53)
=X'xY'x 7.
Therefore, |A7| = 343.
It follows that, the subdegrees of G are 1, 7, 7, 7, 49, 49, 49 and 343. The number
of elements in all the eight H—orbitsis 1 +7+ 7+ 7+ 49+ 49 + 49 + 343 = 512 =

|X XY x Z|. Thus the rank is 8. O

Theorem 3.2.6. Let G =G x Ga x Gz = A, x A, x A,, act on X xY x Z. Then
the rank is 8 and the subdegrees are 1, n—1, n—1, n—1, (n —1)*, (n —1)%, (n — 1)°
and (n —1)%.

Proof: Let Hy = Stabg, (1), Hy = Stabg,(n + 1), Hy = Stabg,(2n + 1) and
H = Stabg(1,n + 1,2n + 1). Then, by Proposition 3.1.2, H = H; x Hy x Hs. By
Proposition 3.1.1, Hy, H, and Hj are isomorphic to alternating groups A,_; on the
sets X' ={2,3,--- ,n}, Y ={n+2,n+3,--- 2n}and Z' = {2n+2,2n+3,--- ,3n}
respectively. Suppose H; acts on X = {1,2,--- ,n}, then Orbg, (1) = {1} and

Orby,(2) = {2,3,---,n}. Also let Hy act on Y ={n+1,n+2,---,2n}, then
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Orby,(n + 1) = {n + 1} and Orby,(n +2) = {n +2,n + 3,---,2n}. Similarly,
let Hy act on Z = {2n+1,2n+2,--- ,3n}. Then, Orby,(2n + 1) = {2n + 1} and

Orbp,(2n+2) ={2n+2,2n+3,--- ,3n}. It follows from Theorem 1.1.1, that:
AO = OrbH(l,n + 1, 2n + 1) = OTle(l) X OTbH2(7L + 1) X O’f‘bHB(2TL + 1)

={(I,n+1,2n+1)}.
= |Ag] = 1.
(3.54)
Ay = Orby(2,n+1,2n 4 1) = Orby, (2) x Orb,(n + 1) x Orby, (2n + 1).
={2,3,--- ,n}x{n+1} x{2n+1}.
= [Aa] = [{2,3, - o} [{n + {20 + 1} = (n = 1),
(3.55)

AQ = OrbH(l,n + 2, 2n + 1) = OTle(l) X OTbH2(7L + 2) X OrbH3(2n + 1)
= {1} x{n+2,n+3,---,2n} x {2n +1}. (3.56)

= Aol = {1} {n+2,n+3,-- ,2n}| [{2n + 1} = (n — 1).

A3 =Orbg(1,n+1,2n+2) = Orby, (1) X Orby,(n 4+ 1) x Orby,(2n + 2)
={1} x{n+1} x{2n+2,2n+3,--- ,3n}.
= |Asg| = {1} {n+ 1} {2n+2,2n +3,--- ,3n}| = (n — 1).

(3.57)

A4 :OrbH(2,n+2,2n+1) = OTbH1(2) X OrbHQ(n—i—Q) X OrbH3(2n+1)
={2,3,--- ,n}x{n+2,n+3,---,2n} x {2n+ 1}.
= Ay = [{2,3,--- 0} [{n+2,n+3,--- 20} | {20 + 1}] = (n — 1)".

(3.58)
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A5 :OrbH(2,n+1,2n+2) = OTle(Q) X OrbHQ(n—i— 1) X OrbH3(2n+2)
={2,3,--- ,n}x{n+1} x{2n+2,2n+3,--- ,3n}.

(3.59)

Ag = Orbg(1,n+2,2n+2) = Orby, (1) X Orby,(n 4+ 2) x Orby,(2n + 2)
={1} x{n+2,n+3,--- ,2n} x {2n+2,2n+3,--- ,3n}.
= |A¢| = {1 {n+2,n+3, -, 2n} [{2n +2,2n + 3, - - ,3n}|
:(n—1)2.

(3.60)

A7 =O0rbg(2,n+2,2n+ 2) = Orby, (2) X Orby,(n + 2) x Orby,(2n + 2)
={2,3,--- ,n}x{n+2,n+3,--- 2n} x{2n+2,2n+3,--- ,3n}.
= |A7| ={2,3,--- ,n}[{n+2,n+3,--- 2n}[ [{2n +2,2n + 3, - -, 3n}|
=(n— 1)3.
(3.61)
Therefore the subdegrees of G are 1, (n — 1), (n — 1), (n — 1), (n —1)% (n — 1),
(n —1)* and (n — 1)°. The number of elements in all the eight H—orbits is 1+ (n —
D+n—1+n—1)+n-1)°+n-1)°+n-1)°+n-10°=[XxY x Z| =n’.

Thus, the rank is 8. O
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CHAPTER 4

SUBORBITAL GRAPHS OF A,, x A, X A,, ACTING ON X XY x Z
Suppose Stabg, xc,xGs (T, Y, 2) acts on X xY x Z and A is an orbit of Stabg, xcyxas (T, Y, 2)
on X x Y x Z. Then the suborbital O corresponding to A is given by,

O = {((91,92,93)($,y,2), (91792793)(uavaw) : (U,U,’LU) S A;

(91,92, 93) € G1 x Go x G3}
(4.1)

= {(91(2), 92(9), 95(2)), (91.(w), 92(v), gs(w)) : (w, v, w) € A,

(glug2ag3> € Gl X G2 X Gg}
Suborbital graph I' corresponding to suborbital O is formed by taking X xY x Z

as the vertex set and a directed edge from (m,n,o0) to (p,q,r) if and only if
((m,n,0),(p,q,r)) € O. The suborbital graph corresponding to Aq is the null graph
since the edge set is empty.

4.1 Suborbital graphs of A4 X A4 X Asy actingon X XY X Z

By Equation (3.15), (2,5,9) € A;. Therefore suborbital O; corresponding to

suborbit Ay is given by,
Ol = {((91792793)(1,5,9), (91792793)<27579)) : <917927g3) € Gl X GQ X GB}

= {(91(1), 92(5),93(9)), (91(2), 92(5), 93(9)) : (91, 92, 93) € Aa X Ay x Ay}

={((m,n,0),(p,q,r)) : (m,n,0),(p,q,7) € X XY X Z, m#p, n=gq, o=r}.

(4.2)
Using Equation (4.2), we obtain Figure 4.1.
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(4,5,9) (3,5,9)  (4,5,12) (3,5,12)  (4,6,12) (3,6,12) (4,7,12) (3,7,12)
(1,5,9) (2,5,9) (1,5,12) (2,5,12) (1,6,12) (2,6,12) (1,7,12) (2,7,12)
(4,7,12) (3r 7,12)  (4,5,10) (3,5,10)  (4,6,10) (3,6,10)  (4,7,10) (3r 7,10)
(1,7,12) (2,7,12) (1,5,10) (2,5,10) (1,6,10) (2,6,10) (1,7,10) (2,7,10)
(4,8,10) (3,8,10)  (4,5,11) (3,5,11)  (4,6,11) (3,6,11)  (4,8,11) (3,8,11)

(1,8,10) (2,8,10) (1,5,11) (2,5,11) (1,6,11) (2,6,11) (1,8,11) (2,8,11)
(4,7,9) (3,7,9)  (4,7,10) (3,7,10)  (4,7,11) (3,7,11)  (4,7,12) ,7,12)

—
w

(1,7,9) (2,7,9) (1,7,10) (2,7,10) (1,7,11) (2,7,11)  (1,7,2) (2,7,12)

Figure 4.1: Suborbital graph I'; corresponding to the action of
Ay X Ay X Ayon X XY X Z

The Suborbital graph I'; is undirected, regular of degree 3, has a girth of 3 and it
is disconnected. It has 16 connected components and each connected component is

complete.

From Equation (3.16), (1,6,9) € As. Then the suborbital Oy corresponding to

suborbit A, is given by,
02 = {((917927g3>(17579)a (91792793)<1a679)) : (91792793) S Gl X GQ X G3}

= {(91(1), 92(5), 93(9)), (91 (1), 92(6), 93(9)) : (91, 92, 93) € Aa X Ag X Ay}

={((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) € X XY X Z, m=p, n#q, o=r}.

(4.3)
Applying Equation (4.3), we obtain Figure 4.2.
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(1,8,9) (1,7,9)  (1,8,10) (1,7,10)  (1,8,11) (1,7,11)  (1,8,12) (1,7,12)
(1,5,9) (1,6,9) (1,5,10) (1,6,10) (1,5,11) (1,6,11) (1,5,12) (1,6,12)
(2,8,9) (27,9 (2,810) (27,100 (2,8,11)  (2,7,11) (2,8,12) (2r 7,12)
(2,5,9) (2,6,9) (2,5,10) (2,6,10) (2,5,11) (2,6,11) (2,5,12) (2,6,12)
(3,8,9) (3,7,9)  (3,8,10) (3,7,10)  (3,8,11) (3,7,11)  (3,7,12) (3,6,12)
(3,5,9) (3,6,9) (3,5,10) (3,6,10) (3,5,11) (3,6,11)  (3,4,12) (3,5,12)
(4,8,9) (4,7,9)  (4,8,10) (4,7,10)  (4,8,11) (4,7,11)  (4,8,12) (4,7,12)
(4,5,9) (4,6,9) (4,5,10) (4,6,10) (4,5,11) (4,6,11) (4,5,12) (4,6,12)

Figure 4.2: Suborbital graph I's corresponding to the action of
Ay X Ay X Ayon X XY X Z

The Suborbital graph I's is undirected, regular of degree 3, has a girth of 3 and it
is disconnected. It has 16 connected components and each connected component is

complete.

From Equation (3.17), (1,5,10) € Aj. Then the suborbital Oz corresponding to

suborbit Aj is given by,
03 = {((91792793)(175a9>a (gla92a93)(1757 10)) : (91792793) € Gl X G2 X G3}

= {(91(1), 92(5), 95(9)), (91(1), 92(5), g3(10)) : (91, g2, 93) € As X Ay X As}

={((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) €E X XY X Z, m=p,n=q, oFr}.

(4.4)
Applying Equation (4.4), we obtain Figure 4.3.
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(1,5,12) (1,5,11)  (1,6,12) (1,6,11)  (1,7,12) (1,7,11)  (1,8,12) (1,8,11)

(1,5,9) (1,5,10) (1,6,9) (1,6,10) (1,7,9) (1,7,10) (1,8,9) (1,8,10)
(2,5,12)  (2,5,11) (2,6,12)  (2,6,11) (2,7,12)  (2,7,11) (2,8,12)  (2,8,11)

(2,5,9) (2,5,10)  (2,6,9) (2,6,10) (2,7,9) (2,7,10)  (2,8,9) (2,8,10)
(3,5,12) (3,5,11)  (3,6,12) (3,6,11)  (3,7,12) (3,7,11)  (3,8,12) (3,8,11)

(3,5,9) (3.
(4,5,12) (4,

10)  (3,6,9) (3,6,10)  (3,7,9) (3,7,10)  (3,8,9) (3,8,10)
11)  (4,7,12) (4,7,11)  (4,8,12) (4,8,11)  (4,6,12) (4,6,11)

ot Ot

(4,5,9) (4,5,10) (4,7,9) (4,7,10)  (4,8,9) (4,8,10)  (4,6,9) (4,6,10)

Figure 4.3: Suborbital graph I's corresponding to the action of
Ay X Ay X Ayon X XY X Z

The Suborbital graph I's is undirected, regular of degree 3, has a girth of 3 and it
is disconnected. It has 16 connected components and each connected component is
complete.

From Equation (3.18), (2,7,9) € A4. Therefore the suborbital O4 corresponding to

suborbit Ay is given by,

O4 = {((91, 92, 93)(1,5,9), (91,92, 93)(2,7,9)) : (91,92, 93) € G1 x G2 x G3}
= {(91(1),92(5), 93(9)), (91(2), 92(7), 93(9)) : (91, 92, g3) € As X Ay x Ay}

={((m,n,0),(p,q,7r)) : (m,n,0),(p,q,7) € X XY X Z, m#*p, n#q, o=r}.

(4.5)
We obtain Figure 4.4 through application of Equation (4.5).
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Figure 4.4: Suborbital graph Iy corresponding to the action of
Ay X Ay X Ayon X XY X Z

The Suborbital graph I'y is undirected, regular of degree 9, has a girth of 3 and it is

disconnected. It has 4 connected components.

From Equation (3.19), (2,5,10) € Aj. Therefore, suborbital Os corresponding to

suborbit Aj is given by,
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Os = {((91,92,93)(1,5,9), (91, 92,93)(2,5,10)) : (91, 92,93) € G1 x G2 x G3}

= {(91(1), 92(5), 93(9)), (91(2), 92(5), g3(10)) : (91, g2, 93) € Aa X Ay X As}

:{((m,n,O),(p,q,T)) : (m,n,o),(p,q,r) EXXYXZa m#pa n=4q, O%T}-

(4.6)

Applying Equation (4.6), we obtain Figure 4.5.
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The Suborbital graph I'; is undirected, regular of degree 9, has a girth of 3 and it is

disconnected. It has 4 connected components.

From Equation (3.20), (1,6,10) € Ag. Therefore, the suborbital Og corresponding

to suborbit Ag is given by,

Os = {((91, 92, 93)(1,5,9), (91, 92, 93)(1,6,10)) : (91,92, 93) € G1 x G2 x G3}
= {(91(1), 92(5), 93(9)), (91(1), g2(6), g3(10)) : (g1, 92, 93) € As X Ay x Ag}

={((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) € X XY X Z, m=p, n#q, oFr}.

(4.7)
Applying Equation (4.7), we obtain Figure 4.6.



37

(1,7,9) (1,6,12) (2,7,9) (2,6,12)
(L7100 ARS=A 4 (2,7,10) A=A
NS (1, IS (2 6,11)
ll\\\vlll\‘;’ljl‘»,//k NS ARG
7, 4“\‘\3.’!0‘-’9?0!!"4,[ 1,6,10) @7, 4‘m’!‘-’ﬁ“ﬂ’&,ﬂl\ 2,6,10)
SSeSpRL v o PGS .
LY 2 e -S=q @)
i’ Wiy (2,7,12 N ~Q",‘?A"< <

1,6,9) N
(1787 (27879)
<Y S
NA X 5,12)
e ABSS v l)=iS
(1,8, 10) ’,'Ag‘k’.:g.%.:«gﬂ} 1,5.11) (2,8,10)
,,'/4“4"‘»«.1\‘\"’
NESY— '
(1,8,12) =N 4 5 ¢ (2,8,12) (2,5,9)
(3,7,9) (3,6,12) (4,7,9) (4,6,12)
(3,7,10 12“;‘?\‘?7"“ - (4,7,10) A
P INSST (3.6, 11) N7\
NSO A=\ NSRS
(3,7, AT (4,7, I ATTOIPIES
<t ‘,?.‘QA"‘A.‘AAll‘l\ 3,6,10) <+ A’QQA‘-&‘A&‘I‘
ST GreavEs . AN
s 7 SR LA S DN N L
6.7 NS IFLETINEAN 350 T REASHUIPILITIOREIN (4 6.0
N AN = N A AR S
I S0 WAy YA
N 102 O R SO 206553 e O I SO0 ST
0 MDA AR (R o A IO
"W NI B> v A‘Ji‘—‘# AN [ TKY I "‘O“‘—

VA NAXCX) | B (3,5,12) VA NAX A VAT (4, 5, 12)
"/eﬁ"& SN SRR AN
(3,8,10) %‘f,"‘!“;"‘4;§<‘-,ﬂ§i\‘-§§ (3,5,11) (4,8,10) %""“‘Q‘IQA‘:, ~A4 5,10

RN o
VERTE
(3,8,11) %\‘,"’.\\“!’!’\\“ 5,10) (4,8,11) 10)
(Z>=><N

Figure 4.6: Suborbital graph I's corresponding to the action of
Ay X Ay Xx Ayon X XY X Z

The Suborbital graph I's is undirected, regular of degree 9, has a girth of 3 and it is

disconnected. It has 4 connected components.

From Equation (3.21), (2,6,10) € A;. Therefore, the suborbital O; corresponding

to suborbit A7 is given by,
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= {((91,92,93)(1,5,9), (91, 92, 93) (2,6, 10)) : (91, g2, 93) € G1 X G2 X G3}
= {(91(1), 92(5), g3(9)), (91(2), 92(6), g3(10)) : (g1, ga, g3) € Aa X Ay X As}

={((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) € X XY X Z, m#p, n#q, oFr}.

(4.8)

Using Equation (4.8), we obtain Figure 4.7.

AV 0
Vo, &y,
XYL

Figure 4.7: Suborbital graph I'y corresponding to the action of

Ay

XAy X Ayon X XY X Z
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The suborbital graph I'; is connected, regular of degree 27 and has girth of 3.
4.2 Suborbital graphs of the action of A, X A, X A, on X XY X Z
From Equations (3.54) (3.55), (3.56), (3.57), (3.58), (3.59), (3.60) and (3.61), we
have, (2,n+ 1,2n 4+ 1) € Ay, (I,n+2,2n+ 1) € Ay, (I,n + 1,2n + 2) € Ag,
(2,n+2,2n+1) € Ay, (2,n+1,2n+2) € A5, (1,n+2,2n+2) € Ag and (2,n +
2,2n + 2) € A7. Applying Equation (4.1), we obtain,

Oo ={((91,92,93)(1,n+1,2n+1),(91,92,93)(1,n+ 1,2n + 1)) :

(91,92, g3) € Ap X A x Ay}
= {(91(1), 92(n + 1), 95(2n + 1)), (91(1), g2(n + 1), g3(2n + 1)) :
(91,92, 93) € Ap X A x Ay}
= {((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) €EX XY X Z, m=pn=gq, o=r}.
(4.9)
O1 ={((91,92,93)(L,n+1,2n 4+ 1), (91,92, 93)(2,n + 1,2n + 1)) :
(g1, 92, 93) € An X Ap x A}
={(91(1), 92(n + 1), 95(2n + 1)), (91(2), g2(n + 1), g3(2n + 1)) :
(91,92, g3) € Ay X A x Ay}

= {((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) € X XY X Z, m#p,n=gq, o=r}.

(4.10)

Oy = {((91,92,93)(L,n + 1,20+ 1), (g1, 92, 93)(1,n + 2,2n 4 1)) :
(91,92, 93) € Ap X Ap X Ay}
= {(g1(1), 92(n + 1), 95(2n + 1)), (91(1), g2(n + 2), g3(2n + 1)) :
(91,92,93) € An X Ay X An}

={((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) € X XY X Z, m=p,n#gq, o=r}.
(4.11)



40

O3 ={((91,92,93)(L,n+1,2n 4+ 1), (91, 92, 93)(1,n + 1,2n + 2)) :
(91,92, 93) € A X A, X A}
={(91(1), g2(n + 1), 95(2n + 1)), (91(1), g2(n + 1), gs(2n + 2)) :
(91,92, 93) € Ay x Ay X Ay}

={((m,n,0),(p,q,r)) : (m,n,0),(p,q,7r) € X XY X Z, m=p, n=gq, o#r}.
(4.12)

Oy =A{((91,92,93)(Ln + 1,20+ 1), (91,92, 93)(2,n + 2,2n 4 1)) :
(91,92, 93) € A X A, X A}
= {(91(1), g2(n + 1), 93(2n + 1)), (91(2), 92(n + 2), gs(2n + 1)) :
(91,92, 93) € A X A, X A}

= {((m,n,0),(p,q,7)) : (m,n,0),(p,q,r) € X XY X Z, m#p, n#q, o=r}.
(4.13)

Os = {((91,92,93)(1,n + 1,2n + 1), (g1, 92, 93) (2,n + 1, 2n + 2)) :
(91,92,93) € An X Ay X Ay}
= {(91(1), g2(n + 1), g3(2n + 1)), (91(2), g2(n + 1), g3(2n + 2)) :
(91,92, 93) € A, X A, x A}

={((m,n,0),(p,q,7)) : (m,n,0),(p,q,7) € X XY X Z, m#p, n=gq, o#r}.
(4.14)

Os = {((91,92,93)(1,n+1,2n+ 1), (91, 92, 93)(1,n + 2,2n + 2)) :
(91,92, 93) € A, X A, x A}
={(91(1), g2(n + 1), 95(2n + 1)), (91(1), g2(n + 2), g5 (2n + 2)) :
(91,92, 93) € Ap X A, x A}

={((m,n,0),(p,q,r)) : (m,n,0),(p,q,7r) € X XY X Z, m=p, n#q, o#r}.

(4.15)
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O7 ={((91,92,93)(L,n + 1,2n + 1), (91, 92, 93) (2,0 + 2,2n + 2)) :
(91,92, 93) € Ap X Ap X A}
= {(91(1), g2(n + 1), g3(2n + 1)), (91(2), g2(n + 2), g3(2n + 2)) :
(91,92, 93) € A, X A, x A}

:{((m7n70)7(p7q77n)) : (m7n70)7(p7q771) EXXYXZ? m#p7 n#Q? 0#7’}_

(4.16)

Theorem 4.2.1. All the suborbital graphs corresponding to this action are undi-

rected.

Proof: By Equations (4.9) to (4.16), if ((m,n,0),(p,q,7)) € O;, (i = 0,1,---,7),
then ((p, ). (m, n, ) € O, .

Theorem 4.2.2. All the non-trivial suborbital graphs have girth 3.

Proof: It is enough to show that there exist a circuit of length 3 in each graph. By
Equations (4.10) to (4.16), we have,

I.n+1,2n+1 3;n+1,2n+1 2n+1,2n+1 L,n+1,2n4+1) € I'y,

In+1,2n+1 I,n+22n+1 I,n+3,2n+1 I,n+1,2n+1) € I'y,

( ) = ( ) = ( )
( )= ( )= ( )
Ln+1,2n+1 (Ln+1,2n+2) = (IL,n+1,2n+3) = (I,n+1,2n+1) € I'y,
( ) = ( ) = ( )
( )= ( )= (
1

2,n+22n+1 3,n+3,2n+1 I,n+1,2n+1) € I'y,

)
) —
) —
) —
) —
Ln+1,2n+1) = (2,n+1,2n+2

3n+1,2n+3 I,n+1,2n+1) € T's,

(
(
(
(ILn+1,2n+1
(
(Ln+1,2n+1) —» (1,n+2,2n+2) — (1,n+3,2n+3) — (I,n+1,2n+1) € I's and
(

Ln+1,2n+1)— (2,n+2,2n+2) = (3,n+3,2n+3) — (I,n+1,2n+ 1) € Ox.
]

Theorem 4.2.3. The suborbital graph U7 is Fulerian if n is odd.

Proof: If n is odd, each vertex of the graph has degree (n — 1)® which is even.

Therefore, by Theorem 1.2.21, T'; is Eulerian. O



42

Lemma 4.2.4. Let Compr,(1,n+1,2n+1), (i =1,2,---7) be the set of all vertices

in the component containing (1,n + 1,2n + 1) in the suborbital graph T';. Then,

Compr,(Ln+1,2n+1)={(z,n+1,2n+1) 12z € X} (4.17)
Compr,(Ln+1,2n+1)={(1,y,2n+ 1) : y € Y}, (4.18)
Compry(Ln+1,2n+1)={(1,n+1,2): 2z € Z}, (4.19)

Compe,(Ln 41,20+ 1) = {(x,y.20+ 1) s € X, ye Y}, (420)
Compr.(1,n+1,2n+1)={(z,n+1,2):x € X,z € Z}, (4.21)
Compry(I,n+1,2n+1)={(1,y,2):y €Y, z€ Z} (4.22)

and
Compr.(1,n+1,2n+1)=X xY x Z. (4.23)

Proof: The vertex (1,n + 1,2n + 1) € Compr,(1,n + 1,2n + 1). If 2 # 1, then
by Equation (3.55), (z,n 4+ 1,2n + 1) € A; and therefore, (z,n + 1,22 + 1) €
Compr,(1,n+1,2n + 1). It follows that,

{(z,n+1,2n+1):2 € X} C Compr,(1,n+1,2n+1). (4.24)
Suppose (a, b, c) € Compr, (1,n+1,2n+1). Then there exist a path (1, n+1,2n+1) —

(a1,b1,¢1) = (ag, by, co) — -+« = (@—1,b1—-1,¢-1) — (a,b,c) of length [. It follows

from Equation (4.10) that, n+1 =0 =by=b3=---=band 2n+1=¢; = =
¢3 = -+ = c. This implies that, (a,b,c) € {(z,n+ 1,2n+ 1) : x € X}. Therefore,
Compr,(L,n+1,2n+1) C{(z,n+1,2n+1) : 2z € X}. (4.25)

From Expressions (4.24) and (4.25), we get Equation (4.17).
Next we prove Equation (4.18). Equations (4.18) and (4.19) are proved in a similar
way as Equation (4.17).

Vertex (1,n+1,2n+1) € Compr,(1,n+1,2n+1). Let (z,y,2n+1) € (z,n+1,2n+1) :
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r € X,y € Y}. Vertex (p,q,2n+ 1), where p € X'\ {z} and ¢ € Y\ {y} is adjacent
to both (1,n+1,2n + 1) and (z,y,2n + 1). Therefore,

{(z,y,2n+1): 2z € X,y € Y} C Compr,(1,n+ 1,2n + 1). (4.26)
Suppose (a, b, c) € Compr,(1,n+1,2n+1). Then, there exist a path (1,n +1,2n + 1) —
(a1,b1,¢1) = (a9, by, co) = -+ — (aj_1,b1-1,¢-1) = (a,b, ¢) of length I. By Equation
(4.13),2n+1 = ¢; = ¢cg = - - = ¢. Thisimplies, (a,b,c) € {(z,y,2n+1):z € X,y € Y}
Therefore,

Compr,(1,n+1,2n+1) C{(z,y,2n+1):z € X,y € Y}. (4.27)
Combining Expressions (4.26) and (4.27), we obtain Equation (4.20). Equations
(4.21) and (4.22) are proved in a similar way as (4.20).
Let (z,y,2) € X xY xZ. Consider the vertex (p, q,7), where p € X'\{z}, ¢ € Y'\{y}
and r € Z'\{z}. By Equation (4.16), (p,q,r) is adjacent to (1,n + 1,2n + 1) and
(x,y,2). It follows that (x,y,z) € Compr,(1,n+ 1,2n 4+ 1). Hence X xY x Z C
Compr,(1,n + 1,2n + 1). But X x Y x Z is the set of all vertices in I'; thus

Compr.(1,n+1,2n+1) C X x Y x Z. Thus, we get Equation (4.23). O

Theorem 4.2.5. Each of the suborbital graphs I'y, T's and T's has n? components.
FEach of the suborbital graphs 'y, T's and I's has n components. The suborbital graph

I'; 4s connected.

Proof: By Theorem 1.2.23, all components in a suborbital graph are isomorphic.
Applying Lemma 4.2.4, we have, |Compr, (1,n + 1,2n + 1)| = [Compr,(1,n + 1,2n + 1)| =
|Compr,(1,n+1,2n+ 1)| = n, |Compr,(1,n+ 1,2n + 1)| = |Compr,(1,n+1,2n+1)| =
|Compr,(1,n +1,2n + 1)| = n? and |Compr,(1,n + 1,2n + 1)| = n3. Since each of

these graphs has n? vertices, the result follows. O
Corollary 4.2.6. Fach component of 'y, I's and I'3 s a complete graph on n vertices.

Proof: By Theorem 4.2.5, each of the graphs I';, I'y and I's has n? components. By

Theorem 1.2.23, it follows that each component has n vertices. By Equations (3.55),
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(3.56) and (3.57) the corresponding suborbits of these graphs are of length n — 1
which is the degree of each graph. Therefore each vertex is adjacent to all the other

n — 1 vertices in its components. Hence each component is complete. ]
Corollary 4.2.7. The action of A, x A, X A, on X XY X Z is imprimitive.

Proof: By Theorem 4.2.5, some non-trivial suborbital graphs of this action are

disconnected. Therefore the action is imprimitive by Theorem 1.2.12. O]
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CHAPTER 5

CYCLE INDEX FORMULAE OF A, x A, X A, ACTING ON
X XY X Z
5.1 Cycle index formula of Ay X Ay X A4 actingon X XY X Z
We first find the cycle index of A4. Permutations of A, are of the form I, (abc),

(ab)(cd). Applying Theorem 1.2.14, we obtain Table 5.1.

Table 5.1: Disjoint cycle structure of the elements of A,

Permutations Cycle type Number Monomial
1 (4,0,0,0) 1 t

(abe) (1,0,1,0) 8 tits
(ab)(cd) (0,2,0,0) 3 t2

From Table 5.1, the cycle index formula for A, is given by,

1
Z (Ay) = ﬁ[t‘f + 8tith + 312). (5.1)

By Theorem 1.2.26, the cycle index of Ay x Ay X Ay acting on X X Y X Z is given
by,
Z(G) = Z(Gy) o Z(Gq) o Z(G). (5.2)

Therefore using Theorem 1.2.26 and Equation (5.1), we obtain,

1
2(G2) 0 2(Gs) = 4 [£10 + 8115 + 3t5 + 8115 + 64115 + 24515 + 3t5 + 24t5t5 + 9t5]

1
=T [¢1° + 16115 + 1585 + 64¢t5 + 48t5t¢] .

(5.3)
It follows that,

1
Z(G) = Z(Gy) o (Z(Gy) 0 Z(Gs)) = @[tﬁ“ + 2415435 + 63t37 + 19213 + 512¢t3!

+ 360853 + 576t5t5°).

(5.4)
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5.2 Cycle index formula of A5 X A5 X A5 actingon X XY X Z
Permutations of As are of the form I, (abc), (ab) (cd), (abede). On application of

Theorem 1.2.14, we obtain Table 5.2.

Table 5.2: Disjoint cycle structures of Ag

Permutations Cycle type Number Monomial
1 (5,0,0,0,0) 1 t3

(abc) (2,0,1,0,0) 20 2l
(ab)(cd) (1,2,0,0,0) 15 tit2
(abcde) (0,0,0,0,1) 24 tk

Using Table 5.2, we obtain,
1
7 (A5) = @[tﬁ + 2083t + 24t + 15t4t5] = Z(G4) = Z(Gy) = Z(G3). (5.5)

On application of Theorem 1.2.26 and Equation (5.5), we get,

1
Z(Gy) 0 Z(G3) = ﬁ[tf5 + 40t1%t5 + 3085t3° + 225¢1t5% + 400¢1t5 + 600t  t5tsts

+ 624¢2 + 960t2t 5 + T20tt5)]
(5.6)

and

1
Z(G) = Z(Gy) o (Z(Gs) 0 Z(G3)) = 576000 [t125 4 60t20¢25 + 450t 25450 + 67555

+ 3375¢115% 4 1200437435 + 8000¢5#37 + 1800t %305t 2% 4 13500t2¢3 514>

+ 18000t t5t 5t " + 15624¢2° + 37440t1%t], + 28080t:t1g + 162005t
+ 28800¢5t15 + 432005t 1t 15t50)-
(5.7)
5.3 Cycle index formula of Ag X Ag X Ag actingon X XY X Z

Permutations of Ag are of the form I, (abc), (ab)(cd), (abcde), (abed) (ef) and

(abc)(def). Applying Theorem 1.2.14, we obtain Table 5.3.
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Table 5.3: Disjoint cycle structures of Ag

Permutations Cycle type Number Monomial
I (6,0,0,0,0,0) 1 9
(abe) (3,0,1,0,0,0) |40 3¢l
(ab)(cd) (2,2,0,0,0,0) | 45 2t
(abcde) (1,0,0,0,1,0) | 144 titl
(abc)(def) (0,0,2,0,0,0) |40 t2
(abed)(ef) (0,1,0,1,0,0) | 90 tyts
From Table 5.3, the cycle index of Ag is given by,
Z (Ag) = 320 [tS+403t, +4585 15+ 1448 tE +4065 4+ 90ty ty] = Z(Gh) = Z(Ga) = Z(G3).
(5.8)

Applying Theorem 1.2.26 and Equation (5.8), we get Equations (5.9) and (5.10).
Z(Gy) 0 Z(G3) = [£35 4+ 80t1845 + 90t12¢? + 2025t 110 + 162006513 + 3600t5¢5¢2¢2

129600
+ 28015t + 8280155 + 4880t3* + 8100t5t + 11520t t5t ot

+ 12960t7t5t2t7, + 20736t1t% + T200t5t a1, + 3600t5ts + 25920t5t5t] ot
+ 1152085855 + 7200t5t5,).

(5.9)
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2(G) = 2(G1) © (2(Ga) © Z(Gs)) = Jeeoos

+ 60756245° 4 91125¢55°* + 4800£545* 4 10800¢55¢3%¢5% 42 + 6400042715

(1316 + 1204198436 + 135¢7%¢72

+ 243000t 123335 + 432635435 1+ 216000¢15¢13¢15¢ 18 4- 571320135436 + 46252052
+ 1117800857t + 729000t5t5% + 34560t %t5¢:°15, + 3888011 2t5°t:%t1 2

+ 62208t5t5% + 993600t5°,t5t5, + 658800¢3 " + 2985984t t;

+ 874800t 30515 4+ 972000534 2%, + 243000£5t32 + 6912008 3¢5t

4 43200065t5t0tY, 4 155520055t 2454248 12,12, + 248832013 ¢542147

+ 2799360t 5t 5 1 + 3576960t 555,15, + 2108160t37t 12 + 2289600t 3t 5

+ 3499200t5t 51,150 + 972000t5t1S + 3110400t 5t 5t 5t 5o to oot 30t 60

+ 5598720yt 4t 1y tao + 1555200t 5t 5t 5t 50 + 2488320t5¢15 + 3110400t5t7,t5t5,]-

(5.10)

5.4  Cycle index formula of A7 X A7 X A7 actingon X XY X Z
Permutations of A; are of the form I, (abc), (ab)(cd), (abcde), (abed) (ef) and
(abc)(def). Applying Theorem 1.2.14, we obtain Table 5.4.

Table 5.4: Disjoint cycle structure of A

Permutations Cycle type Number Monomial
I (7,0,0,0,0,0,0)| 1 t7

(abe) (4,0,1,0,0,0,0) | 70 titd
(ab)(cd) (3,2,0,0,0,0,0) | 105 3t
(abede) (2,0,0,0,1,0,0) | 504 £2¢1
(abe)(def) (1,0,2,0,0,0,0) | 280 ths
(abedefg) (0,0,0,0,0,0,1)| 720 t
(abed)(ef) (1,1,0,1,0,0,0) | 630 tlelgl
(ab)(cd)(efg) (0,2,1,0,0,0,0) | 210 tatl
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1
Z (A7) = M[ﬂ + TOt L + 105632 + 50412t + 280t 12 4 720t + 630t t5ts + 210t3¢1]
(5.11)

Z(Gy) 0 Z(G3) = (117 + 140335 + 21085 5 + 11025¢7#5°

6350400
+ 4900t1%t3" + 14700t 2 5¢5t5 + 1008t L

+ 1260t t5t] + 560t 1t5" + 420t3"t] + 39200t t5°

+ 13230063¢5¢] + 44100t 5tz + 78400t 113

+ 29400t35t 52 + 7056011 t5tat1 5 + 105840tSt5t3t3,

+ 88200t ot st t oty + 5880063 tatSts + 39600t t5t,°

+ 4410085838 + 25401612 + 2646005t Lt 5t itl,

+ 117600t3t5ts + 63504083 12t 5t t1,th, + 2822401215t 112,

+ 352800t 1tat2tit2t2, + 211680tat2t2 s + 519840t1 + 100800¢1t),
+ 1512006242, 4 725760t2t5, 4 9072001441 4

+ 403200t3t5, + 302400t 4t9,].

(5.12)
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1

Z(G) = Z(G1) 0 (Z(Gy) 0 Z(G3)) = ——o—[t343 4 21019457

~ 16003008000
+ 3156117498 4 33075t 831540 4- 1470087 1241

+ 1157625627578 4 441006345043 44 + 343000¢59443°

+ 151260327 4+ 1890t 34t5 ;" + 841173

+ 630t5°t57 + 23152508515 15t + 1543500t 135715712

+ 117600t2%3% + 3969007 15°¢,° + 132300t5°t5 15

+ 208372501715%5” + 69457508555t 2" + 411600t,9¢5°

+ 235200t 7¢51% + 88200£5°¢5% 4 + 16464000t 5™

+ 21952000t 12 + 211680¢50t2442847. 4 317520t 1242342 15

+ 26460025234 51284747, + 17640062 4445728 4 1190700712570

+ 9393300t5°¢5 5° + 1250235008557 + 3087000t5°t3 12> + 1389150055 ¢5*
4 27783000t 230434334017, 4 12348000t 12557120 + 250047000t 535

+ 762048125133 4+ 793800t52t 5t 234517, + 35280015 5728

4 83349000t5%t5t2343t7, + 9261000522136 4- 16669800t 155 12420

492610002 t2°58130 4+ 24696000t 53130 + 24696000t3t2t35t >
+9261000£32¢5¢5% + 49392000t5¢5°3% 4 7408800¢32¢2%¢ 10411
+9261000t;°¢,0¢3 1,0 15 + 3704400085 45 ts® + 22226400t 30t 5t st 5t Lot 5150
+ 128024064157 + 833490001 15,°t5t, %515 + 250047000¢5%t 5t tat 1o

+ 370440008515 5" + 55566000t5 50t ¢ 15 + 8334900013 3¢5t ¢ t 13

+ 533433601 %520 +]5 + 80015040t %5215

(5.13)
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+ 1905120t T 5 44 1T #7 ) + 846720t 551112 + 1058400t T tots it attTs

+ 63504028t 141347 + 592704005130 2t13 4- 200037600t5 53¢ 14349 5

+ 74088000t t5ts 5t s> 115 + 111132000t 555t 1t 3415 + 66679200t35tSt st 1ot 312,
+ 1185454080085 532 t5t 15 + 148176000t tats0t 4t 5ot

+ 44452800t 35t 3 et tist5, + 22226400085t st t s t15

4 374805360127 + 1333358400655 1215t atat (13, 15150 30t 60

+ 88905600t St5t 5%t 31512t t5, + 6000112800352 5t 7ot 2

+ 333396000t tyt5t, t5tTs + 66679200t t5tat]  tist30

+ 4800902408ttt 2t to, + 213373440t t5t0t1%

+ 4000752001525t tetS o t1ot 15t 90t sotso + 160030080t5t5t 15t

+ 17781120085t 512t 1 t3, + 109166400215, + 163749600t5 1)

+ 23814000t5t79 + 533433600t: t5t5t5tstat 10t 1ot 1520t 50t 00

+ 10584000t1% 57 + 317520005245, 15,15, + 785998080¢1 L. + 982497600¢1t] ¢ 1
+ 436665600ty + 327499200t 14t5, + 84672000t 1157 + 285768000t5t] ,t5e

+ 952560001 5t5, 15, + 169344000t7t5° + 63504000t 15,12, + 152409600t3t3, t55t 105
+ 228614400151, 1312, + 90512000t 5t o1 togtaotss + 12700800033 ,15, 5,

+ 85730400071 ,£52 + 9525600055, t1, + 548674560t 15,

+ 5715360001% o155t 4oty + 2540160002, L5 5, + 137168640022, tagtsst 7ot 140
+ 60963840023, L35t3 5 + 762048000t 7t 1412, togt 2oty + 457228800t ] 412,120t 105)-

5.5 Cycle index formula of Ag X Ag X Ag actingon X XY X Z
Permutations of Ag are of the form I, (abc),(ab) (cd), (abede), (abe) (def), (abedefq),

(abed) (ef ), (abed) (e fgh), (abede) (fgh), (abedef) (gh), (abe) (de) (fg), (ab)(cd)(ef)(gh).
Applying Theorem 1.2.14, we obtain Table 5.5.
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Table 5.5: Disjoint cycle structure of elements of Ag

Permutations Cycle type Number Monomial
I (8,0,0,0,0,0,0,0) |1 t8
(abc) (5,0,1,0,0,0,0,0) | 112 3tk
(ab)(cd) (4,2,0,0,0,0,0,0) | 210 t4e
(abede) (3,0,0,0,1,0,0,0) | 1344 3tk
(abc)(def) (2,0,2,0,0,0,0,0) | 1120 2t
(abedefg) (1,0,0,0,0,0,1,0) | 5760 £
(abed) (e f) (2,1,0,1,0,0,0,0) | 2520 211
(abed)(efgh) (0,0,0,2,0,0,0,0) | 1260 t2
(abede)(fgh) (0,0,1,0,1,0,0,0) | 2688 itk
(abedef)(gh) | (0,1,0,0,0,1,0,0) | 3360 tith
(abc)(de)(fg) | (1,2,1,0,0,0,0,0) | 1680 12l
(ab)(cd)(ef)(gh)| (0,4,0,0,0,0,0,0) | 105 t

From Table 5.5, we obtain,

Z(As)

= 30160
+ 5760t 1t + 2520t T4ty + 1260t + 26885t + 3360t5t

¢ 4 11265t + 210¢1t5 + 1344¢3t; + 1120655

(5.14)

+ 1680t t5t5 + 105ty = Z(G1) = Z(Gy) = Z(G3).
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406425600
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[t5* 4 22481%t5 + 420¢5243°

4 4410087%12* + 12544135453 + 4704013015 512

+ 2688131t5 + 5040t15t5¢5 + 2240t,545°

+ 3360t 1,°t5 + 55335t57 + 250880t %3

+ 1058400t t52t5 + 705600t 15 t5ts + 3763201t t5ts

+ 30105611 t5t2t15 + 564480t %5t stT, + 564480t t5t5t 16t 1o
+ 47040083 t5t5ts + 1254400t1t3° + 376320t5 ¢

+ 529200t5°t5 4 6350400t 15t + 2822400t 157 t5t

+ 1806336t 15" + 8467200t3t5t5t 0t st 1o + 3763255t 5 15

+ 11520855 4+ 6773760t 5t3t3 2 15t + 3010560t 55217

+ 56448t ot sttt T, + 45158406315 ttst2 15 + 282240t 5%,
+ 23587208515 + 53761515 + 8734320t 1°

4 12042240t5t9 + 60211265t 15 + 1290240t 3t 5t2t 5,

4 2419200t t2t52, + 16934400t 5t2t5t2, + 1881600043t

+ 602112051242, + 1128960t5tatat?, + 722534413155

+ 4515840t°12, + 33177600t ,t2 + 9031680t 3ttt 3ot 15

+ 7225344¢5t37, + 15482880t t5t3t35 + 29030400t: tot 412t 14t 8
+12902400t3t5t2t5, + 19353600t t5t 3t 7174t + 1209600t5t],
+ 9031680t 5t gt 10t30 + 13547520t5t 2t 6t 10t 1220 + 3386880t5t5,
+ 11289600t 11, + 564480tt1, + 18063360t5t 10t 30

+ 38707200t ot st 14t 42 + 30965760t 3t 591135 + 1451520085154

+ 6773760t1,t5,]

(5.15)
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Z(G) = Z(G1) o (Z(Gy) 0 Z(G)) [t32 + 336t320¢5¢

8193540096000
+ 630t5°0t37% + 132300t %%t

+ 376326520430 + 1411204, °13°43%¢°

+9261000¢54452* + 4032¢17%5* + 7560t 25155

+ 3360172532 + 50401945755 + 22160565t5°°

+ 14049281295 + 14817600 5203542 + 7902720t} 04505720

+ 7526406513 + 3175200685015 + 2116800t 5 4157t 50

+ 1128960t 15 5% + 3333960008375 215" 4 2222640001t ¢30¢2*

+ 42147840t3%13%* + 903168172013 2 45 + 1693440t 543313715

+ 1693440880¢301304104845, 4+ 1411200684325 32 + 3763200¢3%3%°

4 29748096015°°t3% + 418332600,t5* + 421478400¢7° ¢4

+ 237081600t2°t3°1303" 4- 63221760t 25450457120 + 19051200¢3%3555

+ 8467200t5150¢3°¢3% + 1404928000¢3¢5%% + 3556224000505t Y,

+ 158054400 1°2°t 2236 + 400075200041 %5555 + 177811200011 155120t >

+ 541900812458 + 177811200t 135210423 + 148176000t %53 t321

+ 25401600¢ 1522454305345, + 1128960011 57505 + 20003760005443°

+ 50577408 P332 + 9482264065015°12512°1 (3413 + 533433600085 505t 1 1515,
+ 1011548160t5 152 + 948326400¢75°3 5" + 12644352001 5°57t°

+ 160030080005 t3°¢5"* + 189665280t ¢50t3%t20t 3t 10t 15t5, + 790272000t 55 ¢ "
+ 2844979200t5 3 :01%, + 741632000, 5°3 3¢ + 2370816000 #3015t 2>

+ 6322176000t 55 s + 2133734400625 5t 5045415 + 17280¢545*

(5.16)
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+ 20321280t 15245341045, 15, + 9031680t 13221015 + 16934400t 32450137154 50115

+ 135475203 532 5115t + 284497920041 5° 133450t 15 + 223110720t5°t52

+ 1192474080554 + 806415443 + 459098236801,

+ 2427715584372 + 3200601, t33¢5t50512 + 9483264000¢2¢213%t3°

+ 6069288961 t5t2°¢1 1 4 1137991680t 5515 ta 35 + 2133734400015, 13 3 2 15

+ 1011548160515 0415 + 4267468800¢3 130134451215, + 1896652800¢2°¢3030 1 155415
+ 3556224000t 164244204 16424415 1 2844979200t 125 121218115142, + 1268047872015 t5?
+ 18063365 50t 5 + 1517322240t 3 43 12ttt 515, + 32369541120¢5°t"

+ 101154816t52°13 + 3870720t 5205, + 3755132415

+ 2275983360t 15 5ty 12ttt 1 ta taoteo + 1896652280085 ¢35 15157t ot Sxta0

+ 5057740800t 25 5130 + 9483264000t 5t5t5 t 1t 2 129 + 2844979200011 5°13% 1 120115
+ 1517322240t 152120t 5, + 2133734400t5°t5 155, + 17831923200t 5°t,0t3%15

+ 18232704000t5°t5° + 18063360t5" 15415 + 3386880t5°t 5t 115 + 21676032t5¢5* ¢,
+ 46955704320¢1°15 4+ 101154816000t5 5> + 2023096320¢5%¢°¢1%

+ 2580481280011 235304318 132 + 2133734400063 t5% 1534 52125

+ 1137991680085 30t st >t ot S5t 5 + 88510464000t5t5" + 10115481600¢5 5159
+91039334400t5°,°3015 + 379330560t5°120t 0 15t 513, + 145662935005t 34 1+

+ 136559001601 3t5t5t2% 15 tas + 606928896011 553122122 4- 7620480001102 t16¢%4

+ 9103933440t t35t5t 2 1221 + 99532800t 5t 72

+ 3413975040068 13715t 12t 3t 1ot st oot soteo + 151732224008 5325012 42 ot 3,

+ 5689958403013 4 64012032000¢501244 16125 4- 27095040t5%5¢ 51513
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+ 449391616£3%2%t1° + 355622400t3° 1562435 + 216760320t2°t33125453

+ 12138577920¢,°35 4 191102976000t 1% + 3034644480325t 55 110t 513,

+ 812851200¢20¢30t 4121204193 2, + 1422489600005 3t°125 + 3793305600¢32¢5¢10t1 5 ta,
+ 4551966720t 323248110t 5t2, + 24277155841242°12% + 30346444800t 5212t 50111193,
+ 5689958400t 35t at2 5t 12, + 29132587010t 52 119 + 46448640124 151245,

+ 87091200t 551545, 155 + 38707200t ,5¢3°¢1%¢57

+ 2275983360011 2522t 2152 15, 1112, 12,12, 4 580608005 ¢3°t5t51545,

+ 956188800t57¢37 + 9510359040t3 12455, + 24277155840t3* 1543+

+ 40642560135 106545 115t 5 + 35216778240t,550 + 11738926800t5t73

+ 446221440t3°35 + 2275983360085 t5t5 ot 5t 50 + 1147643600t 577,

+ 20901888000¢ 1 t5t30t15 + 2427715584015 12435 + 4551966720t5%2°t 3t 10t 5t 30
+19421724670t5¢2°t75 + 4335206400t 5510137 + 18289152000t 552515415154
+ 12192768000t 535t ot t 55, 15 + 48554311680t5°15 5,5

+ 4551966720t 351201515 15,1315 tsoto + 36415733760t 3251515t 213,

+ 5534937600t 5t 5t 2 t1ats,t5, + 60692889600¢5°t55 + 3034644480t32¢20t3,

+ 6502809600t 5t t5tatot 415, 5, + 36415733760t 325t 0t 15t 5,

+ 5202247680t 1P t3t3t 15t 55 131105 + 9754214400t 2 t5tat3212 8 t3:12,

+ 9754214400, 15t 5t 5t 620t 10t 415, tostantss + 8128512000t t5t5tst5t] 415, 1o

+ 2167603200t 121220 + 6502809600t2 5295, + 9144576000405 55,

+ 6827950080085ttt ot Syt 20t 30t a0 + 75866112000t5t 503 50

+ 45519667200t 5157t ot 1staot st a0 + 68279500800t 52t o515 5t t0t 60
+ 54623600640t5t10t 3513, 15 tot s0te0 + 18207866880t:3°t5, 50t 2,

+ 75866112000t + 1902071808t57t3,t5 + 4267468800t 10t 5t50
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+ 2275983360t 2t32t3,, 4+ 97108623360t3213 t5, + 109734912000t t5t5°t 218,52

+ 48771072000t t5>t5t gt -t 125, 1, + 512096256003t 2t5t0 115t

+ 151732224000t 324250 4 31213486080t ¢ 125 + 133772083200t ¢5t2715

+ 146313216000t t5t 2t 5t 612t 19t] 115, tastantss + 650289600085 tyt3 tatat] ;13 t s,

+ 250822656000t ot st3°t] 195 + 111476736000t 55 15}

+ 167215104000t t5t 5t ot 515, + 18207866880t5t5t15t5,

+ 10450944000513% 4 54623600640t5t201315 13,1115, 1212, + 68279500801 ;522

+ 2275983360t s>t 1ot5, + 136559001600t 1t o t50t 30t 60

+ 117050572800t Stat5t2t5t 1083 s tantast astrotiao + 52022476800t t5t 2t ot 1 tS tastaos

+ 97542144000t t5t5t5tet ot to tagtantay + 78033715200t 55t 5t stot1t0 ,tists tastapt 05
+ 4877107200t 5%t o137, + 40758681600t5t51: 5, + 92897280555, 15,

+ 150929049600t 55 + 45519667200t %t 5ta0te, + 72831467520t 5t} t50

+ 7043355648011 5t55 + 72831467520t 575, t50 + 208089907200t5t0t3 5,

+ 10404495360t5t5t 1515, t3st105 + 36415733760t 5t59t%,

+ 292626432000t 5t 3t 5t 1011, tagt 1ot a4 + 325140480000t5t5%t7 t 1o

+ 104044953600t 5t 21515, tast 105 + 19508428800t 3t st ot te  tast 1ot =0

+ 124853944300t 55t 1513, 15t 105 + 7803371520011 2, t55t2, + 9103933344001 5t 5050
+ 273118003208, t55t2, + 334430208000t 4t] 155

+ 156067430460t 3t 5t5t 1ot 15t 51 tastaat 2ot 105 + 124853944300t 5215 15, £t 10

+ 267544166400t 5t 55, 155 + 125411328000¢2¢55 + 273118003208, 1354,

+ 156067430400t 5t3t 10t} taotiotrotato + 234101145600t5t 2t 6t 10t 10t 20t tastaototsat 140
+ 58525286400t513,t5512 40 + 195084288000t 3t 1t 35ts, + 9754214400t 511 1ot s

+ 312134860800t ¢t 10t 30t 1t 70t 210 + 1170505728008 5212412 40].
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The cycle indices obtained in this chapter can also be obtained by use of the GAP

system as given in the appendix.
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CHAPTER 6

CONCLUSION AND RECOMMENDATIONS
This chapter consists of the conclusion of this research and recommendations for
further research.
6.1 Conclusion
This research was set to investigate the product action of A,, x A, X A, on X XY xZ
for particular cases when n = 4,5,6,7 and 8 and its properties. This was done in
Chapters 3,4 and 5.
Transitivity of the product action of A,, x A, X A, on X XY X Z was determined
in chapter 3 and the action was found to be transitive. In the same chapter
the rank was found to be 8 and the subdegrees were 1,(n — 1),(n —1),(n —
1),(n—1)2(n—1)%(n—1)2(n—1)3
In chapter four, non-trivial suborbital graphs were constructed. All the non-trivial
suborbital graphs have a girth of 3 and are undirected. Some of the non-trivial
suborbital graphs were found to be disconnected and in particular the suborbital
graph I'; corresponding to A7 was found to be connected.
In chapter five, the cycle index formulas for the direct product of A, x A, x A,
were derived as indicated in Equations 5.4, 5.7, 5.10, 5.13 and 5.16.
6.2 Recommendations
This research can be extended by considering the product action of A, x A, Xx...x

A, (n>4)onY) x Yy x ... x Y.
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APPENDIX
Cycle index of A4 x A4x A4 actingon X xY x Z

gap> g::AIternatingGroup(4);
Alt([1..47)
gap> G:=DirectProduct(g,9,9);
Group([ (1,2,3), (2,3,4), (5,6,7), (6,7,8), (9,10,11), (10,11,12) ])
gap> O:=0rbit(G,(1,5,9));
[(1,5,9), (2,5,9), (169) (1,5,10), (3,5,9), (2,6,9), (2,5,10), (1,7,9), (1,6,10),
(1,5,11), (4,5,9), (3,6,9),
(3,5,10), (2,7,9), (2,6,10), (2,5,11), (1,8,9), (1,7,10), (1,6,11), (1,5,12),
(4,6,9), (4,5,10), (3,7,9), (3,6,10),
(3,5.11), (2,8,9), (2,7,10), (2,6,11), (2,5,12), (1,8,10), (1,7,11), (1,6,12),
(4,7,9), (4,6,10), (4,5,11),
(3,8,9), (3,7,10), (3,6,11), (3,5,12), (2,8,10), (2,7,11), (2,6,12), (1,8,11),
(1,7.12), (4,8,9), (4,7,10),
(4,6,11), (4,5,12), (3,8,10), (3,7.11), (3,6,12), (2,8,11), (2,7,12), (1,8,12),
(4,8,10), (4,7,11), (4,6,12),
(3,8,11), (3,7,12), (2,8,12), (4,8,11), (4,7,12), (3,8,12), (4,8,12) ]
gap> C:=Cyclelndex(G,0);
1/1728*x_1764+1/72*x_1716%*Xx_3"16+7/192*x_2/32+1/9*x_174*x_3"20+8/27*Xx_1*Xx_3"21+5/24*X_
2/8*x_6"8+1/3*x_2/2*x_6"10

Cycle index of A5 x As x A5 actingon X xY x Z

gap> h:=AlternatingGroup(5);
Alt([1..5])
gap> H:=DirectProduct(h,h,h);
Group([ (1,2,3,4,5), (3,4,5), (6,7,8,9,10), (8,9,10), (11,12,13,14,15), (13,14,15) ])
gap> 01:=0rbit(H,(1,6,11));
[ (1,6,11), (2,6,11), (1,7,11), (1,6,12), (3,6,11), (2,7,11), (2,6,12), (1,8,11),
(1,7,12), (1,6,13), (4,6,11),

(3,7,11), (3,6,12), (2,8,11), (2,7,12), (2,6,13), (1,9,11), (1,8,12), (1,7,13),
(1,6,14), (5,6,11), (4,7,11),

(4,6,12), (3,8,11), (3,7,12), (3,6,13), (2,9,11), (2,8,12), (2,7,13), (2,6,14),
(1,10,11), (1,9,12), (1,8,13),

(1,7,14), (1,6,15), (5,7,11), (5,6,12), (4,8,11), (4,7,12), (4,6,13), (3,9,11),
(3,8,12), (3,7,13), (3,6,14),

(2,10,11), (2,9,12), (2,8,13), (2,7,14), (2,6,15), (1,10,12), (1,9,13), (1,8,14),
(1,7,15), (5,8,11), (5,7,12),

(5,6,13), (4,9,11), (4,8,12), (4,7,13), (4,6,14), (3,10,11), (3,9,12), (3,8,13),
(3,7,14), (3,6,15), (2,10,12),

(2,9,13), (2,8,14), (2,7,15), (1,10,13), (1,9,14), (1,8,15), (5,9,11), (5,8,12),
(5,7,13), (5,6,14), (4,10,11),

(4,9,12), (4,8,13), (4,7.14), (4,6,15), (3,10,12), (3,9,13), (3,8,14), (3,7,15),
(2,10,13), (2,9,14), (2,8,15),

(1,10,14), (1,9,15), (5,10,11), (5,9,12), (5,8,13), (5,7,14), (5,6,15), (4,10,12),
(4,9,13), (4,8,14), (4,7,15),

(3,10,13), (3,9,14), (3,8,15), (2,10,14), (2,9,15), (1,10,15), (5,10,12), (5,9,13),
(5,8,14), (5,7,15), (4,10,13),

(4,9,14), (4,8,15), (3,10,14), (3,9,15), (2,10,15), (5,10,13), (5,9,14), (5,8,15),
(4,10,14), (4,9,15), (3,10,15),

(5,10,14), (5,9,15), (4,10,15), (5,10,15) ]
gap> C1:=Cyclelndex(H,01);
1/216000*x_17125+1/3600*x_1750*x_3"25+1/4800*x_1"25*x_2"50+1/320*Xx_1"5*x_2"60+1/64*x_1
*X_2M62+1/180*x_1720*x_3"35+1/27\
*x _178*x_3739+1/120%x_1710%X_2720*X_375*X_6™M0+1/16%X_17/2*X_2/24*X_3*X_6/12+1/12*X_1™M
*x_2N8*X_3AT*X_6”14+217/3000*x_5\
A25+13/75*x_5710%*x_1575+13/100*x_5"5*x_10"10+3/40*x_5*X_10"N12+2/15*x_5™M*X_15"7+1/5*X _
572*x_1074*x_15%x_30/2
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Cycle index of A6 x A6 x A6 actingon X xY x Z

gap> g2:=AlternatingGroup(6);
Alt([1..
gap> G1:=DirectProduct(g2,92,92);

<permutation group of size 46656000 with 6 generators>
gap> 02:=0rbit(G1,(1,7,13));

[ (1,7,13), (2,7,13), (1,8,13), (1,7,14), (3,7,13), (2,8,13), (2,7,14), (1,9,13),

(1,8,14), (1,7,15), (4,7,13

(3,8,13), (3,7,14), (2,9,13), (2,8,14), (2,7,15), (1,10,13), (1,9,14), (1,8,15),

(1,7,16), (5,7,13), (4,8,13),

(4,7,14), (3,9,13), (3,8,14), (3,7,15), (2,10,13), (2,9,14), (2,8,15), (2,7,16),

(1,11,13), (1,10,14), (1,9,15),

(1,8,16), (1,7,17), (6,7 13) (5 8,13), (5,7,14), (4,9,13), (4,8,14), (4,7,15),

(3,10,13), (3,9,14), (3.8,

(3,7,16), (2,11,13), (2, 10 14), (2,9,15), (2,8,16), (2,7,17), (1,12,13), (1,11,14),

(1,10.15), (1.9.16), (1,8.17),

(1,7,18), (6,8,13), (6,7,14), (5,9,13), (5,8,14), (5,7,15), (4,10,13), (4,9,14),

(4.8,15), (4,7,16), (3,11.13),

(3,10,14), (3,9,15), (3,8,16), (3,7,17), (2,12,13), (2,11,14), (2,10,15), (2,9,16),

(2,8,17), (2,7,18), (1,12,14),

(1,11,15), (1,10,16), (1,9,17), (1,8,18), (6,9,13), (6,8,14), (6,7,15), (5,10,13),

(5,9,14), (5,8,15), (5,7,16),

(4,11,13), (4,10,14), (4,9,15), (4,8,16), (4,7,17), (3,12,13), (3,11,14), (3,10,15),

(3,9,16), (3,8,17), (3,7,18),

(2,12,14), (2,11,15), (2,10,16), (2.9,17), (2,8,18), (1,12,15), (1,11,16),

(1,10,17), (1,9,18), (6,10,13),

(6,9,14), (6,8,15), (6,7,16), (5,11,13), (5,10,14), (5,9,15), (5,8,16), (5,7,17),

(4,12,13), (4,11,14), (4,10,15),

(4,9,16), (4,8,17), (4,7,18), (3,12,14), (3,11,15), (3,10,16), (3,9,17), (3,8,18),

(2,12,15), (2,11,16), (2,10,17),

(2,9,18), (1,12,16), (1,11,17), (1,10,18), (6,11,13), (6,10,14), (6,9,15), (6,8,16),

(6,7,17), (5,12,13),

(5,11,14), (5,10,15), (5,9,16), (5,8,17), (5,7,18), (4,12,14), (4,11,15), (4,10,16),

(4,9,17), (4,8,18), (3,12,15),

(3,11,16), (3,10,17), (3,9,18), (2,12,16), (2,11,17), (2,10,18), (1,12,17),

(1,11,18), (6,12,13), (6,11,14),

(6,10,15), (6,9,16), (6,8,17), (6,7,18), (5,12,14), (5,11,15), (5,10,16), (5,9,17),
(5,8,18), (4,12,15), (4,11,16),

(4,10,17), (4,9,18), (3,12,16), (3,11,17), (3,10,18), (2,12,17), (2,11,18),
(1,12,18), (6,12,14), (6,11,15),

(6,10,16), (6,9,17), (6,8,18), (5,12,15), (5,11,16), (5,10,17), (5,9,18), (4,12,16),
(4,11,17), (4,10,18),

(3,12,17), (3,11,18), (2,12,18), (6,12,15), (6,11,16), (6,10,17), (6,9,18),
(5,12,16), (5,11,17), (5,10,18),

(4,12,17), (4,11,18), (3,12,18), (6,12,16), (6,11,17), (6,10,18), (5,12,17),
(5,11,18), (4,12,18), (6,12,17),

(6,11,18), (5,12,18), (6,12,18) ]
gap> C2:=Cyclelndex(G1,02);
1/46656000*x_11216+1/388800*x_11108*x_3"36+1/345600*x_1"72*x_2"72+1/7680*x_1"24*x_2"96
+1/512*x_1"8*x_2"104+1/9720*x_1™M
54%x_3754+1/4320%x_1736*X_2736*X_3/12*X_6M12+1/729*X_17/27*X_3/63+1/192*x_1/12*X_2M8*X

_3"A*x_6M16+1/108000*x_1736*x_5™
36+1/216*x 1718*x_2"M8*x_. 3"18*x 6"18+529/43200*x 2736*x_4"36+11563/1166400*x_3"72+23/9
60*X_2M12%x_ANB+1/64%X_27M*x_ AN
52+1/1350*x_1718%*x_3"6*x_5"18*x_15"6+1/1200*x_1/12*x_2"12*x_5M12*x_107M2+1/750*x_1"6*x

5"42+23/1080*x 2"18*x 4N18*x_6M
6*X_1276+61/4320%X_3"24*X_6"24+8/125*X_1*X_5"43+3/160*X_174*X_2/16*X_5°4*X_10°16+1/48*
X_2N6*X_AN24%x_BM2*x_1278+1/192*\
X_3M8*x_6732+2/135*x_179*x_3"9*x_5"9*x_1579+1/108*X_279*x_479*x_6/9*X_12°9+1/30*X_16*
X_. 2"6*x 3N2*x_ 5"6*x 6"2*x 1076*x\

15"2*x 30"2+4/75*x 1"3*x 3*x 5M21*x_157T+3/50*x_1"2*x_2/2*x_5"14*x_10"14+23/300*Xx_2"6
*x 4"6*x 1076*X_ 20"6+61/1350*x 3\
A12%x_15™2+53/1080*x_6™M2*X_127M2+3/40%X_272*X_4N8*x_1072*x_20/8+1/48*x_6"4*X_12/16+1
/15*x 2N3*X_AN3*X 6*x 10"3*x 12*\

X_. 20"3*x SO*x 60+3/25*x 2*x 4%X_ 10"7*x 207N7+1/30%x_3"M*x_6M*x_157M*X_30M+4/75*x_3"2*
X_ 15"14+1/15*x 672%X_ 12"2*x 3072\
*X_60"2
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Cycle index of A7 x A7 x A7 actingon X xY x Z

gap> g3:=AlternatingGroup(7);
Alt([1..7])
gap> G2:=DirectProduct(g3,93,93);
<permutation group of size 16003008000 with 6 generators>
gap> 03:=0rbit(G2,(1,8,15));
[ (1,8,15), (2,8,15), (1,9,15), (1,8,16), (3,8,15), (2,9,15), (2,8,16), (1,10,15),
(1,9,16), (1,8,17), (4,8,15), (3,9,15), (3,8,16), (2,10,15), (2,9,16), (2,8,17), (1,11,15), (1,10,16), (1,9,17),
(1,8,18), (5,8,15), (4,9,15),

(4,8,16), (3,10,15), (3,9,16), (3,8,17), (2,11,15), (2,10,16), (2,9,17), (2,8,18),
(1,12,15), (1,11,16), (1,10,17),

(1,9,18), (1,8,19), (6,8,15), (5,9,15), (5,8,16), (4,10,15), (4,9,16), (4,8,17),
(3,11,15), (3,10,16), (3,9,17),

(3,8,18), (2,12,15), (2,11,16), (2,10,17), (2,9,18), (2,8,19), (1,13,15), (1,12,16),
(1,11,17), (1,10,18),

(1,9,19), (1,8,20), (7,8,15), (6,9,15), (6,8,16), (5,10,15), (5,9,16), (5,8,17),
(4,11,15), (4,10,16), (4,9,17),

(4,8,18), (3,12,15), (3,11,16), (3,10,17), (3,9,18), (3,8,19), (2,13,15), (2,12,16),
(2,11,17), (2,10,18),

(2,9,19), (2,8,20), (1,14,15), (1,13,16), (1,12,17), (1,11,18), (1,10,19), (1,9,20),
(1,8,21), (7,9,15), (7,8,16),

(6,10,15), (6,9,16), (6,8,17), (5,11,15), (5,10,16), (5,9,17), (5,8,18), (4,12,15),
(4,11,16), (4,10,17), (4,9,18),

(4,8,19), (3,13,15), (3,12,16), (3,11,17), (3,10,18), (3,9,19), (3,8,20), (2,14,15),
(2,13,16), (2,12,17),

(2,11,18), (2,10,19), (2,9,20), (2,8,21), (1,14,16), (1,13,17), (1,12,18),
(1,11,19), (1,10,20), (1,9,21),

(7,10,15), (7,9,16), (7,8,17), (6,11,15), (6,10,16), (6,9,17), (6,8,18), (5,12,15),
(5,11,16), (5,10,17), (5,9,18),

(5,8,19), (4,13,15), (4,12,16), (4,11,17), (4,10,18), (4,9,19), (4,8,20), (3,14,15),
(3,13,16), (3,12,17),

(3,11,18), (3,10,19), (3,9,20), (3,8,21), (2,14,16), (2,13,17), (2,12,18),
(2,11,19), (2,10,20), (2,9,21),

(1,14,17), (1,13,18), (1,12,19), (1,11,20), (1,10,21), (7,11,15), (7,10,16),
(7,9.17), (7,8,18), (6,12,15),

(6,11,16), (6,10,17), (6,9,18), (6,8,19), (5,13,15), (5,12,16), (5,11,17),
(5,10,18), (5,9,19), (5.8,20),

(4,14,15), (4,13,16), (4,12,17), (4,11,18), (4,10,19), (4,9,20), (4,8,21),
(3,14,16), (3,13,17), (3,12,18),

(3,11,19), (3,10,20), (3,9.21), (2,14,17), (2,13,18), (2,12,19), (2,11,20),
(2,10,21), (1,14,18), (1,13,19),

(1,12,20), (1,11,21), (7,12,15), (7,11,16), (7,10,17), (7,9,18), (7,8,19),
(6,13,15), (6,12,16), (6,11,17),

(6,10,18), (6,9,19), (6,8,20), (5,14,15), (5,13,16), (5,12,17), (5,11,18),
(5,10,19), (5,9,20), (5,8,21),

(4,14,16), (4,13,17), (4,12,18), (4,11,19), (4,10,20), (4,9,21), (3,14,17),
(3,13,18), (3,12,19), (3,11,20),

(3,10,21), (2,14,18), (2,13,19), (2,12,20), (2,11,21), (1,14,19), (1,13,20),
(1,12,21), (7,13,15), (7,12,16),

(7,11,17), (7,10,18), (7,9,19), (7,8,20), (6,14,15), (6,13,16), (6,12,17),
(6,11,18), (6,10,19), (6,9,20),

(6,8,21), (5,14,16), (5,13,17), (5,12,18), (5,11,19), (5,10,20), (5,9,21),
(4,14,17), (4,13,18), (4,12,19),

(4,11,20), (4,10,21), (3,14,18), (3,13,19), (3,12,20), (3,11,21), (2,14,19),
(2,13,20), (2,12,21), (1,14,20),

(1,13,21), (7,14,15), (7,13,16), (7,12,17), (7,11,18), (7,10,19), (7,9,20),
(7,8,21), (6,14,16), (6,13,17),

(6,12,18), (6,11,19), (6,10,20), (6,9,21), (5,14,17), (5,13,18), (5,12,19),
(5,11,20), (5,10,21), (4,14,18),

(4,13,19), (4,12,20), (4,11,21), (3,14,19), (3,13,20), (3,12,21), (2,14,20),
(2,13,21), (1,14,21), (7,14,16),

(7,13,17), (7,12,18), (7,11,19), (7,10,20), (7,9,21), (6,14,17), (6,13,18),
(6,12,19), (6,11,20), (6,10,21),

(5,14,18), (5,13,19), (5,12,20), (5,11,21), (4,14,19), (4,13,20), (4,12,21),
(3,14,20), (3,13,21), (2,14,21),

(7,14,17), (7,13,18), (7,12,19), (7,11,20), (7,10,21), (6,14,18), (6,13,19),
(6,12,20), (6,11,21), (5,14,19),
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(5,13,20), (5,12,21), (4,14,20), (4,13,21), (3,14,21), (7,14,18), (7,13,19),
(7,12,20), (7,11,21), (6,14,19),
(6,13,20), (6,12,21), (5,14,20), (5,13,21), (4,14,21), (7,14,19), (7,13,20),
(7,12,21), (6,14,20), (6,13,21),
(5,14,21), (7,14,20), (7,13,21), (6,14,21), (7,14,21) ]
gap> C3:=Cyclelndex(G2,03);
1/16003008000*x_1"343+1/76204800*x_1"196*x_3"49+1/50803200*x_1"147*x_2"98+1/483840*x_1
AB3*x_2/140+1/1088640*x_1"112*x_\
3N77+1/13824*x_1727*x_2™M58+1/362880*x_1/84*x_2/56*x_3"21*X_6/14+1/46656*X_1/64*x_3/93
+1/10584000*x_1"98*x_5"49+1/8467\
200%x_17M9*x_27M9%x_4749+1/19051200%x_1/M49*x_3798+1/25401600%X_2°98*x_37M09+1/6912%x_17
36*x_2780*x_3"9*x_6"20+1/10368*x\
17M48*x_2/32*x_3"33*x_6722+1/136080*Xx_1728*x_3"105+1/40320*x_1"21*x_2/63*x_4"49+1/1209
B60*x_2/98*x_3"21*x_6"14+1/768*x_\
179*x_2"69*X_: 4"49+1/2304*x 2798*x_379*x_6"20+1/3888*x_1"16*x_3"109+1/68040*x_1"7*x_3"1
12+17/181440%x_2/56*x_3"49*x_6 14\
+1/972*x_1"M*x_3"13+1/729*x_1*x_3"114+1/75600*x_1"56*x_3"14*x_5"28*x_15"7+1/50400*x_1
N42*x_2N28*x_5M21*x_10"14+1/6048\
0*x_1728*x_2/28*Xx_3NT*X_4"28*X_6"T*x_1277+1/90720*x_1"21*x_2"14*x_3"N42*x_6"28+1/13440*
X_IA7*x_2728*x_4770+71/120960*x_\
2"56*X 3N21*x_6/28+1/128*x_1"3*x_2/30*x_4"70+1/5184*x_2/32*Xx_3"49*x_6"22+1/1152*x_2"56
*X_3/0*x_6"34+1/576*x_1712*x_2/3\
6*x_3"3*x_4"28*X_6"9*X_. 12"7+1/1296*x 1M12%x_2/8*x_3M5*x_6"30+1/64*x_1*x_2"13*x_4"79+1
121000*x_1/28*x_5"63+1/20160*x_2\"
N2*X_3NT*X_ 4"28*x 67T X_ 12"7+1/45360*x 2MN14%x_3M9*x_6728+1/192*x_2M42*x_3"3*x_4"28*X
_B1O*X_12°7+1/1728*x_2732*x_3"21\
*X 6736+1/960*x_1°18*X 2"40*X 5AQ*x 10720+1/1728*x_179*x_2"20*x_3"18*x_6"40+1/648*x_2"
8*x_3749*x_6"30+1/648*x_173*x_2MN
2%*X_. 3"48*x 6"32+1/1728*x 2/\32*x 3"9*x 672+1/324%x_2/2*x_3"M9*x_6"32+1/2160*x_1"32*x_3
A20%*x_5M16*x_15"11+1/1728*x_1716\
*X 2"16*x 3M1*X_4M16%*X_6"11*X 12"11+1/432*x 2N14%x_3M21*x_67M2+1/720%x_1724%X_2"M16*X_
316*x_5M12*x_6M*x_10"8*x_15"3*x\
_30M2+1/125%x_178*x_5A6T+1/192%X_17M*x_2M6*X_3*X_AMO*X_6M*X_12810+1/64%x_27M8*X_3*X
_4M0*X_B6M*X_12/M0+1/432%x_218*\
X_ 3"21*)( 6"44+1/288*X 2N24%X_ 3"7*)( AN16*X_6M3*X_12/M1+1/192%x_2/24*Xx_3"3*X_4"16*x_6"1
5*x_12/11+1/300*x_1716%x_374*x_5\
"36*)( 1579+1/200*x_ l"12*x 2"8*)( 5"27*x 107M18+1/8400*X_1M14*x_2MN4*x_ANL4*X_5NT*X_1077*
X_2077+1/18900*x_1714*x_3"28*x_5\
AT*X_157M4+1/15120%X_1INT*X_2NT*X_3MNLA*X_ANT*X_6"14*X_12714+1/25200*X_2/28*x_3"14*x_10"
14*x_15"7+1/270*x_178*x_330%x_5\
NFX_ 15"15+1/80*x 1"6*X 2"18*X AN14*x_573*x_1079*x_20"7+1/216%X_1M*x_2M*x_3N15*x_4M
*x_6M15*x_12/15+1/144*x_173*x_2™M
9*X_3MNG*X_ANT*X_B6M8*X_ 12"14+1/240*x 2128*x_3M6*x_6"M*x_10M14*x_15"3*x_30"2+1/135*x_1"
2*x_3732%x_5*x_15"16+1/108*x_1*x\
_2%X_3ME*X_A*X_BME*X_12™M6+1/360%x_2816*x_3M14*x_6"*X_1078*x_15/T*x_30/2+1/72*x_2"6
*X_INTFX_AM*X_6M9*X_12715+1735\
21/7408800%x_7"49+1/120*X_1/8*x_28%*x_3M2*X_AN8*X_5EM*x_B/2*x_107M*x_12/2*x_15*x_20/4*
X_30*x_60+1/180*x_176*x_2"4*x_3"\
12*X 5"3*x 6"8*X_ 10"2*x 15"6*X 30"4+3/80*x 172%x_278*x_4"20*x_5*x_10"*x_20"10+1/48*x_
1*X_2M*X_3M2*x_AM0*X_68*x_12M
20+1/240*x 2"16*x 3"6*x 6"8*x 10"8*X 1573*x_307M4+3/100*x_1"4*x_2/M*x_4M*x_579*x_10"9*
X_2079+1/75%x_174*x_3"8*x_5M9*x_\
15M8+1/40%x_2A12%x_3A2*x_ANB*X_B/2*X_10M6*x_12/2%*x_15*x_20"4*x_30*x_60+1/100*x_2"8*X_
3M4*x_10M8*x_15/9+1/90%x_2/4*x_\
3M4*x_6/8*x_10/2%x_15/7*x_30/M4+361/52920*x_7/28*x_21"7+361/35280*x_7/21*x_14"14+1/672
*x_TAO*x_14720+1/30%x_1/2%x_2/2%\
X_ 3"4*X 4"2*X 5*X_6"M*X_ 10*X 12"4*x 157"2*x_20*x_3072*x_60"2+1/1512*x_7"16*x_21"11+1/50
4*x_TM2%x_T478*x_21A3*x_42/2+36\
1/7350*x 7AL4*X 35"7+361/5880*x TAT*X_1ANT*X_28"N7+361/13230*x_7/7*X_21"14+361/17640*X_
147N 4%x_217T+1/189*x_7TA4*x_217M5\
+1/56*X_ 7"3*x 1479%x _. 2877+1/168*X C14N14*X_21M3*X_42/N2+2/189*x_T*X_217M16+1/252*x_1478*X
21"7*x 42"2+l/105*x TA8*X_2112*%\
X_ 35"4*x 105+1/70*x_ 7"6*x 14"4*X 3513*X_T70M2+1/84*X_TMN*X_14M*X_21*x_28"N*X_42*x_84+1
1126%x_773%x_14/2%x_21°6*x_42M+\
3/56*X_7*X_14M*x_28710+1/168%x_1478*x_21/3*X_427M4+6/175*X_7A4*x_35/9+1/28*x_14"6*x_21
*X_28M*X_A2*Xx_84+1/63*x_14"2*x_\
2ANT*X_A2MN+3[35%X_TM2*X_1472*x_28"2*x_35*X_T0*x_140+4/105*x_7/2*x_21"*x_35*x_105"2+1
[21%x_T*x_14%x_21/2%x_28*x_42/2*\
X_84/2+1/35%x_T14"4*x_2172*x_T0"2*x_105
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Cycle index of A8 x A8 x A8 actingon X xY x Z

gap> g4:=AlternatingGroup(8);
Alt([1..8])
gap> G3:=DirectProduct(g4,g4,94);
<permutation group of size 8193540096000 with 6 generators>
gap> 04:=0rbit(G3,(1,9,17));
[(1,9,17), (2,9,17), (1,10,17), (1,9,18), (3,9,17), (2,10,17), (2,9,18), (1,11,17),
(1,10,18), (1,9,19), (4,9,17),

(3,10,17), (3,9,18), (2,11,17), (2,10,18), (2,9,19), (1,12,17), (1,11,18),
(1,10,19), (1,9,20), (5,9,17),

(4,10,17), (4,9,18), (3,11,17), (3,10,18), (3,9,19), (2,12,17), (2,11,18),
(2,10,19), (2,9,20), (1,13,17),

(1,12,18), (1,11,19), (1,10,20), (1,9,21), (6,9,17), (5,10,17), (5,9,18), (4,11,17),
(4,10,18), (4,9,19),

(3,12,17), (3,11,18), (3,10,19), (3,9,20), (2,13,17), (2,12,18), (2,11,19),
(2,10,20), (2,9,21), (1,14,17),

(1,13,18), (1,12,19), (1,11,20), (1,10,21), (1,9,22), (7,9,17), (6,10,17), (6,9,18),
(5,11,17), (5,10,18),

(5,9,19), (4,12,17), (4,11,18), (4,10,19), (4,9,20), (3,13,17), (3,12,18),
(3,11,19), (3,10,20), (3,9,21),

(2,14,17), (2,13,18), (2,12,19), (2,11,20), (2,10,21), (2,9,22), (1,15,17),
(1,14,18), (1,13,19), (1,12,20),

(1,11,21), (1,10,22), (1,9,23), (8,9,17), (7,10,17), (7,9,18), (6,11,17), (6,10,18),
(6,9,19), (5,12,17),

(5,11,18), (5,10,19), (5,9,20), (4,13,17), (4,12,18), (4,11,19), (4,10,20),
(4,9,21), (3,14,17), (3,13,18),

(3,12,19), (3,11,20), (3,10,21), (3,9,22), (2,15,17), (2,14,18), (2,13,19),
(2,12,20), (2,11,21), (2,10,22),

(2,9,23), (1,16,17), (1,15,18), (1,14,19), (1,13,20), (1,12,21), (1,11,22),
(1,10,23), (1,9,24), (8,10,17),

(8,9,18), (7,11,17), (7,10,18), (7,9,19), (6,12,17), (6,11,18), (6,10,19), (6,9,20),
(5,13,17), (5,12,18),

(5,11,19), (5,10,20), (5,9,21), (4,14,17), (4,13,18), (4,12,19), (4,11,20),
(4,10,21), (4,9,22), (3,15,17),

(3,14,18), (3,13,19), (3,12,20), (3,11,21), (3,10,22), (3,9,23), (2,16,17),
(2,15,18), (2,14,19), (2,13,20),

(2,12,21), (2,11,22), (2,10,23), (2,9,24), (1,16,18), (1,15,19), (1,14,20),
(1,13,21), (1,12,22), (1,11,23),

(1,10,24), (8,11,17), (8,10,18), (8,9,19), (7,12,17), (7,11,18), (7,10,19),
(7,9,20), (6,13,17), (6,12,18),

(6,11,19), (6,10,20), (6,9,21), (5,14,17), (5,13,18), (5,12,19), (5,11,20),
(5,10,21), (5,9,22), (4,15,17),

(4,14,18), (4,13,19), (4,12,20), (4,11,21), (4,10,22), (4,9,23), (3,16,17),
(3,15,18), (3,14,19), (3,13,20),

(3,12,21), (3,11,22), (3,10,23), (3,9,24), (2,16,18), (2,15,19), (2,14,20),
(2,13,21), (2,12,22), (2,11,23),

(2,10,24), (1,16,19), (1,15,20), (1,14,21), (1,13,22), (1,12,23), (1,11,24),
(8,12,17), (8,11,18), (8,10,19),

(8,9,20), (7,13,17), (7,12,18), (7,11,19), (7,10,20), (7,9,21), (6,14,17),
(6,13,18), (6,12,19), (6,11,20),

(6,10,21), (6,9,22), (5,15,17), (5,14,18), (5,13,19), (5,12,20), (5,11,21),
(5,10,22), (5,9,23), (4,16,17),

(4,15,18), (4,14,19), (4,13,20), (4,12,21), (4,11,22), (4,10,23), (4,9,24),
(3,16,18), (3,15,19), (3,14,20),

(3,13,21), (3, 12 ,22), (3,11,23), (3,10,24), (2,16,19), (2,15,20), (2,14,21),
(2,13,22), (2,12,23), (2,11,24),

(1,16,20), (1,15,21), (1,14,22), (1,13,23), (1,12,24), (8,13,17), (8,12,18),
(8,11,19), (8,10,20), (8,9,21),

(7,14,17), (7,13,18), (7,12,19), (7,11,20), (7,10,21), (7,9,22), (6,15,17),
(6,14,18), (6,13,19), (6,12,20),

(6,11,21), (6,10,22), (6,9,23), (5,16,17), (5,15,18), (5,14,19), (5,13,20),
(5,12,21), (5,11,22), (5,10,23),

(5,9,24), (4,16,18), (4,15,19), (4,14,20), (4,13,21), (4,12,22), (4,11,23),
(4,10,24), (3,16,19), (3,15,20),

(3,14,21), (3,13,22), (3,12,23), (3,11,24), (2,16,20), (2,15,21), (2,14,22),
(2,13,23), (2,12,24), (1,16,21),

(1,15,22), (1,14,23), (1,13,24), (8,14,17), (8,13,18), (8,12,19), (8,11,20),
(8,10,21), (8,9,22), (7,15,17),

(7,14,18), (7,13,19), (7,12,20), (7,11,21), (7,10,22), (7,9,23), (6,16,17),
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(6,15,18), (6,14,19), (6,13,20),

(6,12,21), (6,11,22), (6,10,23), (6,9,24), (5,16,18), (5,15,19), (5,14,20),
(5,13,21), (5,12,22), (5,11,23),

(5,10,24), (4,16,19), (4,15,20), (4,14,21), (4,13,22), (4,12,23), (4,11,24),
(3,16,20), (3,15,21), (3,14,22),

(3,13,23), (3,12,24), (2,16,21), (2,15,22), (2,14,23), (2,13,24), (1,16,22),
(1,15,23), (1,14,24), (8,15,17),

(8,14,18), (8,13,19), (8, 12 ,20), (8,11,21), (8,10,22), (8,9,23), (7,16,17),
(7,15,18), (7,14,19), (7,13,20),

(7,12,21), (7,11,22), (7,10,23), (7,9,24), (6,16,18), (6,15,19), (6,14,20),
(6,13,21), (6,12,22), (6,11,23),

(6,10,24), (5,16,19), (5,15,20), (5,14,21), (5,13,22), (5,12,23), (5,11,24),
(4,16,20), (4,15,21), (4,14,22),

(4,13,23), (4,12,24), (3,16,21), (3,15,22), (3,14,23), (3,13,24), (2,16,22),
(2,15,23), (2,14,24), (1,16,23), (1,15,24), (8,16,17), (8,15,18), (8,14,19), (8,13,20), (8,12,21), (8,11,22),
(8,10,23), (8,9,24), (7,16,18),

(7,15,19), (7,14,20), (7,13,21), (7,12,22), (7,11,23), (7,10,24), (6,16,19),
(6,15,20), (6,14,21), (6,13,22),

(6,12,23), (6,11,24), (5,16,20), (5,15,21), (5,14,22), (5,13,23), (5,12,24),
(4,16,21), (4,15,22), (4,14,23),

(4,13,24), (3,16,22), (3,15,23), (3,14,24), (2,16,23), (2,15,24), (1,16,24),
(8,16,18), (8,15,19), (8,14,20),

(8,13,21), (8,12,22), (8,11,23), (8,10,24), (7,16,19), (7,15,20), (7,14,21),
(7,13,22), (7,12,23), (7,11,24),

(6,16,20), (6,15,21), (6,14,22), (6,13,23), (6,12,24), (5,16,21), (5,15,22),
(5,14,23), (5,13,24), (4,16,22),

(4,15,23), (4,14,24), (3,16,23), (3,15,24), (2,16,24), (8,16,19), (8,15,20),
(8,14,21), (8,13,22), (8,12,23),

(8,11,24), (7,16,20), (7,15,21), (7,14,22), (7,13,23), (7,12,24), (6,16,21),
(6,15,22), (6,14,23), (6,13,24),

(5,16,22), (5,15,23), (5,14,24), (4,16,23), (4,15,24), (3,16,24), (8,16,20),
(8,15,21), (8,14,22), (8,13,23),

(8,12,24), (7,16,21), (7,15,22), (7,14,23), (7,13,24), (6,16,22), (6,15,23),
(6,14,24), (5,16,23), (5,15,24),

(4,16,24), (8,16,21), (8,15,22), (8,14,23), (8,13,24), (7,16,22), (7,15,23),
(7,14,24), (6,16,23), (6,15,24),

(5,16,24), (8,16,22), (8,15,23), (8,14,24), (7,16,23), (7,15,24), (6,16,24),
(8,16,23), (8,15,24), (7,16,24),

(8,16,24) ]
gap> C4:=Cyclelndex(G3,04);
1/8193540096000*x_11512+1/24385536000*x_17320*x_3"64+1/13005619200*x_17256*x_2"128+1/6
1931520*x_17M128*x_27192+1/217728\
000*x_1/200*x_3"104+1/58060800*x_1/160*x_2/80*X_3732*x_6"16+1/884736*X_164*x_2/224+1/
2032128000*x_1"192*x_5"64+1/1083\
801600*x_17128*x_2/64*x_4"64+1/2438553600*x_1"128*x_3"128+1/1625702400*x_1"64*x_2"128*
X_3"64+70351/26011238400*x_2/256\
+1/5832000*x 1M125%X_. 3"129+1/552960*x 1780*x_2"120*x_3"16*x_6"24+1/1036800*x_17100*x_2
A5O*x_3MN52%x_6"26+1/10886400*x_1\
N80*x_3"144+1/2580480*x_164*x_2/96*x_4"64+1/3870720*x_1732%x_2M44*x_3/32*x_6"16+1/72
57600*x_1"40*x_2"80*x_372*x_6"1\
6+1/24576%x_1/32*x_2"112%x_4"64+1/36864*x_1°16%x_2™M52*x_3M6*X_6724+1/194400%*x_1750*x

3"154+1/9072000*x 1"120*x 3N24%\
X_5740*x_1578+1/4838400*x_1°96*x_2/48*x_5"32*x_10716+1/4838400%X_1780*X_2M0*X_3 16*X_
4R40*x_6"8*x_12/8+1/5806080*x_1M
64*X_; 2"32*x 3"64*x 6°32+1/2177280%x _1132*x_3"160+527/14515200*x_2"160*x_6"32+527/10321
920*x_2"M128*X_. 4"64+1/19440*x 172\
0*x_ 3"164+1/34560*x 1720%x_ 2"90*x 3736*x_6"34+1/129600*x_1725*x_2/50*x_3"77*x_6"26+1/4
30080*x 1N32*X_ 2"48*x 4796+1/967\
680*x_ 1"8*x 2"96*x 3"40*x 6732+1/5832*x_178*x_3"168+1/23040*x_1"M0*x_2"60*x_3"8*x_4"40
*X_ 6"12*x 12"8+1/51840*x 17M0*x_\
2/20*X_3NT2*X_636+1/2048*X_1/16*X_2756*X_4"96+1/4608*X_174*x_2/98*x_3720*X_6/42+1/151
2000*x_1"72*x_5"88+1/46080*x_1"4\
8*X_2/72*x_5M16*X_10724+1/55296*x_1/32*x_2"48*x_3732*x_6"48+1/322560*x_1"16*x_2/72*x_3
NG*FX_AN0*X_6"8*X_1278+1/725760\
*x_1M6*x_2132*x_3"80*x_6"32+1/4096*X_2/64*x_4"96+1/162000*x_1775*x_3739*x_5/25*x_15"1
3+1/86400*x_1750*x_2/25*x_3"26*x\
_4"25%x_6M13*X_12/13+1/1536*X_1/8*X_2/76*x_3"8*X_4M0*X_6"12*x_12/8+1/8100*x_2~100*X_6
N52+1/8640*x_1"5*x_2/60*x_3"41*x\
_6MA+1/6480*x_17M0*X_2/20*X_3182*X_6/36+1/512*X_1/8*X_2/28*x_47112+1/43200*X_1760*X_2
A30%x_3M12*x_5"20*x_6"6*x_10"10*\
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X_15/4*x_3002+1/10368*x_1716*x_2/8*x_3780*x_6740+1/2880*x_2/80*x_470*X_616%x_1278+1/
1728*x_1*x_2/62*x_3/21*x_6~54+1/\
3456*x_178*x_2/36*x_3M0*x_6N52+1/1206%x_1M*x_2/8*x_3M84*x_6MO0+1/3840*x_1720*x_2130*
X_3M*X_AN60*X_676*X_12712+1/474\
163200%x_1764*x_7764+1/A03200%x_1748*x_2/24%x_4A24%x_5M6*x_1078*x_20°8+1/907200*x_174
8*x_3"48*x_5"16*X_15716+1/483840\
*x_TA32%x_2NB*x_3M32%x_AM6*X_BME6*x_12716+1/604800%x_1A24%x_2M8*x_3/24*x_5/8*x 107
6*X 15"8+1/2880*X l"lO*x 2"45*X \
3MB*x_AN25*x_BMLT*X_12713+527/19353600*X_2706*x_10732+118301/812851200%x_2/64*X_6"64+
1/1016064000*X 3"64*X 5764+75909\
1/135475200*x_4~128+1/3375%x_1/27*x_5/97+1/256%x_1r4*x_2/38*x_3M*x_4"60*x_6°6*x_12/2
+1/864*x_ 1"2*X 2M24%*x . 3"42*X 675\
6+1/13500%x_1745%x_39*x_5M55*x_15/11+1/7200%x_1A36%x_2118*x_5M4*x_10/22+1/384*x_112*
X_2MN9*X _ 3"10*X 4"25*x 6"21*X 12\
"13+1/8100*x 1730%x_3754%X_5M0*X_15/M8+1/1920%x_1724*x_2736*x_4724*x_5°8*x_10°12*x_20
A8+1/4320*X_1720*X_2/°10%x_3736*X\_47N10*x_6/N18*x_12/18+1/2304*x_1/M16%X_2/24%x_3M6*X_4MN
6*x_6724*x_12716+1/2880*X_1°12*X

_27B4*x_3NT2*X_5M*X_676%X 10718\
*x_15/4%x_3012+13/8400%x_2M0*X_6°72+1/4536000%x_3164*x_5M40%x_15/8+1/5400%x_1~15%x_2n
30%x_3"27*x_575*x_676*x_10710*x_\
15n9%x_3012+8]2025%x_2/25*x_B/T7+1/81000*x_3764*x_5/25%x_15M3+1/2116800%x_1740%x_3/8*

7"40*)( 21"8+1/1128960*x 1132*x\

2"16*x TA32%x_14M6+1/3600%x_1/30%x_2/15%x_3M6*x_4M5*X_5M0*X_673*x_1075*x_12/3*x_15
"2*X 20"5*)( 30*X 60+1/4320*x 172\
4xx_2M2%x_3N24%x_5M8*X_BM2*x_107M*x_1508*x_30M+1/1620%x_1712%x_3M60*x_5M*x_15/20+1
/864*X 1"8*X 2"4*)( 3"40*X 4"4*X \
B6120%x_12/20+1/288*x_17*x_2N18*x_3M20%x_4ML0*X_6/26*x_12718+1/5400%x_2/60*x_6712*x_10
A20*x_307+1/3840%X_2M8*Xx_4N24*\
x_10716*x_2018+39/17920%x_232%x_4™6*x_6°32*x_12/16+323/145152%x_2A16%x_6/80+1/453600
*X_3M64*X_5MN16*X_15"16+1/2419200\
*x_3M32%x_5"32*x_6/16*x_10716+1/378000%x_3724*x_5°64*x_15"8+1733/302400*x_4"80*x_12"16
+1/81*x_2"10*x_6"82+1/4050*x_3"6\
4%x_5M0%x_15M8+1/320%x_1/12%x_2/18*x_4N36%x_5M*x_1076*x_20/M2+1/384*x_1A8*x_2M2*X_
3"8*X 4"24*X 67M12*%X_ 12724+17720*\
X_1A3%x_2/36*x_3M5*x_5*x_BM2*x_10/M2*%x_15°5%x_30M+T/648*X_2MN*x_6/84+1/810%X_3M64*x

_BA*X_15/20+1/90*X_2720*X_4~10%\

X_6736%x_12/18+1/21600%x_3"32%x_5"20*x_6/16*x_10M0%x_150*x_30/2+2/1125%x_319*x_5n64*
x 157N11+1/600*X_1718*X_27°9*x_479\

*x_5/22%x_10M1*x_ 20/ 1+1/1350%x_1A18*x_3M8*x_5M22%x_15722+1/10752*x_1716%x_2/24*x_T"
16*X_14724+1/900*x_179*x_2"18%*x_\
3M9*x_5A11*x_10722*x_15/M1+1/82320%X_1A8*x_TAT2+1/240%X_176*x_22T*x_3M6*x_ANL5*x_5n2*
X_673*X_1079*x_12/3*x_15/2*x_ 20"\
5*x 30%%_60+1/540%x_176*x_2/12*x_3130%x_502*x_6M2*x_107*x_15M10%x_3004+1/14400%%_2"3
6*X_10744+1/128*X_2/M16%X_4724%X_\
B6M16%x_1224+1/302400%x_3732*x_5"8*X_6/16%x_10M16%x_15°8+113/378000%x_3/24*x_5™M0*x_15
"16+1/23040*X 3M6*X_ 5"16*x 624\
*x_10724+1/37800*x_1A25%x_3M3*x_TA25*x_2173+1/675%x_AN50%x_12/26+8/343%x_1*x_7A73+1/
2700*X 3N32*x_5MN5*X_| 6"16*x 10710\
*x_15nG%x_3072-+1/10080%x_1/20%x_2/10%X_3M*x_62%x_TA20%x_147M0%x_2174*x_42/2+5/288%x_
2"8*x 4"4*X 6"M0*X_ 12720+1/2160*\
X_3132%x_5AB¥X_6M6*x_107M*x_15/8*x_307M+1/1800%x_3M2*x_5/32*x_6°6*x_10M6%x_15M*x_3
072+1/3375*X_3"24*x_5"25*x_15"21\
+1/270%x_3732%x_5/2%x_BM6*X_107M*x_15810%x_30M+1/1440%x_3M16*X_5MA*x_624%x_10M18%X_
157M*x_30/2+471125%X_379*x_5"40%\
X_15°G+1/176400%x_1124%x_5M8*%x_T724*x_3578+1/94080%x_1/16%x_2/8*x_4"8*x_TAL6*X_14/8*x
2878+1/211680*X_1716*X_3716%X_7\
N16*x_2176+1/360%x_1A12%x_2M6*X_3M12%x_ANG*X_5M*X_BM6*X_1072%x_1276%x_15/*x_20/2*X_
3072*X_6072+1/141120*x_178*x_2/1\
B*x_3M8¥x_778*x_14716*x_21/8+527/4515840%x_2"32%x_14732+13/11200%x_2/24*x_6/24*x_10"8*
X_3078+2/675*x_3"24*x_5"16%*x_15™M
24+1/201600*x_3~16*x_5M6*x_678*x_1078*x_12/8*x_20"8+1733/403200%x_4"48*x_20716+1733/1
20960*x_432*x_12/32+52719676800\
*x_6/32%x_10732+1/360*x_3/16*x_5*x_6/24*x_10M2%x_15°5*x_30M+1/735%x_1/5%x_3*x_7M5*x

_2179+1/392*x_174*x_27N2*x_TA36%X\
T14M8+2/675%x_3"24*x_5M0*X_15/26+1/1800%x_3712*x_5"20%x_6/6*x_10710*x_15/8*x_3074+8/
3375%x_379*x_5/25%x_15/24+1/1890\
*x_1M10%x_3M8%x_TAL0%X_21M18+1/448*%x_1A8*x_2M12%x_ANG*X_TAG*x_147M2%x_28M8+1/672%x_17
4%X_2NI8*X_BNAFX_BN2FX_TAA*X_14MN
18*X_21M*X_A2/2+4]675%x_2M5*x_6/27*x_1075*x_3070+1/1800%x_3116%x_5™10*X_6/8*x_1075*x
1278*x_15/2*x_2075*x_30*x_60+1/\
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225%x_3MN12*x_5M8*X_676*X_10716*X_15M2*x_3072+1/960*X_378*X_5/8*X_6/12*x_10/N12*x_12/8*

X_2078+1/135*x_4"20*x_12"36+1/27\

00%x_6732*x_10"20*x_30M+1/1260*X_175*X_2/10*X_370*X_6/2*x_TA5*X_14710%X_2179*X_42"2+1

[225%x_3M12*x_5"5*x_676*x_10710*\

X_15713*x_30M+1/1575*x_1"M15*x_3"3*x_5"5*x_7"15*x_15*x_21"3*x_35"5*x_105+1/840*x_1"12*
X_2M6*x_BM4*x_TNI2%X_1072*%x_14"6\

*X 35"4*x 70"2+l/840*x 1"10*x 2"5*x 3N2*X_ANSFX_BFX_TML0*X_12*x_1475*X_2172*x_28"5*X_4

2*%x_84+1/1008*x_118*x_2/4*x_3/8*\
X_BM*X_TA8*X_14M*X_2178*X_42M+1/378*X_1M*X_3/20*X_TM*X_21720+1/1260*X_2720*X_6/4*

x 14720*x_427M4+1/896*X_2716%X_4™N

8*x 14"16*x 28"8+1/120*x _. 2"12*x 4"6*x 6712%x_10M*x_12"6*x_20"2*x_30"4*x_6072+1/108*x_

276*x_6230*x_1072*x_30710+1/180*\
X_3NLB*X_BN*X_678*X_1072*x_12/8*x_15/M*x_20/2*X_3072*X_6072+1/120*X_3/8*X_5/2*x_6/12*

X_1079*x_12/8*x_15/2*x_207°5*x_30\

*x 60+1/150*x 3"6*)( 5"16*x 673*X_. 10"8*X 12/3*x_15"2*x_20"8*x_30*x_60+1/450*x_4"30*x_12

AB*X_207M0*x_6072+1/108*x_478%*x_\

12"40+13/5600*x 6"32*x_ 10"8*x 30"8+1/1920*x 6716*x_107M16*x_12"8*x_20"8+1/3600*x_6"12*x
10732*x_3074+8/675*x_6"32*x_10"\

5*x 30"9+3/224*x INA*X 2N X_ANL12*X_TN*X_1476*X_28"M12+1/168*X_1*X_27M12*X_3"5*X_6"M*X_

T*X_14M2%x_2175*x_42/4+1/160%*x_\

INFX_BM*X_676*X_107M6*x_12M12*x_20M12+1/54*x_6732*x_10"2*Xx_30710+2/525*x_179*x_5"11*x
_7M9%X_35RT1+4/245%x_17A3*x_5%x_7\

"27*x 35"9+1/56*x 1"2*x 2N9*x . 3"2*x ANSFX_BFX_TA2*X_12*X_14MN9*x_21/2*x_28"5*X_42*Xx_84+

1/126%x_11/2%x_2™M*x_370*X_6/M4*X\

_T2*x_14M*x_21M0*X 42"4+3/98*x IN2*X_2*%X_A*X_TN18*X_1479*X_2879+2/14T7*x_1"2*Xx_3"2*X
T7M8*x_21M8+1/49%X_1*x_272*x 3\

*X 7"9*x 14M8*x_ 21"9+1/450*X 27g*x 679*x_107M11*x_307M11+1/784*x_2"4*x_14"36+1/150*x_3"

6*x_5"0*x_673*x_10"5*x_1273*x_1\

5M*x_20M5*X_30"2*X_ 60"2+1/1200*x 4N18*x_20722+1/3600*x_6"12*x_10720*x_3078+1/60*x_6"1

6*x_10M*x_12/8*x_2072*x_30"M4*x_\

60"2+l/70*x 1ING*X_21N3*X_AN3*X_5M2*X_TM6*x_10*X_1473*x_20*x_28"3*x_35"2*x_70*x_140+2/31

5*x 1M6*X_3M6*X_5"2*X_TM6*X_1572\

X_2176*X_3572*X_. 105"2+1/84*x IN4FX_DNQ*X_BNAFX_AND*X_672*X_TNA*X_1272%X_1472*X_21M*X

28"2*x 4202%x_84M2+1/105%x_1/73%\

X_2M6*X_3M3*X_5*X_773*Xx_107"2*x_14"6*x_15*x_21"3*x_35*x_70"2*x_105+1/1680*x_2"12*x_10"4

*x_14M2*x_70M+39/7840*x_278*x_\

6"8*)( l4"8*x 4278+1/88200*x_3"8*x_5"8*x_21"8*x_35"8+1733/94080*x_4"16*x_28"16+1/180*X_

AN 2%x_127M2*x_20M*x_6074+2/225\

*x_6"12*x_10"8*x_30"12+1733/201600*x_l2"16*x_20"16+2/225*x_6"12*X_10"5*X_30"l3+8/315*x

_27"5*x_679*x_14/5*x_4279+2/1575*\

X_378*x_5"5*x_15*x_2178*x_3575*X_105+1/225*X_12/16*x_20°10*X_6072+1/28*X_2*X_4M2*X_6

N*X1272%X_1AN*X_2872*X_42M*X\

_BAN2+5/126%X_2/2*X_6MO0*X_1472*X_42/0+4/315%X_318*X_572*X_1572%x_217/8*X_35/2*Xx_105"2

+1/420*x_3M*x_5M*x_672*x_1072*\

X_21M*x_35M*X_A27N2*X_T0N2+8/525*x_3"3*x_5"8*x_15*x_2173*x_35"8*x_105+1/105*x_4"10*x_
12/2%x_28M0*x_84/2+1/90*x_12"16\

*X_| 20"4*x 60"4+1/300*x 1276*X_. 20"16*x 6072+2/49%x_2*x_6*x_14"9*x_42"9+2/105*x_3"4*x_5*

X_ 6"2*x 10"2*)( 15*x_. 21"4*x 35*x_ \

42"2*x 70"2*x 105+8/525*X 3"3*X 5"5*X 1572*x_21"3*x_35"5*x_105"2+8/245*x_3*x_5*x_2179*

X_35"0+3/196*x_4"2*x_28"18+1/300\

*X 1276*X_. 20"10*x 60"4+2/105*X 213*x_6"3*x_10*x_14"3*x_30*x_42"3*x_70*x_210+1/35*x_3"2

*x_5A2*x_6*x_10*x_12*x_20*x_2172\

*X_ 35"2*x 42*x 70*X_ 84*x 140+17140*x _ANG*X_20M2%X_28MN6*X_1407M2+1/42*X_4N*X_12M*x_28"

A%X_84NF1/840*X_BM*X_107M*x_42\

N*Y_TOM+4[105%X_6M*X_10*x_30*x_42/M*x_T70*x_210+1/70%x_1272*x_2072*x_84"2*x_140"2
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